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1 78
1942 �, ������� Menger �	
�����
�, ��
�����������

�������� �. ��, 
�!�� Schweizer�Sklar [13]� 1962 ��"�	
����

�
�, ��� Menger ���������������. 30 �#, �� [13] 9������
��$�, �� %!:� [2–4]9 !&��"��"�#$'. (%#, ��"��"���

���������) (*+& RN ))���,$)'-��.%() ()/&�';0(��
���*)) 1�"��". *���"��"��<2+, 3Æ� [5, 9, 10]. ,:, ��"��

"4!-�-�.+,/5-01��< [5, 6, 8, 9, 14–19, 24, 25]. 6��, 2.����)173

)45/8�697:,&89;<, 3Æ� [11, 20–23]. ��1�0=, 
�>:?<�=>
@?73)45/8�;�1$��
2<.

3� [11]9=/A43>?@5@��2. RN)�73��AB6��788>C�,@
7ABB Banach ��9CC/8989�
DE:��FDEG9FG. H::
�9;H<
	�788>C73)45/8IJ>��D. (%#I, 3>?@5@��2.����)�

73��K=�A$�J;$��
2<>@?73A;���76EL�. MF��, � [11]

<	&KG L0-Lipschitz NL:?73���;$��
2<. - L0-Lipschitz NL��78

8>C�MN�*, H:O�OH89A?P��788>C���
��Q�I8. RP, 


�@�8473)45/8��788>C�1�7888?>C�I��*0.


�A 2 S�BC89=:�
�1Q@, A 3 S?<�6973)45�8?73/8.

2 JKLM

�9, (Ω,F , P )DR
���, NDRÆN�P, K DR@�S REF�S C, L 0(F , R)

DR Ω 1I>@O F - A?��G�IH��PI, L̄0(F , R) DR Ω 1�I>)T@O F - A

?��G�JT?IH��PI, L0(F ,K) DR Ω 1I> K O F - A?��G��JT?:
UK��<UL�ML1�MFCEIH��PI.

P* 2.1 [1] L̄0(F , R) :V ≤ E�2.N: ξ ≤ η OJVO ξ0(ω) ≤ η0(ω) >�7I>

ω ∈ Ω (*+& a.s.) �>, �9 ξ0 1 η0 �P� ξ � η �W8QDWJ(>OE�D:

(1) >W8CP A ⊂ L̄0(F , R), A : L̄0(F , R) 9=>1XC (+&
∨

A) -EXC (+

&
∧

A), -J: A 9�PR:�SVY {an, n ∈ N} 1 {bn, n ∈ N}, X, ∨
n≥1 an =

∨
A 1∧

n≥1 bn =
∧

A;

(2) OT A �1UY (�-#, EUY) �, Z[1� {an, n ∈ N} (�-#, {bn, n ∈ N}) A
'Z&V\ (�-#, VQ) �;

(3) L0(F , R) =& L̄0(F , R) �CN:E�ATE�2.�: ]8S>1C�CP>1XC
(JT#, ]8S>EC�CP>EXC).

JP#, L0
+(F ) := {ξ ∈ L0(F , R) | ξ ≥ 0}.


����G���JT?�OEWX@�. ^O, IA DR F - A?P A �JR��, S
ĨA DR�JT?. RP, OT ξ, η ∈ L0(F , R), _ ξ0�η0 �P& ξ 1 η IWAZ:�JT?, J

A = {ω ∈ Ω | ξ0(ω) > η0(ω)}, S=/T�Y� I[ξ>η] DR A �JT?J I[ξ>η] 7A+= ĨA. ?
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a#, =/A'4dOE+X I[ξ≤η], I[ξ �=η] 1 I[ξ=η]. ;8a, > ξ ∈ L0(F ,K), ξ0 & ξ �W8

ZU�QDW, UT (ξ0)−1 &:

(ξ0)−1(ω) =

⎧⎨
⎩

1
ξ0(ω)

, ξ0(ω) �= 0,

0, 0,

S (ξ0)−1 �JT? (ξ)−1 b& ξ �)Te.

VW 2.2 [2] b>V> (S, ‖ · ‖) &�S K 1' (Ω,F , P ) &������) (*+& RN

)), OT S �Q� L0(F ,K) 1�X), ‖ · ‖ �3 S � L0
+(F ) �bf, KGOEgN24:

(RN-1) ‖ξx‖ = |ξ|‖x‖, ∀ ξ ∈ L0(F ,K) - x ∈ S;

(RN-2) ‖x + y‖ ≤ ‖x‖ + ‖y‖, ∀x, y ∈ S;

(RN-3) ‖x‖ = 0 Yc x = θ (S 9�hY�), �9 ‖ · ‖ b& S � L0- ��J ‖x‖ b&Y�
x � L0- ��.

c (S, ‖ · ‖) &�S K 1' (Ω,F , P ) &�� RN ). >WA�Æ@� ε, λ J 0 < λ < 1, c

Nθ(ε, λ) = {x ∈ S |P{ω ∈ Ω | ‖x‖(ω) < ε} > λ},
Z[PZ

{Nθ(ε, λ) | ε > 0, 0 < λ < 1}
H� S 1iSA�������: θ ��.%�, d��b& S � (ε, λ)- ��. :
�9, <

U RN ) (S, ‖ · ‖), TjU (S, ‖ · ‖) �d1�� (ε, λ)- ��. RP, @e[A�� S 9�VY
{xn, n ∈ N} f (ε, λ)- ��gk� x ∈ S OJVOVY {‖xn − x‖, n ∈ N} f
� P gk� 0.

\ 2.3 )� | · | : L0(F ,K) → L0
+(F ) Ah&) L0(F ,K) 1�i8 L0- ), ljOH

(L0(F ,K), | · |) & RN ).

VW 2.4 [7] c (S1, ‖ · ‖1) 1 (S2, ‖ · ‖2) &�S K 1' (Ω,F , P ) &�� RN ). 3 S1 �

S2 ���CC T b&)T����CC (*b����CC). ;8a, ����CC T b&�

788 (*b a.s.) >C�, OTR: ξ ∈ L0
+(F ) KG

‖Tx‖2 ≤ ξ · ‖x‖1, x ∈ S1.

�3 S1 � S2 �I> a.s.>C�����CCIH������+= B(S1, S2), UTbf

‖ · ‖ : B(S1, S2) → L0
+(F )

&

‖T‖ :=
∧

{ξ ∈ L0
+(F ) | ‖Tx‖2 ≤ ξ · ‖x‖1, ∀x ∈ S1}, ∀T ∈ B(S1, S2),

SljOH (B(S1, S2), ‖ · ‖) ��S K 1' (Ω,F , P ) &�� RN ).

Em�nklo RN ) S 1 a.s.>C�����CCef� S 1�73)45.

P* 2.5 [7] c (S1, ‖ · ‖1) 1 (S2, ‖ · ‖2) &�S K 1' (Ω,F , P ) &�� RN ), S
(1) T ∈ B(S1, S2), p T �3 S1� S2� a.s.>C����CCOJVO T �73)45;

(2) OT T ∈ B(S1, S2), S
‖T‖ =

∨
{‖Tx‖2 : x ∈ S1 J ‖x‖1 ≤ 1},

�9 1 & L0(F , R) 9�gmW.
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VW 2.6 c (S, ‖ · ‖) ��S K 1' (Ω,F , P ) &�� RN ), B(S) & S 1I>73)

45IH��PI, S
(1) b {T (t) : t ≥ 0} ⊂ B(S) & S 1�73)45/8, OT T (0) = I J T (s)T (t) =

T (s + t) >WA� s, t ≥ 0 �>, �9 I & S 1�h4CC;

(2) b/8 {T (t) : t ≥ 0} &8?73� (*+& u.c.), OT3 [0,∞) � B(S) �bf

t → T (t) *� (ε, λ)- ���73�;

(3) b/8 {T (t) : t ≥ 0} &�788 (*+& a.s.)>C�, OT>WA L > 0,∨
t∈[0,L]

‖T (t)‖ ∈ L0
+(F );

(4) b/8 {T (t) : t ≥ 0} &�7888? (*+& a.s.u.) >C�, OT∨
t≥0

‖T (t)‖ ∈ L0
+(F ).

-O]	��, >�1m�
� (1), (3), (4), Ai^� [16, 20, 23].

VW 2.7 [11, 22] c {T (t) : t ≥ 0} & RN ) S 1�73)45/8. UT

D(A) =
{

x ∈ S : lim
t↓0

T (t)x − x

t
R:

}
1 Ax = lim

t↓0
T (t)x − x

t
, ∀x ∈ D(A),

Sbf A : D(A) → S &/8 {T (t) : t ≥ 0} �nqop�W.

3 _`abcdefgh_`de

S��2. RN )�jkrH, qr6973)45�8?73/8��nqop�W

I��*0, ;8a<	 a.s.>C8?73/8�]�sl, m:1��S0=��n1, =>

@? a.s.>C8?73/8�;�1$�2<. 
S�Q�:�s4 3.13 1U4 3.14, :@�
8=/;H6989 a.s.>C73)45/8:��FDEIJ>��D.


S�A8S>:rT�U4 3.1.

Vi 3.1 )45 A � a.s.>C u.c./8�nqop�WOJVO A �73)45.

&&HoU4 3.1,=/e:89s4. &oÆpj,qrBC89�
Q@. :
S9, [a, b]

DR>?@5@�, S DR�S K 1' (Ω,F , P ) &�� RN ).

P* 3.2 [11] c f �3 [a, b] � S �73��J
∨

t∈[a,b] ‖f(t)‖ ∈ L0
+(F ), S f : [a, b] 1

� Riemann A$�.

\ 3.3 [11] c Ω = [0, 1], F = B[0, 1], P = m, �9 B[0, 1] DR [0, 1] 1� Borel σ- Q�,

m DR Lesbegue ?�. UTbf f0 : [0, 1] → L 0(F , R) &

f0(t)(ω) =
1

ω − t
· I(t,1](ω), ∀ t ∈ [0, 1] J ω ∈ Ω,

>WAqU� t ∈ [0, 1], f(t) DRt f0(t) ItU�JT?, S f : [0, 1] 73r∨
t∈[0,1]

|f(t)| = ∞.

t� [16] A, bbf f : [a, b] → S : [a, b] 1� L0-Lipschitz �, OTR: ξ ∈ L0
+(F ) K

G ‖f(t1)− f(t2)‖ ≤ ξ|t1 − t2|, ∀ t1, t2 ∈ [a, b]. ;8a, ljOHbf f : [a, b] → S : [a, b] 1�
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L0-Lipschitz �OJVO f KGNL∨ {∥∥∥∥f(t1) − f(t2)
t1 − t2

∥∥∥∥
∣∣∣∣ t1, t2 ∈ [a, b] J t1 < t2

}
∈ L0

+(F ).

P* 3.4 [11] (;$��
U4) c f : [a, b] → S �73A;�. OT f : [a, b] � L0-

Lipschitz �, S f ′ : [a, b] 1� Riemann A$�, J

f(b) − f(a) =
∫ b

a

f ′(t)dt.

�^C 3.3 �$�, ^C 3.5 lonk 3.4 9� L0-Lipschitz jU�=:�, 7AÆ� [23].

\ 3.5 c Ω = [0, 1], F = B[0, 1], P = m, �9 B[0, 1] DR [0, 1] 1� Borel σ- Q�, m

DR Lesbegue ?�. UTbf f0 : [0, 1] → L 0(F , R) &

f0(t)(ω) = I(t,1](ω), ∀ t ∈ [0, 1] J ω ∈ Ω.

>qU� t ∈ [0, 1], f(t) DRt f0(t) ItU�JT?, S f : [0, 1] 1A;, J

f ′(t) = 0, ∀ t ∈ [0, 1].

P* 3.6 [22] c f �3 [a, b] � L0(F , R) �73��, J∨
t∈[a,b]

|f(t)| ∈ L0
+(F ),

S ∫
Ω

[∫ b

a

f(t)dt

]
dp =

∫ b

a

[∫
Ω

f(t)dp

]
dt.

uE�, jU {T (t) : t ≥ 0} � S 1 a.s.>C� u.c.73)45/8, p ∃L > 0, X,∨
t∈[0,L]

‖T (t)‖ ∈ L0
+(F ).

qU 0 < r < L, _

T̂ (r) =
1
r

∫ r

0

T (s)ds,

t�bf T (·) : [0, r] → B(S) �73�, J∨
s∈[0,r]

‖T (s)‖ ≤
∨

s∈[0,L]

‖T (s)‖ ∈ L0
+(F ).

svnk 3.2 AA, T̂ (r) UTI4J T̂ (r) ∈ B(S). ;8a, s4 3.7 �>.

ki 3.7 limr↓0 T̂ (r) = I.

lm _ ξL =
∨

t∈[0,L] ‖T (t) − I‖, S ξL ∈ L0
+(F ). _ Hn,L = [n − 1 ≤ ξL < n], ∀n ≥ 1,

S {Hn,L, n ≥ 1} �8Y��6�w� F - A?PJ
∑∞

n=1 Hn,L = Ω. t�>WA� n ∈ N, >∫
Hn,L

‖T (s) − I‖dp : [0, r] 1*� s �73�, Stnk 3.6 A, O r ↓ 0 u, >∫
Ω

[
1
r

∫ r

0

‖T (s) · IHn,L − IHn,L‖ds

]
dp =

1
r

∫ r

0

[∫
Ω

‖T (s) · IHn,L − IHn,L‖dp

]
ds

=
1
r

∫ r

0

[∫
Hn,L

‖T (s) − I‖dp

]
ds → 0,
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3->WA� n ∈ N, O s ↓ 0 u, 1
r

∫ r

0
‖T (s)IHn,L − IHn,L‖ds f
� P gk� 0. vx

‖IHn,L T̂ (r) − IHn,L‖ =
∥∥∥∥1

r

∫ r

0

T (s)IHn,Lds − IHn,L

∥∥∥∥
=

∥∥∥∥1
r

∫ r

0

[T (s)IHn,L − IHn,L ]ds

∥∥∥∥
≤ 1

r

∫ r

0

‖T (s)IHn,L − IHn,L‖ds,

@ABB, >WA� n ∈ N, O r ↓ 0 u, ‖IHn,L T̂ (r) − IHn,L‖ f
� P gk� 0. t�
∞∑

n=1

P (Hn,L) = P

( ∞∑
n=1

Hn,L

)
= P (Ω),

t limr↓0 T̂ (r) = I. Hu.

svs4 3.7, A,s4 3.8.

ki 3.8 >WA� h > 0, >

lim
r↓0

1
r

∫ h+r

h

T (s)ds = T (h).

lm t�>WA� h > 0, >

1
r

∫ h+r

h

T (s)ds =
1
r

∫ r

0

T (s + h)ds = T (h) · 1
r

∫ r

0

T (s)ds,

svs4 3.7, >WA� h > 0,

lim
r↓0

1
r

∫ h+r

h

T (s)ds = T (h).

Hu.

uE�, c (S, ‖ · ‖) &�S K 1' (Ω,F , P ) &��2.����), _

L2(S) =
{

x ∈ S

∣∣∣∣
[ ∫

Ω

‖x‖2dP

] 1
2

< +∞
}

,

UTbf ‖ · ‖2 : L2(S) → [0,+∞) &

‖x‖2 =
[ ∫

Ω

‖x‖2dP

] 1
2

, ∀x ∈ L2(S),

SljOH (L2(S), ‖ · ‖2) � Banach ��, wS3Æ� [5].

P* 3.9 [11] c f �3 [a, b] � S �73��J
∨

t∈[a,b] ‖f(t)‖ ∈ L2(F , R), S f : [a, b]

1v ‖ · ‖2 � Riemann A$�, � Riemann $�+= ‖ · ‖2 −
∫ b

a
f(t)dt.

:s4 3.7 1 3.8 '-nk 3.9 ��n1, =/<	U4 3.1 �Ho.

Vi 3.1 nlm “⇐” c A � S 1�73)45, _

T (t) = exp(tA) :=
∞∑

n=0

(tA)n

n!
. (3.1)

t�

‖T (t)‖ =
∥∥∥∥

∞∑
n=0

(tA)n

n!

∥∥∥∥ ≤
∞∑

n=0

(t‖A‖)n

n!
= exp(t‖A‖),
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t>]8S t ≥ 0, VY {∑k
n=0

(tA)n

n! , k ≥ 0} f (ε, λ)- ��gk� T (t) J T (t) �73)45.

ljOH, T (0) = I J T (t + s) = T (t)T (s), @lo {T (t) : t ≥ 0} �73)45/8. ;8a,

‖T (t) − I‖ =
∥∥∥∥

∞∑
n=1

tnAn

n!

∥∥∥∥ ≤
∞∑

n=1

tn‖A‖n

n!

= t‖A‖
∞∑

n=1

tn−1‖A‖n−1

n!
≤ t‖A‖

∞∑
n=1

tn−1‖A‖n−1

(n − 1)!

= t‖A‖ · exp(t‖A‖)
J ∥∥∥∥T (t) − I

t
− A

∥∥∥∥ ≤ ‖A‖ ·
∨

0≤s≤t

‖T (s) − I‖,

t {T (t) : t ≥ 0} � S 1� u.c.73)45/8J A ��nqop�W.

uE�Ho {T (t) : t ≥ 0} � a.s.>C�. t� ‖T (t)‖ ≤ exp(t‖A‖), t>WA� L > 0, >∨
t∈[0,L]

‖T (t)‖ ≤ exp(L‖A‖),

p ∨
t∈[0,L]

‖T (t)‖ ∈ L0
+(F ).

“ ⇒”c {T (t) : t ≥ 0}� a.s.>C� u.c.73)45/8,p ∃L > 0,X,
∨

t∈[0,L] ‖T (t)‖ ∈
L0

+(F ). _

ξL =
∨

t∈[0,L]

‖T (t)‖,

S ξL ∈ L0
+(F ). _ An,L = [n − 1 ≤ ξL < n], ∀n ≥ 1, S {An,L, n ≥ 1} �8Y��6�w�

F - A?PJ
∑∞

n=1 An,L = Ω. >WA� n ∈ N, UT T̃n : [0, r] → S &

T̃n(t) = IAn,L · T (t).

vx ∨
t∈[0,r]

‖T̃n(t)‖ ∈ L2(F , R),

ttnk 3.9 AA ‖ · ‖2 −
∫ r

0
T̃n(s)dsR:. ;8a,

∫ r

0
T̃n(s)dsR:Jef& ‖ · ‖2 −

∫ r

0
T̃n(s)ds.

uE�, ts4 3.7 AA
lim
r↓0

1
r

∫ r

0

T (s)ds = I,

tO r ↓ 0 u, 1
r

∫ r

0
[IAn,L · T (s)]ds f (ε, λ)- ��gk� IAn,L . H:O r ↓ 0 u, t Lebesgue

yogkU4, 1
r

∫ r

0
[IAn,L · T (s)]ds f ‖ · ‖2 gk� IAn,L . ;8a, =/wx�O r y�ou,

1
r

∫ r

0
[IAn,L · T (s)]ds : An,L 1�Ae�, -J>WA� h > 0, >

T (h) − I

h

∫ r

0

[IAn,L · T (s)]ds =
1
h

( ∫ r

0

[IAn,L · T (h + s)]ds −
∫ r

0

[IAn,L · T (s)]ds

)

=
1
h

( ∫ r+h

r

[IAn,L · T (s)]ds −
∫ h

0

[IAn,L · T (s)]ds

)
,
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t

IAn,L · T (h) − I

h
=

[
1
h

(∫ r+h

r

T (s)ds −
∫ h

0

T (s)ds

)][ ∫ r

0

IAn,L · T (s)ds

]−1

. (3.2)

:1<9_ h ↓ 0, Sts4 3.7 1 3.8 A, IAn,L · T (h)−I
h f (ε, λ)- ��gk� (T (r) −

I)[
∫ r

0
T̃n(s)ds]−1. >WA� k ∈ N, _

Tk = (T (r) − I) ·
k∑

n=1

IAn,L ·
[∫ r

0

T̃n(s)ds

]−1

, ∀ k ∈ N,

t�
∞∑

n=1

P (An,L) = P

( ∞∑
n=1

An,L

)
= P (Ω) = 1,

3- {Tk, k ∈ N} : B(S) 9f (ε, λ)- ��� Caucly Y. xt� B(S) 2., H: {Tk, k ∈ N}
gk� B(S) 9�8� A J A � {T (t) : t ≥ 0} �nqop�W. Hu.

ki 3.10 c {T (t) : t ≥ 0} 1 {S(t) : t ≥ 0} � a.s.>C�/8. OT

lim
t↓0

T (t) − I

t
= A = lim

t↓0
S(t) − I

t
, (3.3)

S>WA� t ≥ 0, > T (t) = S(t).

lm yH>WAqU� T > 0, > S(t) = T (t), ∀ 0 ≤ t ≤ T . qU T > 0, t� {T (t) :

t≥ 0} � {S(t) : t ≥ 0} z a.s.>C, t
∨

t∈[0,T ] ‖T (t)‖ ∈ L0
+(F ) J

∨
t∈[0,T ] ‖S(t)‖ ∈ L0

+(F ),

3- ∃MT ∈ L0
+(F ), X,

‖T (t)‖ ‖S(s)‖ ≤ MT , ∀ 0 ≤ s, t ≤ T.

<U ε > 0, r > 0, t< (3.3) AA ∃ δ > 0, X,

P

[
TMT

‖T (h) − S(h)‖
h

≥ r

]
< ε, ∀ 0 < h ≤ δ.

_ 0 < t ≤ T , Z: n ≥ 1, X, t
n < δ, J

‖T (t) − S(t)‖ =
∥∥∥∥T

(
n · t

n

)
− S

(
n · t

n

)∥∥∥∥
≤

n−1∑
k=0

∥∥∥∥T

(
(n − k)

t

n

)
S

(
kt

n

)
− T

(
(n − k − 1)

t

n

)
S

(
(k + 1)t

n

)∥∥∥∥
≤

n−1∑
k=0

∥∥∥∥T (n − k − 1)
t

n

∥∥∥∥
∥∥∥∥T

(
t

n

)
− S

(
t

n

)∥∥∥∥
∥∥∥∥S

(
kt

n

)∥∥∥∥
≤ nMT

∥∥∥∥T

(
t

n

)
− S

(
t

n

)∥∥∥∥ = tMT

∥∥∥∥T ( t
n ) − S( t

n )
t
n

∥∥∥∥
≤ TMT

∥∥∥∥T ( t
n ) − S( t

n )
t
n

∥∥∥∥,

3-

[‖T (t) − S(t)‖ ≥ r] ⊂
[
TMT

∥∥∥∥T ( t
n ) − S( t

n )
t
n

∥∥∥∥ ≥ r

]
.
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H:, O t
n < δ u, >

P [‖T (t) − S(t)‖ ≥ r] ≤ P

[
TMT

∥∥∥∥T ( t
n ) − S( t

n )
t
n

∥∥∥∥ ≥ r

]
< ε.

t� ε > 0 - r > 0 �WAZ:�, t T (t) = S(t), ∀ 0 ≤ t ≤ T. ;8a>WA t ≥ 0, >

T (t) = S(t). Hu.

Vi 3.11 c {T (t) : t ≥ 0} � a.s.>C� u.c./8, S
(a) R:i8�73)45 A, X, T (t) = exp(tA).

(b) R: τ ∈ L0
+(F ), X, ‖T (t)‖ ≤ exp(τt).

(c) (a) 9�)45 A � {T (t) : t ≥ 0} �nqop�W.

lm (a)c)45 A� {T (t) : t ≥ 0}�nqop�W, tU4 3.1AA, A�73)45.

EtU4 3.1 �HoAA, A �/8 {exp(tA) : t ≥ 0} �nqop�W. H:, svs4 3.10,

T (t) = exp(tA), pi8�,H.

(b) t� T (t) = exp(tA), t ‖T (t)‖ = ‖exp(tA)‖ ≤ exp(t‖A‖). _ ω = ‖A‖, S ω ∈ L0
+(F )

J ‖T (t)‖ ≤ exp(ωt).

(c) 3 (a) �HoA,	. Hu.

_ At = T (t)−I
t (∀ t > 0), A DR {T (t) : t ≥ 0} �nqop�W, p>WA x ∈ D(A), >

Ax = lim
t↓0

Atx.

p 3.12 c {T (t) : t ≥ 0} � a.s.>C u.c./8, SsvU4 3.11 AA, R:i8�73)
45 A, X, T (t) = exp(tA). -JtU4 3.1 �HoA, limt↓0 At = A.

t[ 3.12 A,	s4 3.13, ):U4 3.14 �Ho9{Bq:�=�.

ki 3.13 c {T (t) : t ≥ 0}� a.s.u.>C� u.c./8J�nqop�W& A,S∨
t>0‖At‖∈

L0
+(F ).

lm jU {T (t) : t ≥ 0}� a.s.u. >C�,p
∨

t≥0 ‖T (t)‖ ∈ L0
+(F ),_M =

∨
t≥0 ‖T (t)‖,

S M ∈ L0
+(F ). UTbf ||| · ||| : S → L0

+(F ) &

|||x||| =
∨
t≥0

‖T (t)x‖, ∀x ∈ S,

S ||| · ||| UTI4JljOH ||| · ||| � S 1� L0- ��. -J>WA� s ≥ 0, >

|||T (s)x||| =
∨
t≥0

‖T (s)(T (t)x)‖ =
∨
t≥0

‖T (s + t)x‖ ≤
∨
t≥0

‖T (t)x‖ = |||x|||,

p {T (t) : t ≥ 0} � (S, ||| · |||) 1���z{/8. wx�

‖x‖ ≤ |||x||| ≤ M · ‖x‖, ∀x ∈ S,

t

‖Atx‖ ≤ |||Atx||| ≤ M · ‖Atx‖, ∀ t > 0 - x ∈ S,

p

‖At‖ ≤ |||At||| ≤ M · ‖At‖, ∀ t > 0. (3.4)
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H:, >WA� s ≥ 0, >

|||T (s)At||| =
∣∣∣∣
∥∥∥∥T (s)

T (t) − I

t

∥∥∥∥
∣∣∣∣ =

∣∣∣∣
∥∥∥∥T (s + t) − T (s)

t

∥∥∥∥
∣∣∣∣

=
∣∣∣∣
∥∥∥∥T (s + t

2 )T ( t
2 ) − T (s + t

2 ) + T (s)T ( t
2 ) − T (s)

t

∥∥∥∥
∣∣∣∣

≤
∣∣∣∣
∥∥∥∥T (s + t

2 )[T ( t
2 ) − T (0)]

2 · t
2

∥∥∥∥
∣∣∣∣ +

∣∣∣∣
∥∥∥∥T (s)[T ( t

2) − T (0)]
2 · t

2

∥∥∥∥
∣∣∣∣

=
∣∣∣∣
∥∥∥∥T (s + t

2 )
2

A t
2

∥∥∥∥
∣∣∣∣ +

∣∣∣∣
∥∥∥∥T (s)

2
A t

2

∥∥∥∥
∣∣∣∣

≤ |||A t
2
||| + |||A t

2
|||

2
= |||A t

2
|||,

3-> |||At||| ≤ |||A t
2
|||, p>WA n ∈ N, >

|||At||| ≤ |||A t
2n
|||. (3.5)

t (3.4) 1 (3.5) AA, >WA n ∈ N, >

‖At‖ ≤ |||At||| ≤ |||A t
2n
||| ≤ M‖A t

2n
‖. (3.6)

:6J< (3.6) 9, _ n → ∞, sv[ 3.12 ,	 ‖At‖ ≤ M‖A‖, 3-∨
t>0

‖At‖ ∈ L0
+(F ).

Hu.

Vi 3.14 c {T (t) : t ≥ 0} � u.c./8J�nqop�W& A. _ f(t) = T (t), ∀ t ≥ 0,

S {T (t) : t ≥ 0} � a.s.>C�OJVO f :WA>?@� [0, r] 1� L0-Lipschitz �.

lm “⇒” vx.

“⇐” Em�Ho�&�%�.

rst jU {T (t) : t ≥ 0} � a.s.u. >C� u.c./8, p
∨

t≥0 ‖T (t)‖ ∈ L0
+(F ), Ssv

s4 3.13 >
∨

t>0 ‖At‖ ∈ L0
+(F ). H:∨{∥∥∥∥T (t1) − T (t2)

t1 − t2

∥∥∥∥
∣∣∣∣ t1, t2 ∈ [0, r] J t1 �= t2

}

=
∨{∥∥∥∥T (t2)‖ ·

∥∥∥∥T (t1 − t2) − T (0)
t1 − t2

∥∥∥∥
∣∣∣∣ t1, t2 ∈ [0, r] J t1 �= t2

}

≤
∨
t≥0

‖T (t)‖ ·
∨ {∥∥∥∥T (t) − I

t

∥∥∥∥
∣∣∣∣ t ∈ (0, r]

}

≤
∨
t≥0

‖T (t)‖ ·
∨
t>0

‖At‖

∈ L0
+(F ).

rut c {T (t) : t ≥ 0} � a.s.>C� u.c./8, SsvU4 3.11, ∃ τ ∈ L0
+(F ), X,

‖T (t)‖ ≤ eτt, ∀ t ≥ 0. UTbf T̃ : [0,+∞) → B(S) &

T̃ (t) = e−τtT (t), ∀ t ≥ 0,
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ljOH, {T̃ (t) : t ≥ 0} 7&/8J D(Ã) = D(A), �9 Ã � {T̃ (t) : t ≥ 0} �nqop�W.

vx

‖T̃ (t)‖ = ‖e−τtT (t)‖ ≤ e−τt‖T (t)‖ ≤ e−τt · eτt = 1.

H:, tA8aAA∨ {∥∥∥∥ T̃ (t1) − T̃ (t2)
t1 − t2

∥∥∥∥
∣∣∣∣ t1, t2 ∈ [0, r] J t1 �= t2

}
∈ L0

+(F ).

>WA r > 0, UTbf f : [0, r] → B(s) &

f(t) = T (t), ∀ t ∈ [0, r],

S f �A;�J>WA t ∈ [0, r] > f ′(t) = AT (t) = T (t)A. jH f ′ : [0,r] 1�73�J∨
t∈[0,r]

‖f ′(t)‖ ≤
∨

t∈[0,r]

‖T (t)‖ · ‖A‖ ∈ L0
+(F ).

H:, tnk 3.2 AA f ′ : [0, r] 1� Riemann A$�. ;8a∨{∥∥∥∥f(t1) − f(t2)
t1 − t2

∥∥∥∥
∣∣∣∣ t1, t2 ∈ [0, r] J t1 �= t2

}

=
∨{∥∥∥∥T (t1) − T (t2)

t1 − t2

∥∥∥∥
∣∣∣∣ t1, t2 ∈ [0, r] J t1 �= t2

}

=
∨{∥∥∥∥eτt1 T̃ (t1) − eτt2 T̃ (t2)

t1 − t2

∥∥∥∥
∣∣∣∣ t1, t2 ∈ [0, r] J t1 �= t2

}

=
∨{∥∥∥∥eτt2

eτ(t1−t2)T̃ (t1) − T̃ (t2)
t1 − t2

∥∥∥∥
∣∣∣∣ t1, t2 ∈ [0, r] J t1 �= t2

}

≤ eτr
∨ {∥∥∥∥eτ(t1−t2)T̃ (t1) − T̃ (t2)

t1 − t2

∥∥∥∥
∣∣∣∣ t1, t2 ∈ [0, r] J t1 �= t2

}

= eτr
∨ {∥∥∥∥eτ(t1−t2)T̃ (t1) − T̃ (t1) + T̃ (t1) − T̃ (t2)

t1 − t2

∥∥∥∥
∣∣∣∣ t1, t2 ∈ [0, r] J t1 �= t2

}

≤ eτr

{ ∨{∥∥∥∥eτ(t1−t2)T̃ (t1) − T̃ (t1)
t1 − t2

∥∥∥∥
∣∣∣∣ t1, t2 ∈ [0, r] J t1 �= t2

}

+
∨{∥∥∥∥ T̃ (t1) − T̃ (t2)

t1 − t2

∥∥∥∥
∣∣∣∣ t1, t2 ∈ [0, r] J t1 �= t2

}}

= eτr ·
∨ {∥∥∥∥eτ(t1−t2)T̃ (t1) − T̃ (t1)

t1 − t2

∥∥∥∥
∣∣∣∣ t1, t2 ∈ [0, r] J t1 �= t2

}

+ eτr ·
∨ {∥∥∥∥ T̃ (t1) − T̃ (t2)

t1 − t2

∥∥∥∥
∣∣∣∣ t1, t2 ∈ [0, r] J t1 �= t2

}

≤ eτr
∨
t≥0

‖T̃ (t)‖ ·
∨
t≥0

{∣∣∣∣eτt − 1
τt

∣∣∣∣ · τ
}

+ eτr ·
∨{∥∥∥∥ T̃ (t1) − T̃ (t2)

t1 − t2

∥∥∥∥
∣∣∣∣ t1, t2 ∈ [0, r] J t1 �= t2

}

≤ e2τr · τ ·
∨
t≥0

‖T̃ (t)‖ + eτr ·
∨{∥∥∥∥ T̃ (t1) − T̃ (t2)

t1 − t2

∥∥∥∥
∣∣∣∣ t1, t2 ∈ [0, r] J t1 �= t2

}

∈ L0
+(F ),
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@Ho f : [0, r] 1� L0-Lipschitz �. Hu.

��U4 3.14, Em<	U4 3.15 �Ho.

Vi 3.15 c {T (t) : t ≥ 0} � a.s.>C� u.c./8Jnqop�W� A, S
(a) T (t) �73A;J dT (t)

dt = AT (t) = T (t)A.

(b) T (t) − T (0) =
∫ t

0
AT (s)ds =

∫ t

0
T (s)Ads, ∀ t ≥ 0.

lm (a) qU t > 0, t� {T (t) : t ≥ 0} � a.s.>C�, p∨
s∈[0,t]

‖T (s)‖ ∈ L0
+(F ),

p ∃ ξt ∈ L0
+(F ), X,

‖T (s)‖ ≤ ξt, ∀ s ∈ [0, t].

vx

As =
T (s) − I

s
, ∀ s > 0,

J

AsT (t) =
T (s)T (t) − T (t)

s
=

T (s + t) − T (t)
s

1

T (t)As =
T (t)T (s) − T (t)

s
=

T (t + s) − T (t)
s

�>, sv[ 3.12, > lims↓0 As = A. H:

lim
s→0+

AsT (t) = lim
s→0+

T (t)As = T (t)A, ∀ t ≥ 0,

p

lim
s→0+

T (s + t) − T (t)
s

= T (t)A = AT (t).

uE�, t�∥∥∥∥T (t) − T (t − s)
s

− T (t)A
∥∥∥∥ =

∥∥∥∥T (t − s)(T (s) − I)
s

− T (t − s)A + T (t − s)A − T (t)A‖

≤
∥∥∥∥T (t − s)

[
T (s) − I

s
− A

]∥∥∥∥ + ‖T (t − s)[A − T (s)A]‖

≤ ξt ·
∥∥∥∥T (s) − I

s
− A

∥∥∥∥ + ξt · ‖T (s)A − A‖

1 lims→0+ ‖T (s)−I
s − A‖ = 0, lims→0+ ‖T (s)A − A‖ = 0 �>, 3-

dT (t)
dt

= AT (t) = T (t)A.

(b) t� {T (t) : t ≥ 0} � a.s.>C� u.c./8, svU4 3.14 >∨{∥∥∥∥T (t1) − T (t2)
t1 − t2

∥∥∥∥
∣∣∣∣ t1, t2 ∈ [0, r] J t1 < t2

}
∈ L0

+(F ).

>WA� r > 0, UTbf f : [0, r] → B(s) &

f(t) = T (t), ∀ t ∈ [0, r],
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SsvU4 3.15 (a), f �73A;�J f ′(t) = AT (t) = T (t)A, ∀ t ∈ [0, r]. H:, >WA t ≥ 0,

>

f(t) − f(0) =
∫ t

0

f ′(s)ds,

p

T (t) − T (0) =
∫ t

0

AT (s)ds =
∫ t

0

T (s)Ads.

Hu.

p 3.16 ^ 3.5 1U4 3.14 DoU4 3.15 :| u.c./8� a.s.>C�NL�=:�. Q@

1, OTU4 3.15 9 u.c./86� a.s.>C�, SsvU4 3.14, f 6� L0-Lipschitz �. tsv

^ 3.5, ;$��
U4AB}6�>, pU4 3.15 9 (b) >AB6�>, @lo&U4 3.15 9
u.c./8� a.s.>C�=:�.

OT: F = {Ω,Φ}, Z[2. RN ) S |�&8SUK� Banach �� X, a.s.>C� u.c.

/8 {T (t) : t ≥ 0} |�& X 18SUK� u.c./8, p&*! 3.17.

vw 3.17 [12] c {T (t) : t ≥ 0} � Banach �� X 1 u.c./8J�nqop�W& A, S
(a) T (t) �73A;�J

dT (t)
dt

= AT (t) = T (t)A.

(b) T (t) − T (0) =
∫ t

0
AT (s)ds =

∫ t

0
T (s)Ads, ∀ t ≥ 0.

xy z}~{~I�	�|}AÆ1=�, z}�� %!8z'��~��{�.
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