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:;�	
��;<, =>�?�<=>,:@,�A=?";�	
��@A. 2001 �, BB

C [2] **
CDEF�DG�)HIE����P%��. 2003 �, BBC�FVG [3] HJ


DEF�DG�)HIE����P%��KIJ<�AP%�����**. 2006 �, K

Æ [9] **
ILMNOP����LMNO�K�QP����P%��. 2011 �, RSQ�

� [8] J*
DEF�DG�)HIERST�P%��AT�UUV; %�, WJ, [12] **


filiform ��� Rn ����P%���IEUV, XV
A# filiform ��� Rn LMN�WK

������, X&HJ
YK�����QP�. 2018�, Z[�Y\J [6] ��
 Heisenberg

� (]) ���P%��,  �
 Heisenberg � (]) ���OZ� (]) ��[^�%�, _$


Heisenberg � (]) ���P%�����, `a\P%��>;]P%��>
bP%��.

cG � Qn �++,-��, _$
 Qn �P%�����, `a\P%��>;]P%
��>
bP%��>̂ P%��.

WX 1.1 [4] _ L �" F ���)`de^, #�)a' L × L → L, f� (x, y) �→ [x, y],

bghY:

(1) iaja'�cOZ�;

(2) [x, x] = 0, ∀x ∈ L;

(3) [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0, ∀x, y, z ∈ L,

de)a'k� x � y �iajlEf� (gk�Ra'), &k L � F ���)���.

WX 1.2 [5] _ L �#hi���, #bj,km:

L1 = L, L2 = [L,L], . . . , Li+1 = [L,Li].

ln� s ∈ N, # Ls = 0, dk L �LM�.

WX 1.3 [5] �)��� Lok�� filiform���, bg dimLi = n− i, A; n = dimL,

2 ≤ i ≤ n.

_ {x1, . . . , x2s} � filiform ��� Qn (n = 2s, s ≥ 3) ��)O, �a'��:

[x1, xi] = −[xi, x1] = xi+1, 2 ≤ i ≤ 2s − 2;

[x2s+1−i, xi] = −[xi, x2s+1−i] = (−1)ix2s, 2 ≤ i ≤ s,

AmOno[^��a'� 0.

WX 1.4 [4] _ L �" F �����, bg A �����OZP%�, &hY
A[x, y] = [A(x), A(y)], ∀x, y ∈ L,

dk A ���� L �P%�. L �p#P%��p�)�, k� L �P%��, fV Aut(L).

Z[ 1.5 [5] _ Qn (n = 2s) �" C �� n i filiform ���, {x1, . . . , x2s} �=��)
O, d ϕ � Qn ��)++,-��:

ϕ : Q(n) → gl(n),

a1x1 + a2x2 + · · · + a2sx2s �→

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 a2 −a3 · · · a2s−2 −a2s−1 −2a2s

0 0 a1 · · · 0 0 a2s−1

0 0 0 · · · 0 0 a2s−2

...
...

...
. . .

...
...

...
0 0 0 · · · 0 a1 a3

0 0 0 · · · 0 0 a2

0 0 0 · · · 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.
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2 \]^_`abc
u* e �yfIE, eij ��z i �z j mno� 1 &Amno� 0 �IE.

W[ 2.1 _ Qn (n = 2s) ��) n i filiform ���, Æ

α = e +
2s−1∑
i=2

bi(e2s+1−i,2s + (−1)ie1i) − 2b2se1,2s, bi ∈ C, (2.1)

d α Kv. _wx

σα : Qn → Qn,

x �→ σα(x),

A; σα(x) = αxα−1, d σα � Qn ��)P%�. {

G =
{

σα

∣∣∣∣∀α = e +
2s−1∑
i=2

bi(e2s+1−i,2s + (−1)ie1i) − 2b2se1,2s, bi ∈ C

}
,

d G � Aut(Qn) ���.

de Jyz

α = e +
2s−1∑
i=2

bi(e2s+1−i,2s + (−1)ie1i) − 2b2se1,2s,

d#

α−1 = e −
2s−1∑
i=2

bi(e2s+1−i,2s + (−1)ie1i) + 2b2se1,2s.

J{, 1.5 _

x = a1

2s−2∑
i=2

ei,i+1 +
2s−1∑
i=2

ai(e2s+1−i,2s + (−1)ie1i) − 2a2se1,2s,

d#

σα(x) = x + a1

2s−2∑
i=2

bi(e2s−i,2s + (−1)ie1,i+1) +
2s−1∑
i=2

(−1)i(bia2s+1−i − aib2s+1−i)e1,2s

− a1

2s−2∑
i=2

(−1)ibib2s−ie1,2s ∈ Qn,

| σα �wx. ∀x ∈ Qn, n� α−1xα ∈ Qn, |$ σα(α−1xα) = x. }� σα �hx. 
K~�

σα(x1) = αx1α
−1, σα(x2) = αx2α

−1,

} σα(x1) = σα(x2) �, K$ x1 = x2. }� σα �yx.

∀λ1, λ2 ∈ C, ∀x1, x2 ∈ Qn, K$

σα(λ1x1 + λ2x2) = α(λ1x1 + λ2x2)α−1

= λ1αx1α
−1 + λ2αx2α

−1 = λ1σα(x1) + λ2σα(x2).

}� σα �OZ~E. | σα � Qn ��)%�wx.
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∀x1, x2 ∈ Qn, K$

σα([x1, x2]) = σα(x1x2 − x2x1) = α(x1x2 − x2x1)α−1 = αx1x2α
−1 − αx2x1α

−1,

σα(x1), σα(x2)] = [αx1α
−1, αx2α

−1] = αx1α
−1αx2α

−1 − αx2α
−1αx1α

−1

= αx1x2α
−1 − αx2x1α

−1.

}�

σα([x1, x2]) = [σα(x1), σα(x2)],

| σα � Qn ��)P%�.

∀σα, σβ ∈ G, ∀x ∈ Qn, K$

σασβ(x) = α(βxβ−1)α−1 = αβx(αβ)−1 = σαβ(x).

}� σασβ = σαβ ∈ G. ∀σα ∈ G, ∀x ∈ Qn, K$

σασα−1(x) = σα(α−1x(α−1)−1) = α(α−1x(α−1)−1)α−1 = x.

}� σα−1 = σ−1
α ∈ G. | G � Aut(Qn) ��. H�.

WX 2.2 Qn �P%� σα k� Qn �\P%�
G =

{
σα

∣∣∣∣∀α = e +
2s−1∑
i=2

bi(e2s+1−i,2s + (−1)ie1i) − 2b2se1,2s, bi ∈ C

}
,

k� Qn �\P%��.

W[ 2.3 _ Qn (n = 2s) ��) n i filiform ���, Æ c = (c1, c2) ∈ C
2, _wx

μc : Qn → Qn,

x �→ μc(x),

A; μc(x) = x + (c1a2 + c2a1)e1,2s, d μc � Qn ��)P%�. { S = {μc | ∀ c ∈ C
2}, d S �

Aut(Qn) ���.

de ∀x ∈ Qn, #

μc(x) = x + (c1a2 + c2a1)e1,2s ∈ Qn,

| μc �wx. ∀x ∈ Qn, n� x − (c1a2 + c2a1)e1,2s ∈ Qn, |$

μc(x − (c1a2 + c2a1)e1,2s) = x.

}� μc �hx. 
K~�

μc(x1) = x1 + (c1a2 + c2a1)e1,2s,

μc(x2) = x2 + (c1b2 + c2b1)e1,2s,

} μc(x1) = μc(x2) �, K$

x1 = x2, a1 = b1, a2 = b2.

}� μc �yx. ∀λ1, λ2 ∈ C, ∀x1, x2 ∈ Qn, K$

μc(λ1x1 + λ2x2) = λ1x1 + λ2x2 + (c1(λ1a1 + λ2b1) + c2(λ1a2 + λ2b2))e1,2s

= λ1(x1 + (c1a1 + c2a2)e1,2s) + λ2(x2 + (c1b1 + c2b2)e1,2s)

= λ1μc(x1) + λ2μc(x2).

}� μc �OZ~E. | μc � Qn ��)%�wx.
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∀x1, x2 ∈ Qn, K$

μc([x1, x2]) = [x1, x2],

[μc(x1), μc(x2)] = [x1 + (c1a2 + c2a1)e1,2s, x2 + (c1b2 + c2b1)e1,2s]

= [x1, x2] + [x1, (c1b2 + c2b1)e1,2s] + [(c1a2 + c2a1)e1,2s, x2]

+ [(c1a2 + c2a1)e1,2s, (c1b2 + c2b1)e1,2s]

= [x1, x2].

}�

μc([x1, x2]) = [μc(x1), μc(x2)],

| μc � Qn ��)P%�.

∀μc, μd ∈ S, ∀x ∈ Qn, _ d = (d1, d2) ∈ C
2, K$

μcμd(x) = μc(x + (d1a2 + d2a1)e1,2s)

= x + ((c1 + d1)a2 + (c2 + d2)a1)e1,2s

= μc+d(x).

}� μcμd = μc+d ∈ S. ∀μc ∈ S, ∀x ∈ Qn, K$

μcμ−c(x) = μc(x + (−c1a2 − c2a1)e1,2s)

= x + (−c1a2 − c2a1)e1,2s + (c1a2 + c2a1)e1,2s

= x.

}� μ−c = μ−1
c ∈ S. | S � Aut(Qn) ��. H�.

WX 2.4 Qn �P%� μc k� Qn �;]P%�, S = {μc | ∀ c ∈ C
2} k� Qn �;]P

%��.

W[ 2.5 _ Qn (n = 2s) ��) n i filiform ���, Æ γ = e1,2s + e2,2s−1 + · · · + e2s,1,

_wx

ω0 : Qn → Qn,

x �→ ω0(x),

A; ω0(x) = −γx′γ, d ω0 � Qn ��)P%�. { W = {ι, ω0}, A; ι ���~E, d W �

Aut(Qn) ���.

de Jyz$ γ2 = e, γ′ = γ. ∀x ∈ Qn, #

ω0(x) = −γx′γ ∈ Qn,

| ω0 �wx. ∀x ∈ Qn, n� −γx′γ ∈ Qn, |$

ω0(−γx′γ) = x.

}� ω0 �hx. 
K~�

ω0(x1) = x1 + (c1a2 + c2a1)e1,2s,

ω0(x2) = x2 + (c1b2 + c2b1)e1,2s,

} ω0(x1) = ω0(x2) �, K$

x1 = x2, a1 = b1, a2 = b2.
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}� ω0 �yx. ∀λ1, λ2 ∈ C, ∀x1, x2 ∈ Qn, K$

ω0(λ1x1 + λ2x2) = −γ(λ1x
′
1 + λ2x

′
2)γ

= λ1(−γx′
1γ) + λ2(−γx′

2γ)

= λ1ω0(x1) + λ2ω0(x2).

}� ω0 �OZ~E. | ω0 � Qn ��)%�wx.

∀x1, x2 ∈ Qn, K$

ω0([x1, x2]) = ω0(x1x2 − x2x1) = −γ(x1x2 − x2x1)′γ

= −γx′
2x

′
1γ + γx′

1x
′
2γ,

[ω0(x1), ω0(x2)] = [−γx′
1γ,−γx′

2γ]

= (−γx′
1γ)(−γx′

2γ) − (−γx′
2γ)(−γx′

1γ)

= γx′
1x

′
2γ − γx′

2x
′
1γ.

}�

ω0([x1, x2]) = [ω0(x1), ω0(x2)],

| ω0 � Qn ��)P%�.

∀ω0 ∈ W , ∀x ∈ Qn, K$

ω0ω0(x) = ω0(−γx′γ) = −γ(−γx′γ)′γ = x.

}�

ω2
0 = ι ∈ W.

| W � Aut(Qn) ��. H�.

WX 2.6 Qn �P%� ω0 k� Qn �
bP%�, W = {ι, ω0} k� Qn �
bP%��.

W[ 2.7 _ Qn (n = 2s) ��) n i filiform ���, wx

ξb : Qn → Qn,

x �→ ξb(x),

A; ξb(x) = x + ba2(e2,2s − e1,2s−1), b ∈ C, d ξb � Qn ��)P%�. { U = {ξb | ∀ b ∈ C},
d U � Aut(Qn) ���.

de ∀x ∈ Qn, #

ξb(x) = x + ba2(e2,2s − e1,2s−1) ∈ Qn,

| μc �wx. ∀x ∈ Qn, n� x − ba2(e2,2s − e1,2s−1) ∈ Qn, |$

ξb(x − ba2(e2,2s − e1,2s−1)) = x.

}� μc �hx. 
K~�

ξb(x1) = x1 + ba2(e2,2s − e1,2s−1),

ξb(x2) = x2 + bc2(e2,2s − e1,2s−1),

} ξb(x1) = ξb(x2) �, K$

x1 = x2, a2 = c2.
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}� ξb �yx. ∀λ1, λ2 ∈ C, ∀x1, x2 ∈ Qn, K$

ξb(λ1x1 + λ2x2) = λ1x1 + λ2x2 + b(λ1a2 + λ2c2)(e2,2s − e1,2s−1)

= λ1(x1 + ba2(e2,2s − e1,2s−1)) + λ2(x2 + bc2(e2,2s − e1,2s−1))

= λ1ξb(x1) + λ2ξb(x2).

}� ξb �OZ~E. | ξb � Qn ��)%�wx.

∀x1, x2 ∈ Qn, K$

ξb([x1, x2]) = [x1, x2],

[ξb(x1), ξb(x2)] = [x1 + ba2(e2,2s − e1,2s−1), x2 + bc2(e2,2s − e1,2s−1)]

= [x1, x2] + [x1, bc2(e2,2s − e1,2s−1)] + [ba2(e2,2s − e1,2s−1), x2]

+ [ba2(e2,2s − e1,2s−1), bc2(e2,2s − e1,2s−1)]

= [x1, x2] + ba2c2e1,2s − ba2c2e1,2s + 0

= [x1, x2].

}�

ξb([x1, x2]) = [ξb(x1), ξb(x2)].

| ξb � Qn ��)P%�.

∀ ξb, ξd ∈ U (b, d ∈ C), ∀x ∈ Qn, K$

ξbξd(x) = ξb(x + da2(e2,2s − e1,2s−1))

= x + da2(e2,2s − e1,2s−1) + ba2(e2,2s − e1,2s−1)

= x + (b + d)a2(e2,2s − e1,2s−1)

= μb+d(x).

}� ξbξd = ξb+d ∈ U . ∀ ξb ∈ U , ∀x ∈ Qn, K$

ξbξ−b(x) = ξb(x − ba2(e2,2s − e1,2s−1))

= x − ba2(e2,2s − e1,2s−1) + ba2(e2,2s − e1,2s−1)

= x.

}�

ξ−b = ξ−1
b ∈ S.

| U � Aut(Qn) ��. H�.

WX 2.8 Qn �P%� ξb k� Qn �^P%�, U = {ξb | ∀ b ∈ C} k� Qn �^P%��.
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