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1 )*
���
+������,���������-.����������� [15]. ���

����/�
+, ��������� ������0! Sm
γ, δ(In) ("� [5, 6, 11, 14–16]).

1 R
n 2�����#� , ���
+1 Schwartz �!$% S (Rn) "�3�#& :

Tσf(x) := σ(x, D)f(x) :=
∫

Rn

σ(x, ξ)f̂(ξ)e2πix·ξdξ,

'2��0 σ ∈ S0
δ, δ(2In), 0 ≤ δ < 1, &��($��45� α, β  (x, ξ) ∈ R

n × R
n )6

|∂α
x ∂

β
ξ σ(x, ξ)| ≤ Cα, β(1 + |ξ|)δ(|β|−|α|). (1.1)

7%89, Tσ 1 L2(Rn) "&'*� ("� [15, !+:, �, 2]).

2013 -, Bényi  Bownik [2] .("�����)����
+ Tσ *� ���)��0
! S0

δ, δ(A), '2 0 ≤ δ < 1, A &(# n× n �+/;0'%',0< λ 1)6 |λ| > 1. 1/=
#2 , � σ ∈ S0

δ, δ(A), &��($��45� α, β  (x, ξ) ∈ R
n × R

n )6
|∂α

x ∂
β
ξ [σ(A−k′ ·, (A∗)k′ ·)](Ak′

x, (A∗)−k′
ξ)| ≤ Cα, β , (1.2)

'2 A∗ & A �>?, k′ = �kδ�, /3 k ∈ N0 0)6 1 + ρA∗(ξ) ∼ |detA|k, ρA∗(ξ) & A∗ ��

$! ("� [2, ! 157 -]), �kδ� &%&' kδ �@(A!. Bényi  Bownik ("� [2, �, 1.1])

.)*� Tσ 1 L2(Rn) "�'*�.

2010 -, Dekel +� [7] .("/,� Bownik �"04�, ���(!-� R
n �5126

./ Θ. /=-� Θ ���)�012*23�147*47356745. 68, 5126.

/ Θ &(=7(8�89, '29:��������89, Calderón  Torchinsky [4] ���

���893� Bownik [3] ���)�89. 96, ':�-� Θ ����;, ;&� [1, 7–10].

< Dekel [7]  Bownik [2] �<3, :�)*(!�=�5126./ Θ �� �����

0. +=", />3>' Θ �(#2?-.26./�@;. B?�A, B Θ̃0 &C(!2?1
C2, <=� t � θ(0, t) D;�-.26+./, @D�E� θ(0, t) := M0, t(Bn), '2 M0, t &

>�/;, B
n &>F6. ��0 σ G�4A��)�� ��0! S0

δ, δ(Θ̃0), &��($��

45� α, β  (x, ξ) ∈ R
n × R

n, σ )6(#!�� (1.1)  (1.2) �ÆB:

|∂α
x ∂

β
ξ [σ(M0, k′γ ·, (M∗

0, k′γ)−1·)](M−1
0, k′γx, M

∗
0, k′γξ)| ≤ Cα, β ,

'2 k′ = �kδ�, /3 k ∈ N0 0)6
1 + ρ∗(0, ξ) ∼ 2kγ = |detM0,−kγ |,

?! γ > 0�HB"C� 2.4,�DE ρ∗(0, ξ)��#" (2.8). :��EI4�&J-�4A��
)��0! S0

δ, δ(Θ̃0) ����
+� L2(Rn) '*� ("�, 3.2). FFGH� Stein � [15, !

7.2 :, �, 2] � Bényi  Bownik � [2, �, 1.1] �FF�@. <)5A�&, /#4A��)
�� �! S0

δ, δ(Θ̃0)%I9B�7%89������0! S0
δ, δ(2In),C09B� Leopold [13]

 Garello [12] ("G 2.2) �����)��0! Sm
a;γ,δ, D9B� Bényi  Bownik [2] ���)

��0! S0
δ, δ(A).

:�! 2JEF�5126./ Θ�(�GH,�#�J-�H,I)*�-�2?-.2
6./ Θ̃0 �(��H. ! 3 JKLK��)�� ��0! S0

δ, δ(Θ̃0), 0 ≤ δ < 1 ("�# 3.1),

I)*�J-� S0
δ, δ(Θ̃0) ����
+� L2(Rn) '*�.
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��ÆR", �S�K& L�: �($TQ E ⊂ R
n, U E 1 R

n 2�RT� E�.

N := {1, 2, . . .}, N0 := {0} ∪ N.

�($��45� α := (α1, . . . , αn) ∈ N
n
0 , B

|α| := α1 + · · · + αn  ∂α :=
(

∂

∂x1

)α1

· · ·
(

∂

∂xn

)αn

.

B C &*4AR-�SA, S1%�T>TU%��<. �#1 R
n "�($�!$% X (Rn)

VU� X . U S � Schwartz �!$%.

2 R
nMNOPQRSTUVWX

R
n 2�26 ξ &5WX3)>F6 B

n := {x ∈ R
n : |x| < 1} 1UV4V �WT, Y

ξ := Mξ(Bn) + cξ,

'2 Mξ &(#>�/;, cξ ∈ R
n &26 ξ �2?.

YZ 2.1 (� [7, �# 2.4]) � Θ := {θ(x, t) : x ∈ R
n, t ∈ R} & R

n "�5126./, W

V��26./, &�X1-S! p(Θ) := {a1, . . . , a6} )6& XZ:

(i) �($� x ∈ R
n  t ∈ R, X126 θ(x, t) := Mx, t(Bn) + x )6

a12−t ≤ |θ(x, t)| ≤ a22−t; (2.1)

(ii) Θ 2($[#J\�26)6 “�[]\XZ”, Y�($�x, y ∈ R
n, t ∈ R  s ≥ 0,

Y θ(x, t) ∩ θ(y, t+ s) �= ∅, .
a32−a4s ≤ 1

‖(My, t+s)−1Mx, t‖ ≤ ‖(Mx, t)−1My, t+s‖ ≤ a52−a6s, (2.2)

'2 ‖ · ‖ 5/;$!, Y�($�(# n× n +/; M , ‖M‖ := max|x|=1 |Mx|.
:�� Θ &-.�, U] Θ̃, &���($�[#26 θ(0, s)  θ(0, t), s, t ∈ R )6

M0, sM0, t = M0, s+t. (2.3)

U Θ̃0 := {θ(0, t) : t ∈ R} &-.26./ Θ̃ �2?-.26./.

^ 2.2 �# 2.1 2�ÆB (2.3) &(#YZ�XZ. Z26./ Θ [5�3 �\�26

./], ÆB (2.3) ^�;^.

(i) W^6_D; R
n �S[./:

Θ := {θ(x, t) = Mx, t(Bn) + x : t ∈ R, x ∈ R
n},

'2 Mx, t = 2−
t
n In. __, M0, sM0, t = M0, s+t.

(ii) (_>?!\��`a`/;
Dt := diag(2−tb1 , 2−tb2 , . . . , 2−tbn), bj > 0, j = 1, . . . , n,

n∑
j=1

bj = 1

`\�(#R
n "�5126./, '2 Mx, t = Dt. __, M0, sM0, t = M0, s+t, I0/=26

./>35;(=a���)��0! Sm
a;γ, δ, @b] Leopold [13]  Garello [12] ��.

(iii) B R
n "c�b�>?!51c�+b {At : 0 < t <∞} )6 AtAs = Ats  

tα|x| < |Atx| < tβ |x|, x ∈ R
n, t ≥ 1,
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'2 1 ≤ α ≤ β < ∞. At := exp(P ln t) 2� P &Rcd5;a0)6 (Px, x) ≥ (x, x),

detAt = ta, '2 (·, ·) & R
n 2��Bde, a & P �f, .>�# Calderón  Torchinsky [4]

�5126./& :

Θ := {x+At(Bn) : x ∈ R
n, t ∈ (0,∞)} := {x+A2−t′/a(Bn) : x ∈ R

n, t′ ∈ R}.
__, M0, t′M0, s′ = A2−t′/aA2−s′/a = A2−(t′+s′)/a = M0, t′+s′ .

(iv) gh A &(# n × n +/;0',0< λ 1)6 |λ| > 1, C� [3, �, 2.2] >9X
1(#i26 Δ := {x ∈ R

n : |Px| < 1}, '2 P &>�� n × n /;. �($� k ∈ Z, j

Bk := AkΔ, . Bk ⊂ Bk+1. _^>3�#(#1� [7, �# 2.5] #� � Bownik �_512

6./, Y

Θ := {x+Bk : x ∈ R
n, k ∈ Z} = {x+AkΔ : x ∈ R

n, k ∈ Z}.

__, AsAt = As+t, s, t ∈ Z, /*ÆB (2.3) ��EJeQ.

b� 2.3 B Θ̃0 &2?-.26./, B'`c26./�
Θ̃∗

0 := {θ∗(0, t) := M∗
0, t(B

n) : t ∈ R},
'2 M∗

0, t & M0, t �>?/;.

(i) �($� t ∈ R,

a12−t ≤ |θ∗(0, t)| ≤ a22−t. (2.4)

(ii) �($� t ∈ R  s ≥ 0,

‖M−1
0, 0‖−1a32−a4s ≤ 1

‖(M∗
0, t+s)−1M∗

0, t‖
≤ ‖(M∗

0, t)
−1M∗

0, t+s‖ ≤ ‖M0, 0‖a52−a6s. (2.5)

_d (i) C |detM0, t| = |detM∗
0, t| >) (2.4).

(ii) C (2.3), (2.2)  s ≥ 0, '

‖(M∗
0, t)

−1M∗
0, s+t‖ = ‖M∗

0, s‖ = ‖M0, s‖ ≤ ‖M0, 0‖ ‖M−1
0, 0M0, s‖ ≤ ‖M0, 0‖a52−a6s (2.6)

 

‖(M∗
0, s+t)

−1M∗
0, t‖ = ‖(M∗

0, s)
−1‖ = ‖M−1

0, s‖ ≤ ‖M−1
0, 0‖ ‖M−1

0, sM0, 0‖ ≤ ‖M−1
0, 0‖a−1

3 2a4s.

96

‖M−1
0, 0‖−1a32−a4s ≤ 1

‖(M∗
0, s+t)−1M∗

0, t‖
.

4Q6E (2.6) >) (2.5). Fa.

CC� 2.3 9, 26_ Θ̃∗
0 .&-.�, I0)6* Θ J��XZ (2.1)  (2.2). 96-�

Θ ��H� Θ̃∗
0 .;^. 1CC� [7, �, 2.8] .>)& C�.

b� 2.4 B Θ̃∗
0 &&C� 2.3 %U�2?-.26./. klX1S! γ > 0, f)�($

t, l ∈ R 0 t ≤ l,

θ∗(0, l) ⊆ θ∗(0, t− γ). (2.7)

1 �2, j γ > 0 e&&C� 2.4 %U.
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YZ 2.5 �TQ X "�gV ρ : X ×X → [0,∞) &�DE, Y�%'� x, y, z ∈ X )6
& XZ:

(i) ρ(x, y) = 0 ⇔ x = y;

(ii) ρ(x, y) = ρ(y, x);

(iii) X1S! κ ≥ 1, f)

ρ(x, y) ≤ κ(ρ(x, z) + ρ(y, z)).

b� 2.6 B Θ̃∗
0 &&C� 2.3 %U�2?-.26./.

(i) Y�! ρ∗ : R
n × R

n → [0,∞) �#�

ρ∗(x, y) := ρΘ̃∗
0
(0, x− y) := inf

θ∗∈Θ̃∗
0

{|θ∗| : x− y ∈ θ∗}, (2.8)

. ρ∗(x, y) & R
n "��DE.

(ii) B

Bρ∗(x, r) := {y ∈ R
n : ρ∗(x, y) < r},

.'
|Bρ∗(x, r)| ∼ r, x ∈ R

n, r > 0,

'2+mS!fhn� p(Θ).

_d (i) _Ci" ρ∗(x, y) )6�# 2.5 2��H (i)  (ii). fjIFF
ρ∗(x, y) ≤ κ[ρ∗(x, z) + ρ∗(z, y)]. (2.9)

G$* (2.9) E+m�

ρΘ̃∗
0
(0, x− y) ≤ κ[ρΘ̃∗

0
(0, x− z) + ρΘ̃∗

0
(0, z − y)].

B x, y, z ∈ R
n, CC� 2.6 (i) 9X1 θ∗(0, t)  θ∗(0, s), f) x− z ∈ θ∗(0, t), z− y ∈ θ∗(0, s),

|θ∗(0, t)|/2 ≤ ρΘ̃∗
0
(0, x− z) ≤ |θ∗(0, t)|

 

|θ∗(0, s)|/2 ≤ ρΘ̃∗
0
(0, z − y) ≤ |θ∗(0, s)|,

'2 θ∗(0, t), θ∗(0, s) ∈ Θ̃∗
0. %Æ(8�ÆB t ≥ s. C (2.7) 9 θ∗(0, t) ⊂ θ∗(0, s− γ). gC
x− z ∈ θ∗(0, t)  z − y ∈ θ∗(0, s),

.(">)

x− y ∈ θ∗(0, t) + θ∗(0, s) ⊂ θ∗(0, s− γ) + θ∗(0, s− γ)

= M∗
0, s−γ(Bn + B

n) ⊂ 2M∗
0, s−γ(Bn) = 2θ∗(0, s− γ).

bC6 (2.4) 9
ρΘ̃∗

0
(0, x− y) ≤ |2θ∗(0, s− γ)| ≤ 2na22γ−s

≤ 2n2γ a2

a1
(|θ∗(0, s)| + |θ∗(0, t)|)

≤ κ(ρΘ̃∗
0
(0, z − y) + ρΘ̃∗

0
(0, x− z)),
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'2 κ := 2n+1+γ a2
a1

.

(ii) >'S[kc� [7, �H 2.10] �FF, >3)* (ii). Fa.

>'!��� [10, �, 2.9] �FF, >)*& �H.

b� 2.7 B Θ̃∗
0 &&C� 2.3 %U�2?-.26./, X1-S! C0  C1, f)�(

$� x, z ∈ R
n, '

C0|x− z|1/a4 ≤ |ρ∗(z, x)| ≤ C1|x− z|1/a6 , ρ∗(z, x) ≥ 1. (2.10)

b� 2.8 B Θ &51�26./.

(i) (� [7, C� 2.7]) Y�! ρ : R
n × R

n → [0,∞) �#�

ρ(x, y) := ρΘ(x, y) := inf
θ∈Θ

{|θ| : x, y ∈ θ}, (2.11)

. ρ(x, y) & R
n "��DE.

(ii) (� [7, C� 2.10]) B

Bρ(x, r) := {y ∈ R
n : ρ(x, y) < r}, (2.12)

.
|Bρ(x, r)| ∼ r, x ∈ R

n, r > 0,

'2+mS!fhn� p(Θ).

b� 2.9 d� z ∈ R
n  l > 0, .X1S! Cl, f)∫

Rn

1
max{1, ρ(z, x)}1+l

dx ≤ Cl.

_d CC� 2.8 (ii)  l > 0, '∫
Rn

1
max{1, ρ(z, x)}1+l

dx =
∫

Bρ(z,1)

1
max{1, ρ(z, x)}1+l

dx

+
∞∑

k=1

∫
Bρ(z, 2k)\Bρ(z, 2k−1)

1
max{1, ρ(z, x)}1+l

dx

≤ |Bρ(z, 1)| +
∞∑

k=1

|Bρ(z, 2k)| · 2−k(1+l) ≤ 1 +
∞∑

k=1

2−kl

=: Cl.

Fa.

3 `hijklam
< Bownik � [2, ! 157 -] �<3, :��.�-���)�� ��0!����
+,

e
+�l�2?-.26./ Θ̃0.

YZ 3.1 �($��45� α, β  (x, ξ) ∈ R
n × R

n, &� σ(x, ξ) )6fo
|∂α

x ∂
β
ξ [σ(M0, k′γ ·, (M∗

0, k′γ)−1·)](M−1
0, k′γx, M

∗
0, k′γξ)| ≤ Cα, β , (3.1)

.� σ(x, ξ) G���)�� ��0! S0
δ, δ(Θ̃0), 0 ≤ δ < 1, '2
k′ = �kδ�,
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k ∈ N0 0)6 1 + ρ∗(0, ξ) ∼ 2kγ = |detM0,−kγ |.
"0�\!>3.("TU�

∂α
x ∂

β
ξ σ̃(M−1

0, k′γx, M
∗
0, k′γξ),

'2
σ̃(x, ξ) := σ(M0, k′γx, (M∗

0, k′γ)−1ξ).

J-��0 σ(x, ξ) ����
+>33�#1 S ":

Tσf(x) := σ(x, D)f(x) :=
∫

Rn

σ(x, ξ)f̂(ξ)e2πix·ξdξ.

�, 3.2 K Bényi  Bownik ���)��0! S0
δ, δ(A) "�'*� (� [2, �, 1.1]) /,

*�Zp#2 .

Yn 3.2 B σ ∈ S0
δ, δ(Θ̃0), 0 ≤ δ < 1, .���
+ Tσ 1 L2 "&'*�.

��FF�, 3.2, jI& �,.

on 3.3 ÆB x− y ∈ θ∗(0,−kγ) \ θ∗(0,−(k − 2)γ), k ∈ Z, .
C12kγ ≤ ρ∗(x, y) ≤ C22kγ ,

'2 C1 := a12−2γ  C2 := a2.

_d C ρ∗(x, y) ��#9
ρ∗(x, y) ≤ |θ∗(0, −kγ)| ≤ a22kγ . (3.2)

�($� s ≥ −(k − 3)γ, >' (2.7) >9
θ∗(0, s) ⊂ θ∗(0, −(k − 2)γ). (3.3)

Z |θ∗(0, s)| ≤ a12(k−3)γ ], C (2.4) >)

a12−s ≤ |θ∗(0, s)| ≤ a12(k−3)γ , s ≥ −(k − 3)γ.

>'6E (3.3) >9
Bρ∗(0, a12(k−3)γ) =

⋃
|θ∗(0, s)|<a12(k−3)γ

θ∗(0, s) ⊂
⋃

s≥−(k−3)γ

θ∗(0, s) ⊂ θ∗(0, −(k − 2)γ).

C6� x− y ∈ (θ(0, −(k − 2)γ))�, .(">)

x− y ∈ Bρ∗(0, a12(k−3)γ)�,

6EpB
ρ∗(x, y) ≥ a12(k−3)γ .

4Q6E� (3.2) Æ@;�C� 3.3 �FF.

on 3.4 B a6 &�# 2.1 2�(#-S!. &� N > 1/(2a6), klX1(#-S!
C > 0, f)�($ t ∈ R, ' ∫

Rn

(1 + |M0, tz|2)−N dz ≤ C2t.
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_d Z ρ(z, x) ≥ 1 ], C� [10, �, 2.9] >9
1 + |M0, tz| ≥ C[1 + ρ(0, M0, tz)a6 ].

C6%+E, e�4AmV, C� 2.9 � 2a6N > 1, >)∫
Rn

(1 + |M0, tz|2)−N dz ≤
∫

Rn

C[1 + ρ(0, M0, tz)]−2a6N dz ≤ C2t.

Z ρ(z, x) < 1 ], C� [10, �, 2.9], 2a4N ≥ 2a6N > 1, l�"��@>)∫
Rn

(1 + |M0, tz|2)−N dz ≤
∫

Rn

C[1 + ρ(0, M0, tz)]−2a4N dz ≤ C2t.

Fa.

q �in�, 3.2 �FF.

Yn 3.2 q_d �,�FF��r#"r.

sb 1 ob, >K R
n ×R

n 2��0 σ V5�@'stT��!. p+", B φ &t1>
F6 B

n "�gh�!0 φ(0, 0) = 1. �($� j ∈ N, �#

σ̈j(x, ξ) := σ(x, ξ)φ(2−jx, 2−jξ).

CtTXZ tE@., __' σ̈j ∈ S0
δ, δ(Θ̃0) � j ∈ N (u;^. C0, �($ f ∈ S ,

Tσ̈jf → Tσf, j → ∞.

1 S 2, Z�0V5�@'stT��!], K�Æ ��FF, &�ie�. 1q ��FF
2, KÆB σ ∈ S0

δ, δ(Θ̃0) 0@'stT.

sb 2 ��
+ Tσ & :

Tσ =
∞∑

j=0

Tσj , σj(x, ξ) :=
{
σ(x, ξ)ψ((M∗

0,−jγ)−1ξ), j ∈ N,

σ(x, ξ)ϕ(ξ), j = 0.
(3.4)

/3 ϕ, ψ ∈ S )6 suppϕ ⊂ θ∗(0, 0), suppψ ⊂ θ∗(0, 0) \ θ∗(0, 2γ)  

ϕ(ξ) +
∞∑

j=1

ψ((M∗
0,−jγ)−1ξ) = 1, ξ ∈ R.

C suppψ ⊂ θ∗(0, 0) \ θ∗(0, 2γ) � (2.3) 9
ξ ∈M∗

0,−jγθ
∗(0, 0) \M∗

0,−jγθ
∗(0, 2γ) = θ∗(0, −jγ) \ θ∗(0, −(j − 2)γ) =: Uj . (3.5)

?Æ"r 1 �qu, >3FF�0! {σj}j∈N0 1 S0
δ, δ(Θ̃0) 2, 0 (3.1) &(u;^�.

sb 3 rF Tσj &Xjkk-\� (�#"� [15, ! 7 :]). l�m�(� ω ∈ N (ω s

^]?�). K (3.4) ���Rcv!�'t 

Tσ =
ω∑

r=1

( ∞∑
j=0, j≡r modω

Tσj

)
. (3.6)

��w#l�� r = 1, . . . , ω, /unxyiFFz#v!&'*�. C (3.4), (3.5)  C� 2.4

9, Tσj = TσΔj , '2 Δj &(#o+:

Δ̂jf(ξ) :=

{
f̂(ξ)ψ((M∗

0,−jγ)−1ξ), j > 0,
f̂(ξ)ϕ(ξ), j = 0.
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C Δ̂j �tTXZ>9
Tσj (Tσk

)∗ = TσΔj(Δk)∗(Tσ)∗ = 0, |j − k| ≥ 2, (3.7)

.�($ j, k ∈ {j : j ≡ r mod ω}, C"E>) Tσj (Tσk
)∗ = 0, Y Tσj &Xjkk-\�.

sb 4 fo (Tσj )
∗Tσk

�p. C� [15, ! 7.2.5 :, �, 2] 9
(Tσj )

∗Tσk
f(x) =

∫
Rn

K(x, y)f(y) dy,

'2p
K(x, y) =

∫
Rn×Rn×Rn

σj(z, ξ)σk(z, η)ei[ξ·(z−y)−η·(z−x)] dz dξ dη. (3.8)

3 K{l5!�vq�H �0 σk  σj �J�gh��fop K. />3>'�v#4A
z, η, ξ K�ie��+w. *�����#2%�, objIK4AmV. /&rI�, 9���

)�XZ (3.1) x�*syz��0�\!.

��"r 3 2�(#v!�5�: j ≡ k mod ω, %tB j < k. |B k′ := �kδ�, j′ := �jδ�.
>'� (3.8) K4AmV

x→M0, k′γx, y →M0, k′γy, z →M0, k′γz, η → (M∗
0, k′γ)−1η, ξ → (M∗

0, j′γ)−1ξ,

0{lu+E

(M∗
0, j′γ)−1ξ · (M0, k′γz −M0, k′γy) − (M∗

0, k′γ)−1η · (M0, k′γz −M0, k′γx)

= (M−1
0, j′γM0,k′γ)∗ξ · (z − y) − η · (z − x),

'

K (M0, k′γx, M0, k′γy)

= 2j′γ
∫

Rn×Rn×Rn

σj(M0, k′γz, (M∗
0, j′γ)−1ξ)σk(M0, k′γz, (M∗

0, k′γ)−1η)

× ei[(M−1
0, j′γM0,k′γ)∗ξ·(z−y)−η·(z−x)]

dz dξ dη. (3.9)

�#

σ̃j(z, ξ) := σj(M0, k′γz, (M∗
0, j′γ)−1ξ)  σ̃k(z, η) := σk(M0, k′γz, (M∗

0, k′γ)−1η). (3.10)

C6E� suppσk ⊂ R
n × Uk >9

(M∗
0, k′γ)−1η ∈M∗

0,−kγ(Bn) \M∗
0,−(k−2)γ(Bn).

{l6E �, 3.3, '

1 + ρ∗((M∗
0, k′γ)−1η, 0) ∼ |detM0,−kγ | ∼ 2kγ .

96, σk )6 (3.1) �XZ. bC (3.1), �($��45� α, β  (z, η) ∈ R
n × R

n, '

|∂α
z ∂

β
η [σ̃k(·, ·)](z, η)|

= |∂α
z ∂

β
η [σk(M0, k′γ ·, (M∗

0, k′γ)−1·)](M−1
0, k′γM0, k′γz, M

∗
0, k′γ(M∗

0, k′γ)−1η)|
≤ Cα, β .
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v}6E, �($��45� α, β, '

‖∂α
z ∂

β
η σ̃k‖∞ ≤ Cα, β . (3.11)

U

σ1(x, ξ) := σj(M0, j′γx, (M∗
0, j′γ)−1ξ).

� σ̃j fltE@., >)

|∂α
z ∂

β
ξ σ̃j(·, ·)(x, ξ)| = |∂α

z ∂
β
ξ σj(M0, k′γ ·, (M∗

0, j′γ)−1·)(x, ξ)|
= |∂α

z ∂
β
ξ σj(M0, j′γM

−1
0, j′γM0, k′γ ·, (M∗

0, j′γ)−1·)(x, ξ)|
= |∂α

z ∂
β
ξ [σ1(M−1

0, j′γM0, k′γ ·, ·)(x, ξ)]|
� ‖M−1

0, j′γM0, k′γ‖|α||∂α
z ∂

β
ξ [σ1(·, ·)](M−1

0, j′γM0, k′γx, ξ)|
� ‖M−1

0, j′γM0, k′γ‖|α||∂α
z ∂

β
ξ [σj(M0, j′γ ·, (M∗

0, j′γ)−1·)]
× (M−1

0, j′γM0, k′γx, M
∗
0, j′γ(M∗

0, j′γ)−1ξ)|. (3.12)

v} σ̃j ��# suppσj ⊂ R
n × Uj , ' (M∗

0, j′γ)−1ξ ∈ Uj . gC�, 3.3, .(">)

1 + ρ∗((M∗
0, j′γ)−1ξ, 0) ∼ 2jγ .

96, σj )6 (3.1) �XZ. bC (3.1), �($��45� α, β  (z, η) ∈ R
n × R

n, '

[σj(M0, j′γ ·, (M∗
0, j′γ)−1·)](M−1

0, j′γM0, k′γx, M
∗
0, j′γ(M∗

0, j′γ)−1ξ) ≤ Cα, β .

v}6E (3.12) >9
|∂α

z ∂
β
ξ σ̃j(·, ·)(x, ξ)| ≤ Cα, β

∥∥M−1
0, j′γM0, k′γ

∥∥|α|
. (3.13)

|8, >' (2.2)  j < k, >)∥∥M−1
0, j′γM0, k′γ

∥∥ ≤ a52−a6(k
′−j′)γ ≤ C.

C6E (3.13), �($��45� α, β, '

‖∂α
z ∂

β
ξ σ̃j‖∞ ≤ Cα, β . (3.14)

9�

(I − Δz)N

[1 + |(M−1
0, j′γM0,k′γ)∗ξ − η|2]N ei[((M−1

0, j′γ
M0,k′γ)∗ξ−η)·z] = ei[((M−1

0, j′γM0,k′γ)∗ξ−η)·z]
,

'2 N &(#A! (N s^]?�). v}6EI� (3.9) 2�e�4A z K�ie�, >)

K(M0, k′γx, M0, k′γy)

= 2j′γ
∫

Rn×Rn×Rn

(I−Δz)N [σ̃j(z, ξ)σ̃k(z, η)]
ei[(M−1

0,j′γ
M0,k′γ)∗ξ·(z−y)−η·(z−x)]

[1+|(M−1
0,j′γM0,k′γ)∗ξ − η|2]N dzdξdη. (3.15)

K

(I − Δη)N

(1 + |x− z|2)N
e−i[η·(z−x)] = e−i[η·(z−x)]

 

(I − Δξ)N

[1 + |M−1
0, j′γM0,k′γ(z − y)|2]N ei[(M−1

0, j′γM0,k′γ)∗ξ·(z−y)] = ei[(M−1
0, j′γ

M0,k′γ)∗ξ·(z−y)]
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w� (3.15), I�e�4A ξ  η �xK�ie�, >)

K(M0, k′γx, M0, k′γy) (3.16)

= 2j′γ
∫

Rn×Rn×Rn

(I − Δξ)N

[1 + |M−1
0, j′γM0,k′γ(z − y)|2]N

(I − Δη)N

(1 + |x− z|2)N

× (I − Δz)N

[1 + |(M−1
0, j′γM0,k′γ)∗ξ − η|2]N [σ̃j(z, ξ)σ̃k(z, η)]

× ei[(M−1
0, j′γ

M0,k′γ)∗ξ·(z−y)−η·(z−x)]
dz dξ dη.

C suppσk ⊂ R
n×Uk, suppσj ⊂ R

n×Uj , σ̃j  σ̃k ��#�M∗
0, tM

∗
0, s = M∗

0, s+t (C (2.3) yF),

>)

η ∈M∗
0, k′γUk = M∗

0, k′γ [M∗
0,−kγ(Bn) \M∗

0,−(k−2)γ(Bn)] (3.17)

= M∗
0, (k′−k)γ(Bn) \M∗

0, (k′−k+2)γ(Bn) = Uk−k′ .

�,'

ξ ∈M∗
0, j′γUj = Uj−j′ (3.18)

 

(M−1
0, j′γM0,k′γ)∗ξ ∈M∗

0,k′γUj = Uj−k′ .

C6E �, 3.3 9
ρ∗(ξ, 0) ∼ 2(j−j′)γ , ρ∗(η, 0) ∼ 2(k−k′)γ  ρ∗((M−1

0, j′γM0,k′γ)∗ξ, 0) ∼ 2(j−k′)γ .

v} j < k  j ≡ k mod ω, ' j + ω ≤ k, �&X1S! c > 0, f)

ρ∗(η, 0) ≥ c2(k−j)(1−δ)γρ∗((M−1
0, j′γM0,k′γ)∗ξ, 0). (3.19)

Hw ω f) 2ωγ(1−δ) ≥ 2ω0γ , '2 ω0 ∈ N 0 2−ω0γ < 1/κ (κ "�# 2.5 (iii)). >'6E 

(3.19), '

ρ∗(η, 0) ≥ 2ω0γρ∗((M−1
0, j′γM0,k′γ)∗ξ, 0). (3.20)

(�~, v} (2.9)  (3.20), >9
ρ∗((M−1

0, j′γM0,k′γ)∗ξ, η) ≤ κ[ρ∗((M−1
0, j′γM0,k′γ)∗ξ, 0) + ρ∗(η, 0)] (3.21)

≤ κ(2−ω0γ + 1)ρ∗(η, 0);

|(�~, C

ρ∗(η, 0) ≤ κ[ρ∗((M−1
0, j′γM0,k′γ)∗ξ, η) + ρ∗((M−1

0, j′γM0,k′γ)∗ξ, 0)]

 (3.20) >)

ρ∗(M−1
0, j′γM0,k′γ)∗ξ, η) ≥ 1

κ
ρ∗(η, 0) − ρ∗((M−1

0, j′γM0,k′γ)∗ξ, 0)

≥
(

1
κ
− 2−ω0γ

)
ρ∗(η, 0).

4Q6E (3.21), '

ρ∗((M−1
0, j′γM0,k′γ)∗ξ, η) ∼ ρ∗(η, 0) ∼ 2(k−k′)γ ∼ 2kγ(1−δ).
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>'6E (2.10), .(">)

|(M−1
0, j′γM0,k′γ)∗ξ − η| ≥ C[ρ∗(M−1

0, j′γM0,k′γ)∗ξ, η)]a6 ∼ 2a6(k−k′)γ ∼ 2a6kγ(1−δ).

K"0fo (3.11), (3.14), (3.17)  (3.18) w* (3.16) 2, I�4A ξ  η .Te�>9
|K(M0, k′γx, M0, k′γy)|

� 2j′γ−2Na6kγ(1−δ)+(j+k)(1−δ)γ

∫
Rn

Q(M−1
0, j′γM0,k′γ(z − y))Q(z − x) dz,

'2 Q(v) := (1 + |v|2)−N . �"EK4AmV^>)
|K(x, y)| � 2j′γ−2Na6kγ(1−δ)+(j+k)(1−δ)γ (3.22)

×
∫

Rn

Q(M−1
0, j′γM0,k′γ(z −M−1

0, k′γy))Q(z −M−1
0, k′γx) dz.

sb 5 fo ‖(Tσj )
∗Tσk

‖. jIbfo∫
Rn

|K(x, y)| dy  
∫

Rn

|K(x, y)| dx.

B� N > 1/(2a6). C�, 3.4 9∫∫
Rn×Rn

Q(M−1
0, j′γM0,k′γ(z −M−1

0, k′γy))Q(z −M−1
0, k′γx) dy dz

� 2−j′γ
∫

Rn

Q(z −M−1
0,−j′γx) dz � 2−j′γ

 ∫∫
Rn×Rn

Q(M−1
0, j′γM0,k′γ(z −M−1

0, k′γy))Q(z −M−1
0, k′γx) dx dz

� 2−k′γ
∫

Rn

Q(M−1
0, j′γM0,k′γ(z −M−1

0, k′γy)) dz � 2−j′γ .

v}6E� (3.22), >) ∫
Rn

|K(x, y)| dy � 2−2Na6kγ(1−δ)+(j+k)γ(1−δ).

!��, �
∫

Rn |K(x, y)| dx .'�u�"*. 96, C Schur �, ("� [15, ! 284 -]), �($

� j < k − ω, >)

‖(Tσj )
∗Tσk

‖ � 2−2Na6kγ(1−δ)+(j+k)γ(1−δ).

.(", � |j − k| ≥ ω, �u'

‖(Tσj )
∗Tσk

‖ � 22 max{k, j}(1−Na6)γ(1−δ).

sb 6 1"r 5 >3/zA

‖(Tσj )
∗Tσk

‖ � g(j)g(k), |j − k| ≥ ω, (3.23)

'2
g(j) := 2−2jε � ε := (Na6 − 1)(1 − δ)γ > 0,

/3, B N 6{(f) N > 1/a6. 3 rF
+ Tσk
&(u'*�. C (3.11) >9�0 σ̃k ∈

S0
0, 0(Θ̃0) -� k &(u;^�. C��)��0! S0

0, 0(Θ̃0) *�����0! S0
0, 0 &(u�.
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p+",&��0 σG����� ��0! S0
0, 0 (" (1.1))0 1+ρ∗(ξ) ∼ 2kγ , k′ = �k×0� = 0,

.�($� ξ ∈ R
n, '

|∂α
x ∂

β
ξ σ(x, ξ)| ≤ Cα, β .

C6>9
|∂α

x ∂
β
ξ [σ(M0, 0·, (M∗

0, 0)
−1·)](M−1

0, 0x, M
∗
0, 0ξ)|

= |∂α
x ∂

β
ξ σ̃(M0, 0·, (M∗

0, 0)
−1·)(x, ξ)|

≤ C‖M0, 0‖|α|‖(M∗
0, 0)

−1‖|β||∂α
x ∂

β
ξ σ(x, ξ)|

≤ Cα, β ,

'2
σ̃(x, ξ) := σ(M−1

0, 0x, M
∗
0, 0ξ).

96, ' σ ∈ S0
0, 0(Θ̃0). &� σ ∈ S0

0, 0(Θ̃0), >9
|∂α

x ∂
β
ξ [σ(·, ·)](x, ξ)| = |∂α

x ∂
β
ξ [σ(M0, 0M

−1
0, 0·, (M∗

0, 0)
−1M∗

0, 0·)](x, ξ)|
= |∂α

x ∂
β
ξ [σ2(M−1

0, 0·, M∗
0, 0·)](x, ξ)|

� ‖M−1
0, 0‖α‖M∗

0, 0‖β |∂α
x ∂

β
ξ [σ2(·, ·)](M−1

0, 0x, M
∗
0, 0ξ)|

� C|∂α
x ∂

β
ξ [σ(M0, 0·, (M∗

0, 0)
−1·)](M−1

0, 0x, M
∗
0, 0ξ)|

� Cα, β ,

'2
σ2(x, ξ) := σ(M0, 0x, (M∗

0, 0)
−1ξ).

96' σ ∈ S0
0, 0. �&, S0

0, 0 � L2 '*�${x���
+ Tσ̃k
-� k &(u'*�. |8, >

'(#yzy
, '

Tσk
= DM−1

0, k′γ

Tσ̃k
DM0, k′γ .

DM0, k′γf(x) := |M0, k′γ |1/2f(M0, k′γx) 1 L2 "&+D�. 96, 
+ Tσk
-� k (u'*. C

6, (3.23) � (3.7), fl Cotlar �, ("� [15, ! 280 -]), >)z#
+∑
k≡r modω

Tσk
, r = 1, . . . , ω

1 L2 "&'*�. C6� (3.6) Æ>) Tσ 1 L2 $%"�'*�. Fa.

cz {?||}}�~A�~�$" ��.
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