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?@ C ��+1%+,	���2+5
� ������, A-, 34.B54� sub-

adjacent 	���/6�$37&� �����!C08. D ����+"�!
11�
92	����+5
� ������. Virasoro ��37!C12�	��, ):;%<=
>8+Æ�5
� ������ [6, 10, 18, 19, 21]. ?34, � [19] � Virasoro ����@5 
������AEB6�. A!7, � [18] FCB8 Virasoro ����5
 ��8����
DGHE@5F9.

� [9, 10, 23] 63&�B W - �� W (2, 2), twisted Heisenberg-Virasoro ��� Witt ��

��5
 ������, :GFCB8+!2�HE@5F9. �H, Witt ����5
 �
�����DGII;@5F9)� [19] *JB!
6�. <-KJ, �@?2F9>� N = 2

� Ramond � Neveu–Schwarz 8=-��, 3L����5
� ��8����AEB6�,

>?)� [24] *K@B"@ Witt, Virasoro �8 Virasoro ���58�A.

B@'�&�, 34C92-D bms3 ����5
 ������, �8�ELFH� [6],

)-G/67 B. 34��H B �8@ (2 + 1) % Maxwell ���:;%MN.

B@-, 34IF8+ C- B {Lm, Pm, Zm, c1, c2, c3 |m ∈ Z} �:1%	��J+'>;O
K�	 L:

[Lm, Ln] = (m− n)Lm+n +
c1
12

(m3 −m)δm+n,0,

[Lm, Pn] = (m− n)Pm+n +
c2
12

(m3 −m)δm+n,0,

[Pm, Pn] = (m− n)Zm+n +
c3
12

(m3 −m)δm+n,0,

[Lm, Zn] = (m− n)Zm+n +
c3
12

(m3 −m)δm+n,0,

[Pm, Zn] = 0,

[Zm, Zn] = 0, (1.1)

�* m,n ∈ Z, c1, c2, c3 � B �*MNP.

Q)ERM��O2�A. N 2 S> �����2P�TO�$UV, EPIFO2�
A. N 3 S�N!QS
WIIHEQX�Y*M� B �� ������AE6�. NRQ
S, C)Z[�BS�\$ �����;OK*M]R.

M�634 C � Z /6T�U�S�U. <;^+_C, VT�+	��� �����
2P) C �, QX ε ∈ C, 8+'>?U: Re ε > 0, ε−1 /∈ Z WL Re ε = 0, Im ε > 0.

2 >VWX
MS`aXY!>� [9] � [10] * �����!I2P�Z[.

Y? 2.1 X A7 C�J+bcU\L (x, y) �→ xy �Z#!�. dA�@e] x, y, z ∈ A,

(x, y, z) = (xy)z − x(yz)

�"@ x, y ��, ^

(x, y, z) = (y, x, z) W (xy)z − x(yz) = (yx)z − y(xz),

TC A �7 ����.
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 ������h�2P�HE�, �%� [9]. -J, �@e] ���� A, �e!��

fg_HE� A- h��:

(a,m) �→ am, (m,a) �→ ma, �* a,m ∈ A.

`� 2.2 X A 7 ����, �@e] x ∈ A, C Lx /6 \h
6, ^�@e] y ∈ A,

Lx(y) = xy. ij34i�'>�A:

(1) [x, y] = xy − yx, �* x, y ∈ A.

2PB!
	�� G(A), �7 A ��5k	��, A a�7	�� G(A) ��5
 ��
����.

(2) l L : G(A) → gl(A), x �→ Lx, T (L,A) IFB	�� G(A) �!
/6, ^ [Lx, Ly] =

L[x,y], �* x, y ∈ A. 34��7	�� G(A) �bT/6.

l G 7	��, ρ : G → gl(V ) 7 G �/6. !
 1-cocycle q : G → V �D ρ 5"�Z#
!���cUc� (4 (ρ, q)) /6), DG q[x, y] = ρ(x)q(y) − ρ(y)q(x), �* x, y ∈ G. X A 7

 ����, ρ : G(A) → gl(V ) 7� sub-adjacent 	���/6. dA g �> A � V ���,

T g �!
D ρ 5"� G(A) � 1-cocycle. )e]	���:�d�+5
� ������.

Q)IF	��8+5
� ����j��!
k6.2F9.

`� 2.3 l G 7!
	��. ij, G �+!
5
� ������, lGmlm) G

�!
b� 1-cocycle. nn�, o (ρ, q) � G �!
b� 1-cocycle, T
x ∗ y = q−1ρ(x)q(y), �* x, y ∈ G,

oK, �@ ���� A, p!D� id �DbT/6 L 5"p� G(A) �!
 1-cocycle.

7qqre, �@	�� G, 344 A(G) r/6 G ��!
5
 ����.

Q)34IF8+ C-B {Ln,Wn, c |n ∈ Z}�:1%	�� W -�� W (2, 2)�]L2P:

[Lm, Ln] = (m− n)Lm+n +
c

12
(m3 −m)δm+n,0,

[Lm,Wn] = (m− n)Wm+n +
c

12
(m3 −m)δm+n,0, (2.1)

�* m,n ∈ Z, c1, c2, c3 � W - �� W (2, 2) �*MNP.

fg�, W - �� W (2, 2) �-D bms3 ���]L2P�5sU, 7B�s&%, 34h4
B� [9] � W - �� W (2, 2) �5
 ������i�'>�A:

W̃ �!
 Z- @5�	��: W̃ =
⊕

m∈Z
W̃m, �*

W̃m = CLm ⊕ CWm ⊕ δm,0Cc, �* m ∈ Z,

T A(W̃ ) �\LDG'>"t, T8+HE�@5F9:

LmLn = f(m,n)Lm+n + ω(Lm, Ln)c,

LmWn = g(m,n)Wm+n + ω(Lm,Wn)c,

WmLn = h(m,n)Wm+n + ω(Wm, Ln)c,

WmWn = a(m,n)Lm+n + b(m,n)Wm+n + ω(Wm,Wn)c,

cc = cLm = Lmc = cWn = Wnc = 0, (2.2)

�* f(m,n), g(m,n), h(m,n) � ω(·, ·) ��T�it�.
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Yj 2.4 W - �� W (2, 2) �DG"t (2.2) �e] ������D?'>t�92�
 ����K!����:

f(m,n) =
−n(1 + εn)

1 + ε(m+ n)
, ω(Lm, Ln) =

1
24

(m3 −m+ (ε− ε−1)m2)δm+n,0,

a(m,n) = b(m,n) = ω(Wm,Wn) = 0

�

g(m,n) = h(m,n) =
−n(1+εn)
1+ε(m+n)

, ω(Lm,Wn) = ω(Wm, Ln) =
1
24

(m3−m+(ε−ε−1)m2)δm+n,0

W g(m,n) = m− n, ω(Wm, Ln) = h(m,n) = 0, ω(Lm,Wn) =
m3 −m

12
δm+n,0

�eg m,n ∈ Z.

k� B a� Z- @5�: Bm = CLm ⊕ CPm ⊕ CZm ⊕ δm,0(Cc1 ⊕ Cc2 ⊕ Cc3), �* m ∈ Z.

HE4, 34QX5
� ������DG5s�@5F9, �'i� A(B) �d>QX:

LmLn = a(m,n)Lm+n + ω(Lm, Ln)c1,

LmPn = b1(m,n)Pm+n + ω(Lm, Pn)c2,

PmLn = b2(m,n)Pm+n + ω(Pm, Ln)c2,

PmPn = c(m,n)Zm+n + ω(Pm, Pn)c3,

LmZn = d1(m,n)Zm+n + ω(Lm, Zn)c3,

ZmLn = d2(m,n)Zm+n + ω(Zm, Ln)c3,

PmZn = f1(m,n)Lm+n + g1(m,n)Pm+n + h1(m,n)Zm+n

+ ω1(Pm, Zn)c1 + ω2(Pm, Zn)c2 + ω3(Pm, Zn)c3,

ZmPn = f2(m,n)Lm+n + g2(m,n)Pm+n + h2(m,n)Zm+n

+ ω1(Zm, Pn)c1 + ω2(Zm, Pn)c2 + ω3(Pm, Zn)c3,

ZmZn = r(m,n)Lm+n + s(m,n)Pm+n + t(m,n)Zm+n

+ ω1(Zm, Zn)c1 + ω2(Zm, Zn)c2 + ω3(Zm, Zn)c3, (2.3)

�* B *NP��+t���T�it�.

Q)FCM��O2�A.

Yj 2.5 -D bms3 ����e] ������D?'>t�92� ����K!�
���:

a(m,n) =
−n(1 + εn)

1 + ε(m+ n)
,

d1(m,n) = m− n, d2(m,n) = 0,

f1(m,n) = g1(m,n) = h1(m,n) = f2(m,n) = g2(m,n) = h2(m,n)

= r(m,n) = s(m,n) = t(m,n) = 0,

ω(Lm, Ln) =
1
24

(m3 −m+ (ε− ε−1)m2)δm+n,0,

ω(Lm, Zn) =
m3 −m

12
δm+n,0, ω(Zm, Ln) = 0,

ωi(Pm, Zn) = ωi(Zm, Pn) = ωi(Zm, Zn) = 0
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�

b1(m,n) = b2(m,n) =
−n(1 + εn)

1 + ε(m+ n)
,

c(m,n) = −1 + εn

ε
,

ω(Lm, Pn) = ω(Pm, Ln) =
1
24

(m3 −m+ (ε− ε−1)m2)δm+n,0,

ω(Pm, Pn) =
(1 + εn)(m3 −m)

12ε(n−m)
δm+n,0

W
b1(m,n) = m− n, b2(m,n) = 0,

c(m,n) =
1
2
(m− n),

ω(Lm, Pn) =
m3 −m

12
δm+n,0, ω(Pm, Ln) = 0,

ω(Pm, Pn) = 0

�eg m,n ∈ Z, 1 ≤ i ≤ 3.

3 lm 2.5 n@o
FC67u7. �!�\$:*M�-DN!7�\$:*M�-D bms3 ��� ���

���, ?"t (1.1) 2P, �* c1 = c2 = c3 = 0. �R�ui B � �����*M]R.

pAq :*M�<=.

B � �������@5F9�)"t (2.3) *IF�, �* c1 = c2 = c3 = 0, >?IF

'>h�:

Bj 3.1 ? (2.3) �2P� c1 = c2 = c3 = 0 �bcU\L, lGml)'><=>+ B

��5
 ������:

a(m,n) − a(n,m) = b1(m,n) − b1(n,m) = m− n, (3.1)

c(m,n) − c(n,m) = d1(m,n) − d1(n,m) = m− n, (3.2)

f1(m,n) = f1(n,m), g1(m,n) = g1(n,m), h1(m,n) = h1(n,m), (3.3)

r1(m,n) = r1(n,m), s1(m,n) = s1(n,m), t1(m,n) = t1(n,m), (3.4)

a(n, k)a(m,n + k) − a(m,k)a(n,m + k) = (m− n)a(m+ n, k), (3.5)

b1(n, k)b1(m,n+ k) − b1(m,k)b1(n,m+ k) = (m− n)b1(m+ n, k), (3.6)

d1(n, k)d1(m,n+ k) − d1(m,k)d1(n,m+ k) = (m− n)d1(m+ n, k), (3.7)

b2(n, k)b1(m,n+ k) − a(m,k)b2(n,m+ k) = (m− n)b2(m+ n, k), (3.8)

c(n, k)d1(m,n+ k) − b1(m,k)c(n,m+ k) = (m− n)c(m+ n, k), (3.9)

f1(n, k)a(m,n+ k) − d1(m,k)f1(n,m+ k) = (m− n)f1(m+ n, k), (3.10)

g1(n, k)b1(m,n+ k) − d1(m,k)g1(n,m+ k) = (m− n)g1(m+ n, k), (3.11)

h1(n, k)d1(m,n+ k) − d1(m,k)h1(n,m+ k) = (m− n)h1(m+ n, k), (3.12)

b2(n, k)c(m,n+ k) − b2(m,k)c(n,m+ k) = (m− n)d2(m+ n, k), (3.13)
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c(n, k)f1(m,n+ k) − c(m,k)f1(n,m+ k) = 0, (3.14)

c(n, k)g1(m,n+ k) − c(m,k)g1(n,m+ k) = 0, (3.15)

c(n, k)h1(m,n+ k) − c(m,k)h1(n,m+ k) = 0, (3.16)

h1(n, k)f1(m,n+ k) − h1(m,k)f1(n,m+ k) = (m− n)f1(m+ n, k), (3.17)

f1(n, k)b2(m,n+ k) + g1(n, k)c(m,n+ k) + h1(n, k)g1(m,n+ k)

− f1(m,k)b2(n,m+ k) − h1(m,k)g1(n,m+ k) = (m− n)g1(m+ n, k),
(3.18)

h1(n, k)h1(m,n+ k) − g1(m,k)c(n,m+ k) − h1(m,k)h1(n,m+ k)

= (m− n)h1(m+ n, k),
(3.19)

d2(n, k)d1(m,n+ k) − a1(m,k)d2(n,m+ k) = (m− n)d2(m+ n, k), (3.20)

f2(n, k)a(m,n+ k) − b1(m,k)f2(n,m+ k) = 0, (3.21)

g2(n, k)b1(m,n+ k) − b1(m,k)g2(n,m+ k) = 0, (3.22)

h2(n, k)d1(m,n+ k) − b1(m,k)h2(n,m+ k) = 0, (3.23)

r(n, k)a(m,n + k) − d1(m,k)r(n,m+ k) = (m− n)r(m+ n, k), (3.24)

s(n, k)b1(m,n+ k) − d1(m,k)s(n,m+ k) = (m− n)s(m+ n, k), (3.25)

t(n, k)d1(m,n+ k) − d1(m,k)t(n,m+ k) = (m− n)t(m+ n, k), (3.26)

d2(n, k)f1(m,n+ k) − b2(m,k)f2(n,m+ k) = 0, (3.27)

d2(n, k)g1(m,n+ k) − b2(m,k)g2(n,m+ k) = 0, (3.28)

d2(n, k)h1(m,n+ k) − b2(m,k)h2(n,m+ k) = 0, (3.29)

f2(n, k)b2(m,n+ k) + h2(n, k)f1(m,n+ k) − c(m,k)f2(n,m+ k) = 0, (3.30)

h2(n, k)g1(m,n+ k) − c(m,k)g2(n,m+ k) = 0, (3.31)

g2(n, k)c(m,n+ k) + h2(n, k)h1(m,n+ k) − c(m,k)h2(n,m+ k) = 0, (3.32)

t(n, k)f1(m,n+ k) − g1(m,k)f2(n,m+ k) − h1(m,k)r(n,m+ k) = 0, (3.33)

r (n, k)b2(m,n+ k) + t(n, k)g1(m,n+ k) − g1(m,k)g2(n,m+ k)

− h1(m,k)s(n,m+ k) = 0,
(3.34)

s (n, k)c(m,n+ k) + t(n, k)h1(m,n+ k) − f1(n, k)d2(m,n+ k)

− g1(m,k)h2(n,m+ k) − h1(m,k)t(n,m+ k) = 0,
(3.35)

d2(n, k)r(m,n + k) − d2(m,k)r(n,m+ k) = 0, (3.36)

d2(n, k)s(m,n+ k) − d2(m,k)s(n,m+ k) = 0, (3.37)

d2(n, k)t(m,n+ k) − d2(m,k)t(n,m+ k) = 0, (3.38)

g2(n, k)f2(m,n+ k) + h2(n, k)r(m,n + k) − g2(m,k)f2(n,m+ k)

− h2(m,k)r(n,m+ k) = 0,
(3.39)

g2(n, k)g2(m,n+ k) + h2(n, k)s(m,n+ k) − g2(m,k)g2(n,m+ k)

− h2(m,k)s(n,m+ k) = 0,
(3.40)
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f2(n, k)d2(m,n+ k) + g2(n, k)h2(m,n+ k) + h2(n, k)t(m,n+ k)

− f2(m,k)d2(n,m+ k) − g2(m,k)h2(n,m+ k) − h2(m,k)t(n,m+ k) = 0,
(3.41)

s (n, k)e2(m,n+ k) + t(n, k)u(m,n+ k) + u(n, k)j1(m,n+ k)

− s(m,k)e2(n,m+ k) − t(m,k)u(n,m + k) − u(m,k)j1(n,m+ k) = 0,
(3.42)

s (n, k)f2(m,n+ k) + t(n, k)r(m,n + k) − s(m,k)f2(n,m+ k)

− t(m,k)r(n,m+ k) = 0,
(3.43)

s (n, k)g2(m,n+ k) + t(n, k)s(m,n+ k) − s(m,k)g2(n,m+ k)

− t(m,k)s(n,m+ k) = 0,
(3.44)

r (n, k)d2(m,n+ k) + s(n, k)h2(m,n+ k) + t(n, k)t(m,n+ k)

− r(m,k)d2(n,m+ k) − s(m,k)h2(n,m+ k) − t(n, k)t(n,m+ k) = 0,
(3.45)

�*�+ m,n, k ∈ Z.


W2� 2.4, 7B)8+F9 (2.3) � B �ui5
� ������, �'QX
a(m,n) =

−n(1 + εn)
1 + ε(m+ n)

, �* m,n ∈ Z. (3.46)

-Ji�? (3.46) 2P� a(m,n) hF�h�, v92B B ��+5
� ������.

Bj 3.2 �@v2� ε �? (3.46) 2P� a(m,n), 34+'>uC<=�HDG"t
(3.1)–(3.45):

a(m,n) =
−n(1 + εn)

1 + ε(m+ n)
, d1(m,n) = m− n, d2(m,n) = 0,

f1(m,n) = g1(m,n) = h1(m,n) = f2(m,n) = g2(m,n) = h2(m,n)

= r(m,n) = s(m,n) = t(m,n) = 0

�

b1(m,n) = b2(m,n) =
1 + εn

1 + ε(m+ n)
, c(m,n) = −1 + εn

ε

W b1(m,n) = m− n, b2(m,n) = 0, c(m,n) =
1
2
(m− n)

��+ m,n ∈ Z.

Cr k��Rh�*��+Tit��HDGh� 3.1 *IF��+"t.

ww (3.14)–(3.16), (3.21)–(3.23) � (3.24)–(3.26) �
f1(m,n) = g1(m,n) = h1(m,n) = f2(m,n) = g2(m,n) = h2(m,n)

= r(m,n) = s(m,n) = t(m,n) = 0.

st 1 b1(m,n) = b2(m,n) = d1(m,n) = d2(m,n) = −n(1+εn)
1+ε(m+n) .

�eg m,n ∈ Z, +
C(m,n) =

1 + ε(m+ n)
1 + εn

c(m,n).

ww (3.9) +
−(n+ k)C(n, k) + kC(n,m+ k) = (m− n)C(m+ n, k). (3.47)
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) (3.47) *x n = k = 0, + 0 = mc(m, 0). EP34i�

c(m, 0) = 0, (3.48)

) (3.47) *x m = n = 0, i� C(0, k) = 0, ^ c(m, 0) = c(0,m) = 0. E?, 
W (3.2),

c(m, 0) − c(0,m) = m �= 0, �'�yx�.

st 2 b1(m,n) = b2(m,n) = −n(1+εn)
1+ε(m+n) , d1(m,n) = m− n, d2(m,n) = 0.

ww (3.13) +
c(m,n+ k)
1 + ε(n+ k)

− c(n,m+ k)
1 + ε(m+ k)

= 0. (3.49)

) (3.47) *x k = 0, +
c(m,n)
1 + εn

− c(n,m)
1 + εm

= 0.

ww (3.2) 34+
c(m,n) = −1 + εn

ε
. (3.50)

st 3 b1(m,n) = m− n, b2(m,n) = 0, d1(m,n) = d2(m,n) = −n(1+εn)
1+ε(m+n) .

ww (3.13) +
0 = −(m− n)

n(1 + εn)
1 + ε(m+ n)

. (3.51)

34y
k�QvD m,n ∈ Z �egU5yx.

st 4 b1(m,n) = d1(m,n) = m− n, b2(m,n) = d2(m,n) = 0.

ww (3.9) +
(m− n− k)c(n, k) − (m− k)c(n,m+ k) = (m− n)c(m+ n, k). (3.52)

) (3.52) *x k = n, 34+
(m− 2n)c(n, n) − (m− n)c(n,m+ n) = (m− n)c(m+ n, n). (3.53)

<-KJ, x n = 0, m = k, i� c(m,m) = 0, + c(n, n) = 0. �H, ww (3.2) i�

c(n,m+ n) = −1
2
m, (3.54)

^

c(m,n) =
1
2
(m− n). (3.55)

A-, zh�	z. F{.

puq -D bms3 ��� ������.

MSww92 B � �������*M]RrIF-D bms3 ��� �������
6�. `a, IF'>h�:

Bj 3.3 h� 3.1 *�"t�2P�\h{) B �IF5
� ������, lGm

l�@ m,n, k ∈ Z, ωi(·, ·), 1 ≤ i ≤ 3, + (3.1)–(3.45) �'>�+p!|	z:

ω(Lm, Ln) − ω(Ln, Lm) = ω(Lm, Pn) − ω(Pn, Lm) = ω(Pm, Pn) − ω(Pn, Pm)

= ω(Lm, Zn) − ω(Zn, Lm) =
m3 −m

12
δm+n,0,

(3.56)
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ωi(Pm, Zn) = ωi(Zn, Pm), (3.57)

ωi(Zm, Zn) = ωi(Zn, Zm) (i = 1, 2, 3) (3.58)

a(n, k)ω(Lm, Ln+k) − a(m,k)ω(Ln, Lm+k) = (m− n)ω(Lm+n, Lk), (3.59)

b1(n, k)ω(Lm, Pn+k) − b1(m,k)ω(Ln, Pm+k) = (m− n)ω(Lm+n, Pk), (3.60)

d1(n, k)ω(Lm, Zn+k) − d1(m,k)ω(Ln, Zm+k) = (m− n)ω(Lm+n, Zk), (3.61)

b2(n, k)ω(Lm, Pn+k) − a(m,k)ω(Pn, Lm+k) = (m− n)ω(Pm+n, Lk), (3.62)

c(n, k)ω(Lm, Zn+k) − b1(m,k)ω(Pn, Pm+k) = (m− n)ω(Pm+n, Pk), (3.63)

f1(n, k)ω(Lm, Ln+k) − d1(m,k)ω1(Pn, Zm+k) = (m− n)ω1(Pm+n, Zk), (3.64)

g1(n, k)ω(Lm, Pn+k) − d1(m,k)ω2(Pn, Zm+k) = (m− n)ω2(Pm+n, Zk), (3.65)

h1(n, k)ω(Lm, Zn+k) − d1(m,k)ω3(Pn, Zm+k) = (m− n)ω3(Pm+n, Zk), (3.66)

b2(n, k)ω(Pm, Pn+k) − b2(m,k)ω(Pn, Pm+k) = (m− n)ω(Zm+n, Lk), (3.67)

c(n, k)ωi(Pm, Zn+k) − c(m,k)ωi(Pn, Zm+k) = (m− n)ωi(Zm+n, Pk), (3.68)

h1(n, k)ω1(Pm, Zn+k) − h1(m,k)ω1(Pn, Zm+k) = (m− n)ω1(Zm+n, Zk), (3.69)

f1(n, k)ω(Pm, Ln+k) + h1(n, k)ω2(Pm, Zn+k) − f1(m,k)ω(Pn, Lm+k)

− h1(m,k)ω2(Pn, Zm+k) = (m− n)ω2(Zm+n, Zk),
(3.70)

g1(n, k)ω(Pm, Pn+k) + h1(n, k)ω3(Pm, Zn+k) − g1(m,k)ω(Pn, Pm+k)

− h1(m,k)ω3(Pn, Zm+k) = (m− n)ω3(Zm+n, Zk),
(3.71)

d2(n, k)ω(Lm, Zn+k) − a(m,k)ω(Zn, Lm+k) = (m− n)ω(Zm+n, Lk), (3.72)

f2(n, k)ω(Lm, Ln+k) − b1(m,k)ω1(Zn, Lm+k) = (m− n)ω1(Zm+n, Pk), (3.73)

g2(n, k)ω(Lm, Pn+k) − b1(m,k)ω2(Zn, Pm+k) = (m− n)ω2(Zm+n, Pk), (3.74)

h2(n, k)ω(Lm, Zn+k) − b1(m,k)ω3(Zn, Lm+k) = (m− n)ω3(Zm+n, Pk), (3.75)

t(n, k)ω1(Pm, Zn+k) = g1(m,k)ω1(Zn, Pm+k) + h1(m,k)ω1(Zn, Zm+k), (3.76)

r (n, k)ω(Pm, Ln+k) + t(n, k)ω2(Pm, Zn+k)

= g1(m,k)ω2(Zn, Pm+k) + h1(m,k)ω2(Zn, Zm+k),
(3.77)

s (n, k)ω(Pm, Pn+k) + t(n, k)ω3(Pm, Zn+k)

= f1(m,k)ω(Zn, Lm+k) + g1(m,k)ω3(Zn, Pm+k) + h1(m,k)ω3(Zn, Zm+k),
(3.78)

d2(n, k)ω(Zm, Zn+k) = d2(m,k)ω(Zn, Zm+k), (3.79)

h1(n, k)ω1(Pm, Zn+k) = c(m,k)ω1(Zn, Zm+k), (3.80)

g2(n, k)ω1(Zm, Pn+k) + h2(n, k)ω1(Zm, Zn+k)

= g2(m,k)ω1(Zn, Pm+k) + h2(m,k)ω1(Zn, Zm+k),
(3.81)

g2(n, k)ω2(Zm, Pn+k) + h2(n, k)ω2(Zm, Zn+k)

= g2(m,k)ω2(Zn, Pm + k) + h2(m,k)ω2(Zn, Zm+k),
(3.82)
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f2(n, k)ω(Zm, Ln+k) + g2(n, k)ω3(Zm, Pn+k) + h2(n, k)ω3(Zm, Zn+k)

= f2(m,k)ω(Zn, Lm+k) + g2(m,k)ω3(Zn, Pm+k) + h2(m,k)ω3(Zn, Zm+k),
(3.83)

s (n, k)ω1(Zm, Pn+k) + t(n, k)ω1(Zm, Zn+k)

= s(m,k)ω1(Zn, Pm + k) + t(m,k)ω1(Zn, Zm+k),
(3.84)

s (n, k)ω2(Zm, Pn+k) + t(n, k)ω2(Zm, Zn+k)

= s(m,k)ω2(Zn, Pm + k) + t(m,k)ω2(Zn, Zm+k),
(3.85)

s (n, k)ω3(Zm, Pn+k) + t(n, k)ω3(Zm, Pn+k) + r(n, k)ω(Zm, Ln+k)

= s(m,k)ω3(Zn, Lm+k) + t(m,k)ω3(Zn, Pm+k) + r(m,k)ω(Zn, Lm+k).
(3.86)


W2� 2.4 �h� 3.1, �'QX
a(m,n) =

−n(1 + εn)
1 + ε(m+ n)

, d1(m,n) = m− n, d2(m,n) = 0,

ω(Lm, Ln) =
1
24

(m3 −m+ (ε− ε−1)m2)δm+n,0,

f1(m,n) = g1(m,n) = h1(m,n) = f2(m,n) = g2(m,n) = h2(m,n)

= r(m,n) = s(m,n) = t(m,n) = 0

�

b1(m,n) = b2(m,n) =
1 + εn

1 + ε(m+ n)
, c(m,n) = −1 + εn

ε
,

W b1(m,n) = m− n, b2(m,n) = 0, c(m,n) = −1
2
(n−m),

��+ m,n ∈ Z.

|>rIF2� 2.5 �FC.

Cr 
kvF2� 2.4 �Tit� a(m,n), di(m,n), fi(m,n)–hi(m,n), r(m,n)–t(m,n),

ω(·, ·) � ωi(·, ·) DGh� 3.1 � 3.2 *��+!|.

ww (3.69)–(3.71) k� ωi(Zm, Zn) = 0, 1 ≤ i ≤ 3. ww (3.64)–(3.66) � (3.57) k�
ωi(Pm, Zn) = ωi(Zm, Pn) = 0, 1 ≤ i ≤ 3.

) (3.72) *, x m = n �i

a(n, k)ω(Zn, Ln+k) = 0.

�}h� (3.1), + ω(Zm, Ln) = 0, �* m �= n. ��+ n ∈ Z, ) (3.62) *x m, k, m+ k = n,

m �= 0 � k �= 0, 34+ ω(Zn, Ln) = 0. A- ω(Zm, Ln) = 0, �* m,n ∈ Z. ~�[�!|�}

� (3.60), 34+
ω(Lm, Zn) =

m3 −m

12
δm+n,0.

|>rFC67u
�6.

st 1 b1(m,n) = b2(m,n) = −n(1+εn)
1+ε(m+n) ,

ϕ(m,n) =
ω(Lm, Pn)

1 + εn
� ψ(m,n) =

ω(Pm, Ln)
1 + εn

,
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^ (3.71), (3.75) � (3.77) �w7:

(1 + εn)ϕ(m,n) − (1 + εm)ψ(n,m) =
m3 −m

12
δm+n,0, (3.87)

kϕ(n,m+ k) − kϕ(m,n+ k) = (m− n)ϕ(m+ n, k), (3.88)

kψ(n,m+ k) − kϕ(m,n+ k) = (m− n)ψ(m+ n, k). (3.89)

)!| (3.88) � (3.89) *x k = 0, �} (3.87), +
ϕ(0, n) = ϕ(n, 0) = ψ(0, n) = ψ(n, 0) = 0, �* n ∈ Z.

)!| (3.89) *x n = 0, i�

(n+ k)ϕ(n, k) = (n+ k)ψ(n, k) = 0.

A-
ϕ(m,n) = δm+n,0ϕ(m), G ψ(m,n) = δm+n,0ϕ(m).

)!| (3.89) *x m+ n+ k = 0 � m = n, + 2m(ϕ(m) − ψ(m)) = 0. A- ϕ(m) = ψ(m), �

�+ m ∈ Z. x)!| (3.89) *x m+ n+ k = 0, i�

(m− n)ϕ(m+ n) = (m+ n)(ϕ(m) − ϕ(n)). (3.90)

>?

ϕ(m) =
m2 −m

2
ϕ(2) − (m2 − 2m)ϕ(1). (3.91)

) (3.71) *x m+ n = 0, :ww (3.91) �i

(1−εm)
(
m2−m

2
ϕ(2)−(m2−m)ϕ(1

)
−(1 + εm)

(
m2+m

2
ϕ(2)−(m2+m)ϕ(1)

)
=
m3−m

12
,

^ ϕ(1) = −1+ε
24ε , ϕ(2) = −2+ε

12ε . A-
ϕ(m) = −m

2 + εm

24ε
, �* m ∈ Z.

>?i�

ω(Lm, Pn) = ω(Pm, Ln) =
1
24

(m3 −m+ (ε− ε−1)m2)δm+n,0.

$P\$ ω(Pm, Pn). ) (3.67) *x k = 0, ww (3.56) +
ω(Pm, Pn)

1 + εn
=
ω(Pm, Pn) − m3−m

12 δm+n,0

1 + εm
,

A?
ω(Pm, Pn) =

(1 + εn)(m3 −m)
12ε(n−m)

δm+n,0.

st 2 b1(m,n) = m− n, b2(m,n) = 0.

) (3.62) *x m = n �� a(n, k)ω(Pn, Ln + k) = 0. �}h� (3.1), i�

ω(Pm, Ln) = 0,

�* m �= n. �eg n ∈ Z, ) (3.62) *x m,k, 5i m + k = n, m �= 0 � k �= 0, i�

ω(Pn, Ln) = 0. A- ω(Pm, Ln) = 0, �* m,n ∈ Z. ~'�!|�}� (3.60), ki
ω(Lm, Pn) =

m3 −m

12
δm+n,0.
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Q)34yÆ~ ω(Pm, Pn), ) (3.63) *x n = k, ww (3.56) ki
ω(Pm, Pn) = 0.

z�, 34�O2�A{"FC�{.
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