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properties of the generalized Roper–Suffridge operators on Bergman–Hartogs domains
are mainly discussed. With the characteristics of Bergman–Hartogs domains and the
geometric properties of subclasses of biholomorphic mappings, the generalized Roper–
Suffridge operators are proved to preserve the properties of strong and almost spi-
rallike mappings of type β and order α, almost starlike mapping of complex order λ,
S∗

Ω(β, A, B) on Bergman–Hartogs domains under different conditions. Sequentially, the
same conclusions are obtained for the reduced Roper–Suffridge extension operators.
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1 "#
��������$%��&����, '�(���� !����"#�$%$, ��

&�)�'(���'���$)** (!"'�#+$%&'+���(,,-)�*�
�+,%.� [3]). /0��1-.2%��-/, !"./0310. ./-.31-. [9] '
��������$20412�34, 5,3�56��-.. 4517./-.31-.8
6%4�6���7,870��89�3��19:;!./-.31-.�<=9:; [22].

:/-. [12] ,./-.�:;, β ;:/-.,:/-.�)<<=, <��0>,�#
=' e−iβ

‖z‖2 z̄′[Df(z)]−1f(z) >�?Æ'?=@A. >?-.�)B��C@��@ADB>:/
-.�<=: E α ,A β ;:/-.3 S∗

Ω(β, A, B) ,:/-.�<=, <��0>,�#='
-. e−iβ

‖z‖2 z̄′[Df(z)]−1f(z) >�?Æ'?=@AF�G<+$. E α ,A./-. [2] 3E β ;

:/-. [13] BHE α ,A β ;:/-.�<=. �� λ CA./-.,./-.�:;, <

��0>,�#=' (1−λ)‖z‖2z̄′[Df(z)]−1f(z)>�?Æ'?=@AI<JÆD79E7G<
F�. α CA./-.,�� λ CA./-.�)<<=. KL, :/-.G%��<M<=,

!" α ,A β ;:/-.. '���$CD!%N-.�HO!<, PI'���$Q4JR.

1995 7, Roper 3 Suffridge [21] ÆSDB>T<:

φn(f)(z) =
(
f(z1),

√
f ′(z1)z0

)′
,

<$
z = (z1, z0) ∈ Bn, z1 ∈ D, z0 = (z2, . . . , zn) ∈ C

n−1, f(z1) ∈ H(D),
√

f ′(0) = 1.

/0KT<LMH Roper–Suffridge T<, E4MU�NBF C $�#+$ D %GOP�QÆ
&'+��RH Cn $�#=%GOP�QÆ&'+-., STU./0�103 block 0>.

Roper–Suffridge T<�ÆSHRHVV�"#$H%CW��0>�&'+-.XWDE%Y
�XH, IY��89-Z[ZKT<.

Graham E [10,11] 3�D� � Roper–Suffridge T<TU./03 block 0>. 2002 7,

Graham E [8] '�#= Bn %� Roper–Suffridge T<� H

φn,β,γ(f)(z) =
(

f(z1),
(

f(z1)
z1

)β

(f ′(z1))γz0

)′
,
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<$
β ∈ [0, 1], γ ∈

[
0,

1
2

]
, β + γ ≤ 1,

I f, z, z1, z0 B%. _�N`D� � Roper–Suffridge T<' Bn %TU./0, ^I_^

(β, γ) = (0, 1
2 ) aTU10.

2003 7, Gong 3 Liu [7] � Roper–Suffridge T<� H
φn, 1

p2
,..., 1

pn
(f)(z) =

(
f(z1), (f ′(z1))

1
p2 z2, . . . , (f ′(z1))

1
pn zn

)′
,

<$ pj ≥ 1, j = 2, . . . , n I f, z, z1 B%. _�N`D� /�T<' Reinhardt O
Ωn,p2,...,pn =

{
z ∈ C

n : |z1|2 +
n∑

j=2

|zj |pj < 1
}

, pj ≥ 1, j = 1, . . . , n

%TU ε ./0, 7,, ^ ε = 0 ` ε = 1 a, KT<' Ωn,p2,...,pn %abTU./0310.

870, c7 Roper–Suffridge T<P%D��b��� [16, 24, 28]. 20057 Muir [20] ÆSD
� � Roper–Suffridge T<

F (z) =
(
f(z1) + f ′(z1)P (z0),

√
f ′(z1)z0

)′,
<$ f ,�#+$ D %GOP�&'+��, z = (z1, z0)′ ∈ Bn, z1 ∈ D, z0 = (z2, . . . , zn)′ ∈
Cn−1. c��daQe5 √

f ′(0) = 1. P : Cn−1 → C , 2 C(,�f). Muir 3 Suffridge N
`D� /�T<' ‖P‖ ≤ 1

4 3 ‖P‖ ≤ 1
2 aabTU./0310. Kohr 3 Muir [14, 19] E4

Loewner g3�D� /�T<. hde3ijk [25] � Roper–Suffridge T<� H
F (z) =

(
f(z1) + f ′(z1)P (z0), [f ′(z1)]

1
m z0

)′,
S3�D� /�T<' Bn %TU α ,A./03 α ,./0, <$ [f ′(0)]

1
m = 1 I P :

Cn−1 → C , m (m ∈ N, m ≥ 2) ,(,�f).

2016 7lRR [23] ' Bergman–Hartogs O%� D Roper–Suffridge T<, S3�D� 

/�T<TU)�&'+-.���0>. lRRÆSDT<
F (w, z) = (w(1)(f ′(z1))δ1 , . . . , w(s)(f ′(z1))δs , f(z1) + f ′(z1)P (z0), (f ′(z1))

1
k z0)′, (1.1)

<$ f(z1) , D %GOP�&'+��I P (z0) , Cn−1 %c7 z0 � k (k ≥ 2) ,(,�f

), SN`DT< (1.1) ' Bergman–HartogsO
ΩBn

p1,...,ps,q ={(w(1),. . ., w(s), z)∈C
m1×· · ·×C

ms×Bn : ‖w(1)‖2p1 +· · ·+‖w(s)‖2ps <KBn(z, z)−q}
%')B�mf>TU α ,A β ;:/0�α , β ;:/0`E β ;:/0.

�'� Roper–Suffridge T<� H
F (w, z) =

(
w(1)

(
f(z1)

z1

)δ1

, . . . , w(s)

(
f(z1)

z1

)δs

,

f(z1) +
f(z1)

z1

n∑
j=2

Pj(zj),
(

f(z1)
z1

) 1
γ2

z2, . . . ,

(
f(z1)

z1

) 1
γn

zn

)′
. (1.2)

n w(1) = · · · = w(s) = 0, S%T<

F (z) =
(

f(z1) +
f(z1)

z1

n∑
j=2

Pj(zj),
(

f(z1)
z1

) 1
γ2

z2, . . . ,

(
f(z1)

z1

) 1
γn

zn

)′
. (1.3)
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oPT< (1.3) ,

F (z) =
(

f(z1),
(

f(z1)
z1

) 1
γ2

z2, . . . ,

(
f(z1)

z1

) 1
γn

zn

)′

�)<� (gp [4, 17, 26]).

(pT23�')B�mf>T< (1.2)'O ΩBn

p1,...,ps,q %TU)�&'+-.<=�0>.

h 2 i, jk)�@A3Æq. h 3 U 5 i, 3�T< (1.2) ' ΩBn

p1,...,ps,q %')B�mf>a
bTUE α ,A β ;:/-.��� λ CA./-.3 S∗

Ω(β, A, B) ���)�0. FY5!
T< (1.3) ' Bn %TUBV�0>, B`T< (1.2) ' ΩBn

p1,...,ps,q %TUE α ,A./0�α ,

β ;:/03E α , β ;:/0E. r5��� D8%��7.

2 WXY"Z
B> D ls C $��#+$, Bn ls Cn $�#=. DF (z) ls F ' z m Fréchet n�.

[\ 2.1 [1] t Ω , Cn $�%../+;O, < Minkowski o� ρ(z) 'pu)<qvw
/L, C1 �. t f(z) , Ω %GOP�QÆ&'+-., α ∈ [0, 1), β ∈ (−π

2 , π
2 ), I∣∣∣∣−α + i tanβ

1 − α
+

1 − i tanβ

1 − α

2
ρ(z)

∂ρ

∂z
(z)(Df(z))−1f(z) − 1 + c2

1 − c2

∣∣∣∣ <
2c

1 − c2
,

SM f(z) , Ω %�E α ,A β ;:/-..

'@A 2.1 $abn α = 0, β = 0 ` α = β = 0, S5!E β ;:/-.�E α ,A./

-.3E./-.�@A.

[\ 2.2 [27] t Ω , C
n $�%../+;O, < Minkowski o� ρ(z) 'pu)<qv

w/L, C1 �. t F (z) , Ω %GOP�QÆ&'+-.I
�

[
(1 − λ)

2
ρ(z)

∂ρ

∂z
(z)J−1

F (z)F (z)
]
≥ −�λ, z ∈ Ω \ {0},

<$ λ ∈ C,�λ ≤ 0, SM F (z) , Ω %��� λ CA./-..

'@A 2.2 $n λ = α
α−1 , α ∈ [0, 1), S5! Ω % α ,A./-.�@A.

[\ 2.3 [6] t Ω , Cn $�%../+;O, < Minkowski o� ρ(z) 'pu)<qvw
/L, C1 �. t F (z) , Ω %GOP�QÆ&'+-., I∣∣∣∣i tan β + (1 − i tan β)

2
ρ(z)

∂ρ

∂z
(z)J−1

F (z)F (z) − 1 − AB

1 − B2

∣∣∣∣ <
B − A

1 − B2
, z ∈ Ω \ {0},

<$ −1 ≤ A < B < 1, β ∈ (−π
2 , π

2 ), SM F ∈ S∗
Ω(β, A, B).

'@A 2.3 $abn A = −1 = −B − 2α, A = −B = −α, B → 1−, S5! Ω %xE� α

, β ;:/-. [18]�E α , β ;:/-. [5] 3 α ,A β ;:/-. [29] �@A.

]^ 2.4 [23] t ρ(w, z) , ΩBn
p1,...,ps,q � Minkowski o�, I (w, z) ∈ ∂ΩBn

p1,...,ps,q, S
ρ(w, z) = 1 I

∂ρ(w, z)
∂wij

=
pi‖w(i)‖2pi−2wij

2∇1 + 2∇2
,

∂ρ(w, z)
∂zi

=
∇1

zi

‖z‖2

2∇1 + 2∇2
, i = 1, . . . , s, j = 1, . . . , mi,

<$ ∇1 = (n + 1)qπnq(n!)−q(1 − ‖z‖2)(n+1)q−1‖z‖2, ∇2 =
∑s

k=1 pk‖w(k)‖2pk .
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]^ 2.5 t F (w, z) ,F) (1.2) r@A�-.I ρ(w, z) = 1, S
2∂ρ

∂(w, z)
(w, z)(DF (w, z))−1F (w, z) =

G(w, z)
∇1 + ∇2

,

<$
G(w, z) =

s∑
k=1

pk‖w(k)‖2pk

[
1 − δk

z1f
′ − f

z1f ′

(
1 +

1
z1

n∑
l=2

(1 − γl)Pl(zl)
)]

+
|z1|2∇1

‖z‖2

f

z1f ′

[
1 +

1
z1

n∑
l=2

(1 − γl)Pl(zl)
]

+
n∑

j=2

|zj |2∇1

‖z‖2

[
1 − 1

γj

z1f
′ − f

z1f ′

(
1 +

1
z1

n∑
l=2

(1 − γl)Pl(zl)
)]

.

_` F) (1.2) 5

DF (w, z)=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(
f

z1

)δ1

0 · · · 0 v1 0 0 · · · 0

...
...

. . .
...

...
...

...
. . .

...

0 0 · · ·
(

f

z1

)δs

vs 0 0 · · · 0

0 0 · · · 0 u1
f

z1
p′2(z2)

f

z1
p′3(z3) · · · f

z1
p′n(zn)

0 0 · · · 0 u2

(
f

z1

) 1
γ2

0 · · · 0

...
...

. . .
...

...
...

...
. . .

...

0 0 · · · 0 un 0 0 · · ·
(

f

z1

) 1
γn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

<$

vi = w(i)δi

(
f(z1)

z1

)δi z1f
′ − f

z1f
, i = 1, . . . , s,

u1 = f ′ +
z1f

′ − f

z2
1

n∑
j=2

pj(zj), uj =
1
γj

(
f(z1)

z1

) 1
γj z1f

′ − f

z1f
zj , j = 2, . . . , n.

n (DF (w, z))−1F (w, z) = H(w, z) = (h1, . . . , hs+n)′, %
DF (w, z)(h1, . . . , hs+n)′ = F (w, z),

S ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
f

z1

)δi

hi + vihs+1 = w(i)

(
f(z1)

z1

)δi

, i = 1, . . . , s,

u1hs+1 +
f(z1)

z1

n∑
j=2

P ′
j(zj)hs+j = f(z1) +

f(z1)
z1

n∑
j=2

Pj(zj),

ujhs+1 +
(

f

z1

) 1
γj

hs+j =
(

f(z1)
z1

) 1
γj

zj, j = 2, . . . , n.
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6arsT5⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

hi = w(i)

[
1 − δi

z1f
′ − f

z1f ′

(
1 +

1
z1

n∑
l=2

(1 − γl)Pl(zl)
)]

, i = 1, . . . , s,

hs+1 =
f

f ′ +
f

z1f ′

n∑
l=2

(1 − γl)Pl(zl)),

hs+j = zj

[
1 − 1

γj

z1f
′ − f

z1f ′

(
1 +

1
z1

n∑
l=2

(1 − γl)Pl(zl)
)]

, j = 2, . . . , n.

7,FÆq 2.4 b��* . Nt.

]^ 2.6 [15] t Ω , Cn $�%../+;O, < Minkowski o� ρ(z) 'pu)<qv
w/L, C1 �, S

2
∂ρ(z)
∂z

z = ρ(z),
∂ρ

∂z
(λz) =

∂ρ(z)
∂z

(λ ≥ 0),
∂ρ

∂z
(eiθz) = e−iθ ∂ρ(z)

∂z
(θ ∈ R).

B>n Ω ls ΩBn

p1,...,ps,q.

3 c α de β fghijklmn
[^ 3.1 t f(z1) ,E α ,A β ;:/��I α ∈ [0, 1), β ∈ (−π

2 , π
2 ), c ∈ (0, 1

3 ]. n

F (w, z) ,F) (1.2) r@A�-.I pi > 1, δi ∈ [0, 1] (i = 1, . . . , s), γj ≥ 2 (j = 2, . . . , n),

(f(z1)
z1

)δi |z1=0 = 1, (f(z1)
z1

)
1

γj |z1=0 = 1. y

q ≥ δ

n + 1
, ‖Pj‖ ≤ 2c(1 − α) cosβ

γj(1 + c)[(1 − α) cos β + 1]
,

S F (w, z) , Ω %�E α ,A β ;:/-., <$ δ = max{p1δ1, . . . , psδs}.
_` F@A 2.1 zN∣∣∣∣1−c2

2c

1−i tanβ

1 − α

2
ρ(w, z)

∂ρ(w, z)
∂(w, z)

(DF (w, z))−1F (w, z)+
1−c2

2c

−α+i tanβ

1 − α
− 1+c2

2c

∣∣∣∣ < 1. (3.1)

oP, w = z0 = 0 a, ) (3.1) * . uS, n (w, z) = ζ(ξ, η) = |ζ|eiθ(ξ, η), <$ (ξ, η) ∈ ∂Ω,

ζ ∈ D̄ \ {0}, FÆq 2.6 5
2

ρ(w, z)
∂ρ(w, z)
∂(w, z)

(DF (w, z))−1F (w, z)

=
2

ρ(|ζ|eiθ(ξ, η))
∂ρ

∂(w, z)
(|ζ|eiθ(ξ, η))(DF (ζξ, ζη))−1F (ζξ, ζη)

=
2
|ζ|

e−iθ∂ρ

∂(w, z)
(ξ, η)(DF (ζξ, ζη))−1F (ζξ, ζη)

=
2∂ρ

∂(w, z)
(ξ, η)

(DF (ζξ, ζη))−1F (ζξ, ζη)
ζ

.

v@ ξ 3 η, 2∂ρ
∂(w,z)(ξ, η) (DF (ζξ,ζη))−1F (ζξ,ζη)

ζ c7 ζ ,'+�. F'+���6D+oq, (3.1)

�pw' |ζ| = 1 a5!6Dq. 7,, U�rzN) (3.1) ' (w, z) ∈ ∂Ω a* xN, Ya

ρ(w, z) = 1. B>n
h(z1) =

1 − c2

2c

1 − i tan β

1 − α

f(z1)
z1f ′(z1)

+
1 − c2

2c

−α + i tanβ

1 − α
− 1 + c2

2c
, (3.2)
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S h(z1) ∈ H(D), |h(z1)| < 1 I h(0) = −c. n

g(z1) =
2c

1 − c2
(h(z1) + c),

S g(z1) ∈ H(D), g(0) = 0. P |h(z1)| = | 1−c2

2c g(z1)− c| < 1, I 1−c2

2c |g(z1)| − c < | 1−c2

2c g(z1)− c|,
S c ≤ 1

3 a, % |g(z1)| < 2c
1−c < 1. F Schwarz Æq5 |g(z1)| ≤ |z1|, y

|h(z1) + c| ≤ 1 − c2

2c
|z1|. (3.3)

n
1 − c2

2c

1 − i tan β

1 − α

2∂ρ(w, z)
∂(w, z)

(DF (w, z))−1F (w, z) +
1 − c2

2c

−α + i tanβ

1 − α
− 1 + c2

2c
= I.

FÆq 2.5 3 (3.2), 5

(∇1 + ∇2)I =
1 − c2

2c

1 − i tanβ

1 − α
G(w, z) +

(
1 − c2

2c

−α + i tanβ

1 − α
− 1 + c2

2c

)
(∇1 + ∇2)

=
s∑

k=1

pk‖w(k)‖2pk

[
1 − c2

2c

1 − i tanβ

1 − α
+ δk(h(z1) + c)

(
1 +

1
z1

n∑
l=2

(1 − γl)Pl(zl)
)]

+
|z1|2∇1

‖z‖2

[
h(z1) − 1 − c2

2c

−α + i tanβ

1 − α
+

1 + c2

2c

][
1 +

1
z1

n∑
l=2

(1 − γl)Pl(zl)
]

+
n∑

j=2

|zj |2∇1

‖z‖2

[
1 − c2

2c

1 − i tan β

1 − α
+

1
γj

(h(z1) + c)
(

1 +
1
z1

n∑
l=2

(1 − γl)Pl(zl)
)]

+
(

1 − c2

2c

−α + i tanβ

1 − α
− 1 + c2

2c

)
(∇1 + ∇2)

= c
∇1

‖z‖2

n∑
j=2

(
1
γj

− 1
)
|zj|2 + c(∇̃2 −∇2) +

[
∇̃2 +

∇1

‖z‖2

(
|z1|2 +

n∑
j=2

|zj |2
γj

)]
h(z1)

+
[
∇̃2(h(z1) + c) +

∇1|z1|2
‖z‖2

(
h(z1) − 1 − c2

2c

−α + i tanβ

1 − α
+

1 + c2

2c

)

+
∇1

‖z‖2

n∑
j=2

|zj|2
γj

(h(z1) + c)
]

1
z1

n∑
l=2

(1 − γl)Pl(zl)

= c
∇1

‖z‖2

n∑
j=2

(
1
γj

− 1
)
|zj|2 + c(∇̃2 −∇2) +

[
∇̃2 +

∇1

‖z‖2

(
|z1|2 +

n∑
j=2

|zj |2
γj

)]
h(z1)

+
[
∇̃2 +

∇1

‖z‖2

(
|z1|2 +

n∑
j=2

|zj |2
γj

)]
(h(z1) + c)

1
z1

n∑
l=2

(1 − γl)Pl(zl)

+
1 − c2

2c

1 − i tanβ

1 − α

|z1|2∇1

‖z‖2

1
z1

n∑
l=2

(1 − γl)Pl(zl),

<$ ∇̃2 =
∑s

k=1 δkpk‖wk‖2pk . E4 (3.3) 3 |h(z1)| < 1, 5

(∇1 + ∇2)(|I| − 1) < c
∇1

‖z‖2

n∑
j=2

(
1 − 1

γj

)
|zj |2 + c(∇2 − ∇̃2) + ∇̃2 +

∇1

‖z‖2

(
|z1|2 +

n∑
j=2

|zj|2
γj

)

−∇1 −∇2 +
[
∇̃2 +

∇1

‖z‖2

(
|z1|2 +

n∑
j=2

|zj |2
γj

)]
1 − c2

2c

n∑
l=2

(γl − 1)|Pl(zl)|

+
1 − c2

2c

1
(1 − α) cos β

|z1|∇1

‖z‖2

n∑
l=2

(γl − 1)|Pl(zl)|
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≤ (c − 1)
∇1

‖z‖2

n∑
j=2

(
1 − 1

γj

)
|zj|2 + (c − 1)(∇2 − ∇̃2)

+
1 − c2

2c

∇1

‖z‖2

n∑
l=2

(γl−1)|Pl(zl)|
[∇̃2

∇1
‖z‖2+|z1|2+

n∑
j=2

|zj|2
γj

+
1

(1−α) cosβ

]
.

KL, F (w, z) ∈ ΩBn

p1,...,ps,q, 5
s∑

k=1

‖w(k)‖2pk < KBn(z, z)−q =
(

πn

n!

)q

(1 − ‖z‖2)(n+1)q.

F7 ∇1 = (n + 1)qπnq(n!)−q(1 − ‖z‖2)(n+1)q−1‖z‖2, ∇̃2 < δ
∑s

k=1 ‖wk‖2pk , S
∇̃2

∇1
<

δ(1 − ‖z‖2)
(n + 1)q‖z‖2

.

7,, ^ q ≥ δ
n+1 a, %

∇̃2

∇1
‖z‖2 + |z1|2 +

n∑
j=2

|zj |2
γj

<
δ

(n + 1)q
(1 − ‖z‖2) + ‖z‖2 +

n∑
j=2

(
1
γj

− 1
)
|zj |2

=
δ

(n + 1)q
+

(
1− δ

(n+1)q

)
‖z‖2+

n∑
j=2

(
1
γj

−1
)
|zj |2 < 1. (3.4)

y

(∇1+∇2)(|I|−1) < (c−1)
∇1

‖z‖2

n∑
j=2

(
1− 1

γj

)
|zj |2+1−c2

2c

∇1

‖z‖2

n∑
l=2

(γl−1)|Pl(zl)|
[
1+

1
(1−α) cos β

]

≤ (c−1)
∇1

‖z‖2

n∑
j=2

(
1− 1

γj

)
|zj |2+1−c2

2c

∇1

‖z‖2

n∑
l=2

(γl−1)‖Pl‖ |zl|2 (1−α) cosβ+1
(1−α) cosβ

=
1−c2

2c

(1−α) cosβ+1
(1−α) cosβ

∇1

‖z‖2

n∑
j=2

(γj − 1)|zj|2
[
‖Pj‖− 2c(1−α) cosβ

(1+c)[(1−α) cos β+1]
1
γj

]

< 0,

<$
γj ≥ 2, ‖Pj‖ ≤ 2c(1 − α) cos β

γj(1 + c)[(1 − α) cosβ + 1]
.

7, (3.1) * , S@q5N.

F@q 3.1 N5B>��:

st 3.2 t f(z1) ,E α ,A β ;:/��I α ∈ [0, 1), β ∈ (−π
2 , π

2 ), c ∈ (0, 1
3 ]. n

F (z) ,F (1.3) r@A�-.I γj ≥ 2 (j = 2, . . . , n), (f(z1)
z1

)
1

γj |z1=0 = 1. y

‖Pj‖ ≤ 2c(1 − α) cos β

γj(1 + c)[(1 − α) cosβ + 1]
,

S F (z) , Bn %�E α ,A β ;:/-..

i 3.3 '@q 3.1 3�� 3.2 $abn α = 0 ` β = 0, S5!xE�c7E α ,A./

-.3E β ;:/-.���.
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4 uv λ wexhijklmn
[^ 4.1 t f(z1) , D %��� λ CA./��I λ ∈ C, �λ ≤ 0. n F (w, z) ,F

(1.2) r@A���I pi > 1, δi ∈ [0, 1] (i = 1, . . . , s), γj ≥ 4 (j = 2, . . . , n), (f(z1)
z1

)δi |z1=0 = 1,

(f(z1)
z1

)
1

γj |z1=0 = 1. y

q ≥ δ

n + 1
, ‖Pj‖ ≤ 1

2γj(2 + |1 − λ|) ,

S F (w, z) , Ω %��� λ CA./-., <$ δ = max{p1δ1, . . . , psδs}.
_` F@A 2.2, rzN

�
[
(1 − λ)

2
ρ(w, z)

∂ρ

∂(w, z)
(w, z)(DF (w, z))−1F (w, z)

]
+ �λ ≥ 0. (4.1)

^ w = z0 = 0 a, ) (4.1) oP* . {|7@q 3.1 b
�

[
(1 − λ)

2
ρ(w, z)

∂ρ

∂(w, z)
(w, z)(DF (w, z))−1F (w, z) + λ

]
,)<'+���JÆzI{3. F{3���6}qoqrzN' z ∈ ∂Ω a, ) (4.1) * x

N, Ya ρ(w, z) = 1.

F7 f(z1) , D %��� λ CA./��, F@A 2.2 %
�

[
(1 − λ)

f(z1)
z1f ′(z1)

+ λ

]
≥ 0.

n

h(z1) = (1 − λ)
f(z1)

z1f ′(z1)
+ λ, (4.2)

S �h(z1) > 0, h(0) = 1. n

g(z1) =
h(z1) − 1
h(z1) + 1

,

S g(z1) ∈ H(D), |g(z1)| < 1 I g(0) = 0. F Schwarz Æq5 |g(z1)| ≤ |z1|, x∣∣∣∣1 +
2

h(z1) − 1

∣∣∣∣ ≥ 1
|z1| .

7,
|h(z1) − 1| ≤ 2|z1|

1 − |z1| . (4.3)

FÆq 2.5 3 (4.2) 5

(∇1 + ∇2)
[
(1 − λ)

2∂ρ

∂(w, z)
(w, z)(DF (w, z))−1F (w, z) + λ

]

= (1 − λ)
{ s∑

k=1

pk‖w(k)‖2pk

[
1 − δk

z1f
′ − f

z1f ′

(
1 +

1
z1

n∑
l=2

(1 − γl)Pl(zl)
)]

+
|z1|2∇1

‖z‖2

f

z1f ′

[
1 +

1
z1

n∑
l=2

(1 − γl)Pl(zl)
]

+
n∑

j=2

|zj |2∇1

‖z‖2

[
1 − 1

γj

z1f
′ − f

z1f ′

(
1 +

1
z1

+
n∑

l=2

(1 − γl)Pl(zl)
)]}

+ λ(∇1 + ∇2)
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= (1 − λ)∇2 − ∇̃2(1 − h(z1))
[
1 +

1
z1

n∑
l=2

(1 − γl)Pl(zl)
]

+
|z1|2∇1

‖z‖2
(h(z1) − λ)

[
1 +

1
z1

n∑
l=2

(1 − γl)Pl(zl)
]

+
n∑

j=2

|zj |2∇1

‖z‖2

[
1 − λ − 1

γj
(1 − h(z1))

(
1 +

1
z1

n∑
l=2

(1 − γl)Pl(zl)
)]

+ λ(∇1 + ∇2)

=
∇1

‖z‖2

n∑
j=2

(
1 − 1

γj

)
|zj |2 + ∇2 − ∇̃2 +

[
∇̃2 +

∇1

‖z‖2

(
|z1|2 +

n∑
j=2

|zj|2
γj

)]
h(z1)

+
[
∇̃2(h(z1) − 1) +

∇1|z1|2
‖z‖2

(h(z1) − λ) +
∇1

‖z‖2

n∑
j=2

|zj |2
γj

(h(z1) − 1)
]

1
z1

n∑
l=2

(1 − γl)Pl(zl)

=
∇1

‖z‖2

n∑
j=2

(
1 − 1

γj

)
|zj |2 + ∇2 − ∇̃2 +

[
∇̃2 +

∇1

‖z‖2

(
|z1|2 +

n∑
j=2

|zj|2
γj

)]
h(z1)

+
[
∇̃2 +

∇1

‖z‖2

(
|z1|2 +

n∑
j=2

|zj |2
γj

)]
(h(z1) − 1)

1
z1

n∑
l=2

(1 − γl)Pl(zl)

+ (1 − λ)
∇1|z1|2
‖z‖2

1
z1

n∑
l=2

(1 − γl)Pl(zl).

F (4.3), (3.4) ` �h(z1) > 0, 5

(∇1 + ∇2)�
[
(1 − λ)

2∂ρ

∂(w, z)
(w, z)(DF (w, z))−1F (w, z) + λ

]

≥ ∇1

‖z‖2

n∑
j=2

(
1 − 1

γj

)
|zj |2 + ∇2 − ∇̃2 −

[
∇̃2 +

∇1

‖z‖2

(
|z1|2 +

n∑
j=2

|zj |2
γj

)]

· 2
1 − |z1|

n∑
l=2

(γl − 1)|Pl(zl)| − |1 − λ|∇1|z1|
‖z‖2

n∑
l=2

(γl − 1)|Pl(zl)|

≥ ∇1

‖z‖2

n∑
j=2

(
1 − 1

γj

)
|zj |2

− ∇1

‖z‖2

n∑
l=2

(γl − 1)|Pl(zl)|
[

2
1 − |z1|

(∇̃2

∇1
‖z‖2+|z1|2 +

n∑
j=2

|zj |2
γj

)
+ |1 − λ|

]

≥ ∇1

‖z‖2

n∑
j=2

(
1 − 1

γj

)
|zj |2 − ∇1

‖z‖2

n∑
l=2

(γl − 1)‖Pl‖|zl|γl(2 + |1 − λ|) 1
1 − |z1|

= (2 + |1 − λ|) ∇1

‖z‖2

n∑
l=2

(γl − 1)|zl|2
[

1
(2 + |1 − λ|)γl

− ‖Pl‖ |zl|2
1 − |z1| |zl|γl−4

]

≥ (2 + |1 − λ|) ∇1

‖z‖2

n∑
j=2

(γj − 1)|zj|2
[

1
(2 + |1 − λ|)γj

− 2‖Pj‖
]
≥ 0,

<$
γj ≥ 4, ‖Pj‖ ≤ 1

2γj(2 + |1 − λ|) ,

S) (4.1) * , 7,@q5N.
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F@q 4.1 N5B>��:

st 4.2 t f(z1) , D %��� λ CA./��I λ ∈ C, �λ ≤ 0. n F (z) ,F) (1.3)

r@A�-.I γj ≥ 4 (j = 2, . . . , n), (f(z1)
z1

)
1

γj |z1=0 = 1. y

‖Pj‖ ≤ 1
2γj(2 + |1 − λ|) ,

S F (z) , Bn %��� λ CA./-..

i 4.3 '@q 4.1 3�� 4.2 $n
λ =

α

α − 1
, α ∈ [0, 1),

S5!xE�c7 α ,A./-.���.

5 S∗
Ω(β, A, B) klmn
[^ 5.1 t f(z1) ∈ S∗

D(β, A, B)I−1 ≤ A < B < A+1
2 < 1, β ∈ (−π

2 , π
2 ). n F (w, z),F

) (1.2)r@A�-.I pi > 1, δi ∈ [0, 1] (i = 1, . . . , s), γj ≥ 2 (j = 2, . . . , n), (f(z1)
z1

)δi |z1=0 = 1,

(f(z1)
z1

)
1

γj |z1=0 = 1. y

q ≥ δ

n + 1
, ‖Pj‖ ≤ (B − A) cos β

γj(1 + B)(1 + cosβ)
,

S F (w, z) ∈ S∗
Ω(β, A, B), <$ δ = max{p1δ1, . . . , psδs}.

_` F@A 2.3 zN∣∣∣∣1 − B2

B − A

[
i tan β + (1 − i tan β)

2
ρ(w, z)

∂ρ(w, z)
∂(w, z)

(DF (w, z))−1F (w, z)
]
− 1 − AB

B − A

∣∣∣∣ < 1. (5.1)

{|7@q 3.1, rzN^ (w, z) ∈ ∂Ω a, ) (5.1) * xN, Ya ρ(w, z) = 1.

F7 f(z1) ∈ S∗
D(β, A, B), F@A 2.3 5∣∣∣∣i tanβ + (1 − i tan β)

f(z1)
z1f ′(z1)

− 1 − AB

1 − B2

∣∣∣∣ <
B − A

1 − B2
.

n

1 − B2

B − A
i tan β +

1 − B2

B − A
(1 − i tan β)

f(z1)
z1f ′(z1)

− 1 − AB

B − A
= h(z1), (5.2)

S |h(z1)| < 1, h(0) = −B. n

g(z1) =
B − A

1 − B2
(h(z1) + B),

S g(z1) ∈ H(D), g(0) = 0 I

|h(z1)| =
∣∣∣∣1 − B2

B − A
g(z1) − B

∣∣∣∣ < 1.

F7
1 − B2

B − A
|g(z1)| − |B| ≤

∣∣∣∣1 − B2

B − A
g(z1) − B

∣∣∣∣,
7,

|g(z1)| <
(1 + |B|)(B − A)

1 − B2
≤ 1,
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<$ −1 ≤ A < B < A+1
2 < 1. F Schwarz Æq5 |g(z1)| ≤ |z1|, 7,

|h(z1) + B| ≤ 1 − B2

B − A
|z1|. (5.3)

n
1 − B2

B − A
i tanβ +

1 − B2

B − A
(1 − i tanβ)

2∂ρ(w, z)
∂(w, z)

(DF (w, z))−1F (w, z) − 1 − AB

B − A
= I.

FÆq 2.5 3 (5.2), 5

(∇1 + ∇2)I =
1 − B2

B − A
(1 − i tan β)G(w, z) +

(
1 − B2

B − A
i tanβ − 1 − AB

B − A

)
(∇1 + ∇2)

=
1 − B2

B − A
(1 − i tan β)∇2 + ∇̃2[h(z1) + B]

[
1 +

1
z1

n∑
l=2

(1 − γl)Pl(zl)
]

+
|z1|2∇1

‖z‖2

[
h(z1) − 1 − B2

B − A
i tanβ +

1 − AB

B − A

][
1 +

1
z1

n∑
l=2

(1 − γl)Pl(zl)
]

+
n∑

j=2

|zj |2∇1

‖z‖2

[
1 − B2

B − A
(1 − i tanβ) +

1
γj

(h(z1) + B)
(

1 +
1
z1

n∑
l=2

(1 − γl)Pl(zl)
)]

+
(

1 − B2

B − A
i tanβ − 1 − AB

B − A

)
(∇1 + ∇2)

=
B∇1

‖z‖2

n∑
j=2

(
1
γj

− 1
)
|zj|2 + B(∇̃2 −∇2) +

[
∇̃2 +

∇1

‖z‖2

(
|z1|2 +

n∑
j=2

|zj |2
γj

)]
h(z1)

+
[
∇̃2(h(z1) + B) +

|z1|2∇1

‖z‖2

(
h(z1) − 1 − B2

B − A
i tan β +

1 − AB

B − A

)

+
∇1

‖z‖2

n∑
j=2

|zj |2
γj

(h(z1) + B)
]

1
z1

n∑
l=2

(1 − γl)Pl(zl)

=
B∇1

‖z‖2

n∑
j=2

(
1
γj

− 1
)
|zj|2 + B(∇̃2 −∇2) +

[
∇̃2 +

∇1

‖z‖2

(
|z1|2 +

n∑
j=2

|zj |2
γj

)]
h(z1)

+
[
∇̃2 +

∇1

‖z‖2

(
|z1|2 +

n∑
j=2

|zj|2
γj

)
(h(z1) + B)

]
1
z1

n∑
l=2

(1 − γl)Pl(zl)

+
1 − B2

B − A
(1 − i tanβ)

|z1|2∇1

‖z‖2

1
z1

n∑
l=2

(1 − γl)Pl(zl).

F (5.3), (3.4) ` |h(z1)| < 1, 5

(∇1 + ∇2)(|I| − 1) <
B∇1

‖z‖2

n∑
j=2

(
1 − 1

γj

)
|zj|2 + B(∇2 − ∇̃2)

+
[
∇̃2 +

∇1

‖z‖2

(
|z1|2 +

n∑
j=2

|zj |2
γj

)]
− (∇1 + ∇2)

+
[
∇̃2 +

∇1

‖z‖2

(
|z1|2 +

n∑
j=2

|zj |2
γj

)]
1 − B2

B − A

n∑
l=2

(γl − 1)|Pl(zl)|

+
1 − B2

(B − A) cosβ

|z1|∇1

‖z‖2

n∑
l=2

(γl − 1)|Pl(zl)|
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≤ (B − 1)
∇1

‖z‖2

n∑
j=2

(
1 − 1

γj

)
|zj |2 + (B − 1)(∇2 − ∇̃2)

+
1 − B2

B − A

∇1

‖z‖2

n∑
l=2

(γl − 1)|Pl(zl)|
[∇̃2

∇1
‖z‖2 + |z1|2 +

n∑
j=2

|zj |2
γj

+
1

cosβ

]

< (B − 1)
∇1

‖z‖2

n∑
j=2

(
1 − 1

γj

)
|zj |2

+
1 − B2

B − A

1 + cosβ

cosβ

∇1

‖z‖2

n∑
l=2

(γl − 1)‖Pl‖|zl|2

=
1 − B2

B − A

1 + cosβ

cosβ

∇1

‖z‖2

n∑
j=2

(γj − 1)|zj|2
[
‖Pj‖ − (B − A) cosβ

γj(1 + B)(1 + cosβ)

]

≤ 0,

<$
‖Pj‖ ≤ (B − A) cosβ

γj(1 + B)(1 + cosβ)
.

zI) (5.1) * , y F (w, z) ∈ S∗
Ω(β, A, B). Nt.

F@q 5.1 N5B>��:

st 5.2 t f(z1) ∈ S∗
D(β, A, B) I −1 ≤ A < B < A+1

2 < 1, β ∈ (−π
2 , π

2 ). n F (z) ,F
) (1.3) r@A�-.I γj ≥ 2 (j = 2, . . . , n), (f(z1)

z1
)

1
γj |z1=0 = 1. y

‖Pj‖ ≤ (B − A) cos β

γj(1 + B)(1 + cosβ)
,

S F (z) ∈ S∗
Bn(β, A, B).

i 5.3 '@q 5.1 3�� 5.2 $abn A = −1 = −B − 2α ` A = −B = −α, S5!x
E�c7 α , β ;:/-.` α , β ;:/-.���.

yz |~�}�Xk�~�d{.
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