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1 MN
Bonk, Heinonen � Koskela [3] ������������ �!�� ! Gromov !�

�, "�"#$%����##� Gromov !����&$; �%����: � �� Gromov

!�'�, (�&')('����*) Gromov �*��� !"'#+*$%'����

', ,+ [3, &- 1.11 �&- 7.11]. Väisälä [14] '"#*(),-.� Banach ��. Herron,

Shanmugalingam � Xie [9] .�**(+ [3, 14] /�"#)0/� ��, +��: 1,�2�

03415, Gromov !�'�2O� �*) Gromov �*�3Æ67!"�&!��'�.

�%, Balogh � Buckley [1] ��� Ahlfors 89 Loewner �����'�, Gehring–

Hayman -!4". Bonk, Heinonen � Koskela [3] :.�5/641!" Gromov !�'.

0 Lammi [12] �� Gromov !�') Gehring–Hayman -!4;17� �*) Gromov �

*!2<=8�>�. P9, Koskela, Lammi � Manojlović [11] :3� Loewner 41, +��

Gehring–Hayman -!4! Ahlfors 89�� Gromov !�'���4?41. 5+�Q?;6
!@A7<�� Gromov !�'���ÆB. � "=CD���*8���, 9)5>"#.

RS 1.1 ? X !��(�/, +@:)(�D*� ��A ∂X = {c}, ? k ! X ��

!�� , 95B412<!":

(1) X ! A- ���;

(2) X ! C1-�2�,2O C2-Gehring–Hayman-!4, (X, k)! δ-!��A� 8 w ∈ X

! K- ;EF�;

(3) X � c 8! C- ,�2�,

C/"G<#!2<HD�.

T 1.2 (1) Balogh � Buckley 1+ [1, &- 3.1] /=>) X � �!�� �;EF'

)���,�2'!<��, CIJ#+,+ [2, 9, 14].

(2)E?X ! Ahlfors89�,KFGL+ [11,&- 5.1]+M:3&- 1.1 (2)/� Gehring–



5� U�H@: AIBJKC Gromov �LNDEF�O 739

Hayman -!4.

1+ [3, 9, 14] /, ,�2'!PG"#H%�I/41. ME, + [3, &- 1.13], NV��
���,�2'+M��ODQP-)(�*�'�, C Gromov !�')��'!!"�. Q

0, &- 1.1 R�1J#CD���*8�� ��RF, ,�2'�!4?41.

&- 1.1 �"�STJ�US,5+K 2 S.

E?����� CVW8!,�2�, Buckley !X1+ [5, &- 6.6] /��:3"8T

L���YQ!���. WU&- 1.1 ���>L, "X+:'+MÆBM,�2', E5V>.

YZ 1.3 ? X !��(�/�N+@:)(�OQP��A c ∈ X, 9 X \ {c} ! A- �

��QAZQ X ! B- ���MJ X � c 8! B- ,�2�, C/<# A � B 2<HD.

XFO<[QRS[\D]��*8�D*���CD���*8�,*RF.^5_T$

]�M\/UR�, VG=W &- 1.1 �"#H%, <�<#X-!& �.

] 1.4 ? X = {(x1, x2) ∈ R2 : −n ≤ x1 ≤ n, x2 = 0} ∪ {(x1, x2) ∈ R2 : x1 = 0,

0 ≤ x2 ≤ 1}, c1 = (0, 1), c2 = (n, 0), w = (−n, 0) A X = X \ {c1, c2}. [\ X VY R2 ���

� ZW�:�� d, [Q (X, d) !XR�A2OOD<# C = 1 � Gehring–Hayman -!

4, (X, k) ! 0- !��MJ� w ∈ X ! 0- ;EF�. Q0, � `\� A < n, X ! n- ��

�Y-! A- ���.

] 1.5 ? Y = {(x1, x2) ∈ R2 : x1 ≥ 0, x2 = 0} ∪ {(x1, x2) ∈ R2 : x1 = n, 0 ≤ x2 ≤ 1},
c = (n, 1), w = (0, 0) A Y = Y \ {c}. [\ Y VY R2 ���� ZW�:�� d, ab

(Y, d) !XR�A2OOD<# C = 1 � Gehring–Hayman -!4, (Y, k) ! 0- !��MJ�

 w ∈ X ! 0- ;EF�. Q0, � `\� A < n, Y ! n- ���Y-! A- ���.

5+K 2 Scd+]V^�Ze�US. &- 1.1 �*# 1.3 ���1K 3 ST$.

2 ^_`a
2.1 bcde

5Scd� ���<�US, [[+ [1, 2, 5].

? (X, | · |) !��� ��, X � ∂X := X \ X /U\f_�� QPM�� �*. g

∂X �= ∅, X !OQP�+� x ∈ X, KF] d(x) = dist(x, ∂X). ��D*^. A ⊂ X �`h]

U diam(A). M x U/a, _hU r > 0 �i (`) 5]U

B(x, r) = {z ∈ X : |z − x| < r} (B(x, r) = {z ∈ X : |z − x| ≤ r}),
MJ� 5j]U

S(x, r) = {z ∈ X : |z − x| = r}.
0M x U/a, 7_h r �%_h R �,]U

A(x; r,R) = B(x,R) \ B(x, r).

g X �k��`5#!/�, 9 X !0/�.

�4�&, b�!��)c�# γ : I = [a, b] → X. γ �:�&dE5:

�(γ) = sup
{ n∑

i=1

|γ(ti) − γ(ti−1)|
}

,
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CVl*!� [a, b] �`\/m a = t0 < t1 < t2 < · · · < tn = b _n. g �(γ) < ∞, 9 γ !+

@:�. γ 1X /�e^Y]U γ, γ M x� yUa8�\�&]U γ[x, y]. g �(γ[x, y]) = |x−y|,
9 γ !�4)^ x ) y �XR&.

b?�& γ !+@:�, KF&d:��# sγ : [a, b] → [0, �(γ)] U sγ(t) = �(γ[a, t]). �`

\�+@:�& γ : [a, b] → X, c1�4f���& γs : [0, �(γ)] → X 2O γ = γs ◦ sγ . [Q,

�VD� t ∈ [0, �(γ)], KFD �(γs[0, t]) = t. "4�& γs  U γ �d:[#M. T&�� Borel

�# � : X → [0,∞), γ gCV��&e/&dE5:∫
γ

�ds =
∫ �(γ)

0

� ◦ γs(t)dt.

? A ≥ 1. gM x � y Ua8��& γ 2O �(γ) ≤ A |x − y|, 9 γ U A- �2�. g� 

X /�`\]8 x � y, #c1�4 A- �2�&)^_F, 9 X ! A- �2�.

g� X /�`\]8 x � y, #c1�4�& γ )^_F, +2O5>'h:

(1) �VD� z ∈ γ, min{�(γ[x, z]), �(γ[z, y])} ≤ Ad(z);

(2) �(γ) ≤ A |x − y|,
9 X ! A- ���.

? X !��� ��A p ∈ X, +? A ≥ 1. g� VD� r > 0, MJ, A(p; r, 2r) =

B(p, 2r) \B(p, r) /`\]8 x � y, #c1�4 A- �2�& γ )^_F+o1 A(p; r/A, 2Ar)

/, 9 X � p 8!,�2�.

? X !��(�/�, +@:)(, OQP�� ��, CV��!�� kX &dU

kX(x, y) = inf
{ ∫

γ

1
d(z)

|dz|
}

,

C/5l*!� X /VDM x � y Ua8�+@:�& γ _n. g X �!f(�g�2�, +

[3, pi 2.8] \�: X /�`\]8#c1�4�!�XR&)^_F. 5j)�!�� <�

�-!4_[ + [3, 6, 7]:∣∣∣∣ log
d(x)
d(y)

∣∣∣∣ ≤ log
(

1 +
|x − y|

min{d(x), d(y)}
)

≤ k(x, y). (2.1)

�%, g� X /�`\]8 x � y, MJVD)^_F��& γ #2O
�([x, y]k) ≤ A�(γ),

C/ k ! X ��!�� MJ [x, y]k !)^ x � y ��!�XR&, 9 X 2OOD<# A

� Gehring–Hayman -!4.

2.2 Gromov fghi
"Scd+ [3, 4, 8] /) Gromov !���<��hi�US.

? (X, d) !��� ��+j&��k8 w ∈ X.

(1) � x, y ∈ X, x, y � w � Gromov leU

(x | y)w =
1
2
(d(x,w) + d(y,w) − d(x, y)).

(2) gc1<# δ ≥ 0, G9� VD� x, y, z, w ∈ X #2O
(x | y)w ≥ min{(x | z)w, (z | y)w} − δ,
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9 X ! δ- !��. g X � W�<# δ ≥ 0 ! δ- !��, KFX X ! Gromov !��.

ÆUR, g� ��/ODO��*�)(i^� �!�� ! δ- !��, 9 _! Gromov

!�'� [3].

(3) ? X !�� δ- !���.

(a)� X /���8B {xi},Q i, j → ∞q, (xi |xj)w → ∞,9 _!�� Gromov 8B.

(b) Q i → ∞ q, (xi | yi)w → ∞, 9 ]�8B {xi} � {yj} !!"�.

(c) X /Gromov8BmH�!"=�^. ∂∗X, UX �Gromov�*. 0X∗ = X∪∂∗X

 U X � Gromov `n.

Rj 2.1 ? X !��0/, XR� δ- !���A w ∈ X. g� k�� x ∈ X, #c1

W�8 ξ ∈ ∂∗X MJ�4)^ w ) ξ �XRr& γ = [w, ξ] 2O
dist(x, γ) ≤ K,

9 X � w ! K- ;EF�.

3 kl 1.1 mno 1.3 pqr
1"��/, &- 1.1 ���Ygo:-mH.

sS 3.1 ? X !��(�/�N+@:)(�D*� ��A ∂X = {c}. g X ! A- �

��, 9 X ! A- �2�, 2OOD<# C � Gehring–Hayman -!4, (X, k) ! δ- !��A

� W�8 w ∈ X ! K- ;EF�, C/<# C, δ � K CHD A.

tu [Q, X � A-��'*$ X ! A-�2�.Y+ [3,&- 2.10]+j X /�k�4�

!�XR&#! C-���&A<# C CHD A. k�,2OOD<# C � Gehring–Hayman

-!4. lY+ [3, &- 3.6] +j, (X, k) ! δ- !��A� W�8 w ∈ X ! K- ;EF�, C

/<# δ � K CHD A. �p.

sS 3.2 ? X !��(�/�N+@:)(�D*� ��A ∂X = {c}, +? k ! X

��!�� . g X ! C1- �2�, 2OOD<# C2 � Gehring–Hayman -!4, (X, k) ! δ-

!��A� W�8 w ∈ X ! K- ;EF�, ab X � 8 c ! C- ,�2�A<# C CHD

 C1, C2, δ MJ K.

tu sm, KF��c1��!r

ϕ : ∂∗X → ∂X,

C/ ∂∗X ! (X, k) � Gromov �*.

n&�8 ξ ∈ ∂∗X. kU (X, k) !0/�, Y Arzela–Ascoli &-+jc1�4�!�XR

r& γ : [0,∞) → X 2O γ(0) = w MJ γ(∞) = ξ, [[+ [4, :- 3.2, 428 n]. ^5_��:

vw 1 {γ(n)} tu) c MJ�!�XRr& γ 1 c 8op.

kU X ! C1- �2�, A2OOD<# C2 � Gehring–Hayman -!4

�(γ) = lim
n→∞ �(γ[0, n]) ≤ lim

n→∞C1C2|w − γ(n)| ≤ C1C2diam(X) < ∞.

VM, Q n,m → ∞ q,

|γ(n) − γ(m)| ≤ �(γ[n,m]) → 0.
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k�, {γ(n)} ! X /� Cauchy B, +tu)� QPM�� X = X ∪ {c} /�W8 p. g

p ∈ X, 9

�k(γ) =
∫ �(γ)

0

dt

d(γ(t))
≤ �(γ)

dist(γ, c)
< ∞,

[Qvq.  !, rq 1 H%.

x\) ∂X CD��8 c. EV=WJ#+9, � CI`\2O γ′(∞) = ξ ��!�XR

r& γ′ : [0,∞) → X, Q n → ∞ q,

|γ′(n) − c| → 0.

k�, KF9)���rr ϕ : ∂∗X → ∂X.

kU ∂X = {c}, Yrq 1 +M9)E5"#:

vw 2 ϕ !2r.

^5_, KFw��

vw 3 ϕ !sr.

U�, � 2O ϕ(ξ1) = ϕ(ξ2) �`\]8 ξ1, ξ2 ∈ ∂∗X, KF^?�� ξ1 = ξ2. msn�4

)^ ξ1 � ξ2 �XR& α : R → X, G9 {α(−n)} ∈ ξ1 MJ {α(n)} ∈ ξ2. Yrq 1 +j

Q n → ∞q, |α(−n) − c| → 0 A |α(n) − c| → 0. (3.1)

lY X ��2', Gehring–Hayman -!4MJ (3.1), Q n → ∞ q, +9

�(α[−n, n]) ≤ C1C2|α(n) − α(−n)|
≤ C1C2(|α(−n) − c| + |α(n) − c|) → 0.

 !, �(α) = 0 A ξ1 = ξ2.

t1KFu�� ∂∗X = {ξ} MJ ϕ(ξ) = c. ^5_, KF�� X � 8 c ! C- ,�2�.

T& 0 < r ≤ diam(X) MJ`\]8 x, y ∈ A(c; r/2, r). kU (X, k) � 8 w ! K- ;E

F�, VMc1]4t w ) ξ �XRr& α1, α2 : [0,∞) → X, G9

distk(x, α1) ≤ K A distk(y, α2) ≤ K. (3.2)

lY Gromov !����vwx&'&- (,+ [13, &- 6.32]), c1��CHD δ �<# δ′,

G9�!� Hausdorff x6

kH(α1, α2) ≤ δ′. (3.3)

lY (3.2) � (3.3), c1]8 x1, y1 ∈ α1 2O
k(x, x1) ≤ K A k(y, y1) ≤ K + δ′. (3.4)

n t, s ≥ 0 2O x1 = α1(t) MJ y1 = α1(s). -y�u', KF+Mb& t ≤ s. ^5_y�

k(x, y) ≤ C′. (3.5)

Y (2.1) � (3.4), +9

e−K ≤ d(x1)
d(x)

=
|x1 − c|
|x − c| ≤ eK MJ e−K−δ′ ≤ d(y1)

d(y)
=

|y1 − c|
|y − c| ≤ eK+δ′

.



5� U�H@: AIBJKC Gromov �LNDEF�O 743

kU x, y ∈ A(c; r/2, r),
r

2eK
≤ |x1 − c| ≤ eKr A

r

2eK+δ′ ≤ |y1 − c| ≤ eK+δ′
r.

zkU X ! C1- �2�A2OOD<# C2 � Gehring–Hayman -!4, VM

�(α1[x1, y1]) ≤ C1C2|x1 − y1| ≤ 2C1C2eK+δ′
r, (3.6)

+A�VD� z ∈ α1[x1, y1],

d(z) = |z − c| ≥ �(α1[z, c])
C1C2

≥ �(α1[y1, c])
C1C2

≥ |y1 − c|
C1C2

≥ r

2C1C2eK+δ′ . (3.7)

 !, Y (3.6) � (3.7) +9

k(x1, y1) =
∫

α1[x1,y1]

|dz|
d(z)

≤ 2C1C2eK+δ′

r
�(α1[x1, y1]) ≤ 4C2

1C2
2e2K+2δ′

.

lY (3.4) +9

k(x, y) ≤ k(x, x1) + k(x1, y1) + k(y1, y) ≤ 2K + δ′ + 4C2
1C2

2e2K+2δ′
.

z

C′ = 2K + δ′ + 4C2
1C2

2e2K+2δ′
,

(3.5) 9�.

PL, KFn�4)^ x � y ��!�XR& β, C^�� β !�2�&.

�vj, Y X ��2'� Gehring–Hayman -!4, +9

�(β) ≤ C1C2|x − y| ≤ 2C1C2r. (3.8)

{�vj, �VD� v ∈ β, #D

|v − c| ≤ |x − c| + �(β) ≤ (1 + 2C1C2)r. (3.9)

lY (2.1) � (3.5), +9 ∣∣∣∣ log
d(v)
d(x)

∣∣∣∣ ≤ k(v, x) ≤ �k(β) = k(x, y) ≤ C′,

 !

|v − c| = d(v) ≥ d(x)
eC′ ≥ r

2eC′ . (3.10)

KFt (3.8), (3.9) J (3.10) +j β !�4 C1C2- �2�&An11 A
(
c; r

2eC′ , (1 + 2C1C2)r
)

/, C/ C′ = 2K + δ′ + 4C2
1C2

2e2K+2δ′
. z C = 2eC′

, k� X � 8 c ! C- ,�2�. �p.

sS 3.3 ? X !��(�/�N+@:)(�D*� ��A ∂X = {c}. g X � 8

c ! C- ,�2�, ab X ! A- ���A<# A CHD C.

tu smx\)�VD�8 p ∈ X, d(p) = |p− c|. �`\� x, y ∈ X, z t = |x− c| MJ
s = |y − c|. KFC^1 X /{|�4)^ x � y ����&.

-y�u', KF-wb& t ≤ s. g s ≤ 2t, 9

x, y ∈ A(c; t, 2t) A |x − y| ≤ |x − c| + |y − c| ≤ 3t.
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kU X � 8 c ! C- ,�2�, c1�4�& γ ⊆ A(c; t/C, 2Ct) )^ x � y, A�VD�

z ∈ γ, #D

�(γ) ≤ C|x − y| ≤ 3Ct ≤ 3C2d(z).

�q, γ |!V^����&.

g s > 2t, c1��8}# n ≥ 1, G9

2nt < s ≤ 2n+1t.

kU X !+@:)(�, c1�4)^ x � y �+@:�& α, A2O
α ∩ S(c, 2it) �= ∅, 1 ≤ i ≤ n.

�k��8}# 1 ≤ i ≤ n, sn�8 zi ∈ α ∩ S(c, 2it). z x = z0 � y = zn+1. kU X � 8

c ! C- ,�2�, c1�4)^ zi � zi+1 ��& αi ⊆ A(c; 2it/C, 2i+1Ct), 2O
�(αi) ≤ C|zi − zi+1|, 0 ≤ i ≤ n. (3.11)

z β =
⋃n

i=0 αi. ab x � y xy!�& β �]�a8. ^5_�� β !���.

�vj, Y

|x − y| ≥ |y − c| − |x − c| > (2n − 1)t

MJ (3.11) +9

�(β) =
n∑

i=0

�(αi) ≤ C

n∑
i=0

|zi − zi+1| ≤ 3Ct

n∑
i=0

2i ≤ 3Ct · 2n+1 ≤ 12C|x − y|;

{�vj, �k��8 z ∈ β c18}# k ∈ {0, 1, . . . , n}, G9 z ∈ αk. k�

d(z) = |z − c| >
2kt

C
,

A

�(β[x, z]) ≤
k∑

i=0

�(αi) ≤ 3Ct · 2k+1 ≤ 6C2d(z).

VM, β ! A- ���A A = 12C2. �p.

RS 1.1 ytu [Q, KF+Mt:- 3.1, 3.2 J 3.3 9)&- 1.1.

YZ 1.3 ytu I/'+Y+ [5, &- 6.6] 9), VMC^��4?'.

b? X \ {c} ! A- ���. KF���/]XRFJ#. sm, [\ X !D*�RF:

vw 4 c1��<# C > 1, G9 X ! C- ���.

`\T&]8 x, y ∈ X. g c �∈ {x, y}, KF1 X \ {c} /sn�4 A- ���& γ )^ x �

y. kU�VD� z ∈ X \ {c},
dist(z, ∂X ∪ {c}) ≤ dist(z, ∂X),

VM γ X! X /��4 A- ���&.

g c ∈ {x, y}, -y�u'KFb& y = c. x\) (X \ {c}, kc) !��0/XR��, C/

kc ! X \ {c} ��!�� . kU X \ {c} ! A- ���, Y+ [3, pi 3.12 (b)] +j, c1�4
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)^ x ) c ��!�XRr& α : [0,∞) → X, A_X! X \ {c} /��4 C- ���&, C/

<# C CHD A. kU�VD� z ∈ X \ {c},
dist(z, ∂X ∪ {c}) ≤ dist(z, ∂X),

VM α X! X /� C- ���&.  !, rq 4 9�.

t1KFy�:

vw 5 X � 8 c ! B- ,�2�.

] Y = X \ {c}, ab ∂Y = {c}. Y&- 1.1, C^�� Y ! C- ���.

`\T&]8 x, y ∈ Y . g {x, y} ⊆ X \ {c}, 1 X \ {c} /sn�4 A- ���& β )^ x

) y. kU�VD� z ∈ X \ {c},
dist(z, ∂X ∪ {c}) ≤ |z − c| = dist(z, ∂Y ),

VM β X! Y /��4 A- ���&.

g {x, y} � X \ {c}, KFC[\ x, y ∈ ∂X #1�*"XRF, kUC/��81�*�R

F+ML=W�vz{-. kU X \ {c} ! A- ���, Y+ [3, pi 3.12 (d)] +j, c1�4)

^ x � y ��!�XR& σ : R → X, A_! X \ {c} /� C- ���&, C/<# C CHD 

A. lY

dist(z, ∂X ∪ {c}) ≤ dist(z, ∂Y )

+j, σ X! Y /��4 C- ���&.

^5_[\ X !,*�RF. sn��k8 a ∈ ∂X. 1+ [5] /

da(x, y) = da(y, x) =
|x − y|(

1 + |x − a|)(1 + |y − a|) , x, y ∈ X,

MJ

d̂a(x, y) = inf
{ k∑

j=0

da(xj , xj+1)
}

, x, y ∈ X,

C/5l*!� X /VDD-8B

x = x0, x1, . . . , xk, xk+1 = y

_n. "~9)��� (X, d̂a) !��D*� ��+| U X � 8 a �5jM. �k��

\^ P ⊆ X, KF] P � 8 a �5jM��U

Sa(P ) = (P, d̂a).

kU X \ {c} !��,*� A- ����, Y+ [5, &- 5.5] +j, Sa(X \ {c}) !��D
*� A1- ����A A1 = A1(A).  !Yrq 4 � 5, Sa(X) ! C1- ���A Sa(X) � 8

c ! C1- ,�2�A C1 = C1(A1). lY+ [5, pi 6.3], Sa(X) ! (9C1)- �2�. k�, KF

Y+ [5, &- 5.5 �&- 6.5] +j, X ! B′- ���MJ X � 8 c ! B′- ,�2�, C/

B′ = B′(C1) = B′(A).

z{ }� Shanmugalingam }~�~�)�V.



746 � � � � J K L 64�

| } ~ �
[1] Balogh Z. M., Buckley S. M., Geometric characterizations of Gromov hyperbolicity, Invent. Math., 2003,

153: 261–301.

[2] Bjorn A., Bjorn J., Shanmugalingam N., Bounded geometry and p-harmonic functions under uniformization

and hyperbolization, arXiv: 1908.04644, 2019.

[3] Bonk M., Heinonen J., Koskela P., Uniformizing Gromov hyperbolic spaces, Asterisque, 2001, 270: 1–99.

[4] Bridson M. R., Haefliger A., Metric Spaces of Non-positive Curvature, Grundlehren der Mathematischen

Wissenschaften, Vol. 319, Springer-Verlag, Berlin, 1999.

[5] Buckley S. M., Herron D., Xie X., Metric space inversions, quasihyperbolic distance, and uniform spaces,

Indiana Univ. Math. J., 2008, 57: 837–890.

[6] Gehring F. W., Osgood B. G., Uniform domains and the quasi-hyperbolic metric, J. Analyse Math., 1979,

36: 50–74.

[7] Gehring F. W., Palka B. P., Quasiconformally homogeneous domains, J. Analyse Math., 1976, 30: 172–199.

[8] Gromov M., Hyperbolic groups, In: Essays in Group Theory, 75–263, Math. Sci. Res. Inst. Publ., Vol. 8,

Springer, New York, 1987.

[9] Herron D., Shanmugalingam N., Xie X., Uniformity from Gromov hyperbolicity, Illinois J. Math., 2008, 52:

1065-1109.

[10] Koskela P., Lammi P., Gehring–Hayman Theorem for conformal deformations, Comment Math. Helv., 2013,

88: 185–203.
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