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������ [1, 4, 6, 18, 19, 21], ��������������������������. ��

�������Æ����������. ����!���������"��)Æ H∞ !
������
��
�� (MIMO) �� �������� [20]. � � 90 �!�, "!*
H∞ �+���#,, � !""�$��%#�� — ��#&���$%�' Hilbert #$

!%&,()'�
��(*. +&��$���', #"&���), Hilbert#$��&�(

-�)*	, -��+.' H∞ �+��. %&�	���*+&��$���,-, ,�$.

��/�	:

xn+1 = anxn + bnun, x0 = 0, yn = dnxn + hnun,

,! xn ∈ C
kn �����./, un ∈ C

kn ����, yn ����, an, bn, dn, hn ��$%01

�-/. &��$��Æ0��#$ u = (u0, u1, . . . , un, . . .) )��#$ y = (y0, y1, . . . , yn, . . .)

�&�(-, ,-/���	:

L =

⎡
⎢⎢⎢⎢⎢⎢⎣

h0

d1b0 h1

d2a1b0 d2b1 h2

d3a2a1b0 d3a2b1 d3b2 h3

...
...

...
...

. . .

⎤
⎥⎥⎥⎥⎥⎥⎦

.

#(-����	, *+&��$��Æ��&�(-, 1(-�2��3��4.0	/
Æ-/, �������05(-��1�. �5�6#-, ��0 !"78!1 [2] 2��9

����23�&��$��. )4531, 8!1��	+&������������6�

3:,*. ��, Feintuch [5] ��'&��$������;<; 724�53=>8�64�
758�'9?:�690�@��� Youla :1;�� [16, 17]; 5A;�� [25–27] B<%7

=>�����'
��������C<?�+=�D@;<; >7�724 [14, 15] !AE+

����;<?F'��. @B�2, G0 ��'*+&��$�������;< [23]�H

�������AB [24]��5�������;< [13]. �5C, 5A;��'&��$���

�5C,ID�����;<. #����������E, gap DFÆ,!�����G�E
H. gap DFÆ� � 80 �!JG0 Zames ? El-Sakkary [28] K��+��. 8-9A, gap D

F�.F%75�	���3I����9! [3, 7–12]. Vidyasagar [22] :J' gap DF325
;G����LDFÆ�0�,?�:J1DFMH�NKÆIJ�	���Æ����<LN
K. Georgiou [12] M�' gap DF3���O� H∞ NO;<9$�2�. K����+= 
H� gap DFPL�, Qiu � Davison [19] 8�'&��3$�P0�	�������M�C

<. Foias, Georgiou � Smith [9, 10] "�3$���$2(�+.)'&��$��, 0�#,
�4.0�$����������BN��. #1��	, PL�OJ,L8�Q6, PRÆ

J gap DFQF�.

#8!1���	, �Q"=���&��$������AB. %7 gap DF�<RS?
��L3�+=L9$�Æ�EH,S :J'<T���R1��U�>2?&��$���
���UM�C<. 3-��, �Q%&'&��$��������, K����+= H�
gap DF	�PL�, %7��L3�+=L�/Æ
�8�'��M�C<. SITCV, U

D {L0, C0} Æ���, K�� L �PLÆ2 L0 3!W�TVÆ r1 � gap W, �+= C �
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PLÆ2 C0 3!W�TVÆ r2 � gap W�, �*PLTV?<T���R19$[?C<
arcsin r1 + arcsin r2 < arcsin b(L0, C0), \]�	�� {L,C} Æ���.

�QZ 2 ^_`�U[7\&��*?a<�. Z 3 ^%7 gap DF, :J������0
C<. Z 4 �Z 5 ^8��Q�=���(�: �������M�C<?�������M

�C<. Z 6^bc'��1@�-, 1��J, �Q9(�25������(�Æ�`�. <
A2(�?Aa(b.

2 BCDE
�^_`�UAc��!7)�1G	���>. $2d^�2:%Qe [2, 6].

UD�� — ��#&#$ H 3'4.0fb#$:

H =
{

(x0, x1, x2, . . .) : xi ∈ C,
∞∑

i=0

|xi|2 < ∞
}

,

,! | · |��'1F C��]GdBE(^1. geC,#]G�_ (x, y) =
∑+∞

i=0 xiȳi	, H Æ

����� Hilbert #$, R,^13 ‖x‖ = (
∑+∞

i=0 |xi|2) 1
2 . f He = {(x0, x1, x2, . . .) : xi ∈ C}

�� H �g,#$.

UD H � K ÆN� Hilbert #$, “⊕” ��HN�#$�I�:

H ⊕ K =
{[

h

k

]
: h ∈ H , k ∈ K

}
.

B(H ,K ) Æ0 H ) K �hh�1&�(-9`,� Banach #$, (-^1�*3
‖A‖ = sup

x∈H , ‖x‖≤1

‖Ax‖.

�5C, \ B(H ) := B(H ,H ). +5 T ∈ B(H ), Ran T ��(- T �@F {Tx : x ∈ H },
Ker T ��(- T �a {x ∈ H : Tx = 0}. \(- T �"!(-3 T ∗, b+i) x, y ∈ H , j

� (T ∗x, y) = (x, Ty) ,k.

# Hilbert #$ H !, cd {0} � H �9�e-#$�l N f3��8, i#m3eg
J	Æge�. J8 N n��8!1�	:

T (N ) = {T ∈ B(H ) : TN ⊆ N, ∀N ∈ N }.
+ n ≥ 0, Pn �� He ��]Goh(-:

Pn(x0, x1, . . . , xn, xn+1, . . .) = (x0, x1, . . . , xn, 0, 0, . . .),

,! P−1 = 0, P∞ = I. J5 Pn "�$ n A�9���573p, j-klfb {Pn}∞n=−1 #
��&����23�H�m�	���)'"��57.

	q��*M�'*+&��$��#(-�����	Æ�N�ri�.

KL 2.1 [6] 8�He����&�$j T ,�*+i)� n[? PnT = PnTPn,k,\]

f T Æ23�. He��&���ÆM He����23�&�$j, i#N�NK	ÆCc�.

He �hh&��$��`,�k7#]G�s�3l�	`,��!1, \3 L . j-#
H �]G�m	, L ��i)O�Æ��4.0	/Æ-/ (Hh�tQ [6, Z 5 P]).
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S f He ����&��� T Æ���, �*iP+) H �Æ���1(-. \ S 3

He �9����&��$��`,�k7. ge, S Æ��cdn�(-�Le!1, i#(
-!1)*	Æ��*+8!1 (Hh�tQ [6, Z 5 P]).

+5 L,C ∈ L , %&J�� L 3�+= C Q,�]G�	L, ,eo���/3[
u1

u2

]
=

[
I C

L −I

] [
e1

e2

]
.

�* M1 =
[

I C
L −I

]
Æ�u�R,u3	q�Rn-/

H(L,C) =
[

(I + CL)−1 C(I + LC)−1

L(I + CL)−1 −(I + LC)−1

]
,

\]f1�	��Æo��.

KL 2.2 [6] �* H(L,C) ���O� # S !, \]fJ�� L ��+= C I��e

o��Æ���. �*p#�+= C, p(�� L ��+= C Q,�eo��Æ���, \]f

�� L Æ�S��.

3'ri�S���, +5��&���, S q�Q6,�@����6���	�. #
H !, UD&�$j L ��*F3 D(L) = {u ∈ H : Lu ∈ H }, \],L�*3

G(L) =
{[

I

L

]
x : x ∈ D(L)

}
,

L �uL�*3

G−1(L) =
{[

L

I

]
x : x ∈ D(L)

}
.

(7L�	�, {L,C} �����BN;�Q6: {L,C} ��KR9K H ⊕ H �2���3

!1I� G(L) +̇G−1(−C).

+5���, ,�*Q6�	 (�:%Q [1, 6]).

KL 2.3 [6] +58���� L, �*p# M,N ∈ S , [?�	C<:

(1) G(L) = Ran
[

M
N

]
;

(2)
[

M
N

]
������6u, bp# X,Y ∈ S , p( [Y,X]

[
M
N

]
= I,

\]f�� L ����@��
[

M
N

]
.

�*�@��
[

M
N

]
Æ�v�, \]f1�@��Æ;G�.

�*p# M̂, N̂ ∈ S , [?�	C<:

(1) G(L) = Ker[−N̂ , M̂ ];

(2) [−N̂ , M̂ ] ������@u, bp# X̂, Ŷ ∈ S , p( [−N̂ , M̂ ]
[ −X̂

Ŷ

]
= I,

\]f�� L ����6�� [−N̂ , M̂ ].
�*�6�� [−N̂ , M̂ ] Ær�v�, \]f1�6��Æ;G�.

25�@��, ��	(�. +5�6��, s�wt�(�.

KT 2.4 [6] D M,N ∈ S , \]
[

M
N

]
Æ L ∈ L ����@��KR9K

(1) p# X,Y ∈ S , p( [Y,X]
[

M
N

]
= I;

(2) M # L !Æ�u�.
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c 2.5 J�6��uU, L���@��
[

M
N

]
8�' L���@���� L = NM−1. �

*1��3���,\]f1��3 L���@���. wtC,� L�6���� L = M̂−1N̂

2?6�����*.

KT 2.6 [6] D L ∈ L ���@��� L = AB−1, C ∈ L ���6��� C = D−1N ,

p(�	�� {L,C} Æo��. \] {L,C} Æ���KR9K DB + NA # S !Æ�u�.

�* L ∈ L ���6��� L = B̂−1Â, C ∈ L ���@��� C = N̂D̂−1, p(�	�

� {L,C} Æo��. \] {L,C} Æ���KR9K B̂D̂ + ÂN̂ # S !Æ�u�.

	6��Æ6q� Youla–Kucera :1;��, i�:J�:%Qe [1] 9 [6].

KT 2.7 [6] L ∈ L �S�KR9Kp# M,N,X, Y, M̂ , N̂ , X̂, Ŷ ∈ S , p( M̂−1N̂ �

NM−1 �53 L �6�@���R[?H Bezout n��[
Y X

−N̂ M̂

] [
M −X̂

N Ŷ

]
=

[
M −X̂

N Ŷ

] [
Y X

−N̂ M̂

]
=

[
I 0
0 I

]
.

C S� L KR9Kp# Q ∈ S , p( C �

�@��

[
Ŷ − NQ

X̂ + MQ

]
��6�� [−(X + QM̂), Y − QN̂ ].

3 VWXY gap Z[
�^Bv`w25 gap DF��U��	�. f M1, M2 Æ H ��e-#$, P1, P2 �

�+%#$��;mkl.

KL 3.1 [6] 0 M1 ) M2 ��x gap, \3 �δ(M1,M2), ,�*3

sup{inf[‖x − y‖ : y ∈ M2] : x ∈ M1, ‖x‖ = 1}.
(b �δ(M1, M2) = ‖(I − P2)P1‖, �δ(M2, M1) = ‖(I − P1)P2‖).
KL 3.2 [6] e-#$ M1 3 M2 9$� gap �*3

δ(M1,M2) = max{�δ(M1,M2), �δ(M2,M1)}.
KT 3.3 [6] δ(M1,M2) = ‖P1 − P2‖.
KT 3.4 [6] UDM1, M2 ÆH ��e-#$,\] δ(M1,M2) < 1KR9K P1 : M2 →

M1 Æ�+�R)��. ?�rC, �* δ(M1,M2) < 1, \]

δ(M1,M2) = �δ(M1,M2) = �δ(M2,M1).

c 3.5 δ(M1,M2) < 1 �05 P̂1 � P̂2 ��u�, ,! P̂1 Æ P1 # P2H ��P+, P̂2

Æ P2 # P1H ��P+. j-

δ(M1,M2) =
√

1 − μ(P̂1)2 =
√

1 − μ(P̂2)2.

+5 x, y ∈ H , spxF x, y $�Æ�*3:

θ(x, y) = arccos
|(x, y)|
‖x‖ ‖y‖ ,

ge, θ(x, y) ∈ [0, π
2 ]. H �N�e-#$ M � N 9$�Æ3

θ(M ,N ) = {θ(x, y) : 0 
= x ∈ M , 0 
= y ∈ N },



886 � � � � ` a b 64�

,!<RÆ θmin(M ,N ) �<tÆ θmax(M ,N ) ��*�53

θmin(M ,N ) = inf{θ(x, y) : 0 
= x ∈ M , 0 
= y ∈ N },
θmax(M ,N ) = sup{θ(x, y) : 0 
= x ∈ M , 0 
= y ∈ N }.

+5 H ���1&�(-, 	quv<RS��*. f A Æ H �����1&�(-, \ A

�<RS3 μ(A), b

μ(A) = inf{‖Ax‖ : ‖x‖ = 1}.

�* A ∈ B(H ) Æ�u�, \]1 μ(A) ,x��)' A−1 ^1�w1�57.

#�	��!, S "%7 gap DF�<RS?N�e-#$�Æ2Q6<T��R1. 1

a<�2:%Qe [6, Z 9 P] ��y, x,yd:JJ�Q8�.

KT 3.6 [6] D�	�� {L,C} Æ���, \

M = G(L), N = G−1(−C), QM ,N =
[

I

L

]
(I + CL)−1

[
I −C

]
,

�* bM ,N = ‖QM ,N ‖−1, \]

bM ,N = μ(PN ⊥ |M ) =
√

1 − δ(M ,N ⊥)2

= inf{‖AM ,N x‖ : x ∈ M , ‖x‖ = 1}
= inf{d(x,N ) : x ∈ M , ‖x‖ = 1}
= inf{sin θ(x, y) : 0 
= x ∈ M , 0 
= y ∈ N }.

\] L �;G�@���;G�6���5\3 [
M
N

]
� [−N̂ M̂ ], C �;G�@��

�;G�6���5\3 [
V
U

]
� [−Û V̂ ], �

M = G(L) = Ran
[

M

N

]
, N = G−1(−C) = Ker

[
V̂ Û

]
,

\] N ⊥ = Ran
[

V ∗
U∗

]
. M � N ⊥ �;mkl�53

PM =
[

M

N

] [
M∗ N∗ ]

, PN ⊥ =

[
V̂ ∗

Û∗

] [
V̂ Û

]
.

^))
QM ,N =

[
I

L

]
(I + CL)−1

[
I −C

]

=
[

I

NM−1

]
(I + V̂ −1ÛNM−1)−1

[
I −V̂ −1Û

]

=
[

M

N

]
M−1[V̂ −1(V̂ M + ÛN)M−1]−1V̂ −1

[
V̂ −Û

]

=
[

M

N

]
(V̂ M + ÛN)−1

[
V̂ −Û

]
,
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j-

bM ,N = ‖QM ,N ‖−1 =
∥∥∥∥
[

M

N

]
(V̂ M + ÛN)−1

[
V̂ −Û

]∥∥∥∥
−1

=
∥∥(V̂ M + ÛN)−1

∥∥−1 = μ(V̂ M + ÛN).

z�@(�(

bM ,N = μ(V̂ M + ÛN)

= inf
{∥∥∥∥[

V̂ Û
] [

M

N

]
x

∥∥∥∥ : x ∈ H , ‖x‖ = 1
}

= inf
{∥∥∥∥

[
V̂ ∗

Û∗

][
V̂ Û

]
x

∥∥∥∥ : x ∈ M , ‖x‖ = 1
}

= inf{‖AM ,N x‖ : x ∈ M , ‖x‖ = 1}
= μ(AM ,N ) = μ(PN ⊥ |M )

=
√

1 − δ(M ,N ⊥)2.

J5�	�� {L,C} Æ���, j-� M ∩ N = {0}.
z	2, S ":J

inf{d(x,N ) : x ∈ M , ‖x‖ = 1} = inf{sin θ(x, y) : 0 
= x ∈ M , 0 
= y ∈ N }.
+5 x ∈ M , ‖x‖ = 1, PN x 
= 0, j3 ‖PN x‖2 = (PN x, PN x) = (x, PN x), 92

d2(x,N ) = ‖x − PN x‖2 = 1 − ‖PN x‖2

= 1 − ‖PN x‖4

‖PN x‖2
= 1 − |(x, PN x)|2

‖x‖2‖PN x‖2

≥ inf
{

1 − |(x, y)|2
‖x‖2‖y‖2

: 0 
= x ∈ M , 0 
= y ∈ N

}
= inf{sin2 θ(x, y) : 0 
= x ∈ M , 0 
= y ∈ N },

0�S :J'
inf{d(x,N ) : x ∈ M , ‖x‖ = 1} ≥ inf{sin θ(x, y) : 0 
= x ∈ M , 0 
= y ∈ N }.

{��q, +5 x ∈ M , y ∈ N , 2? x, y 
= 0, p# λ ∈ C, p( |λ| = 1, R |(x, y)| = (λx, y).

\ x̃ = λx
‖x‖ , ỹ = y

‖y‖ , \]

sin2 θ(x, y) = 1 − |(λx, y)|2
‖x‖2‖y‖2

= 1 − |(x̃, ỹ)|2

= 1 − |(PN x̃, ỹ)|2 ≥ 1 − ‖PN x̃‖2 = d2(x̃,N )

≥ inf{d2(x,N ) : x ∈ M , ‖x‖ = 1},
0�� inf{d(x,N ) : x ∈ M , ‖x‖ = 1} ≤ inf{sin θ(x, y) : 0 
= x ∈ M , 0 
= y ∈ N }. j-

inf{d(x,N ) : x ∈ M , ‖x‖ = 1} = inf{sin θ(x, y) : 0 
= x ∈ M , 0 
= y ∈ N }.
_yB inf{‖AM ,N x‖ : x ∈ M , ‖x‖ = 1} = inf{d(x,N ) : x ∈ M , ‖x‖ = 1}, ��:Æ.
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c 3.7 z[C, f bM ,N 3J�� L 3�+= C I��<T��R1, PRz[",\

3 b(L,C).

%7�� 3.6, ge�(	6K�.

`T 3.8 θmin(M ,N ) = arcsin bM ,N = arccos δ(M ,N ⊥).

J5 δ(M ,N ⊥) = cos θmin(M ,N ) = sin θmax(M ,N ⊥), j-�

θmax(M ,N ⊥) = arcsin δ(M ,N ⊥) = arccos bM ,N .

25�	������, 	q"Q6i��UM�C<.

KT 3.9 [6] �� {L,C} ��3	qz{Æ�0�:

(1) δ(M ,N ⊥) < 1;

(2) θmin(M ,N ) > 0;

(3) θmax(M ,N ⊥) < π
2 .

\] \
[

M
N

]
3 L �;G�@��, [−Û V̂ ] 3 C �;G�6��.

Bv:J {L,C} ��3C< (1) ��0�. J5 {L,C} ��KR9K V̂ M + ÛN # S !
Æ�u�, b μ(V̂ M + ÛN) > 0. %7�� 3.6 �(�

μ(V̂ M + ÛN) =
√

1 − δ(M ,N ⊥)2

�U, {L,C} Æ���KR9K δ(M ,N ⊥) < 1, bC< (1) ,k.

z	2:J (1) 3 (2) ��0�, b δ(M ,N ⊥) < 1 � θmin(M ,N ) > 0 ��0�. S %

7K� 3.8, �

θmin(M ,N ) = arccos δ(M ,N ⊥),

j-

δ(M ,N ⊥) < 1 ⇔ θmin(M ,N ) > 0;

<A:JC< (3) 3�� {L,C} ����0�. J5

μ(V̂ M + ÛN) = inf{sin θ(x, y) : 0 
= x ∈ M , 0 
= y ∈ N }
= inf{cos θ(x, y) : 0 
= x ∈ M , 0 
= y ∈ N ⊥} = cos θmax(M ,N ⊥),

j- μ(V̂ M + ÛN) > 0 �05

θmax(M ,N ⊥) <
π

2
,

b {L,C} Æ���KR9KC< θmax(M ,N ⊥) < π
2 ,k. :Æ.

4 abcddefghijklmnX
�^"=�%&8!1��	&��$��������. HhC, K����+= H�

gap DF	�PL�, S "=���-w����;<. Qiu ��#Q [19] !+&��3$�
P0�����$��;<. 3�5Q [19], �Q"=�Æ+&��$4.0��?F��, %

7��L��+=L�/Æ
�,8�'���������M�C<. #8��Q=�(*5,

v`wB�K�.
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8���e-#$ M0, R 0 < b < 1, \

B(M0, b) = {M : δ(M0,M ) < b}.
+5 H ��e(- L1, L2, \ δ(L1, L2) = δ(G(L1), G(L2)).

`T 4.1 [6] fM0, M1, M2 Æ H ��e-#$, R[? δ2(M0,M1)+ δ2(M0,M2) < 1.

\]

δ(M1,M2) ≤ δ(M0,M1)
√

1 − δ2(M0,M2) + δ(M0,M2)
√

1 − δ2(M0,M1). (4.1)

%7K� 4.1, 	q8�N�e-#$�<RÆ�<tÆ��U�>.

`T 4.2 f M0, M1, M2 3 H �e-#$, [? δ2(M0,M1) + δ2(M0,M2) < 1. \]

θmin(M1,M2) ≤ θmin(M1,M0) + θmin(M0,M2). (4.2)

\] j3

δ2(M0,M1) + δ2(M0,M2) < 1 � θmin(M ,N ) = arcsin δ(M ,N ),

92�

sin2 θmin(M0,M1) + sin2 θmin(M0,M2) < 1,

j-

θmin(M0,M1) + θmin(M0,M2) <
π

2
.

�� (4.1) �05

sinθmin(M1,M2)

≤ sin θmin(M0,M1)
√

1 − sin2 θmin(M0,M2) + sin θmin(M0,M2)
√

1 − sin2 θmin(M0,M1)

= sin θmin(M0,M1) cos θmin(M0,M2) + sin θmin(M0,M2) cos θmin(M0,M1)

= sin(θmin(M0,M1) + θmin(M0,M2)).

H�J
θmin(M1,M2) ≤ θmin(M1,M0) + θmin(M0,M2).

:Æ.

wtC, %7(�

sin θmax(M1,M2) = δ(M1,M2),

S �(	q�K�.

`T 4.3 f M0, M1, M2 Æ H ��e-#$, R[? δ2(M0,M1) + δ2(M0,M2) < 1.

\]

θmax(M1,M2) ≤ θmax(M1,M0) + θmax(M0,M2). (4.3)

z	2":J�Q�=�(�, bK����+= H� gap DF	�PL�, S 8��

���������M�C<.

KT 4.4 D�	�� {L0, C0} Æ���, R ri ∈ [0, 1), i = 1, 2. �*

arcsin r1 + arcsin r2 + arccos b(L0, C0) <
π

2
, (4.4)

\]+9�� L ∈ B(L0, r1) � C ∈ B(C0, r2), {L,C} Æ���.
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\] UD

arcsin r1 + arcsin r2 + arccos b(L0, C0) <
π

2

+9�� L ∈ B(L0, r1) � C ∈ B(C0, r2), S ":J {L,C} Æ���. \

θ0 = arccos b(L0, C0), θ1 = arcsin r1, θ2 = arcsin r2,

M = G(L), M0 = G(L0), N = G−1(−C), N0 = G−1(−C0),

C<

arcsin r1 + arcsin r2 + arccos b(L0, C0) <
π

2

$3

θ0 + θ1 + θ2 <
π

2
.

+5 L ∈ B(L0, r1) � C ∈ B(C0, r2), J5

δ(M ,M0) = δ(L,L0) < r1,

δ(N ⊥,N ⊥
0 ) = δ(N ,N0) = δ(G(−C), G(−C0)) = δ(G(C), G(C0)) = δ(C,C0) < r2,

j-

θmax(M ,M0) = arcsin δ(M ,M0) < θ1,

θmax(N ⊥,N ⊥
0 ) = arcsin δ(N ⊥,N ⊥

0 ) < θ2,

PR

θmax(M ,N ⊥) ≤ θmax(M ,M0) + θmax(M0,N
⊥)

≤ θmax(M ,M0) + θmax(M0,N
⊥

0 ) + θmax(N ⊥
0 ,N ⊥)

= θmax(M ,M0) + θ0 + θmax(N ⊥
0 ,N ⊥)

< θ1 + θ0 + θ2 <
π

2
.

%7�� 3.9 �U, {L,C} Æ���. :Æ.

c 4.5 ^)C<
arcsin r1 + arcsin r2 + arccos b(L0, C0) <

π

2
�05

arcsin r1 + arcsin r2 < arcsin b(L0, C0),

90
r2
1 + r2

2 + 2r1r2

√
1 − b2(L0, C0) < b2(L0, C0).

%7�� 4.4, S �	q�N�+�.

op 4.6 D {L0, C0} Æ���, R r1 ∈ [0, 1). �* r1 < b(L0, C0), \]+9�� L ∈
B(L0, r1), �� {L,C0} Æ���.

op 4.7 D {L0, C0} Æ���, R r2 ∈ [0, 1). �* r2 < b(L0, C0), \]+9�� C ∈
B(C0, r2), �� {L0, C} Æ���.
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5 abcddefghijklqkmnX
�^"+����+= H�PL�������?Fri. HhC, K�� L10 � L20 �

��+= C0 �����, +5 ri ∈ [0, 1), i = 1, 2, K L1 ∈ B(L10, r1), L2 ∈ B(L20, r1), C ∈
B(C0, r2) �, L1 � L2 �������M�C<Æ|]|?

KT 5.1 D�� L10 � L20 }��+= C0 ��, R ri ∈ [0, 1), i = 1, 2. \

s = min{arcsin b(L10, C0), arcsin b(L20, C0)},
�*

arcsin r1 + arcsin r2 < s, (5.1)

\]+9�� L1 ∈ B(L10, r1), L2 ∈ B(L20, r1) 2? C ∈ B(C0, r2), L1 � L2 ���+= C

����.

\] %7�� 4.4, �*

arcsin r1 + arcsin r2 < arcsin b(L10, C0),

\] C ∈ B(C0, r2) �� L1 ∈ B(L10, r1); �*

arcsin r1 + arcsin r2 < arcsin b(L20, C0),

\] C ∈ B(C0, r2) �� L2 ∈ B(L20, r1).

j-, K arcsin r1 + arcsin r2 < s �, L1 ∈ B(L10, r1) � L2 ∈ B(L20, r1) ���+=
C ∈ B(C0, r2) ����. :Æ.

K��
5N��, �6���(��2+.�	.

KT 5.2 D n ��� L10, L20, . . . , Ln0 ���+= C0 ����, R ri ∈ [0, 1), i = 1, 2.

\

s = min{arcsin b(L10, C0), arcsin b(L20, C0), . . . , arcsin b(Ln0, C0)},
�*

arcsin r1 + arcsin r2 < s, (5.2)

\]+9�� Li ∈ B(Li0, r1) (i = 1, 2, . . . , n) � C ∈ B(C0, r2), n ��� L1, L2, . . . , Ln ��

�+= C ����.

6 rste
�^"z�	q��-VJ�� 4.4 !(���`���F�.

u 6.1 %&�	�&��$��:

L0 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

4
4

4
. . .

4
. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,
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uU L0 �;G@���
L0 = N0M

−1
0 ,

,!

N0 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

4√
17

4√
17

4√
17

. . .
4√
17

. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, M0 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1√
17

1√
17

1√
17

. . .
1√
17

. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

}v

C0 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
1

1
. . .

1
. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

\] C0 �;G6���
C0 = V̂ −1

0 Û0,

,!

Û0 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1√
2

1√
2

1√
2

. . .
1√
2

. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, V̂0 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1√
2

1√
2

1√
2

. . .
1√
2

. . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

%7�� 3.6, �

b(L0, C0) = μ(V̂0M0 + Û0N0) =
5√
34

.

\

M = G(L), M0 = G(L0), N = G−1(−C), N0 = G−1(−C0),

z�@(U
θmin(M0,N0) = arcsin

5√
34

> 0, θmax(M0,N
⊥

0 ) = arccos
5√
34

<
π

2
.
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}~ r1 = 1
2 , r2 = 1

3 , +5��

L =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

4 + δ11

δ21 4 + δ22

δ31 δ32 4 + δ33

...
...

...
. . .

δn1 δn2 δn3 · · · 4 + δnn

...
...

... · · · · · · . . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

C =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 + η11

η21 1 + η22

η31 η32 1 + η33

...
...

...
. . .

ηn1 ηn2 ηn3 · · · 1 + ηnn

...
...

... · · · · · · . . .

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

,! |δij | < 1
2 , |ηij | < 1

3 , z�@(�U L ∈ B(L0,
1
2 ), C ∈ B(C0,

1
3 ), PR

arcsin
1
2

+ arcsin
1
3

< arcsin
5√
34

.

%7�� 4.4 �U, �� {L,C} Æ���.

7 wx
#8!1���	, S =�%7 gap DF��'&��$��������;<. K�

� L ��+= C �5H� gap DF	�PL�, b L ∈ B(L0, r1) � C ∈ B(C0, r2) �, S

 ��'�� {L,C} ������, %7��L��+=L�/Æ
�, 8�'������

���M�C<. ?�rC, K����+= H�PL�, +5N��� L1 ∈ B(L10, r1) �

L2 ∈ B(L20, r1), 2?�+= C ∈ B(C0, r2), S 8�' L1 � L2 ���+= C ������

�M�C<. PR"N����������(�+.)' n ���.

yz {a~|��}~�����{.
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