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1 AB
�C��������������. D����� Yorke � 1975 �����E�� �

�C�[7] ! , "#!$���F�%��C: " Devaney �C����C�&'#G�$��
%�& !!. "()*�C+'�"�(H,-. [6].

Schweizer � Smı́tal�- [10]I�#)��$���%*'D/+,-����C, .0/

���1&'#G!Æ(������C�. +&, 20'!1�- [14] I32 Furstenberg J
�C, (.34����C4�5F Furstenberg J�C. 5)67, 86*!1�- [13] I+
���C9,-.:7���C. ���C/8�90��, 67;�1DK���<=���
����, (- [2, 5, 11] :;2<->.

Oprocha �- [9] I0/�$����3�.5F:7���C�Æ%. 86*!1�-

[12] I;0/�6%�=�. ?>%?<45��FÆ$��6@�=L, 7�A�����/

@!B189AB�=L [4]. D>:, )4;C���DE: "<�����%?<45�, C

D=���>B15F���C=L?

?-FG Kuratowski–Mycielski @� &EFA)�DE.

?GHIB�HFC'#����I��*I?#J. D 2 G32.:7%?<���C
�#J(E�?-MJ@� ((@� 2.6). D 3 GE�@� 2.6 �0/.

K (X, d) ���LNFMN', f � X O�PKD/+. GQ% (X, f) ���'#���

� (RGL��).

?-G N � Z+ �H�4&MÆ%�1IMÆ%. %SN� d ≥ 2 � X �Æ% U1, . . . , Ud.

@O U1, . . . , Ud �TO7'%L

N(U1, . . . , Ud) =
{

n ∈ N :
d⋂

i=1

f−(i−1)n(Ui) �= ∅
}

.

"<%SN�U�1NVÆ% U, V ⊂ X, 1 N(U, V ) �= ∅, PG�� (X, f) �45�; "<

(X × X,T × T ) �45�, PG���$���. Q Furstenberg AW3� (- [15, @� 1.4.4])

XR, �� (X, f) �$���J.8J%SN� n ≥ 2 �1NVÆ% Ui, Vi ∈ X, i = 1, 2, . . . , n,

1
⋂n

i=1 N(Ui, Vi) �= ∅.
"<%SN� m ≥ 2, 3�KY� Gδ Æ% Y ⊂ X, SL%SN� x ∈ Y , M1

{(T n(x), T 2n(x), . . . , Tmn(x)) : n ∈ N}
� Xm IK, PG�� (X, f) �%?<45�. Q- [4, ZE 3.1] R, �� (X, f) �%?<45

�J.8J%SN� d ≥ 2 � X �1NVÆ% U1, . . . , Ud, 1 N(U1, . . . , Ud) �= ∅.
K F ⊂ N. "<%SN N ≥ 1, 3� n ∈ N, SL {n, n+1, . . . , n+N} ⊂ F , PG F L thick

%. K F Q N ��*Æ%NO�%J. "<%SN� F1, F2 ∈ F , 3�1N%� F ∈ F , SL

F ⊂ F1 ∩ F2, PG F ���[ÆI (filter base). Q- [4, ZE 2.4 � 3.2] R, $���%?<

45��1"T\].

P7 1.1 K (X, f) �����, PT7U^!Æ:

(1) (X, f) �$���;

(2) TO7'%NO�%J {N(U, V ) : U, VL X �1NVÆ%} ���[ÆI;
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(3) %SN�U�1NVÆ% U, V ⊂ X, TO7'% N(U, V ) � thick %.

P7 1.2 K (X, f) �����, PT7U^!Æ:

(1) (X, f) �%?<45�;

(2) TO7'%NO�%J {N(U1, . . . , Ud) : d ≥ 2 . U1, . . . , UdL X �1NVÆ%} ��
�[ÆI;

(3) %SN� d ≥ 2 �1NVÆ% U1, . . . , Ud ⊂ X, TO7'% N(U1, . . . , Ud) � thick %.

2 STUVWXYZ[\STU]^W_
K a = (a1, a2, . . . , ak) ∈ N

k. %SN� k ≥ 1 � X �Æ% U0, . . . , Uk, @O U0, . . . , Uk A

%( a �TO7'%L

Na(U0, . . . , Uk) =
{

n ∈ N : U0 ∩
k⋂

i=1

f−ain(Ui) �= ∅
}

.

b FAT�k(N) := {(a1, a2, . . . , ak) ∈ N
k : 3� 1 ≤ i < j ≤ k, SL ai = aj}.

`a 2.1 K (X, f) �����, a = (a1, a2, . . . , ak) ∈ N
k \ FAT�k(N). G (X, f) � a- $

���. "<%SN n ∈ N �1NVÆ% Uij , i = 1, . . . , n, j = 0, . . . , k, 1
n⋂

i=1

Na(Ui,0, . . . , Ui,k) �= ∅.

E@ k ≥ 1, b αk = (1, 2, . . . , k). G (X, f) �%?<$���, "<%SN� k ≥ 1, @� αk-

$���.

b 2.2 (1) QZE 1.2 R, %?<$��!Æ(%?<45;

(2)Q- [3,cb 5.2]R,@O a-$��7Jc “a = (a1, a2, . . . , ak) ∈ N
k\FAT�k(N)”��

��.d",e����� (1, 1)-$���,P3���� x ∈ X,SL%� A :={(fn(x), fn(x)) :

n ∈ N} �fN' X × X IKY. 7�, %� A �fN' X × X �%?<�Æ%. )HYNZ
N' X ���[�%. �\, )7�� (X, f) ���g]��.

P7 2.3 K (X, f) �����, a = (a1, a2, . . . , ak) ∈ N
k \ FAT�k(N). "< (X, f) � a-

$���, P

(1) %SN�1NVÆ% U0, . . . , Uk ⊂ X, TO7'% Na(U0, . . . , Uk) � thick %;

(2)TO7'%NO�%J{Na(U0, . . . , Uk) : U0, . . . , UkL X �1NVÆ%}���[ÆI.

de (1) hK (X, f) � a- $���, P (X, f) �$���. Z) f �i+. %SN�

N ∈ N � k + 1 �1NVÆ% U0, . . . , Uk ⊂ X, 1
N⋂

i=0

Na(U0, f
−a1i(U1), . . . , f−aki(Uk)) �= ∅.

�)7'%Ij�� n, P%SN� i ∈ {0, . . . , N}, 1

U0 ∩
k⋂

j=1

f−aj(n+i)(Uj) �= ∅. n + i ∈ Na(U0, . . . , Uk).

Z) {n, n + 1, . . . , n + N} ⊂ Na(U0, . . . , Uk). )N[f@� thick %.
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(2) ZL (X, f) �$���, Q Furstenberg AW3�R, %SN1NVÆ% U0, . . . , Uk �

V0, . . . , Vk, 3� m ∈ N, SL Wi = Ui ∩ f−m(Vi) �= ∅, i = 0, . . . , k. "< n ∈ Na(W0, . . . ,Wk),

P

(U0 ∩ f−m(V0)) ∩
k⋂

i=1

f−ain
(
Ui ∩ f−m(Vi)

) �= ∅.

Z) (
U0 ∩

k⋂
i=1

f−ain(Ui)
)⋂

f−m

(
V0 ∩

k⋂
i=1

f−ain(Vi)
)

�= ∅.

^

n ∈ Na(U0, . . . , Uk) ∩ Na(V0, . . . , Vk).

)4\O�0/.

K p = {pi}i∈N ��75]�&MÆ:7, a = (a1, a2, . . . , ak) ∈ N
k \ FAT�k(N). %SN�

x, y ∈ X � n ≥ 1, @O Φn
xy(·,p,a) � Ψn

xy(·,p,a) "T:

Φn
xy(t,p,a) =

1
n

#
{

0 ≤ j ≤ n − 1 : max
1≤i≤k

d(faipj (x), faipj (y)) < t
}

,

Ψn
xy(t,p,a) =

1
n

#
{

0 ≤ j ≤ n − 1 : min
1≤i≤k

d(faipj (x), faipj (y)) > t
}
,

;I #A �4%� A �IÆ. k

Φxy(t,p,a) = lim sup
n→∞

Φn
xy(t,p,a), Ψxy(t,p,a) = lim sup

n→∞
Ψn

xy(t,p,a).

`a 2.4 E@ p = {pi}i∈N � a ∈ N
k \ FAT�k(N), G�% (x, y) ∈ X × X � (p,a)-��

�C�, "<3� s > 0, 1 Ψxy(s,p,a) = 1 .%SN� t > 0, 1 Φxy(t,p,a) = 1. G S � (p,

a)-���C�, "< S ISNU�/6��NO��%� (p, a)-���C�. G�� (X, f) �

(p, a)-���C�, "<@1��/XÆ�Æ%� (p, a)-���C�. G S � Δp-���C�
(.:7 p %?<���C), "<%SN� k ≥ 1, S � (p, αk)-���C�. G�� (X, f) �

Δp-���C� (.:7 p %?<���C), "<@1��/XÆ�Æ%� Δp-���C�.

b 2.5 Q@O^R, - [10] I����C� (N, (1))-���C.

?G�MJ@��:

`g 2.6 K (X, f) �����. "< (X, f) �%?<45�, P X _l_���KY�

Mycielski % M =
⋃∞

i=1 Ci ihT7=L:

(1) C1 ⊂ C2 ⊂ . . .;

(2) 3� p, SL M � Δp-���C�.

3 ij 2.6 klm
?GH`G- [9] I�ab0/@� 2.6, Z)`Jn�*oc. K (K, d) ���LNFM

N', A � K �1NÆ%. G A �\m/Pa� (totally disconnected), "<@�PaÆ%�[
�%; DY� (perfect), "<@�d�.n1e6�; obf� (Cantor’s), "<@�\m/Pa

�DYL%; HI� (residual), "<@_���KY� Gδ %; Mycielski %, "< A =
⋃∞

i=1 Ci,
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;I Ci �obf%, i = 1, . . .. b B(x, ε) = {y ∈ K, d(x, y) < ε}, d(x,A) = inf{d(x, a), a ∈ A},
B(A, ε) = {x ∈ K : d(x,A) < ε}. G B(A, ε) �4 B(A, ε) �d_.

� K �c11NdÆ%NO�%� 2K Ogd Hausdorff FM dH :

dH(A,B) = inf{ε > 0 : B(A, ε) ⊇ B . B(B, ε) ⊇ A},
PL-N' (2K , dH), G+L K �hN'. %J

{〈U1, . . . , Un〉 : U1, . . . , Un � K �1NVÆ%, n ∈ N}
NO� 2K ���'#I, @CO�'#iGL Vietoris '#, ;I

〈U1, . . . , Un〉 :=
{

A ∈ 2K : A ⊂
n⋃

i=1

Ui . Ui ∩ A �= ∅, i = 1, . . . , n
}

.

�- [8] IXR, Hausdorff FM dH � Vietoris '#pq. G Q ⊂ 2K �Xe4� (hereditary)

"<%SN� A ∈ Q, 1 2A ⊂ Q.

TE�=<� Kuratowski–Mycielski @���Ffg ((- [1, @� 5.10]), @�@� 2.6�

0/IjhfpJ�?r.

qg 3.1 K K �DYLN'. "< Q ⊂ 2K �Xe4�HI%, P3��75]�ob

f% C1 ⊂ C2 ⊂ . . . ⊂ K, SL%SN i ≥ 1, M1 Ci ∈ Q . C =
⋃∞

i=1 Ci � K IK.

`g 2.6 rde %SN N ≥ 1 � k ∈ N, @O QN
αk

, PN
αk

⊂ 2X "T:

(I) E ∈ QN
αk

, "<3�kFL N �il5]�&MÆ:7 N < q1 < · · · < qN �jÆ

ε > 0, SL%SN� x, y ∈ E, d(f iqj (x), f iqj (y)) + ε < 1
N , i = 1, . . . , k, j = 1, . . . , N .

(II) F ∈ PN
αk

, "<3�kFL N �il5]�&MÆ:7 N < p1 < · · · < pN �jÆ

ε > 0, SL%SN� x ∈ F , d(f ipj (x), x) + ε < 1
N , i = 1, . . . , k, j = 1, . . . , N . k

Q =
⋂
k≥1

⋂
N≥1

(QN
αk

∩ PN
αk

).

Q@OR QN
αk
� PN

αk
�Xe4�. Z) Q ⊂ 2X �Xe4�.

L�sm,6tk, l!H+&�0/no�O�p.

stu Q ⊂ 2X �HI%, .� X I3��7obf% {Ci}∞i=1, SL Ci ∈ Q, i ≥ 1,

C1 ⊂ C2 ⊂ · · · , C =
⋃∞

i=1 Ci � X IK.

qu3� 3.1 � Baire r@�, m`0/%SN� N ≥ 1 � k ≥ 1, QN
αk
� PN

αk
� 2X �X

e4�KYVÆ%.

QN
αk
�V=. SNs@��no E ∈ QN

αk
. Q QN

αk
�@O, j&MÆ:7 q1, . . . , qN �jÆ

ε > 0, SL%SN� x, y ∈ E, 1

d(f iqj (x), f iqj (y)) + ε <
1
N

, i = 1, . . . , k, j = 1, . . . , N.

Q/+ f : X → X ��NPK=R, %O, ε 3� δ > 0, SL"< d(x, y) < δ, 41

d(f iqj (x), f iqj (y)) < ε
4 , i = 1, . . . , k, j = 1, . . . , N . Q E �LN=R, 3�1p�qvr( δ

�VÆ% U1, . . . , Um ⊂ X, i = 1, . . . ,m, SL
⋃m

i=1 Ui ⊃ E. (�, %SN x′, y′ ∈ ⋃m
i=1 Ui 3�

x, y ∈ E, SL

max{d(x, x′), d(y, y′)} < δ.
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Z)

d(f iqj (x′), f iqj (y′))+
ε

2
≤ d(f iqj (x′), f iqj (x)) + d(f iqj (x), f iqj (y)) + d(f iqj (y), f iqj (y′))+

ε

2

≤ d(f iqj (x), f iqj (y)) + ε <
1
N

.

)s/ 〈U1, . . . , Um〉 ⊂ QN
αk

, w E � QN
αk
�x�. Q E �SN=R, QN

αk
�V%.

PN
αk
�V=. SNs@ F ∈ PN

αk
. � (II) Itj&MÆ:7 p1, . . . , pN �jÆ ε > 0. yB

QN V=�0/, j 0 < δ < ε
4 L

ε
4 �PKtÆ. j F �Vuv U ′

1, . . . , U
′
l , SL diam(U ′

i) < δ

. U ′
i ∩ F �= ∅, i = 1, . . . , l. CD, %SN x′ ∈ ⋃l

i=1 U ′
i , 3� x ∈ F , SL d(x, x′) < δ. Z)

d(x′, f iqj (x′)) +
ε

2
<

1
N

, i = 1, . . . , k, j = 1, . . . , N.

^ 〈U1, . . . , Um〉 ⊂ PN
αk

, w F � PN
αk
�x�. Q F �SN=R PN

αk
�V%.

QN
αk
�KY=.%SN� m ∈ N� X �VÆ% U1, . . . , Um,H0/ QN

αk
∩〈U1, . . . , Um〉 �= ∅.

k V 0
j = Uj , j = 1, . . . ,m. j X I�1NVÆ% U ih diam(U) < 1

2N . QZE 1.2, 1
m⋂

j=1

N(V 0
j , U, . . . , U︸ ︷︷ ︸

kwU

) �= ∅.

tjVÆ% V 1
j ⊂ V 0

j � q1 > N , SL

f iq1(V 1
j ) ⊂ U, i = 1, . . . , k, j = 1, . . . ,m.

pxO,nb N y, l!L-VÆ%7 V r
j , j = 1, . . . ,m, r = 1, . . . , N , !:��kFL N �

il5]�&MÆÆ7 q1 < · · · < qN , SLT,U^O6:

(1) q1 > N ;

(2) V N
j ⊂ V N−1

j ⊂ · · · ⊂ V 0
j , j = 1, . . . ,m;

(3) f iql(V l
j ) ⊂ U, i = 1, . . . , k, l = 1, . . . , N, j = 1, . . . ,m.

j xj ∈ V N
j , P%� E = {x1, . . . , xm} ih (I) �U^.

PN
αk
�KY=. SNs@ m ∈ N � X I�VÆ% U1, . . . , Um. yB QN

αk
KY=�0/. j

xj ∈ Uj � δ > 0, SL B(xj , δ) ⊂ Uj , j = 1, . . . ,m, δ < 1
4N . k V 0

j = B(xj , δ), j = 1, . . . ,m. Q

ZE 1.2 XL
m⋂

j=1

N(V 0
j , V 0

j , . . . , V 0
j︸ ︷︷ ︸

kwV 0
j

) �= ∅.

jV% V 1
j ⊂ V 0

j � p1 > N , SL

f ip1(V 1
j ) ⊂ V 0

j , i = 1, . . . , k, j = 1, . . . ,m.

pxO,nb N y, l!L-VÆ%7: V r
j , j = 1, . . . ,m, r = 1, . . . , N , !:��kFL N �

il5]�&MÆ7 p1 < · · · < pN , SLT,U^O6:

(1) p1 > N ;

(2) V N
j ⊂ V N−1

j ⊂ · · · ⊂ V 0
j , j = 1, . . . ,m;

(3) f ipl(V l
j ) ⊂ V 0

j , i = 1, . . . , k, l = 1, . . . , N, j = 1, . . . ,m.

j yj ∈ V N
j , P%� F = {y1, . . . , ym} ih (II) �U^. )s/ PN

αk
∩ 〈U1, . . . , Um〉 �= ∅.
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svu Nuc`�:7 p = {pi}∞i=1. vw, ."Tagzz:tj:7 {Km}∞m=1 �

{Lm}∞m=1:

K1 = 2, L1 = 4, Lm = (2m + 1)Km, Km+1 = (2m + 1)Lm, m > 1.

x>

lim
m→∞

Km

Lm
= 0, lim

m→∞
Lm

Km+1
= 0.

{f,k p1 = 1, pK1 = 2. ZL C1 ∈ Q
L1+pK1
α1 ,c!3�il5]�&MÆ:7 q

(1)
L1+pK1

> · · · >

q
(1)
1 > L1 + pK1 , SL%SN� x, y ∈ C1,

d(f iq
(1)
j (x), f iq

(1)
j (y)) <

1
L1 + pK1

, i = 1, . . . , n, j = 1, . . . , L1 + pK1 .

k pK1+i = q
(1)
i , i = 1, . . . , L1 − K1. Q( C1 ∈ P

pL1+K2
α1 , ^l!X!tj K2 + pL1 < p

(1)
1 <

· · · < p
(1)
pL1+K2

, SL%SN� x ∈ C1,

d(f ip
(1)
j (x), x) <

1
K2 + pL1

, i = 1, . . . , n, j = 1, . . . , pL1 + K2.

k pL1+i = p
(1)
i , i = 1, . . . ,K2 − L1.

w&, �{:, J m = n, ZL Cn ∈ Q
Ln+PKn
αn , ^3� q

(n)
Ln+pKn

> · · · > q
(n)
1 > Ln + pKn ,

SL%SN� x, y ∈ Cn,

d(f iq
(n)
j (x), f iq

(n)
j (y)) <

1
Ln + pKn

, i = 1, . . . , n, j = 1, . . . , Ln + pKn .

k pKn+i = q
(n)
i , i = 1, . . . , Ln−Kn. yZL Cn ∈ P

pLn+Kn+1
αn ,^X!tj Kn+1 +pLn < p

(n)
1 <

· · · < p
(n)
pLn+Kn+1

, SL%SN� x ∈ Cn, 1

d(f ip
(n)
j (x), x) <

1
Kn+1 + pLn

, i = 1, . . . , n, j = 1, . . . , pLn + Kn+1.

k pLn+i = p
(n)
i , i = 1, . . . ,Kn+1 − Ln.

QzzbR, :7 p = {pi}∞i=1 ihT7=L:

(1) %SN� m ≥ 1 :SN� x, y ∈ Cm, 1

d(f ipj (x), f ipj (y)) <
1
m

, i = 1, . . . ,m, Km < j ≤ Lm.

(2) %SN� m ≥ 1 :SN� x ∈ Cm, 1

d(f ipj (x), x) <
1
m

, i = 1, . . . ,m, Lm < i ≤ Km+1.

sxu 0/%� C .:7 p %?<���C.

%SNU�|z� x, y ∈ C, k ≥ 1, t > 0. b s := d(x,y)
2 , P%SN}( max{1

t ,
s
2 , k} �&

MÆ m, qu:7 p = {pi}∞i=1 �=L (1) � (2), �H1

ΦLm
xy (t,p, αk) =

1
Lm

#
{

0 ≤ j < Lm : max
1≤i≤k

d(f ipj (x), f ipj (y)) < t
}

≥ Lm − Km − 1
Lm
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ΨKm+1
xy (s,p, αk) =

1
Km+1

#
{

0 ≤ j < Km+1 : min
1≤i≤k

d(f ipj (x), f ipj (y)) > s
}

≥ Km+1 − Lm − 1
Km+1

.

Q:7 {Km} � {Lm} �Nu, 1 Φxy(t,p, αk) = 1 � Ψxy(s,p, αk) = 1, w x, y �.:7 p %

?<����C%. Q x, y �SN=L, %� C .:7 p %?<���C. 0~.

�@� 2.6 �0/noI, H αk {|O|M (a1, . . . , ak), PXL-T,ZE.

P7 3.2 K (X, f) �����, a ∈ N
k \ FAT�k(N). "< (X, f) � a- $���, P X

_l_���KY Mycielski % M =
⋃∞

i=1 Ci ihT7=L:

(1) C1 ⊂ C2 ⊂ · · · ;
(2) 3� p, SL M � (p, a)-���C%.

yz %}�1�4{~� �. }�1I}�N(S?-L!~�p\�.
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