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��2 [35, 38], ���� [39], ������ [33], 
����� [25], ��1��� [36] �. ���


����, ��
���������

���� [4]. ��
������������:

min f1(x1) + f2(x2),
s.t. ψ(x1, x2) := A1x1 +A2x2 − b = 0.

(1.1)

�
 f1 : R
n1 → R ∪ {+∞} 3�����, �
 f2 : R

n2 → R ��, �4 A1 ∈ R
p×n1 ,

A2 ∈ R
p×n2 , � b ∈ R

p. �� (1.1) 	�!"�#��
�

Lβ(x, λ) = Lβ(x1, x2, λ) = f1(x1) + f2(x2) − 〈λ, ψ(x)〉 +
β

2
‖ψ(x)‖2,

�/ x = (x1, x2) ∈ R
n1 × R

n2 , λ ∈ R
p ���
�	"�#��5, β > 0 ���
.

$����5� (ADMM) �%� Douglas–Rachford (DR) �� � [12, 27] &'!(	"
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�����	!���
�, �"��� (1.1) 	-'()$��:

xk+1
1 = arg min

x1
{Lβ(x1, x

k
2 , λ

k)}, xk+1
2 = arg min

x2
{Lβ(xk+1

1 , x2, λ
k)}, λk+1 = λk− βψ(xk+1).

�%*�
"	&.�, + ADMM 	�'#
��(	$/%0�&) [6, 13, 14, 18, 20, 37].

Glowinski [13] *,�"�#��51'-/(+!,.)5 τ , 2 λk+1 = λk − τβψ(xk+1). �


 τ 
3�
�45-6./, *0
8*Æ. He �/ [20] 708 ADMM 	+123, 4+1

5,	,.)5 r � s, 2⎧⎨
⎩
xk+1

1 = arg min
x1

{Lβ(x1, x
k
2 , λ

k)}, λk+ 1
2 = λk − rβψ(xk+1

1 , xk
2),

xk+1
2 = arg min

x2
{Lβ(xk+1

1 , x2, λ
k+ 1

2 )}, λk+1 = λk+ 1
2 − sβψ(xk+1).

2�
�#-' ADMM 	165,��()9�/4+�5	/:1'- λk+ 1
2 , �1.(/

� Peaceman � Rachford [29] 	�� � (;01 PR ��). �32�
�

1<	�'�

9, Gu �/ [14] �5��/�744�5=-, 4>,12	-66�3, �
�()���:⎧⎪⎪⎨
⎪⎪⎩
xk+1

1 = arg min
x1

{
Lβ(x1, x

k
2 , λ

k) +
1
2
‖x1 − xk

1‖2
P

}
, λk+ 1

2 = λk − rβψ(xk+1
1 , xk

2),

xk+1
2 = arg min

x2

{
Lβ(xk+1

1 , x2, λ
k+ 1

2 ) +
1
2
‖x2 − xk

2‖2
Q

}
, λk+1 = λk+ 1

2 − sβψ(xk+1),

�/, P � Q �+1�38�4, ‖x‖2
P = x�Px.

=7(, 9"���	 ADMM ?-6��3�Æ5:45 [2, 8, 16, 24, 26, 32, 34]. Wang �

/ [31, 32] + ADMM 	�
5���42 Bregman @A�
, � A1 �68:, x2- 5��	
Bregman @A�
9", : Lβ(x1, x2, λ) B� x1 C x1- 5��	 Bregman @A�
9"	&

.�, �3812
�-6�Æ. Jian �/ [24] ;+!��;���9"���� (A2 �;7

4, b = 0) *,!<� ADMM 8<	39�23, 2+-' ADMM <!
5��39�, =:

;<=39-9", �()��:⎧⎨
⎩
xk+1

1 = arg min
x1

{Lβ(x1, x
k
2 , λ

k) + 1
2‖x1 − xk

1‖2
G},

xk+1
2 = arg min

x2
{Lβ(xk+1

1 , x2, λ
k)}, λk+1 = λk − β(A1x

k+1
1 − xk+1

2 ).

3=70��>��
�	9"�������:

min f(x) :=
m∑

i=1

fi(xi),

s.t.
m∑

i=1

Aixi = b,

(1.2)

�/, x = (x1, . . . , xm),�
 fi : R
ni → R∪{+∞} (i = 1, . . . ,m−1)D3�����, fm : R

p →
R ��:�=/ ∇fm � Lipschitz ��, �4 Ai ∈ R

p×ni , i = 1, . . . ,m − 1, � b ∈ R
p. ?

Am E8: (A�
mAm �>)�,$> (1.2)/��
��@,>� (A�

mAm)−1A�
m,1F	�42�

0��;74	&�. �?G	�

/?!AB� Am �;74?!&�, ����2 [35, 38],

@H@���3 [5, 31] �. )�, �C��A
��-6��3, �$> (1.2) /@ Am � p I;

74 Ip, Amxm = xm.

+�A��?�	2	�������, 12	 ADMMC�B��
�	-6�C
DD

+$/, EA:�-6 [9, 10]. Han � Yuan [17] FBBG8?H
%*�
 fi D9", :��
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��I!C8�, �-'��� ADMM DJC!	��� ADMM 23

JK-6�. K!

�(, He, Tao � Yuan D9E34C! ADMM, LE��� ADMM. �F�L6�� ALM 	

FGG3� [19], >0MM) ADMM [21, 23], F�L639-	 ADMM [22] �.

%N, �������
�$/1�NO�"��. +�9"�����	 ADMM C�

B��
�	$/1+0O. Guo �/ [15] P9"���	-' ADMM DJC!H���&
�, � Ai E8::��
K<�I!IH�, �38
�	JK-6�. �I, P*J�
8E
Kurdyka–�Lojasiewicz �F, QLE8
�	9-6�. Wang �/ [31] �R Bregman @A, EH

89"���&� BADMM 	-6�.

8K�� (1.2) 	�!"�#��
 Lβ(x1, . . . , xm, λ):

Lβ(x, λ) = Lβ(x1, . . . , xm, λ) =
m∑

i=1

fi(xi) −
〈
λ,

m∑
i=1

Aixi − b

〉
+
β

2

∥∥∥∥
m∑

i=1

Aixi − b

∥∥∥∥
2

. (1.3)

%�2��3, 3=70!<"��� (1.2) 	F�+139�$����5� (PSRADMM)

(): ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xk+1
1 = arg min

x1

{
Lβ(x1, x

k
2 , . . . , x

k
m, λ

k) +
1
2
‖x1 − xk

1‖2
F1

}
, (1.4a)

xk+1
2 = arg min

x2

{
Lβ(xk+1

1 , x2, x
k
3 , . . . , x

k
m, λ

k) +
1
2
‖x2 − xk

2‖2
F2

}
, (1.4b)

...

xk+1
m−1 = arg min

xm−1

{
Lβ(xk+1

1 , . . . , xk+1
m−2, xm−1, x

k
m, λ

k)+
1
2
‖xm−1−xk

m−1‖2
Fm−1

}
, (1.4c)

λk+ 1
2 = λk − rβ

( m−1∑
i=1

Aix
k+1
i + xk

m − b

)
, (1.4d)

xk+1
m = arg min

xm

{Lβ(xk+1
1 , . . . , xk+1

m−1, xm, λ
k+ 1

2 )}, (1.4e)

λk+1 = λk+ 1
2 − sβ

( m∑
i=1

Aix
k+1
i − b

)
, (1.4f)

�/, Fi ∈ R
ni×ni (i = 1, . . . ,m − 1) D�+138�4. +�2( PSRADMM ()	JQK

w0 = (x0
1 . . . , x

0
m, λ

0), S@ Lβ(w0) < +∞.

LR, PSRADMM ()L

xk+1
1 → xk+1

2 → · · · → xk+1
m−1 → λk+ 1

2 → xk+1
m → λk+1

SM1'NQM #+TM , 4

	��9:

(i) �7"� xi- 5�� (i = 1, . . . ,m), :"� xi- 5�� (i = 1, . . . ,m− 1) �HO+TM

 PQD� λk;

(ii) N�3OHL1'PQ (xk+1
1 , xk+1

2 , . . . , xk+1
m−1, λ

k+ 1
2 ) O< xk+1

m ;

(iii) �1 Fi = αI − βA�
i Ai, 9 (1.4) /B� xi- 5�� (i = 1, . . . ,m− 1) �T��

min
xi

{
fi(xi) +

α

2
‖xi − bki ‖2

}
,

�/ bki ∈ R
ni �I!%2 .

3=< 2 U>,!R#3=�31B	FP2U, < 3 U�< 4 U�7+ PSRADMM 	

-6��-66V6�3'B, < 5 U+ PSRADMM V6J-
8VS.
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2 GHIJ
3=/, ‖ · ‖ QWXYI
. +ZT x, y ∈ R

n, 〈x, y〉 = x�y. +�+1�38�4 G,

‖x‖2
G = x�Gx, G 
 (�)0 QW G �+1�38 (38) �4. λmin(G) # λmax(G) �7QW+

1�4 G 	1��98?16�98, 9
 λmin(G)‖x‖2 ≤ ‖x‖2
G ≤ λmax(G)‖x‖2, ∀x ∈ R

n.

+ZTWR S ⊆ R
n,ZTK x ∈ R

n, P S 9X, K xH S 	@AY� d(x, S) = infy∈S ‖y−
x‖. �7R, P S = ∅, 9[ d(x, S) = +∞.

�
 f : R
n → R ∪ {+∞} 	8KU#2V�7YK domf , epif , 2

domf = {x ∈ R
n : f(x) < +∞}, epif = {(x, α) ∈ R

n × R : f(x) ≤ α}.
P domf �= ∅, 91 f �3��
.

LM 2.1 [30] P�
 f : R
n → R ∪ {+∞} � x0 �8E f(x0) ≤ lim infx→x0 f(x), 91�


 f � x0 �����. P f �\!K�D����, 91 f ������
.

LM 2.2 [30] @�
 f : R
n → R ∪ {+∞} 3�����:

(i) f � x ∈ domf �	 Fréchet SW�8K�

∂̂f(x) =
{
x∗ ∈ R

n : lim
y �=x

inf
y→x

f(y) − f(x) − 〈x∗, y − x〉
‖y − x‖ ≥ 0

}
,

? x �∈ domf �, [ ∂̂f(x) = ∅.

(ii) f � x ∈ domf �	Z<SW�8K�

∂f(x) = {x∗ ∈ R
n : ∃xk → x, f(xk) → f(x), x̂k ∈ ∂̂f(xk), x̂k → x∗}.

N 2.3 +�3=OH	�
SW�	�F ([= [30]), EW��:

(i) ∀x ∈ R
n, ∂̂f(x) ⊆ ∂f(x), : ∂̂f(x) �T"W, ∂f(x) �TW.

(ii) @ x∗k ∈ ∂f(xk) : limk→∞(xk, x
∗
k) = (x, x∗), 9 x∗ ∈ ∂f(x), 2 ∂f(x) 

T�.

(iii) P x ∈ R
n � f 	Z�8K, 9 0 ∈ ∂f(x). P 0 ∈ ∂f(x), 1 x ��
 f 	@8K, �


 f @8K	WRY� critf .

(iv) P f : R
n → R ∪ {+∞} 3�����, g : R

n → R ���W, 9+�ZT x ∈ domf ,


 ∂(f + g)(x) = ∂f(x) + ∇g(x).

LM 2.4 [3] (Kurdyka–�Lojasiewicz �F) @�
 f : R
n → R ∪ {+∞} 3�����,

x̄ ∈ dom(∂f):={x ∈ R
n : ∂f(x) �= ∅}. Y [η1 < f < η2] := {x ∈ R

n : η1 < f(x) < η2}. PB�
η ∈ (0,+∞], x̄ 	I!5U U 	?8E��]\	U�
 ϕ : [0, η) → [0,+∞):

(i) ϕ(0) = 0;

(ii) ϕ � 0 ���, �^: (0, η) 2!I���W;

(iii) ϕ′(t) > 0, ∀ t ∈ (0, η),

3E+�ZT x ∈ U ∩ [f(x̄) < f < f(x̄) + η], �� Kurdyka–�Lojasiewicz 5��

ϕ′(f(x) − f(x̄))d(0, ∂f(x)) ≥ 1

�', 91�
 f �K x̄ �

 Kurdyka–�Lojasiewicz �F (T1 KL �F), ,�1 ϕ � f 	

KL �FB]�
.

Y Φη �8E2�8K 2.4 /]\ (i), (ii), (iii) 	J_U�
	WR. P f �8KU domf

	\!K��8E KL �F, 91 f � KL �
.
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OP 2.5 [3] (!Q KL �F) @ Ω �!
^W, �
 f : R
n → R ∪ {+∞} 3�����.

@�
 f � Ω 21_8�
, 4� Ω 	ZTK�D8E KL �F, 9B� ε > 0, η > 0, ϕ ∈ Φη,

3E+�ZT x̄ ∈ Ω ? x ∈ {x ∈ R
n : d(x,Ω) < ε} ∩ [f(x̄) < f(x) < f(x̄) + η], 


ϕ′(f(x) − f(x̄))d(0, ∂f(x)) ≥ 1.

?G2O/, ���
D8E KL �F [31], ��)
�
V9"�
V?�3�
VS�3

�
�.

OP 2.6 [28] @�
 h ���W, :�=/ ∇h � Lh-Lipschitz ��, 9


|h(y) − h(x) − 〈∇h(x), y − x〉| ≤ Lh

2
‖y − x‖2, ∀x, y ∈ R

n. (2.1)

Y w = (x, λ), 9� Lβ(w) 	8K (1.3) 
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂xiLβ(w) = ∂fi(xi) −A�
i λ+ βA�

i

( m∑
j=1

Ajxj − b

)
, i = 1, . . . ,m− 1, (2.2a)

∂xmLβ(w) = �fm(xm) − λ+ β

( m∑
j=1

Ajxj − b

)
, (2.2b)

∂λLβ(w) = −
( m∑

j=1

Ajxj − b

)
. (2.2c)

��
�((�.

OP 2.7 w∗ = (x∗, λ∗) � Lβ(·) 	@8K, 2 0 ∈ ∂Lβ(w∗), ?:`?

A�
i λ

∗ ∈ ∂fi(x∗i ) (i = 1, 2, . . . ,m− 1), ∇fm(x∗m) = λ∗,
m∑

i=1

Aix
∗
i − b = 0. (2.3)

3 RSTUV
X�	-6��3, +��� (1.2) ?ZT�
 θ ∈ R, � (1.3) 8K	�!"�#��


Lβ(x, λ) 

��WY�F:

Lβ

(
x1, . . . , xm, λ− θ

( m∑
i=1

Aixi − b

))
= Lβ(x, λ) + θ‖

m∑
i=1

Aixi − b‖2. (3.1)

��F�66T��(	�3. Y

x = (x1, . . . , xm), xk = (xk
1 , . . . , x

k
m), x∗ = (x∗1, . . . , x

∗
m);

w = (x, λ), wk = (xk, λk), w∗ = (x∗, λ∗).

�(�3/, QXS@ {wk} � PSRADMM (1.4) HO<	()KE, :
a.

YZ 3.1 (i) �� (1.2) /	�
 fi (i = 1, 2, . . . ,m− 1) D�3�����, �
 fm ��

:�=/ ∇fm � Lm-Lipschitz ��, 2 ‖∇fm(x) −∇fm(y)‖ ≤ Lm‖x− y‖, ∀x, y ∈ R
p;

(ii) () (1.4) /	 Fi (i = 1, 2, . . . ,m− 1) D�+138�4.
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FB, bc PSRADMM (1.4) /W5��	1��XY]\, 
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

0 ∈ ∂fi(xk+1
i ) −A�

i λ
k + βA�

i

( i∑
j=1

Ajx
k+1
j +

m∑
j=i+1

Ajx
k
j − b

)

+Fi(xk+1
i − xk

i ), i = 1, . . . ,m− 1, (3.2a)

0 = ∇fm(xk+1
m ) − λk+ 1

2 + β

( m∑
i=1

Aix
k+1
i − b

)
. (3.2b)

��3 PSRADMM (1.4) O<	 (*J�
) ME {Lβ(wk)} 	;Y�, Y⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

δi := δi(r, s, β) =
1
2
λmin(Fi)−(m+1)β(1−s)2

r+s
λmax(A�

i Ai), i = 1, . . . ,m−1, (3.3a)

δm := δm(r, s, β) =
β − Lm

2
− (m+ 1)[β2(1 − s)2 + L2

m]
(r + s)β

− rsβ

r + s

=
[r(1−2s) + s− 2(m+1)(1−s)2]β2 − (r+s)Lmβ − 2(m+1)L2

m

2(r + s)β
,

(3.3b)

δ := δ(r, s, β) = min{δ1, . . . , δm} = min{δ1(r, s, β), . . . , δm(r, s, β)}. (3.3c)

OP 3.2 S@ 3.1 �', : (1.4d) ? (1.4f) /�
 r � s 8E r + s > 0, 9

Lβ(wk+1) ≤ Lβ(wk) − δ‖xk+1 − xk‖2, ∀ k. (3.4)

[\ FB, � (1.4f), (1.4d) ? (3.1), E

Lβ(wk+1) = Lβ(xk+1, λk+ 1
2 ) + sβ

∥∥∥∥
m∑

i=1

Aix
k+1
i − b

∥∥∥∥
2

(3.5)

#

Lβ(xk+1
1 , . . . , xk+1

m−1, x
k
m, λ

k+ 1
2 )

= Lβ(xk+1
1 , . . . , xk+1

m−1, x
k
m, λ

k) + rβ

∥∥∥∥
m−1∑
i=1

Aix
k+1
i + xk

m − b

∥∥∥∥
2

. (3.6)

K!�(, � (1.3) ? (3.2b), 


Lβ(xk+1, λk+ 1
2 ) − Lβ(xk+1

1 , . . . , xk+1
m−1, x

k
m, λ

k+ 1
2 )

(1.3)
= fm(xk+1

m ) − fm(xk
m)−β

2
‖xk+1

m − xk
m‖2−

〈
λk+ 1

2−β
( m∑

i=1

Aix
k+1
i −b

)
, xk+1

m −xk
m

〉

(3.2b)
== fm(xk+1

m ) − fm(xk
m) − 〈∇fm(xk+1

m ), xk+1
m − xk

m〉 − β

2
‖xk+1

m − xk
m‖2. (3.7)

0� ∇fm 	 Lm-Lipschitz ���? (2.1) 2
fm(xk+1

m ) − fm(xk
m) − 〈∇fm(xk+1

m ), xk+1
m − xk

m〉 ≤ Lm

2
‖xk+1

m − xk
m‖2.

P2�)+ (3.7), E

Lβ(xk+1, λk+ 1
2 ) − Lβ(xk+1

1 , . . . , xk+1
m−1, x

k
m, λ

k+ 1
2 ) ≤ −β − Lm

2
‖xk+1

m − xk
m‖2. (3.8)



1012 	 � � � * + , 64�

�S, )� xk+1
1 , . . . , xk+1

m−1 �7� (1.4a)–(1.4c) 	1��, ;

Lβ(xk+1
1 , xk

2 , . . . , x
k
m, λ

k) − Lβ(xk
1 , x

k
2 , . . . , x

k
m, λ

k) ≤ −1
2
‖xk+1

1 − xk
1‖2

F1
,

Lβ(xk+1
1 , xk+1

2 , xk
3 , . . . , x

k
m, λ

k) − Lβ(xk+1
1 , xk

2 , x
k
3 , . . . , x

k
m, λ

k) ≤ −1
2
‖xk+1

2 − xk
2‖2

F2
,

...

Lβ(xk+1
1 , . . . , xk+1

m−1, x
k
m, λ

k)−Lβ(xk+1
1 , . . . , xk+1

m−2, x
k
m−1, x

k
m, λ

k) ≤−1
2
‖xk+1

m−1−xk
m−1‖2

Fm−1
.

P2� m− 1 
5��14, E

Lβ(xk+1
1 , . . . , xk+1

m−1, x
k
m, λ

k) − Lβ(wk) ≤ −1
2

m−1∑
i=1

‖xk+1
i − xk

i ‖2
Fi

≤ −1
2

m−1∑
i=1

λmin(Fi)‖xk+1
i − xk

i ‖2. (3.9)

)�, ]'BZ� (3.5), (3.6), (3.8) ? (3.9), E

Lβ(wk+1) − Lβ(wk)
(3.5)
= Lβ(xk+1, λk+ 1

2 ) + sβ

∥∥∥∥
m∑

i=1

Aix
k+1
i −b

∥∥∥∥
2

−Lβ(wk)

(3.8)

≤ Lβ(xk+1
1 , . . . , xk+1

m−1, x
k
m, λ

k+ 1
2 )

− β − Lm

2
‖xk+1

m − xk
m‖2 + sβ

∥∥∥∥
m∑

i=1

Aix
k+1
i − b

∥∥∥∥
2

− Lβ(wk)

(3.6)
= Lβ(xk+1

1 , . . . , xk+1
m−1, x

k
m, λ

k) + rβ

∥∥∥∥
m−1∑
i=1

Aix
k+1
i + xk

m − b

∥∥∥∥
2

− β − Lm

2
‖xk+1

m − xk
m‖2 + sβ

∥∥∥∥
m∑

i=1

Aix
k+1
i − b

∥∥∥∥
2

− Lβ(wk)

(3.9)

≤ −1
2

m−1∑
i=1

λmin(Fi)‖xk+1
i − xk

i ‖2 + rβ

∥∥∥∥
m−1∑
i=1

Aix
k+1
i + xk

m − b

∥∥∥∥
2

− β − Lm

2
‖xk+1

m − xk
m‖2 + sβ‖

m∑
i=1

Aix
k+1
i − b‖2. (3.10)

0� (1.4d) � (1.4f), [CE

m−1∑
i=1

Aix
k+1
i + xk

m − b =
1

(r + s)β
(λk − λk+1) − s

r + s
(xk+1

m − xk
m), (3.11)

m∑
i=1

Aix
k+1
i − b =

1
(r + s)β

(λk − λk+1) +
r

r + s
(xk+1

m − xk
m). (3.12)

K!�(, � (3.2b) � (1.4f) E

λk+1 = ∇fm(xk+1
m ) + β(1 − s)

( m∑
i=1

Aix
k+1
i − b

)
. (3.13)
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�R ∇fm 	 Lm-Lipschitz ���, 


‖λk+1 − λk‖ ≤ Lm‖xk+1
m − xk

m‖ + β|1 − s|
( m−1∑

i=1

‖Ai(xk+1
i − xk

i )‖ + ‖xk+1
m − xk

m‖
)
. (3.14)

VZ, � Cauchy 5��, 


‖λk+1−λk‖2

m+ 1
≤ (L2

m + β2(1 − s)2)‖xk+1
m −xk

m‖2 + β2(1 − s)2
m−1∑
i=1

‖Ai(xk+1
i −xk

i )‖2. (3.15)

��, ]' (3.11) # (3.12), 4�R (3.15) ? r + s > 0, E

rβ

∥∥∥∥
m−1∑
i=1

Aix
k+1
i + xk

m − b

∥∥∥∥
2

+ sβ

∥∥∥∥
m∑

i=1

Aix
k+1
i − b

∥∥∥∥
2

=
1

(r + s)β
‖λk − λk+1‖2 +

rsβ

r + s
‖xk+1

m − xk
m‖2

≤ (m+ 1)β(1 − s)2

r + s

m−1∑
i=1

λmax(A�
i Ai)‖xk+1

i − xk
i ‖2

+
(

(m+ 1)(β2(1 − s)2 + L2
m)

(r + s)β
+

rsβ

r + s

)
‖xk+1

m − xk
m‖2. (3.16)

P (3.16) )+ (3.10), 4]TH (3.3), 


Lβ(wk+1) − Lβ(wk) ≤ −
m∑

i=1

δi‖xk+1
i − xk

i ‖2 ≤ −δ
m∑

i=1

‖xk+1
i − xk

i ‖2 = −δ‖xk+1 − xk‖2.

(�LB.

� (3.4) 2, δ > 0 �
E {Lβ(wk)} 

d<�e�	N�]\, Z?`<�D9+�

(r, s, β, λmin(F1), . . . , λmin(Fm−1)) R�+\�f=E	?5. c�>,?R�
	<=]\.

YZ 3.3 PSRADMM (1.4) /	�
 (r, s, β) 	?�4 Fi (i = 1, 2, . . . ,m− 1) 8E:

(i) r + s > 0, : r(1 − 2s) + s− 2(m+ 1)(1 − s)2 > 0, �5��^	�W�QW� (r, s) ∈
D := D1 ∪D2, �/

D1 :=
(

2(m+ 1)(1 − s)2 − s

1 − 2s
, +∞

)
×

(
−∞,

1
2

)
, (3.17)

D2 :=
(
−s, 2(m+1)(1−s)2−s

1−2s

)
×

(
m+1−√

m+1
m

,
m+1+

√
m+1

m

)
; (3.18)

(ii) β > β0 := (r+s)+
√

(r+s)2+8(m+1)[r(1−2s)+s−2(m+1)(1−s)2]

2[r(1−2s)+s−2(m+1)(1−s)2] Lm;

(iii) λmin(Fi) >
2(m+1)β(1−s)2

r+s λmax(A�
i Ai) (i = 1, 2, . . . ,m− 1).

� (3.17), (3.18)�[, (r, s) 
0�!A	+1XR,�7R, ? s ∈ (m+1
m+2 , 1)�, (r = s, s) ∈

D2. [Z, (1.4) /	�
 r � s ��^:�1,!8.

OP 3.4 PS@ 3.1�S@ 3.3�',9� (3.3)8K	 δi = δi(r, s, β) > 0 (i = 1, 2, . . . ,m),

δ = δ(r, s, β) > 0. VZ, 
E {Lβ(wk)} ;Y\g.

[\ FB, � (3.3a) �S@ 3.3 (iii) 2 δi > 0 (i = 1, 2, . . . ,m − 1). �S, � (3.3b) �

S@ 3.3 (i) (ii) 2 δm > 0 �'. 1F, � (3.3c) 2 δ > 0 �'. VZ, � (3.4) 2
E {Lβ(wk)}
;Y\g. B].
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OP 3.5 PS@ 3.1 �S@ 3.3 �', : {wk} 
a, 9
∑+∞

k=0 ‖wk+1 − wk‖2 < +∞.

[\ bc+ {wk} 	
aS@2, {wk} AOB�!
NK w∗. @5E wkj → w∗. �

� fi (i = 1, 2, . . . ,m − 1) D����: fm ��, ;�
 Lβ(·) ����, )� Lβ(w∗) ≤
lim infkj→+∞ Lβ(wkj ). ?T]_ {Lβ(wkj )} 
�a. 0�(� 3.4 2 {Lβ(wkj )} ;Y\g, V

Z {Lβ(wkj )} -6. )� {Lβ(wk)} ;Y
-65E, VZ�`E-6, : Lβ(wk) ≥ Lβ(w∗).

KI, � (3.4) 


δ‖xk+1 − xk‖2 ≤ Lβ(wk) − Lβ(wk+1), ∀ k = 0, 1, 2, . . . .

2�+ k = 0, 1, . . . , n "�, 4]TH Lβ(w0) < +∞, 


δ
n∑

k=0

‖xk+1 − xk‖2 ≤ Lβ(w0) − Lβ(wn+1) ≤ Lβ(w0) − Lβ(w∗) < +∞.

�� δ > 0, ��
∑+∞

k=0 ‖xk+1 − xk‖2 < +∞. [Z
∑+∞

k=0 ‖xk+1
i − xk

i ‖2 < +∞ (i = 1, . . . ,m). �

R (3.15) '2 ∑+∞
k=0 ‖λk+1 − λk‖2 < +∞. )�

∑+∞
k=0 ‖wk+1 − wk‖2 < +∞ LB.

LP 3.6 (JK-6�) PS@ 3.1 �S@ 3.3 �', : {wk} 
a, 9

(i) ME {wk} J_NKW S(w0) �9X^W, : d(wk, S(w0)) → 0;

(ii) S(w0) ⊆ critLβ ;

(iii) {Lβ(wk)}`E-6, : limk→+∞ Lβ(wk) = infk Lβ(wk) = Lβ(w∗), ∀w∗ ∈ S(w0). [

Z Lβ(·) � S(w0) 21
<8:��
.

[\ (i) 3O {wk} 
a�? S(w0) 	8KDJ�B.

(ii) @ w∗ ∈ S(w0), 9B� {wk} 	5E {wkj} -6H w∗ := (x∗, λ∗). �(� 3.5 E

limk→+∞ ‖wk+1 −wk‖ = 0, VZ limkj→+∞ wkj+1 = w∗. ��, bc (1.4d) 2 {λkj+
1
2 } -6, Y

�Z<� λ∗∗. ��, � (1.4d) ? (1.4f) /[ k = kj → ∞ 1Z<, E

λ∗∗ = λ∗ − rβ

( m−1∑
i=1

Aix
∗
i + x∗m − b

)
, λ∗ = λ∗∗ − sβ

( m−1∑
i=1

Aix
∗
i + x∗m − b

)
.

�R (r + s)β > 0 �2
m−1∑
i=1

Aix
∗
i + x∗m − b = 0, λ∗∗ = λ∗. (3.19)

)�, x∗ ��� (1.2) 	�6K. � PSRADMM (1.4) /B� xi- 5�� (i = 1, . . . ,m− 1), 


fi(x
kj+1
i ) − 〈λkj , Aix

kj+1
i 〉 +

β

2

∥∥∥∥
i∑

q=1

Aqx
kj+1
q +

m∑
q=i+1

Aqx
kj
q − b

∥∥∥∥
2

+
1
2
‖xkj+1

i − x
kj

i ‖2
Fi

≤ fi(x∗i ) − 〈λkj , Aix
∗
i 〉 +

β

2

∥∥∥∥
i−1∑
q=1

Aqx
kj+1
q +Aix

∗
i +

m∑
q=i+1

Aqx
kj
q − b

∥∥∥∥
2

+
1
2
‖x∗i − x

kj

i ‖2
Fi
.

�R limkj→+∞wkj = limkj→+∞ wkj+1 = w∗, �E lim supkj→+∞ fi(x
kj+1
i ) ≤ fi(x∗i ). VZ, �

R fi(xi) 	�����


lim
kj→+∞

fi(x
kj+1
i ) = fi(x∗i ), i = 1, 2, . . . ,m− 1. (3.20)
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V!-, �R ∂fi (i = 1, 2, . . . ,m− 1) 	T�? �fm 	���, � (3.2) /[ k = kj → ∞ 1Z
<, 4�R (3.19) �E

A�
i λ

∗ ∈ ∂fi(x∗i ) (i = 1, 2, . . . ,m− 1), ∇fm(x∗m) = λ∗,
m∑

i=1

Aix
∗
i − b = 0.

)�, �(� 2.7 2 w∗ ∈ critLβ, [Z S(w0) ⊆ critLβ LB.

(iii) @ w∗ ∈ S(w0), 9B� {wk} 	5E {wkj} -6H w∗ := (x∗, λ∗). �R (1.3), (3.20)

? fm 	���, 


lim
kj→+∞

Lβ(wkj+1) = Lβ(w∗). (3.21)

�R {Lβ(wk)} 	;Y�e��2, {Lβ(wk)} `E-6. Y a = limk→+∞ Lβ(wk) < +∞, ��

� (3.21) 


Lβ(w∗) ≡ a, ∀w∗ ∈ S(w0).

B].

OP 3.7 PS@ 3.1 �', r + s > 0. [⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

εk+1
i = A�

i (λk − λk+1) + βA�
i

( m∑
j=i+1

Aj(xk+1
j − xk

j )
)

−Fi(xk+1
i − xk

i ), i = 1, . . . ,m− 1, (3.22a)

εk+1
m =

s

r + s
(λk − λk+1) +

rsβ

r + s
(xk+1

m − xk
m), (3.22b)

εk+1
m+1 =

1
(r + s)β

(λk+1 − λk) − r

r + s
(xk+1

m − xk
m), (3.22c)

9 εk+1 := (εk+1
1 , . . . , εk+1

m , εk+1
m+1) ∈ ∂Lβ(wk+1), :B� ζ > 0, 3E

d(0, ∂Lβ(wk+1)) ≤ ζ‖xk+1 − xk‖. (3.23)

[\ FB, � (3.2a) 2, B� ξk+1
i ∈ ∂fi(xk+1

i ), 3E

ξk+1
i −A�

i λ
k+βA�

i

( i∑
j=1

Ajx
k+1
j +

m∑
j=i+1

Ajx
k
j − b

)
+Fi(xk+1

i −xk
i ) = 0, i = 1, . . . ,m−1.

�R (3.22a) � (2.2a), 
 (i = 1, . . . ,m− 1),

εk+1
i = A�

i (λk − λk+1) + βA�
i

( m∑
j=i+1

Aj(xk+1
j − xk

j )
)
− Fi(xk+1

i − xk
i )

+
{
ξk+1
i −A�

i λ
k + βA�

i

( i∑
j=1

Ajx
k+1
j +

m∑
j=i+1

Ajx
k
j − b

)
+ Fi(xk+1

i − xk
i )

}

= ξk+1
i −A�

i λ
k+1 + βA�

i

( m∑
j=1

Ajx
k+1
j − b

)
∈ ∂xiLβ(wk+1).

KI, P (1.4f) /	 λk+ 1
2 )+ (3.2b), E

sβ

( m∑
i=1

Aix
k+1
i − b

)
= ∇fm(xk+1

m ) − λk+1 + β

( m∑
i=1

Aix
k+1
i − b

)
.
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�R (3.22b), (3.12) ? (2.2b), 


εk+1
m = sβ

{
1

(r + s)β
(λk − λk+1) +

r

r + s
(xk+1

m − xk
m)

}
= sβ

( m∑
i=1

Aix
k+1
i − b

)

= ∇fm(xk+1
m ) − λk+1 + β

( m∑
i=1

Aix
k+1
i − b

)
= ∂xmLβ(wk+1).

� (3.22c), (3.12) ? (2.2c), 


εk+1
m+1 =

1
(r + s)β

(λk+1−λk) − r

r + s
(xk+1

m −xk
m) = −

( m∑
i=1

Aix
k+1
i −b

)
= ∂λLβ(wk+1).

A�, εk+1 ∈ ∂Lβ(wk+1) LB.

1F, �8K (3.22) 2, B� ζ1 > 0, 3E

‖εk+1‖ ≤ ζ1

m∑
i=1

‖xk+1
i − xk

i ‖ + ζ1‖λk+1 − λk‖.

KI, � (3.14) 2, B� ζ2 > 0, 3E

‖λk+1 − λk‖ ≤ ζ2

m∑
i=1

‖xk+1
i − xk

i ‖.

2����R εk+1 ∈ ∂Lβ(wk+1), 


d(0, ∂Lβ(wk+1)) ≤ ‖εk+1‖ ≤ ζ1(1 + ζ2)
m∑

i=1

‖xk+1
i − xk

i ‖ ≤ √
m ζ1(1 + ζ2)‖xk+1−xk‖.

(�LB.

LP 3.8 (9-6�) PS@ 3.1 ?S@ 3.3 �', ME {wk} 
a, : Lβ(·) � KL �
,

9
∑+∞

k=0 ‖wk+1 − wk‖ < +∞, : {wk} `E-6H Lβ(·) 	@8K.

[\ bc8� 3.6, +�ZT w∗ ∈ S(w0), 
 Lβ(wk) → Lβ(w∗) = inf Lβ(wk). �(��

<&.&�BG.

(i) @B�3`
 k0, 3E Lβ(wk0) = Lβ(w∗). ��� (3.4) ? {Lβ(wk)} 	;Y�e�,

�E

δ‖xk+1 − xk‖2 ≤ Lβ(wk) − Lβ(wk+1) ≤ Lβ(wk0) − Lβ(w∗) = 0, ∀ k ≥ k0.

�� xk+1 = xk, ∀ k ≥ k0. �R (3.14) 2 λk+1 = λk, ∀ k ≥ k0. ��
 wk+1 = wk0 , ∀ k ≥ k0,

w∗ = wk0 . �'�'.

(ii) S@ Lβ(wk) > Lβ(w∗), ∀ k. FB, �8� 3.6 (iii) 2, 3������
 Lβ(·) �9
X^W S(w0) 2��
. VZ�(� 2.5 2, Lβ(·) 8E!Q KL �F. +�(� 2.5 !Q KL �

F	�
 ε � η, �� d(wk, S(w0)) → 0 ? Lβ(w∗) = inf Lβ(wk), B�3`
 k̃, 3E

d(wk, S(w0)) < ε, Lβ(w∗) < Lβ(wk) < Lβ(w∗) + η, ∀ k > k̃.

)�, �(� 2.5 E

ϕ′(Lβ(wk) − Lβ(w∗))d(0, ∂Lβ(wk)) ≥ 1, k > k̃.
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�S, � KL �FB]�
 ϕ 	U�? {Lβ(wk)} 	;Y�e�, 


ϕ(Lβ(wk)−Lβ(w∗)) − ϕ(Lβ(wk+1) − Lβ(w∗))

≥ ϕ′(Lβ(wk)−Lβ(w∗))(Lβ(wk)−Lβ(wk+1)) ≥ 0.

�R ϕ′(Lβ(wk) − Lβ(w∗)) > 0 ? d(0, ∂Lβ(wk)) ≤ ζ‖xk − xk−1‖, E

Lβ(wk) − Lβ(wk+1) ≤ ϕ(Lβ(wk) − Lβ(w∗)) − ϕ(Lβ(wk+1) − Lβ(w∗))
ϕ′(Lβ(wk) − Lβ(w∗))

≤ ζ‖xk − xk−1‖[ϕ(Lβ(wk) − Lβ(w∗)) − ϕ(Lβ(wk+1) − Lβ(w∗))].

�TC, Y �p,q = ϕ(Lβ(wp) −Lβ(w∗)) − ϕ(Lβ(wq) −Lβ(w∗)). �R(� 3.2 �2�5�

�, 


δ‖xk+1 − xk‖2 ≤ ζ‖xk − xk−1‖�k,k+1, ∀ k > k̃.

[Z

‖xk+1 − xk‖ ≤
√
‖xk − xk−1‖

(
ζ�k,k+1

δ

)
, ∀ k > k̃.

�2�?5�� 2
√
ab ≤ a+ b (∀ a, b > 0), E

2‖xi+1 − xi‖ ≤ ‖xi − xi−1‖ +
ζ

δ
�i,i+1, ∀ i > k̃. (3.24)

P5�� (3.24) [ i = k + 1(≥ k̃ + 1) H i = q V6"�, E

2
q∑

i=k+1

‖xi+1 − xi‖ ≤
q∑

i=k+1

‖xi − xi−1‖ +
ζ

δ
�k+1,q+1 .

��? ϕ(Lβ(wq+1) − Lβ(w∗)) ≥ 0, V!-

q∑

i=k+1

‖xi+1 − xi‖ + ‖xq+1 − xq‖ ≤ ‖xk+1 − xk‖ +
ζ

δ
ϕ(Lβ(wk+1) − Lβ(w∗)).

�2�[ q → +∞ 1Z<, 4]TH ‖xq+1 − xq‖ → 0 ((� 3.5), 

+∞∑

i=k+1

‖xi+1 − xi‖ ≤ ‖xk+1 − xk‖ +
ζ

δ
ϕ(Lβ(wk+1) − Lβ(w∗)), ∀ k ≥ k̃. (3.25)

�7R, 

+∞∑

i=k̃+1

‖xi+1 − xi‖ ≤ ‖xk̃+1 − xk̃‖ +
ζ

δ
ϕ(Lβ(wk̃+1) − Lβ(w∗)) < +∞.

;
∑+∞

i=0 ‖xi+1 − xi‖ < +∞. �R (3.14) 2 ∑+∞
i=0 ‖λi+1 − λi‖ < +∞. 1F, � wi = (xi, λi) 2

+∞∑
i=0

‖wi+1 − wi‖ ≤
+∞∑
i=0

‖xi+1 − xi‖ +
+∞∑
i=0

‖λi+1 − λi‖ < +∞.

[Z {wk} � Cauchy E, VZ-6. ^�8� 3.6 (ii) 2 {wk} -6H Lβ(·) 	@8K. B].

	2	JK-6��9-6���'D; {wk}
a, ?!S@�9"��
�-6��3
/a^Æ_O, �= [7, 8, 16, 24, 26, 31, 32, 34]. �(>,!
N�]\`B {wk} 
a.
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OP 3.9 PS@ 3.1, S@ 3.3 ?��]\ (i)–(iii) �', 9� PSRADMM O<	KE

{wk} 
a.

(i) fi (i = 1, 2, . . . ,m− 1) D�9=�
, 2 lim inf‖xi‖→+∞ fi(xi) = +∞;

(ii) ,.)5 s ∈ (
(m+ 1 −√

m+ 1)/m, (m+ 1 +
√
m+ 1)/m

)
;

(iii) �
 f̄m(xm) := fm(xm) − ‖∇fm(xm)‖2

2(2s−1)β 
�a:�9=	, 2

inf f̄m(xm) > −∞, lim inf
‖xm‖→+∞

f̄m(xm) = +∞.

[\ � {Lβ(wk)} ;Y\g2 Lβ(wk) ≤ Lβ(w0) < +∞. �R (3.13), 


Lβ(w0) ≥ Lβ(wk)

=
m∑

i=1

fi(xk
i ) −

〈
λk,

m∑
i=1

Aix
k
i − b

〉
+
β

2

∥∥∥∥
m∑

i=1

Aix
k
i − b

∥∥∥∥
2

(3.13)
=

m∑
i=1

fi(xk
i ) −

〈
∇fm(xk

m),
m∑

i=1

Aix
k
i − b

〉
+

(2s− 1)β
2

∥∥∥∥
m∑

i=1

Aix
k
i − b

∥∥∥∥
2

=
m∑

i=1

fi(xk
i ) − ‖∇fm(xk

m)‖2

2(2s− 1)β
+

(2s− 1)β
2

∥∥∥∥
m∑

i=1

Aix
k
i − b− ∇fm(xk

m)
(2s− 1)β

∥∥∥∥
2

=
m−1∑
i=1

fi(xk
i ) + f̄m(xk

m) +
(2s− 1)β

2

∥∥∥∥
m∑

i=1

Aix
k
i − b− ∇fm(xk

m)
(2s− 1)β

∥∥∥∥
2

.

KI, � fi �3�����	9=�
, [2 infxi fi(xi) > −∞ (i = 1, . . . ,m− 1). )�
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

m−1∑
i=1

fi(xk
i ) + f̄m(xk

m) +
(2s− 1)β

2

∥∥∥∥
m∑

i=1

Aix
k
i − b− ∇fm(xk

m)
(2s− 1)β

∥∥∥∥
2

≤ Lβ(w0) < +∞,

inf
xi

fi(xi) > −∞ (i = 1, . . . ,m− 1), inf
xm

f̄m(xm) > −∞,

s ∈ (
(m+ 1 −√

m+ 1)/m, (m+ 1 +
√
m+ 1)/m

) (
⇒ s >

1
2

)
.

��5b_SC2, {xk
i } (i = 1, . . . ,m)? {∑m

i=1Aix
k
i −b− ∇fm(xk

m)
(2s−1)β }D
a, [Z {∇fm(xk

m)}

a, V!-�R (3.13) 2 {λk} ?
a. )�, {wk} 	
a�LB. B].

N 3.10 5�`Æ�3!R
_��	SB(� 3.9/	]\. ��,`Æ70 l 1
2
39��

� [35] min{c‖x1‖
1
2
1
2

+ 1
2‖x2‖2 |Dx1 − x2 − b = 0}, �/ c �39��
, ‖x1‖ 1

2
= (

∑n
j=1 |xj

1|
1
2 )2.

[ f1(x1) = c‖x1‖
1
2
1
2
, f2(x2) = 1

2‖x2‖2. ? s ∈ ((3 − √
3)/2, (3 +

√
3)/2) �, B�N�6	

β > min{β0, 1/(2s− 1)}, 


f̄2(x2) := f2(x2)−‖∇f2(x2)‖2

2(2s−1)β
=

1
2
‖x2‖2− 1

2(2s−1)β
‖x2‖2 =

(2s−1)β−1
2(2s−1)β

‖x2‖2 >−∞.

�R lim inf‖x1‖→+∞ f1(x1) = +∞, lim inf‖x2‖→+∞ f̄2(x2) = +∞, [Z(� 3.9 /	]\�'.

4 RSaUV
3UP�9-6N*�, V!-c' PSRADMM 	-66. �@Y�Æ��.
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LP 4.1 S@ {wk} �� PSRADMM ()O<	ME, :�-6H {w∗}. @ Lβ(·) �
w∗ �8E KL �F, :B]�
 ϕ(t) = ct1−θ, θ ∈ [0, 1), c > 0, 9���'�':

(i) P θ = 0, 9ME {wk} �
<S()F-6, 2B� k, 3E wk = w∗;

(ii)P θ ∈ (0, 1
2 ], 9B� τ ∈ [0, 1), 3E ‖wk −w∗‖ = O(τk),2 PSRADMM ���-6	;

(iii) P θ ∈ ( 1
2 , 1), 9 ‖wk − w∗‖ = O(k

1−θ
1−2θ ), 2 PSRADMM �S��-6	.

[\ +� θ = 0 	&�, 
 ϕ(t) = ct, ϕ′(t) = c. P wk �= w∗, ∀ k, 9+�N�6	 k, �

KL �F2, 4: cd(0, ∂Lβ(wk)) ≥ 1, ?# (3.23) da.

�(S@ θ > 0, 4Y Δk :=
∑+∞

i=k ‖xi+1 − xi‖, 9� (3.25) 


Δk+1 ≤ (Δk − Δk+1) +
ζ

δ
ϕ(Lβ(wk+1) − Lβ(w∗)), ∀ k ≥ k̃. (4.1)

]TH Lβ(·) � w∗ �8E KL �F, 


ϕ′(Lβ(wk+1) − Lβ(w∗))d(0, ∂Lβ(wk+1)) ≥ 1, ∀ k ≥ k̃.

0) ϕ(t) = ct1−θ, 2�5���h�

(Lβ(wk+1) − Lβ(w∗))θ ≤ c(1 − θ)d(0, ∂Lβ(wk+1)), ∀ k ≥ k̃. (4.2)

0� (3.23) 


d(0, ∂Lβ(wk+1)) ≤ ζ‖xk+1 − xk‖ = ζ(Δk − Δk+1). (4.3)

�R (4.2) � (4.3), B� γ > 0, 3E

ϕ(Lβ(wk+1)−Lβ(w∗)) = c(Lβ(wk+1)−Lβ(w∗))1−θ ≤ γ(Δk−Δk+1)
1−θ

θ , ∀ k ≥ k̃.

�R (4.1) E

Δk+1 ≤ (Δk − Δk+1) +
ζ

δ
γ(Δk − Δk+1)

1−θ
θ , ∀ k ≥ k̃. (4.4)

�(%�5�� (4.4), ib Attouch � Bolte [1] 	
B�', V!-&�BG.

• P θ ∈ (0, 1
2 ], 9�= [1] 2, B� c1 > 0 ? τ ∈ [0, 1), 3E

‖xk − x∗‖ ≤ c1τ
k. [Z ‖xk

i − x∗i ‖ = O(τk), i = 1, . . . ,m. (4.5)

• P θ ∈ ( 1
2 , 1), 9�= [1] 2, B� c2 > 0, 3E

‖xk − x∗‖ ≤ c2k
1−θ
1−2θ . [Z ‖xk

i − x∗i ‖ = O(k
1−θ
1−2θ ), i = 1, . . . ,m. (4.6)

KI, � (3.13) � (2.3) ? ∇fm 	 Lm-Lipschitz ���, �2
‖λk − λ∗‖ =

∥∥∥∥(∇fm(xk
m) −∇fm(x∗m)) + β(1 − s)

( m∑
i=1

Ai(xk
i − x∗i )

)∥∥∥∥
= O

( m∑
i=1

‖xk
i − x∗i ‖

)
. (4.7)

1F, �R (4.5)–(4.7), '2�' (ii) � (iii) �'. B].

5 cdef
�SB3=H*
� PSRADMM 	
*�b`Æ70P�2O�"����2�@H@

���3	9"����, 4�7# RADMM [24] � BADMM [31] V6
8c0. GV�MD�
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MATLAB R2014a 2a6, _O Windows 10 dKZb, DELL eY3�e (Inter(R) Core(TM)

i5-5200U CPU 2.20 GHz), 4 GB fB.

5.1 ghij
���2/	
�$>�:

min ‖x1‖0, s.t. Dx1 = b, (5.1)

�/ D ∈ R
m×n �G �4, b ∈ R

m �jG
c, ‖x1‖0 QW x1 /9gch	

, ?1 l0 I


. kHl2, �� (5.1) � NP b��. ?G2O/, �P�� (5.1) / l0 I
,.H l 1
2
I
,

[Zf,��9"���� [24, 35]:

min c‖x1‖
1
2
1
2

+
1
2
‖x2‖2, s.t. Dx1 − x2 = b, (5.2)

�/ c �39��
. �� (5.2) 	�!"�#��
�

Lβ(x1, x2, λ) = c‖x1‖
1
2
1
2

+
1
2
‖x2‖2 − 〈λ,Dx1 − x2 − b〉 +

β

2
‖Dx1 − x2 − b||2.

P PSRADMM (1.2) 	���&�2OH"��� (5.2) /, 
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

xk+1
1 = arg min

x1

{
Lβ(x1, x

k
2 , λ

k) +
1
2
‖x1 − xk

1‖2
F1

}
,

λk+ 1
2 = λk − rβ(Dxk+1

1 − xk
2 − b),

xk+1
2 = arg min

x2
{Lβ(xk+1

1 , x2, λ
k+ 1

2 )},
λk+1 = λk+ 1

2 − sβ(Dxk+1
1 − xk+1

2 − b).

(5.3)

T�2�9� (5.3), 1 F1 = μ1I − βD�D, �EH����	()-m:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

xk+1
1 = H

(
xk

1 − β

μ1
D�Dxk

1 +
1
μ1
D�(βxk

2 + λk + βb);
2c
μ1

)
,

λk+ 1
2 = λk − rβ(Dxk+1

1 − xk
2 − b),

xk+1
2 =

1
1 + β

(βDxk+1
1 − λk+ 1

2 − βb),

λk+1 = λk+ 1
2 − sβ(Dxk+1

1 − xk+1
2 − b),

(5.4)

�/ H (·;μ) ��-�
5 [35].

�I, P RADMM [24] 2O�"��� (5.2), [ G = μ2I −βD�D, �i� (5.3) 	��, �

()����: ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
xk+1

1 = H

(
xk

1 − β

μ2
D�Dxk

1 +
1
μ2
D�(βxk

2 + λk + βb);
2c
μ2

)
,

xk+1
2 =

1
1 + β

(
βDxk+1

1 − λk − βb
)
,

λk+1 = λk − β(Dxk+1
1 − xk+1

2 − b).

(5.5)

�
8VS/, `Æ+\ Dij ∼ N (0, 1), *n�E3�

;7 l 1
2
I
. jG
c b =

Dx∗1 + v, �/ x∗1 /gk 100 
3j�h	9g� , v ∼ N (0, 10−3I). 39��
� c =

0.1‖D�b‖∞. JQ8 x0
1, x0

2, λ0 D1g� . �I, PSRADMM # RADMM /1,	�
+1
!Q, 2 μ1 = μ2 = 20, β = 12. PSRADMM /,.)5 r = s = 0.85. ?NF�()K	M�

8E
ek :=

max{‖xk − xk−1‖, ‖yk − yk−1‖, ‖λk − λk−1‖}
max{‖xk−1‖, ‖yk−1‖, ‖λk−1‖, 1} ≤ 10−4
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�, Xo�M.

`Æ�7O PSRADMM (5.4) # RADMM (5.5) "��� (5.2), 4+18 5 
5,Æ


	 D V6GV. Q 1 /deij8 PSRADMM # RADMM 	@Y
8GV�Æ, �/
iter, tcpu(s), obj-fval �7QW()S
, 	k�;7	 CPU 

�:�%*�
8.

D kf	 PSRADMM RADMM

m n iter tcpu(s) obj-fval iter tcpu(s) obj-fval

200 280 399 1.51 15.46 588 2.22 15.41

300 400 203 1.72 16.11 439 3.54 15.80

400 480 197 3.07 15.45 249 3.75 15.36

500 600 186 5.51 14.37 299 8.28 14.29

600 680 204 7.19 17.50 287 8.81 17.47

pl 1189 19.00 – 1862 26.60 –

l 1 PSRADMM g RADMM k	qlhmn
�I, �81DjRiWGVc0�Æ, `Æo=8 iter ? tcpu B� D Æ
	M�m�.

[Q 1 ?V 1 �[, PSRADMM ��p�� (5.2) �GL�� RADMM.

200x280 300x400 400x480 500x600 600x680
150

250

350

450

550

600

ite
r(

k)

 

 

PSRADMM
RADMM

200x280 300x400 400x480 500x600 600x680
1

3

5

7

9

tc
pu

(s
)

 

 

PSRADMM
RADMM

mxn mxn

j 1 iter (r) q tcpu (k) rl D f	km+no

5.2 st#u%%v
@H@���3�-'	
c�3#
ceÆ��w!, �	���pU
0�!A	2

O. 3=[�4��2O70��A��@H@���39"��$> [5, 31]:

min
L,S,T

‖L‖∗ + γ‖S‖1 +
ω

2
‖T −M‖2

F s.t. L+ S = T. (5.6)

�$> (5.6) /, M ∈ R
p×n �>8	jG�4, L,S, T ∈ R

p×n �pn�4 (M ), o:-
‖L‖∗ :=

∑min(p,n)
i=1 |σi(L)|1/2 (σi(L) �o:�4 L 	qm8), nr- ‖S‖1 :=

∑p
i=1

∑n
j=1 |Sij |,

γ � ‖L‖∗ # ‖S‖1 w:	oY�
, ω �B�pstL	��
, ‖ · ‖F QW�4	 Frobenius

I
, 2

‖A = (aij)‖F =

√√√√ p∑
i=1

n∑
j=1

|aij |2.
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�� (5.6) LR�3=c'$> (1.2) 	A��&�. P� X: R
n /	 l2 I
�fsa


�7q!��4X: R
p×n /	 Frobenius I
�

〈A,B〉 =
p∑

i=1

n∑
j=1

aijbij .

�� (5.6) 	�!"�#��
�Q��

Lβ(L,S, T, λ) = ‖L‖∗ + γ‖S‖1 +
ω

2
‖T −M‖2

F − 〈λ,L+ S − T 〉 +
β

2
‖L+ S − T ||2F . (5.7)

1 F1 = F2 = νI (;74), 9 PSRADMM (1.4) "� (5.6) 	()���:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Lk+1 = arg min
L

{
Lβ(L,Sk, T k, λk) +

ν

2
‖L− Lk‖2

F

}
,

Sk+1 = arg min
S

{
Lβ(Lk+1, S, T k, λk) +

ν

2
‖S − Sk‖2

F

}
,

λk+ 1
2 = λk − rβ(Lk+1 + Sk+1 − T k),

T k+1 = arg min
T

{Lβ(Lk+1, Sk+1, T, λk+ 1
2 )},

λk+1 = λk+ 1
2 − sβ(Lk+1 + Sk+1 − T k+1).

(5.8)

�x=r [11, 35], 4]T (5.8) / T - 5��	��pS�9, () (5.8) �V!-T��:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Lk+1 = arg min
L

{
‖L‖∗ − 〈λk, L〉 +

β

2
‖L+ Sk − T k‖2

F +
ν

2
‖L− Lk‖2

F

}

= H

(
β(T k − Sk) + λk + νLk

β + ν
,

1
β + ν

)
,

Sk+1 = arg min
S

{
γ‖S‖1 − 〈λk, S〉 +

β

2
‖Lk+1 + S − T k‖2

F +
ν

2
‖S − Sk‖2

F

}

= S

(
β(T k − Lk+1) + λk + νSk

β + ν
,

γ

β + ν

)
,

λk+ 1
2 = λk − rβ(Lk+1 + Sk+1 − T k),

T k+1 = arg min
T

{
ω

2
‖T −M‖2

F + 〈λk+ 1
2 , T 〉 +

β

2
‖Lk+1 + Sk+1 − T‖2

F

}

=
β(Lk+1 + Sk+1) + ωM − λk+ 1

2

ω + β
,

λk+1 = λk+ 1
2 − sβ(Lk+1 + Sk+1 − T k+1),

(5.9)

�/, H (·, 1
β+ν ) ��-�
5 [35], S (·, γ

β+ν ) �u-�
5 [11].

KI, P BADMM [31] 2O�"��� (5.6), L=r [31], 1��()��:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Lk+1 = arg min
L

{
Lβ(L,Sk, T k, λk) +

ρ

2
‖L− Lk‖2

F

}
,

Sk+1 = arg min
S

{
Lβ(Lk+1, S, T k, λk) +

ρ

2
‖S − Sk‖2

F

}
,

T k+1 = arg min
T

{
Lβ(Lk+1, Sk+1, T, λk) +

ρ

2
‖T − T k‖2

F

}
,

λk+1 = λk − β(Lk+1 + Sk+1 − T k+1).



6� )���: ��� *�+! "#6�+,#$ %7& 1023

�i�() (5.8) 	��, 2( BADMM ()�V!-T��:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Lk+1 = H

(
β(T k − Sk) + λk + ρLk

β + ρ
,

1
β + ρ

)
,

Sk+1 = S

(
β(T k − Lk+1) + λk + ρSk

β + ρ
,

γ

β + ρ

)
,

T k+1 =
β(Lk+1 + Sk+1) + ωM − λk + ρT k

ω + β + ρ
,

λk+1 = λk − β(Lk+1 + Sk+1 − T k+1).

(5.10)

�
8VS/, 1jG�4
M = L∗ + S∗ +N,

�/ L∗ # S∗ �7�D9�� (5.6) �Ytq	NQo:�4�nr�4, N �0Mps�4.

��/, rank QWo:�4 L 	:, spr QWnr�4 S 	nr6. Matlab �M/O<�4 M

	u3=\��:

• L = randn(p, rank) ∗ randn(rank, n);

• S = zeros(p, n); q = randperm(p ∗ n); K = round(spr ∗ p ∗ n); S(q(1 : K)) = randn(K, 1);

• � = 0; % :0Mps&.; � = 0.01; % >0Mps&.; N = randn(p, n) ∗ �;

• T = L+ S; M = T +N.

�7R, [ p = n = 100, ������[Hb�770:

(rank, spr) = (1, 0.05), (5, 0.05), (10, 0.05), (20, 0.05), (1, 0.1), (5, 0.1), (10, 0.1), (20, 0.1).

�GV�� (5.6) /, +1�
 γ = 0.1√
p , ω = 103. bc-S�GVjG, � (5.8) � (5.9)

/, @y�
 (r, s) = (−0.1, 1.05) ∈ D2 ([ (3.18) �), β = 3.11, ν = 0.07. Z� BADMM ()

(5.10) /, �
+1#N=r [31] !Q, 2 β = ρ = 0.3. GV/, �4 L,S, T 	JQ8D1�g
�4. �NF�()Kw:	1+M�6

RelChg :=
‖(Lk+1, Sk+1, T k+1) − (Lk, Sk, T k)‖F

‖(Lk, Sk, T k)‖F + 1
≤ 10−7,

Xo�M. Y L̂, Ŝ, T̂ �12
�"�GV�� (5.6) LE	
8�, _O1+sr RelErr v 


�	tq*Æ, �8K�

RelErr :=
‖(L̂, Ŝ, T̂ ) − (L∗, S∗, T ∗)‖F

‖(L∗, S∗, T ∗)‖F + 1
.

�7O PSRADMM (5.9) � BADMM (5.10) +$> (5.6) :0Mps�>0Mps&�V

6
8GV, @Y�Æij�Q 2, �/ Iter, Time �7QW()S
� CPU 

�: (k). �

Q 2 �[, ? S 	nr6 spr �6�, 6F�+1sr RelErr v
�4, =�s56; =?(

+0Mps � = 0.01 �, 1+sr RelErr tA

 w (103) t.�4. ?QG?�����
[Hb�, 
�tq�w�e. [z()S
�z�:?�
WY

Æ*x, 3= PSRADMM

u�� BADMM, Ux= 50%. [1+srx, �v5wy� BADMM.
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Data PSRADMM BADMM

(rank, spr) Iter Time RelChg RelErr Iter Time RelChg RelErr

(1, 0.05) 78 0.55 8.998915e-08 4.591931e-06 160 0.96 5.655816e-08 4.624883e-06

(1, 0.1) 105 0.65 9.628669e-08 5.071259e-06 181 0.98 7.720516e-08 4.895803e-06

xuz (5, 0.05) 127 0.72 9.904375e-08 1.919833e-06 282 1.53 5.494119e-08 1.945444e-06

y{|y (5, 0.1) 190 1.08 8.071810e-08 2.197917e-06 302 1.63 8.935297e-08 2.191404e-06

� = 0 (10, 0.05) 207 1.18 7.216220e-08 1.465440e-06 377 1.97 6.958812e-08 1.483898e-06

(10, 0.1) 237 1.35 8.623880e-08 1.734421e-06 411 2.16 9.603930e-08 1.741659e-06

(20, 0.05) 314 1.74 7.177763e-08 1.639117e-06 549 2.89 9.949435e-08 2.142006e-06

(20, 0.1) 473 2.60 9.468629e-08 1.578699e-06 680 3.55 9.736016e-08 2.544968e-06

plv
zwzq - 1731 9.87 - 2.524827e-06 2942 15.67 - 2.696258e-06

(1, 0.05) 1523 8.04 9.888607e-08 9.837687e-03 3085 15.98 9.987357e-08 9.837669e-03

(1, 0.1) 1557 8.20 9.991197e-08 9.589790e-03 3192 16.13 9.965625e-08 9.589768e-03

xuz (5, 0.05) 1436 7.40 9.985193e-08 4.496118e-03 2753 13.89 9.997921e-08 4.496206e-03

y{|y (5, 0.1) 1390 7.24 9.996991e-08 4.519106e-03 2938 14.74 9.992376e-08 4.519091e-03

�= 0.01 (10, 0.05) 1333 6.82 9.990830e-08 3.367146e-03 2374 11.95 9.999978e-08 3.367330e-03

(10, 0.1) 1451 7.47 9.996544e-08 3.452542e-03 2536 12.69 9.991182e-08 3.452290e-03

(20, 0.05) 1448 7.45 9.994107e-08 2.774133e-03 2460 12.32 9.995598e-08 2.774523e-03

(20, 0.1) 1755 9.09 9.995555e-08 3.118335e-03 2696 13.67 9.976440e-08 3.118750e-03

plv
zwzq - 11893 61.71 - 5.144357e-03 22034 111.37 - 5.144453e-03

l 2 PSRADMM g BADMM k	qlhmn
KI, �1Djy{� PSRADMM � BADMM ()/, 1+M�6 RelChg �1+sr

RelErr 	M�m��@8�, �V 2 �V 3 /, `Æ>,8$>	 rank = 10, spr = 0.1 &�,

+2�:0Mps (� = 0) �>0Mps (� = 0.01) �, RelChg � RelErr 	M�}�.
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j 2 PSRADMM xuzy{|| (r) gxuzy{|| (k) RelChg { RelErr kz|

[V 2 �[, z_Z}, :'�:0MpsQ�>0Mps, ~_ PSRADMM ()	V6,

v 
�tq*Æ	1+sr RelErr Dw0<R{=H 0. 
_Z}, +�:0Mps&.,

PSRADMM 	 RelChg � RelErr Dw5.-6H 0, 5|< “}}” 5~. Z+�>0Mps

&�, �
 220 S()F, RelErr !DÆ~� 3.45e-03 A 3.46e-03 w:, ,5�W	 “}}” 5

~. {�1+M�6 RelChg �~��V. [V 3 �[, :'"�:0MpsQ�>0Mps	

��, PSRADMM 	1+srm� 0 	./D�� BADMM.

[2(	
8GV�Æ#�3�[, +�HV6	@H@���3ZEGV��, 3=&'
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j 3 PSRADMM g BADMM xuzy{|| (r) gxuzy{|| (k) k RelErr z|

	 PSRADMM 	
8*ÆYGL�� BADMM, ?�6�/2EJ�F�+1�5E���
(1.4d) 	(+.

| } ~ �
[1] Attouch H., Bolte J., On the convergence of the proximal algorithm for nonsmooth functions involving

analytic features, Math. Program., 2009, 116(1–2): 5–16.

[2] Bai J., Liang J., Guo K., et al., Accelerated symmetric ADMM and its applications in signal processing,

arXiv:1906.12015, 2019.

[3] Bolte J., Daniilidis A., Lewis A., The �Lojasiewicz inequality for nonsmooth subanalytic functions with

applications to subgradient dynamical systems, SIAM J. Optim., 2007, 17(4): 1205–1223.

[4] Boyd S., Parikh N., Chu E, et al., Distributed optimization and statistical learning via the alternating

direction method of multipliers, Found. Trends Mach. Learn., 2011, 31: 1–122.

[5] Candès E., Li X., Ma Y., et al., Robust principal component analysis? J. ACM, 2011, 58(3): 1–37.

[6] Chao M., Cheng C., Zhang H., A linearized alternating direction method of multipliers with substitution

procedure, Asia Pac. J. Oper. Res., 2015, 32(3): 1550011.

[7] Chao M., Deng Z., Jian J., Convergence of linear Bregman ADMM for nonconvex and nonsmooth problems

with nonseparable structure, Complexity, 2020, 6237942.

[8] Chao M., Zhang Y., Jian J., An inertial proximal alternating direction method of multipliers for nonconvex

optimization, Int. J. Comput. Math., https://doi.org/10.1080/00207160.2020.1812585, 2020.

[9] Chen C., He B., Ye Y., et al., The direct extension of ADMM for multi–block convex minimization problems

is not necessarily convergent, Math. Program., 2016, 155(1–2): 57–79.

[10] Chen C., Some notes on the divergence example for multi–block alternating direction method of multipliers

(in Chinese), Oper. Res. Trans., 2019, 23(3): 135–140.

[11] Daubechies I., Defrise M., De Mol C., An iterative thresholding algorithm for linear inverse problems with a

sparsity constraint, Commun. Pure Appl. Math., 2003, 57(11): 1413–1457.

[12] Douglas J., Rachford Jr.H.H., On the numerical solution of the heat conduction problem in two and three

space variables, Trans. Amer. Math. Soc., 1956, 82(2): 421–439.

[13] Glowinski R., Numerical Methods for Nonlinear Variational Problems, Springer-Verlag, New York, 1984.

[14] Gu Y., Jiang B., Han D., A semi-proximal-based strictly contractive Peaceman–Rachford splitting method,

arXiv: 1506.02221, 2015.

[15] Guo K., Han D., Wang D., et al., Convergence of ADMM for multi–block nonconvex separable optimization

models, Front. Math. China, 2017, 12(5): 1139–1162.

[16] Guo K., Han D., Wu T., Convergence of alternating direction method for minimizing sum of two nonconvex

functions with linear constraints, Int. J. Comput. Math., 2017, 94(8): 1653–1669.

[17] Han D., Yuan X., A note on the alternating direction method of multipliers, J. Optim. Theory Appl., 2012,

155(1): 227–238.

[18] Han D., Yuan X., Local linear convergence of the alternating direction method of multipliers for quadratic



1026 	 � � � * + , 64�

programs, SIAM J. Numer. Anal., 2013, 51(6): 3446–3457.

[19] He B., Parallel splitting augmented Lagrangian methods for monotone structured variational inequalities,

Comput. Optim. Appl., 2009, 42(2): 195–212.

[20] He B., Ma F., Yuan X., Convergence study on the symmetric version of ADMM with larger step sizes, SIAM

J. Imaging Sci., 2016, 9(3): 1467–1501.

[21] He B., Tao M., Yuan X., Alternating direction method with Gaussian back substitution for separable convex

programming, SIAM J. Optim., 2012, 22(2): 313–340.

[22] He B., Tao M., Yuan X., A splitting method for separable convex programming, IMA J. Numer. Anal., 2015,

35(1): 394–426.

[23] He B., Yuan X., Linearized alternating direction method with Gaussian back substitution for separable

convex programming, Numer. Algebr. Control Optim., 2013, 3(2): 247–260.

[24] Jian J., Zhang Y., Chao M., A regularized alternating direction method of multipliers for a class of nonconvex

problems, J. Inequal. Appl., 2019, 2019(1): 193.

[25] Li Z., Dai Y., Optimal beamformer design in the reverberant environment (in Chinese), Sci. Sin. Math.,

2016, 46(06): 877–892.

[26] Liu M., Jian J., An ADMM-based SQP method for separably smooth nonconvex optimization, J. Inequal.

Appl., 2020, 2020: 81.

[27] Lions P., Mercier B., Splitting algorithms for the sum of two nonlinear operators, SIAM J. Numer. Anal.,

1979, 16(6): 964–979

[28] Nesterov Y., Introductory Lectures on Convex Optimization: A Basic Course, Springer Science & Business

Media, Boston, 2013.

[29] Peaceman D., Rachford H., The numerical solution of parabolic and elliptic differential equations, J. Soci.

Ind. Appl. Math., 1955, 3(1): 28–41.

[30] Rockafellar R., Wets R., Variational Analysis, Springer Science & Business Media, Berlin, 2009.

[31] Wang F., Cao W., Xu Z., Convergence of multi–block Bregman ADMM for nonconvex composite problems,

Sci. China Inform. Sci., 2018, 61(12): 122101.

[32] Wang F., Xu Z., Xu H., Convergence of Bregman alternating direction method with multipliers for nonconvex

composite problems, arXiv:1410.8625, 2014.

[33] Wang Y., Fan S., Weighted l1-norm constrained sparse regularization and alternating directions method of

multipliers for seismic time-frequency analysis (in Chinese), Sci. Sin. Math., 2018, 48(03): 457–470.

[34] Wu Z., Li M., Wang D., Han D., A symmetric alternating direction method of multipliers for separable

nonconvex minimization problems, Asia Pac. J. Oper. Res., 2017, 34(06): 1750030.

[35] Xu Z., Chang X., Xu F., et al., l 1
2

regularization: a thresholding representation theory and a fast solver,

IEEE T. Neur. Net. Lear., 2012, 23(7): 1013–1027.

[36] Yang L., Luo J., Xu Y., et al., A distributed dual consensus ADMM based on partition for DC-DOPF with

carbon emission trading, IEEE T. Ind. Inform., 2020, 16(3): 1858–1872.

[37] Yang W., Han D., Linear convergence of the alternating direction method of multipliers for a class of convex

optimization problems, SIAM J. Numer. Anal., 2016, 54(2): 625–640.

[38] Zeng J., Fang J., Xu Z., Sparse SAR imaging based on l 1
2

regularization, Sci. China Inform. Sci., 2012, 55:

1755–1775.

[39] Zhu M., Mihic K., Ye Y., On a randomized multi–block ADMM for solving selected machine learning

problems, arXiv:1907.01995, 2019.


