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1 '(
� D ��������)�*� ∂D ���)+. � H(D) � D ��,�-�����.

�� Bloch  � B ��, f ∈ H(D) !"./���,������
‖f‖B = |f(0)| + sup

z∈D

(1 − |z|2)|f ′(z)| < ∞.

�� n �01�. �#$2 [22] � [23] 3, �� ‖ · ‖B ��4/�5%���
‖f‖ = |f(0)| + |f ′(0)| + · · · + |f (n−1)(0)| + sup

z∈D

(1 − |z|2)n|f (n)(z)|.

Æ Bloch  � B0 � B �6 �, &'"./() ������
lim

|z|→1−
|f ′(z)|(1 − |z|2) = 0, f ∈ H(D).

!�6" I ⊂ ∂D, I �"#�7�
|I| =

1
2π

∫
I

|dζ|,

*� D �� Carleson $*�7�
S(I) = {rζ ∈ D : 1 − |I| ≤ r < 1, ζ ∈ I}.

�

fI =
1
|I|

∫
I

f(ζ)
|dζ|
2π

� f 8 I ���+. BMOA  �'9%&'�,�� f ∈ H2(D) !".,/) ���(),

-:
‖f‖BMOA =

(
sup

I⊂∂D

1
|I|

∫
I

|f(ζ) − fI |2 |dζ|
2π

) 1
2

< ∞.
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 � VMOA � BMOA �6 �!".
lim
|I|→0

1
|I|

∫
I

|f(ζ) − fI |2 |dζ|
2π

= 0.

BMOA  �;,,/���7 [9]. �

g(z, a) = log
1

|ϕa(z)| , z ∈ D

� D ��10��, -: ϕa(z) = a−z
1−az � D �� Möbius 23. BMOA  �'�,��

f ∈ H(D) !".,/����) ���
‖f‖BMOA = |f(0)| +

(
sup
a∈D

∫
D

|f ′(z)|2(1 − |ϕa(z)|2)dA(z)
)1/2

< ∞

�

‖f‖BMOA = |f(0)| +
(

sup
a∈D

∫
D

|f ′(z)|2g(z, a)dA(z)
)1/2

< ∞,

-: dA(z) ' D ��4<5� Lebesgue �678.  � VMOA ' BMOA  ��6 �, '

".,/) ��-����
lim

|a|→1−

∫
D

|f ′(z)|2(1 − |ϕa(z)|2)dA(z) = 0

�

lim
|a|→1−

∫
D

|f ′(z)|2g(z, a)dA(z) = 0.

94 D ��0 Borel 78 μ, ,:".
‖μ‖ = sup

I⊂∂D

μ(S(I))
|I| < ∞,

=; μ ' Carleson 78. <9=>, ,:".
lim
|I|→0

μ(S(I))
|I| = 0,

=; μ '>1 Carleson 78 (;;�?� Carleson 78).

2 X � B �6 �, �� f ∈ B @ � X �34�7�
distB(f,X) = inf

g∈X
‖f − g‖B.

94 f ∈ B, ε > 0 *� n �01�. 56$2 [3], ?7�78�(� Ωn,ε(f) = {z ∈ D :

(1 − |z|2)n|f (n)(z)| ≥ ε}.
/��9 A :@ Peter Jones [10] A Ruhan Zhao [21].

AB A � f ∈ B, =/�;%<��:

(1) distB(f,BMOA);

(2) inf{ε : χΩ1,ε(f)
dA(z)
1−|z|2' Carleson 78}, -: χ '=C��;

(3) inf{ε : supa∈D

∫
Ω1,ε(f)

|f ′(z)|2(1 − |ϕa(z)|2)dA(z) < ∞};
(4) inf{ε : supa∈D

∫
Ω1,ε(f)

|f ′(z)|2g(z, a)dA(z) < ∞}.
B$�>�'DCDE�5%�8�(:?F�9 A .
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AB 1.1 �� f ∈ B, =/�;%<��:

(1) distB(f,BMOA);

(2) inf{ε : χΩn,ε(f)
dA(z)
1−|z|2' Carleson 78};

(3) inf{ε : supa∈D

∫
Ωn,ε(f)

|f (n)(z)|2(1 − |z|2)2n−2(1 − |ϕa(z)|2)dA(z) < ∞};
(4) inf{ε : supa∈D

∫
Ωn,ε(f)

|f (n)(z)|2(1 − |z|2)2n−2g(z, a)dA(z) < ∞}.
EF 1.2 �� f ∈ B, =/�;%<��:

(1) f @4 BMOA  �8 B :�G&;

(2) 9AG ε > 0, χΩn,ε(f)
dA(z)
1−|z|2 ' Carleson 78;

(3) 9AG ε > 0, supa∈D

∫
Ωn,ε(f)

|f (n)(z)|2(1 − |z|2)2n−2(1 − |ϕa(z)|2)dA(z) < ∞;

(4) 9AG ε > 0, supa∈D

∫
Ωn,ε(f)

|f (n)(z)|2(1 − |z|2)2n−2g(z, a)dA(z) < ∞.

H4 Bloch ��@ VMOA  ��34, ?7I@,/JB.

AB 1.3 �� f ∈ B, =/�;%<��:

(1) distB(f,B0);

(2) distB(f,VMOA);

(3) inf{ε : χΩn,ε(f)
dA(z)
1−|z|2'>1� Carleson 78};

(4) inf{ε : lim|a|→1

∫
Ωn,ε(f)

|f (n)(z)|2(1 − |z|2)2n−2(1 − |ϕa(z)|2)dA(z) = 0};
(5) inf{ε : lim|a|→1

∫
Ωn,ε(f)

|f (n)(z)|2(1 − |z|2)2n−2g(z, a)dA(z) = 0}.
EF 1.4 �� f ∈ B, =/�;%<��:

(1) f ∈ B0;

(2) 9AG ε > 0, χΩn,ε(f)
dA(z)
1−|z|2 '>1� Carleson 78;

(3) 9AG ε > 0, lim|a|→∞
∫
Ωn,ε(f)

|f (n)(z)|2(1 − |z|2)2n−2(1 − |ϕa(z)|2)dA(z) = 0;

(4) 9AG ε > 0, lim|a|→∞
∫
Ωn,ε(f)

|f (n)(z)|2(1 − |z|2)2n−2g(z, a)dA(z) = 0.

K�CL, ?7HI,/9J�M. DN8O� C EI A ≤ CB, =�P A � B. 56>, D

'N8O� C EI A ≥ CB, =�P A � B. ,:F%< A K B Q". A � B ! A � B, =
�� A ≈ B.

2 LMNOPQR
AB 1.1 STU � d1, d2, d3, d4 ��9 1.1 : (1), (2), (3), (4) 9V�;%<. ?7HI

WG d1 ≈ d2 ≈ d3 ≈ d4.

HXWG d1 ≈ d2. H4IJ d2 ≤ d1, YKDRWSWG. D d1 < d2, =N8F%O� ε >

ε1 > 0 *�9%�� fε1 ∈BMOA, EI χΩn,ε(f)
dA(z)
1−|z|2 T' Carleson 78! ‖f − fε1‖B ≤ ε1.

94AG z ∈ D, ,
(1 − |z|2)n|f (n)

ε1
(z)| ≥ (1 − |z|2)n|f (n)(z)| − ‖f − fε1‖B ≥ (1 − |z|2)n|f (n)(z)| − ε1.

YLI@ Ωn,ε(f) ⊂ Ωn,ε−ε1(fε1). ZU,

χΩn,ε(f)
dA(z)

1 − |z|2 ≤ |f (n)
ε1 (z)|2(1 − |z|2)2n−1

(ε − ε1)2
dA(z).
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D fε1 ∈ BMOA, = |f (n)
ε1 (z)|2(1− |z|2)2n−1dA(z) ' Carleson 78 (VM$ [2, �9 5]). WUI

X χΩn,ε(f)
dA(z)
1−|z|2 ' Carleson 78. YLNY. �* d2 ≤ d1.

/�WG d1 � d2. 94 f ∈ B, �

h(z) = f(z) −
n−1∑
k=0

f (k)(0)
k!

zk.

�#$ [23, OP 4.27] Q3
h(z) =

1
n!

∫
D

(1 − |w|2)nf (n)(w)dA(w)
w(1 − zw)2

.

�* h(z) = h1(z) + h2(z), -:
h1(z) =

1
n!

∫
Ωn,ε(f)

(1 − |w|2)nf (n)(w)dA(w)
wn(1 − zw)2

*�
h2(z) =

1
n!

∫
D\Ωn,ε(f)

(1 − |w|2)nf (n)(w)dA(w)
wn(1 − zw)2

.

*�%6<[ n ZREI

h
(n)
1 (z) = (n + 1)

∫
Ωn,ε(f)

(1 − |w|2)nf (n)(w)dA(w)
(1 − zw)n+2

,

*�
h

(n)
2 (z) = (n + 1)

∫
D\Ωn,ε(f)

(1 − |w|2)nf (n)(w)dA(w)
(1 − zw)n+2

.

��

h3(z) = h1(z) −
n−1∑
k=0

h
(k)
1 (0)
k!

zk +
n−1∑
k=0

f (k)(0)
k!

zk.

D χΩn,ε(f)
dA(z)
1−|z|2 ' Carleson 78, =QSX h1 ∈ B. TU�, \4
(1 − |z|2)n|h(n)

1 (z)| ≤ (n + 1)
∫

Ωn,ε(f)

(1 − |w|2)n|f (n)(w)|(1 − |z|2)n

|1 − zw|n+2
dA(w)

� ‖f‖B

∫
D

1 − |z|2
|1 − zw|2 · χΩn,ε(f)

1 − |w|2 dA(w).

WU h1 ∈ B.

/�HIWG h3 ∈ BMOA. \ Fubini �9Q3
I = sup

a∈D

∫
D

|h(n)
3 (z)|2(1 − |z|2)2n−2(1 − |ϕa(z)|2)dA(z)

= sup
a∈D

∫
D

|h(n)
1 (z)|2(1 − |z|2)2n−2(1 − |ϕa(z)|2)dA(z)

� ‖h1‖B

∫
D

|h(n)
1 (z)|(1 − |z|2)n−2(1 − |ϕa(z)|2)dA(z)

� ‖h1‖B

∫
D

∫
Ωn,ε(f)

(1 − |w|2)n|f (n)(w)|
|1 − zw|n+2

dA(w) · (1 − |z|2)n−2(1 − |ϕa(z)|2)dA(z)

= ‖h1‖B

∫
Ωn,ε(f)

(1 − |w|2)n|f (n)(w)| ·
∫

D

(1 − |a|2)(1 − |z|2)
|1 − zw|4|1 − az|2 dA(z)dA(w).



728 � � � 
 V W & 65�

VD$ [21, ]9 1], QI∫
D

(1 − |a|2)(1 − |z|2)
|1 − zw|4|1 − az|2 dA(z) � (1 − |a|2)

(1 − |w|2)|1 − aw|2 .

WU3
I � ‖h1‖B‖f‖B

∫
D

1 − |a|2
|1 − aw|2 · χΩn,ε(f)

1
1 − |w|2 dA(w) < ∞.

Z[ h3 ∈ BMOA.

94 ε > 0 *� χΩn,ε(f)
dA(z)
1−|z|2 ' Carleson 78, ^_HWG

‖f − h3‖B � ε.

`G@
(f − h3)(z) = h(z) − h1(z) +

n−1∑
k=0

h
(k)
1 (0)
k!

zk

*�
(f − h3)(n)(z) = h

(n)
2 (z),

=
‖f − h3‖B ≈ sup

z∈D

(1 − |z|2)n|h(n)
2 (z)|

� sup
z∈D

(1 − |z|2)n

∫
D\Ωn,ε(f)

(1 − |w|2)n|f (n)(w)|
|1 − zw|n+2

dA(w)

� ε sup
z∈D

(1 − |z|2)n

∫
D

1
|1 − zw|n+2

dA(w)

� ε.

�* d1 � d2. WUI@ d1 ≈ d2.

/�WG d2 ≈ d3. `G@ χΩn,ε(f)
dA(z)
1−|z|2 ' Carleson 78, =

sup
a∈D

∫
Ωn,ε(f)

|ϕ′
a(z)|

1 − |z|2 dA(z) < ∞.

YL��4
sup
a∈D

∫
Ωn,ε(f)

1 − |ϕa(z)|2
(1 − |z|2)2 dA(z) < ∞.

Z� z ∈ Ωn,ε(f), �*
ε ≤ |f (n)(z)|(1 − |z|2)n ≤ ‖f‖B.

WU d2 ≈ d3.

/�WG d3 ≈ d4. \4 1 − |ϕa(z)|2 � log 1
|ϕa(z)| = g(z, a), = d3 � d4.

IW d4 � d3, \/�6]
M =

∫
Ωn,ε(f)

|f (n)(z)|2(1 − |z|2)2n−2g(z, a)dA(z)
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]PF^], -:
M1 =

∫
Ωn,ε(f)∩D1/4

|f (n)(z)|2(1 − |z|2)2n−2g(z, a)dA(z)

*�
M2 =

∫
Ωn,ε(f)\D1/4

|f (n)(z)|2(1 − |z|2)2n−2g(z, a)dA(z),

YK D1/4 = {z ∈ D : |z| < 1
4}.

�#/�T�%:

g(z, a) = log
1

|ϕa(z)| ≥ log 4 ≥ 1, |ϕa(z)| ≤ 1
4

*�
g(z, a) = log

1
|ϕa(z)| ≤ 4(1 − |ϕa(z)|2), |ϕa(z)| ≥ 1

4
,

?7IX
M2 ≤ 4

∫
Ωn,ε(f)

|f (n)(z)|2(1 − |z|2)2n−2(1 − |ϕa(z)|2)dA(z),

*�
M1 ≤

∫
Ωn,ε(f)

|f (n)(z)|2(1 − |z|2)2n−2g2(z, a)dA(z)

≤ ‖f‖2
B

∫
Ωn,ε(f)

(1 − |z|2)−2g2(z, a)dA(z)

< ∞.

Z[, d4 � d3. W_.

AB 1.3STU \4 VMOA �&'�,`a%,*�`a%8B  �:IG&'B0,

! VMOA ⊆ B0. �* B0 �4 VMOA  �8 B :IG&, WU (1) A (2) :IF%<��.

564�9 1.1 �WGQ3 (2), (3), (4) A (5) Ya%<��.

b 2.1 bc� Bloch ��G7/�G&cP'8$2 [1] :d9ZWX, de'9%f�
cP. X7Ygh,��-�� �8 B ��/�G&I@Z1�?F. KG&cP���'
34cP, ie'M[��@�� ��34?F, Y'W\69Bj8M[�. Y9cP�f
k'l4 Jones �34f%. [i, g`he8Y9]ij^_`�fk. a,: Tjani 8$2
[20] :M[^W Bloch ��@Æ Bloch  ��34. Zhao 8$2 [21] :fk^W Bloch ��@

MöbiusT2�� ��34. 94 Bloch��@-&�� ��34, Q*VM$ [5, 13, 15]A

[16]. H4m`��� ��G&cP*�kHfkno, Q*VM$ [3, 7, 8, 12, 14] A [18] �.

3 lm
� D

∗ �bp��� Ĉ : D �c^. D M(D∗) Æd Banach  � L∞(D∗) :���eq-
nf'��) D

∗ �� Beltrami g] μ(z) !h,,o L∞- ��. 9AG� μ(z) ∈ M(D∗), N

8i9�9%jr5pk fμ : Ĉ → Ĉ, -�lmn8 D
∗ ' μq8 D 'o!".0s5) 

fμ(0) = (fμ)′(0) − 1 = (fμ)′′(0) = 0.
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94F% M(D∗) :� Beltrami g] μ1 A μ2, ,: fμ1 |D = fμ2 |D, =;&7 Teichmüller ��

!Æd� μ1 ∼ μ2. p, Teichmüller  � T �7�
T = M(D∗)/ ∼= {[μ] : μ ∈ M(D∗)},

-: [μ] Æd μ ∈ M(D∗) �9V���5. 8 T �N89%@q�Zt8< dT , ;� Te-

ichmüller 8<.

9AG� [μ] ∈ T , �7k9V� Schwarzian E� Sμ �

Sμ(z) = Sfμ|D(z) = N ′
fμ|D(z) − 1

2
N2

fμ|D(z), z ∈ D,

YK
Nfμ|D(z) = (F |D)′(z) = (log(fμ|D)′)′(z) =

(fμ|D)′′(z)
(fμ|D)′(z)

, z ∈ D

' fμ|D � pre-Schwarz E�.

� Q Æd�,�-�� f ∈ H(D) �qP �q-nf".*/rs��) 
‖f‖hy = sup

z∈D

|f(z)|(1 − |z|2)2 < ∞.

Bers t`�9uGpk B : [μ] �→ Sμ ' T @&8 Q :�r�vw, m`suxVM$ [11].

,:9AG� ε > 0, N8 r > 1 EI ‖μ||z|<r‖∞ < ε, =; Beltrami g] μ(z) ∈ M(D∗) 8
D

∗ �v�'>y�. Æ Teichmüller  ��7�
T 0 = {[μ] : μ ∈ M0(D∗)},

-: M0(D∗) Æd�,>y� Beltrami g]. &'p, Teichmüller  � T �6 �. t�+
3, F = log(fμ|D)′ ∈ B0 w!xw-�lmn μ @4 M0(D∗), L$ [4].

u�SB 1.4 �VD, ?7!X^Æ Teichmüller  ����?F.

v� 3.1 �2 fμ : Ĉ → Ĉ �9%jr5pk, -:&8 D
∗ ���lm� μ, 8 D ���

lm� 0, *�
fμ(0) = (fμ)′(0) − 1 = (fμ)′′(0) = 0,

=/�F%) ��.

(i) [μ] ∈ T 0;

(ii) 94AG ε > 0, χΩn,ε(F |D)
dA(z)
1−|z|2 '9%>1� Carleson 78.

TU 2 [μ] ∈ T 0,= F = log(fμ|D)′ ∈ B0. \SB 1.43,94AG ε > 0, χΩn,ε(F |D)
dA(z)
1−|z|2

'9%>1� Carleson 78. z9$�, �2 χΩn,ε(F |D)
dA(z)
1−|z|2 '9%>1� Carleson 78. =

\SB 1.4 3, F = log(fμ|D)′ ∈ B0. \4 F = log(fμ|D)′ ∈ B0, = [μ] ∈ T 0.

CD Bers pk'\$ [6] ]`, &'�#CD Schwarzian E��7� [19]. 9%�w�� f

�CD Schwarzian E� σn(f) (n ≥ 3) 'bc Schwarzian E� Sf �Sy. �7 σ3(f) = Sf !

σn+1(f)(z) = σ′
n(f)(z) − (n − 1)Nf (z)σn(f)(z), n ≥ 3.

v� 3.2 �2 fμ : Ĉ → Ĉ �9%jr5pk, -:&8 D
∗ ���lm� μ, 8 D ���

lm� 0, *�
fμ(0) = (fμ)′(0) − 1 = (fμ)′′(0) = 0.
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,: [μ] ∈ T 0, =
(a) 94AG� ε > 0 A n ≥ 3,

lim
|a|→1

∫
Ω1,ε(F |D)∪···∪Ωn,ε(F |D)

|σn+1(fμ|D)(z)|2(1 − |z|2)2(n−1)(1 − |ϕa(z)|2)dA(z) = 0;

(b) 94AG� ε > 0 A n ≥ 3,

lim
|a|→1

∫
Ω1,ε(F |D)∪···∪Ωn,,ε(F |D)

|σn+1(fμ|D)(z)|2(1 − |z|2)2(n−1)g(z, a)dA(z) = 0.

TU Z� [μ] ∈ T 0,\OP 3.13,94AG ε > 0, χΩn,ε(F |D)
dA(z)
1−|z|2 '9%>1� Carleson

78. WU

lim
|a|→1

∫
Ω1,ε(F |D)∪···∪Ωn,ε(F |D)

1 − |ϕa(z)|2
(1 − |z|2)2 dA(z) = 0.

x\
‖σ3(fμ|D)‖hy = sup

z∈D

|σ3(fμ|D)(z)|(1 − |z|2)2 < ∞

3
lim

|a|→1

∫
Ω1,ε(F |D)∪Ω2,ε(F |D)

|σ3(fμ|D)(z)|2(1 − |z|2)4 1 − |ϕa(z)|2
(1 − |z|2)2 dA(z) = 0.

94AG n ≥ 3, �2

sup
z∈D

|σn(fμ|D)(z)|(1 − |z|2)n−1 < ∞.

Z� σn+1(fμ|D)(z) = σ′
n(fμ|D)(z) − (n − 1)Nfμ|D(z)σn(fμ|D)(z), n ≥ 3, =

|σn+1(fμ|D)(z)| ≤ |σ′
n(fμ|D)(z)| + |(n − 1)Nfμ|D(z)σn(fμ|D)(z)|.

\4 fμ|D ' D ���w�-��, \bc�{z�9Q3 |Nfμ|D(z)|(1 − |z|2) ≤ 6 (L$ [17]).

WUQI

|σn+1(fμ|D)(z)|(1 − |z|2)n � |σ′
n(fμ|D)(z)|(1 − |z|2)n + |Nfμ|D(z)σn(fμ|D)(z)|(1 − |z|2)n

� |σ′
n(fμ|D)(z)|(1 − |z|2)n + |σn(fμ|D)(z)|(1 − |z|2)n−1

� sup
z∈D

|σn(fμ|D)|(1 − |z|2)n−1 < ∞.

Z[
lim

|a|→1

∫
Ω1,ε(F |D)∪···∪Ωn,ε(F |D)

|σn+1(fμ|D)(z)|2(1 − |z|2)2(n−1)(1 − |ϕa(z)|2)dA(z) = 0.

VD�h{|SQ3 (a) P}.

56K�9 1.1 �WG, QI a ⇔ b. WU (b) P}. OPIW.

yz |{~}�WX�~�GL.
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Bull. Austral. Math. Soc., 1998, 58: 43–56.
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