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1 hi
�'(��)�*�+,�����-����./�0�����1����23:⎧⎪⎪⎨

⎪⎪⎩
∂tu− ε(t)∂tΔu− Δu+ f(u) = g(t, ut) + k(x), (x, t) ∈ Ω × (τ,∞),

u(x, t) = 0, (x, t) ∈ ∂Ω × (τ,∞),

u(x, τ + θ) = φ(x, θ), x ∈ Ω, θ ∈ [−h, 0],
(1.1)

�1 Ω ⊂ R
n (n ≥ 3)  !*�� !�*!4, τ ∈ R  ""��, ε(t) ∈ C1(R)  5#$%*

!&#$%6
lim

t→+∞ ε(t) = 0 (1.2)

'

sup
t∈R

(|ε(t)| + |ε′(t)|) ≤ L, (1.3)

�1(# L > 0. f(·)  �Æ7,, g(·, ·)  �+,, 8&, k(·) ∈ H−1(Ω), φ ∈ C0([−h, 0];Hτ )

 "9, h(> 0) �+:;�)*.+'<� t ≥ τ , ut ,=. [−h, 0]($%6 ut(θ) = u(t+θ),

θ ∈ [−h, 0] �&#.

>)-.? (·, ·) ' ‖ · ‖2 /* L2(Ω) 1�+0'1#, ((·, ·)) = (∇·,∇·) ' ‖∇ · ‖2 /*

H1
0 (Ω) 1�+0'1#, ? CX /* Banach �� C0([−h, 0];X), 23@(,!-. +'<�

u ∈ CX , �1#/*3 ‖u‖CX = maxt∈[−h,0] ‖u(t)‖X .

+0�+, g(·, ·), ./0' [11], >)40 g : R × CL2(Ω) → L2(Ω), $%6:

(I) ∀ ξ ∈ CL2(Ω), &# g(t, ξ) ∈ L2(Ω) 50�� t ∈ R 16;

(II) ∀ t ∈ R, g(t, 0) = 0;

(III) ∀ t ∈ R ' ∀ ξ1, ξ2 ∈ CL2(Ω), ∃ (# Lg > 0, 27

‖g(t, ξ1) − g(t, ξ2)‖2 ≤ Lg‖ξ1 − ξ2‖CL2(Ω)
.

+0�� (1.1), 8 ε(t) = 0 �, (1.1) 9:�*�+,��-����. +0�*�+,��
-��������23, 8�Æ7, f %6'<;<,3A)�, B*5C:= [11, 30]. .'
[11]1, Garćıa-Luengo'Maŕın-RubioD45��6,727?89�> [3]' CL2(Ω) 1:?E
FG�@.7..' [30]1,>)7?��HIAB�> [26]7C CLp(Ω) (p > 2)1:?EFG�
@.7. 8 ε(t) = 1 �, �� (1.1) ; �*�+,�����-����. +0�*�+,��
���-����, �����23J*5C:= [4, 14, 28]. .' [4] 1, Caraballo ' Márquez-

Durán +0Æ7A)<KD45��6,7. .' [14] 1, Hu ' Wang =>5Æ7A)<K2
D45 CH1

0 (Ω) 1:?EFG�@.7. 8�Æ7, f %6?!L#A)''< p− 1 (p ≥ 2) ;
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<,3A)�, >)-.7?-�NE [22, 25] 'FG&#�HS [8, 15, 16, 18, 21, 24, 27, 29] D45
CH1

0 (Ω) 1:?EFG�@.7. 8 ε(t) ∈ C1(R) %6 (1.2), (1.3) �, Caraballo, Márquez-Durán

' Rivero +�����23O25(�, 2I755C(�:= [5, 6]. .' [5] 1, 8�Æ7,
f %6;?!A)�, J)D45��6,7' CHt 1:?EFG�@.7. P$, +0T!�
+�<K, J).' [6] 1D45 CHt 1:?EFG�@.7.

Q0'U [5, 6] B*�(�:=, �'=>�� (1.1) ����23, �1�Æ7, f %6
?!L#A)''< q − 1 (q ≥ 2) ;<,3A), VRS>)ID�T� {U(t, τ)}t≥τ ���

U7�KVW�LM. 5�N, �Æ7, f %6?!L#A)''< q − 1 (q ≥ 2) ;<,3A
), VXW Sobolev UOPYX:Q. R5�N, �� (1.1) �*�+, g(t, ut), V27>)S(
�YT�Z�� Banach �� CX PY Banach �� X. .�� CX 1, 5CB*�IDT
� {U(t, τ)}t≥τ U7��>'NEYX6?. 35D4 CHt 1:?EFG�@.7, >).Z 3

[7?-�NEÆ\?!L#�K�LM27C CHt 1:?EFG Â �@.7 (],U 3.10).

.Z 4 [, 8�Æ7, f %6'< q − 1 (q ≥ 2) ;<,3A)�, >)7?FG&#�>D4
CHt 1:?EFG Â1 �@.7 (],U 4.6).

2 j[kl
�[S^/�0���EFG�5CQ�_V'`= [9, 10, 18].

0 {Xt}t∈R  5\31��, a Xt �bW3 R �X3
Bt(R) = {z ∈ Xt : ‖z‖Xt ≤ R}.

'S ε > 0, cd B ⊂ Xt � ε- Y4a3
Oε

t (B) =
⋃

x∈B

{y ∈ Xt : ‖x− y‖Xt < ε} =
⋃

x∈B

{x+ Bt(ε)}.

Z#��cd B,C ⊂ Xt � Hausdorff b[\a3
δt(B,C) = sup

x∈B
inf
y∈C

‖x− y‖Xt .

0 A = −Δ, ] D(A) = H1
0 (Ω) ∩H2(Ω). +'<� 0 ≤ σ ≤ 2, ,=

Hσ = D(Aσ/2), (u, v)σ = (Aσ/2u,Aσ/2v), ‖u‖σ = ‖Aσ/2u‖2.

+'<� t ∈ R ' −1 ≤ σ ≤ 1, ,=/�0����� H σ
t = H1+σ(Ω), 23@1#

‖u‖2
H σ

t
= ‖u‖2

Hσ + ε(t)‖u‖2
H1+σ .

8 σ = 0 �, (31� σ ]^Y^. _.e, *
H −1

t = H = L2(Ω), Ht = H1 $ ‖u‖2
Ht

= ‖u‖2
2 + ε(t)‖∇u‖2

2,

fP*UOP H σ
t ↪→ Ht (0 < σ ≤ 1), �1OP(#_ t ∈ R T5.

`m 2.1 0 {Xt}t∈R  5\31��. �=5#`g#aa U(t, τ) : Xτ → Xt, t ≥ τ ,

τ ∈ R %6:

(1) U(τ, τ) = Id  Xτ , τ ∈ R (�hibG;

(2) U(t, s)U(s, τ) = U(t, τ), ∀ t ≥ s ≥ τ , τ ∈ R,

]j U(t, τ)  5#T�.
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`m 2.2 c*!c\ Ĉ = {Ct}t∈R, Ct ⊂ Xt %6+'S� t ∈ R, @.(# R > 0, 27

Ct ⊂ Bt(R), ]j*!c\ Ĉ = {Ct}t∈R 5W*!.

`m 2.3 ccd\ B̂ = {Bt}t∈R 5W*!$+'S� R > 0, @. t0 = t0(t, R) ≤ t, 27

+'S� τ ≤ t0 * U(t, τ)Bτ (R) ⊂ Bt, ]jcd\ B̂ = {Bt}t∈R  :?EFc.

`m 2.4 T� {U(t, τ)}t≥τ �/�0���deEFG 5#bcc\ Â = {At}t∈R, $

%6:

(1) At . Xt 1U;

(2) Â . Xt 1Y9, k U(t, τ)Aτ = At, ∀ t ≥ τ ;

(3) Â :?EF, k Â 5W*!$+'<�5W*!c\ Ĉ = {Ct}t∈R ''<� t ∈ R,*
lim

τ→−∞ δt(U(t, τ)Cτ ,At) = 0.

8�� (1.1) ��Æ7, f %6 (3.1), (3.2) �, ./0' [2, 7, 12, 23], >)de)N�`
fKD4./�0�����1:?EFG�@.7.

`m 2.5 0 {U(t, τ)}t≥τ  Banach �� {Xt}t∈R 1�T�. c+'S� t ∈ R, *!c
Bτ ⊂ Xτ , @.5#_ Bτ Z5�Uc K1(Bτ ), 27

dist
τ→−∞(U(t, τ)Bτ ,K1) = 0,

]jT� {U(t, τ)}t≥τ . Xt 1:?����.

no 2.6 0 {U(t, τ)}t≥τ  Banach�� {Xt}t∈R 1�T�, B̂ = {Bt}t∈R  {U(t, τ)}t≥τ

�:?EFc. c {U(t, τ)}t≥τ %6:

U(t, τ) = D(t, τ) +K(t, τ), ∀ t ≥ τ,

$

(1) limτ→−∞ ‖D(t, τ)Bτ‖Xt = 0;

(2) @.fg {xn}∞n=1 ⊂ Bτn , 27 {K(t, τn)xn} . {Xt}t∈R 1@.FhGg,

] {U(t, τ)}t≥τ . {Xt}t∈R 1:?����.

no 2.7 [20] 0X ' Y  Z#%6UOP X ↪→ Y � Banach��,cd Z .W s0,r0
loc (τ, T ;

X) ∩ Ẇ s,r(τ, T ;Y ) 1*!, �1 s > 0, 1 ≤ r ≤ ∞, s0 ∈ R, 1 ≤ r0 ≤ ∞, ]
(1) c p < r∗ = r

1−sr $ s ≤ 1
r , ] Z . Lp(τ, T ;Y ) 1gU;

(2) c s > 1
r , ] Z . C([τ, T ];Y ) 1gU.

`o 2.8 0 {U(t, τ)}t≥τ  Banach �� {Xt}t∈R 1�T�, c

(1) {U(t, τ)}t≥τ . {Xt}t∈R 1@.:?EFc B̂ = {Bt}t∈R;

(2) {U(t, τ)}t≥τ . {Xt}t∈R 1:?����,

] {U(t, τ)}t≥τ . {Xt}t∈R 1@.:?EFG.

8�� (1.1) ��Æ7, f %6 (4.1), (4.2) �, >)de)N�`fKD4./�0��
���1:?EFG�@.7.

`m 2.9 [18] 0 {U(t, τ)}t≥τ  Banach �� {Xt}t∈R 1�T�. c+'S� t ∈ R, *!
fg {xn}∞n=1 ⊂ Xτn 'fg {τn}∞n=1(8 n → ∞ � τn → −∞), fg {U(t, τn)xn}∞n=1 . Xt 1
@.FhGg, ]jT� {U(t, τ)}t≥τ . Xt 1:?��U.
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`m 2.10 [18] 0 {Xt}t∈R  5\ Banach ��, Ĉ = {Ct}t∈R  {Xt}t∈R 1�5\5W*
!Gc. ψt

τ (·, ·)  ,=. Xt ×Xt (�&#, c+'<S� t ∈ R ''<� {xn}∞n=1 ⊂ Ct, @.
Gg {xnk

}∞k=1 ⊂ {xn}∞n=1, 27

lim
k→∞

lim
l→∞

ψt
τ (xnk

, xnl
) = 0, ∀ t ≥ τ,

]j ψt
τ (·, ·)  Ct × Ct (�FG&#.

a Ct × Ct (�FG&#Sg:�cd3 Contr(Ct).

no 2.11 [18] 0{U(t, τ)}t≥τ Banach��{Xt}t∈R1�T�, B̂={Bt}t∈R {U(t, τ)}t≥τ

�:?EFc. c+'S� ε > 0 ''<� t ∈ R, @. τ0 = τ0(ε) < t ' ψt
τ0

(·, ·) ∈ Contr(Bτ0),

27
‖U(t, τ0)x− U(t, τ0)y‖Xt ≤ ε+ ψt

τ0
(x, y), ∀x, y ∈ Bτ0 ,

] {U(t, τ)}t≥τ . {Xt}t∈R 1:?��U.

`o 2.12 [18] 0 {U(t, τ)}t≥τ  Banach �� {Xt}t∈R 1�T�, c

(1) {U(t, τ)}t≥τ . {Xt}t∈R 1@.:?EFc B̂ = {Bt}t∈R;

(2) {U(t, τ)}t≥τ . {Xt}t∈R 1:?��U,

] {U(t, τ)}t≥τ . {Xt}t∈R 1@.:?EFG.

3 phiqrsjtu
V5l-, 40�Æ7, f ∈ C(R,R) %6 f(0) = 0 ')ijm:

lim inf
|u|→∞

f(u)
u

> −λ1, (3.1)

$
|f ′(u)| ≤ C(1 + |u| 4

n−2 ), ∀u ∈ R, (3.2)

�1 λ1  −Δ . H1
0 (Ω) 1�Z5_k9.

l' [1], >)-� f 3: f = f0 + f1, �1 f0, f1 ∈ C(R,R) $%6
|f0(u)| ≤ C(|u| + |u|(n+2)/(n−2)), ∀u ∈ R, (3.3)

f0(u)u ≥ 0, ∀u ∈ R, (3.4)

|f1(u)| ≤ C(1 + |u|γ), ∀u ∈ R, �1 γ <
n+ 2
n− 2

, (3.5)

lim inf
|u|→∞

f1(u)
u

> −λ1. (3.6)

a
σ = min

{
1
4
,
n+ 2 − (n− 2)γ

2

}
. (3.7)

)NS^�� (1.1) %6jm (3.1), (3.2) ���@.7'm57, kH,=l��).

`m 3.1 c&# u ∈ C([τ − h, T ];Ht) ∩ L2(τ, T ;H1
0 (Ω)) %68 t ∈ [τ − h, τ ] �, u(t) =

φ(t− τ), $+'<� ϕ ∈ H1
0 (Ω), *

d

dt
[(u(t), ϕ) + ε(t)(∇u(t),∇ϕ)] + (1 − ε′(t))(∇u(t),∇ϕ) + (f(u(t)), ϕ)

= (g(t, ut), ϕ) + (k(x), ϕ)

. D ′(τ,+∞) 1:Q, ]j u  �� (1.1) �l�.
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)i,Ul Faedo–Galerkin n�7C, mS^l��@.7'm57, Vnnoi`=.

`o 3.2 0 f %6 (3.1), (3.2), g(·, ·) %6jm (I)–(III), k(·) ∈ H−1(Ω), φ ∈ CHτ , τ ∈ R,

]�� (1.1) @.m5�l� u(·) = u(·, τ ;φ), 27

u ∈ C([τ − h, T ];Ht) ∩ L2(τ, T ;H1
0 (Ω)), ∂tu ∈ L2(τ, T ;H1

0 (Ω)), ∀T > τ.

P$, l� u(·) = u(·, τ ;φ) oo/�0"9 φ ∈ CHτ .

pp, >). CHt 1,=T� {U(t, τ)}t≥τ 3:

U(t, τ) : CHτ → CHt , U(t, τ)φ := u(t, τ ;φ) = u(t), ∀ t ≥ τ.

)N? {U(t, τ)}t≥τ /*8�Æ7, f %6 (3.1), (3.2) �, �� (1.1) ��Sp:�T�.

)i,U/4T� {U(t, τ)}t≥τ . CHt 1@.:?EFc.

`o 3.3 0 f %6 (3.1), (3.2), g(·, ·) %6jm (I)–(III), k(·) ∈ H−1(Ω), φ ∈ Bτ (R0) ⊂
CHτ , τ ∈ R,]T� {U(t, τ)}t≥τ . CHt 1@.:?EFc B̂ = {Bt(R0)}t∈R,�1(# R0 > 0.

vw �� (1.1) Z qqq u(t) 250 x ∈ Ω 0-, 17
1
2
d

dt
(‖u‖2

2 + ε(t)‖∇u‖2
2) +

(
1 − 1

2
ε′(t)

)
‖∇u‖2

2 + (f(u), u) = (g(t, ut), u) + (k(x), u).

l (3.1), Hölder Yi3'40 (III), 17
1
2
d

dt
(‖u‖2

2 + ε(t)‖∇u‖2
2) +

(
1 − 1

2
ε′(t)

)
‖∇u‖2

2 − (λ1 − δ)‖u‖2
2 − C0|Ω|

≤ Lg‖ut‖2
CL2(Ω)

+
λ1

2δ
‖k‖2

H−1 +
δ

2λ1
‖∇u‖2

2,

�1(# 0 < δ 
 1.

Xl (1.2), (1.3) ' PoincaréYi3, 7
d

dt
(‖u‖2

2 + ε(t)‖∇u‖2
2) +

δ

λ1(1 + L)
(λ1‖u‖2

2 + ε(t)‖∇u‖2
2)

≤ 2C0|Ω| + 2Lg‖ut‖2
CL2(Ω)

+
λ1

δ
‖k‖2

H−1 .

0 λ = min{λ1, 1}, ]@. β = λδ
λ1(1+L) , 27

d

dt
(‖u‖2

2+ε(t)‖∇u‖2
2)+β(‖u‖2

2+ε(t)‖∇u‖2
2) ≤ 2C0|Ω|+2Lg‖ut‖2

CL2(Ω)
+
λ1

δ
‖k‖2

H−1 . (3.8)

. (3.8) Z qqq eβt 2. [τ, t] (0-, 17

(‖u(t)‖2
2+ε(t)‖∇u(t)‖2

2)e
βt ≤ (‖u(τ)‖2

2 + ε(τ)‖∇u(τ)‖2
2)e

βτ + 2C0|Ω|
∫ t

τ

eβsds

+ 2Lg

∫ t

τ

eβs‖us‖2
CL2(Ω)

ds+
λ1

δ
‖k‖2

H−1

∫ t

τ

eβsds, ∀ t ≥ τ.

_.e, ? t+ θ rr t, �1 θ ∈ [−h, 0], 17

(‖ut‖2
CL2(Ω)

+ ε(t)‖∇ut‖2
CL2(Ω)

)eβt

≤ (‖φ‖2
CL2(Ω)

+ ε(τ)‖∇φ‖2
CL2(Ω)

)eβ(h+τ) + 2Lgeβh

∫ t

τ

‖us‖2
CL2(Ω)

eβsds

+
(

2C0|Ω| + λ1

δ
‖k‖2

H−1

)
eβh

∫ t

τ

eβsds. (3.9)
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fP

‖ut‖2
CL2(Ω)

eβt ≤ (‖φ‖2
CL2(Ω)

+ ε(τ)‖∇φ‖2
CL2(Ω)

)eβ(h+τ)

+ 2Lgeβh

∫ t

τ

‖us‖2
CL2(Ω)

eβsds+
(

2C0|Ω| + λ1

δ
‖k‖2

H−1

)
eβh

∫ t

τ

eβsds.

+(3-? Gronwall FU7
‖ut‖2

CL2(Ω)
eβt ≤ (‖φ‖2

CL2(Ω)
+ ε(τ)‖∇φ‖2

CL2(Ω)
)eβ(h+τ)e2Lgeβh(t−τ)

+
1
α

(
2C0|Ω| + λ1

δ
‖k‖2

H−1

)
eβheβt, (3.10)

�1 α = β − 2Lgeβh.

R (3.10) rP (3.9), 17

‖ut‖2
CL2(Ω)

+ ε(t)‖∇ut‖2
CL2(Ω)

≤ (‖φ‖2
CL2(Ω)

+ ε(τ)‖∇φ‖2
CL2(Ω)

)eβh(e−α(t−τ) + e−β(t−τ))

+
(

2C0|Ω| + λ1

δ
‖k‖2

H−1

)
2Lge2βh

αβ
, ∀ t ≥ τ. (3.11)

357C/�0���EFc, O5Æ40
0 < β − 2Lgeβh = α, (3.12)

fPI t0 = 1
α ln[2eβh(‖φ‖2

CL2
+ ε(τ)‖∇φ‖2

CL2
)], 8 t− τ ≥ t0 �, *

‖ut‖2
CL2(Ω)

+ ε(t)‖∇ut‖2
CL2(Ω)

≤ 1 +
(

2C0|Ω| + λ1

δ
‖k‖2

H−1

)
2Lge2βh

αβ
= R0,

SqT� {U(t, τ)}t≥τ . CHt 1@.:?EFc B̂ = {Bt(R0)}t∈R. Ds.

)NRD4T� {U(t, τ)}t≥τ %6:?����, fP7CT� {U(t, τ)}t≥τ . CHt 1@
.:?EFG.

lOP L2(Ω) ↪→ H−1(Ω) �ts71r, +'S� k ∈ H−1(Ω) ''<� η > 0, @._ k

' η Z5� kη ∈ L2(Ω), 27

‖k − kη‖H−1 < η. (3.13)

35D4T� {U(t, τ)}t≥τ %6:?����, >)R�� (1.1) �� u(t) -�3
u(t) = U(t, τ)u(τ) = D(t, τ)u(τ) +K(t, τ)u(τ),

�1 D(t, τ)u(τ) = v(t) ' K(t, τ)u(τ) = w(t) -.%6)i��:⎧⎪⎪⎨
⎪⎪⎩
∂tv − ε(t)∂tΔv − Δv + f0(v) = k(x) − kη(x), (x, t) ∈ Ω × (τ,∞),

v(x, t) = 0, (x, t) ∈ ∂Ω × (τ,∞),

v(x, τ + θ) = φ(x, θ), x ∈ Ω, θ ∈ [−h, 0]
(3.14)

' ⎧⎪⎪⎨
⎪⎪⎩
∂tw − ε(t)∂tΔw − Δw + f(u) − f0(v) = g(t, ut) + kη(x), (x, t) ∈ Ω × (τ,∞),

w(x, t) = 0, (x, t) ∈ ∂Ω × (τ,∞),

w(x, τ + θ) = 0, x ∈ Ω, θ ∈ [−h, 0].
(3.15)

+0 (3.14) ��, >)*)iFU.
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no 3.4 0 f %6 (3.1), (3.2), g(·, ·) %6jm (I)–(III), k(·) ∈ H−1(Ω), φ ∈ CHτ , τ ∈ R,

]+'S� ε > 0, @. η = η(ε, k), 27 (3.14) ��%6
‖D(t, τ)u(τ)‖2

CHt
= ‖vt‖2

CL2(Ω)
+ ε(t)‖∇vt‖2

CL2(Ω)

≤ Q(‖φ‖2
CHτ

)e−β1(t−h−τ) +
ε

2
, ∀ t− h > τ,

�1 β1 = λ
1+L , λ = min{λ1, 1}, Q(·)  ,=. [0,∞) (�$A&#.

vw (3.14) _ v(t) . Ω (s L2- +0, 17

1
2
d

dt
(‖v(t)‖2

2 + ε(t)‖∇v(t)‖2
2) +

(
1 − 1

2
ε′(t)

)
‖∇v(t)‖2

2 + (f0(v(t)), v(t))

= (k(x) − kη(x), v(t)).

7? (1.3), (3.4), PoincaréYi3' Young Yi3, 17
d

dt
(‖v(t)‖2

2 + ε(t)‖∇v(t)‖2
2) +

1
1 + L

(λ1‖v(t)‖2
2 + ε(t)‖∇v(t)‖2

2) ≤ ‖k − kη‖2
H−1 .

0 λ = min{λ1, 1}, ]@. β1 = λ
1+L , 27

d

dt
(‖v(t)‖2

2 + ε(t)‖∇v(t)‖2
2) + β1(‖v(t)‖2

2 + ε(t)‖∇v(t)‖2
2) ≤ ‖k − kη‖2

H−1 .

l Gronwall FU7
‖v(t)‖2

2 + ε(t)‖∇v(t)‖2
2 ≤ (‖v(τ)‖2

2 + ε(τ)‖∇v(τ)‖2
2)e

−β1(t−τ) +
‖k − kη‖2

H−1

β1
. (3.16)

_.e, ? t+ θ rr t, �1 θ ∈ [−h, 0], 17

‖vt‖2
CL2(Ω)

+ ε(t)‖∇vt‖2
CL2(Ω)

≤ Q(‖φ‖2
CHτ

)e−β1(t−h−τ) +
‖k − kη‖2

H−1

β1
,

�1 Q(·)  [0,∞) (�$A&#.

. (3.13) 1I ‖k − kη‖2
H−1 ≤ η2 = β1ε

2 , k1t:D4. Ds.

+0 (3.15) ��, >)*)iFU.

no 3.5 0 f %6 (3.1), (3.2), g(·, ·) %6jm (I)–(III), k(·) ∈ H−1(Ω), φ ∈ CHτ , τ ∈ R,

]+'S� T0 > 0, @. (/�0 T0, ‖φ‖CHτ
' ‖kη‖2

2 �) (# M1 > 0, 27 (3.15) ��%6
)iAB:

‖K(T0 + τ, τ)u(τ)‖2
C

H 1+σ
t (Ω)

= ‖wT0+τ‖2
CL2(Ω)

+ ε(T0 + τ)‖A 1+σ
2 wT0+τ‖2

CL2(Ω)

≤M1,

�1(# σ Ku (3.7).

vw (3.15) _ Aσw(t) . Ω (s L2- +0, 17

1
2
d

dt
(‖Aσ

2w(t)‖2
2 + ε(t)‖A 1+σ

2 w(t)‖2
2) +

(
1 − 1

2
ε′(t)

)
‖A 1+σ

2 w(t)‖2
2

= −(f(u(t)) − f0(v(t)), Aσw(t)) + (g(t, ut) + kη(x), Aσw(t))

= −(f(u(t)) − f(v(t)), Aσw(t)) − (f1(v(t)) + g(t, ut) + kη(x), Aσw(t)), (3.17)

�1 f0 ' f1 -.%6 (3.3), (3.4) ' (3.5), (3.6).
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./0' [22, FU 3.4] �D4, 17
d

dt
(‖Aσ

2w(t)‖2
2 + ε(t)‖A 1+σ

2 w(t)‖2
2)

≤ C(1 + ‖Aσ
2w(t)‖2

2 + ‖A 1+σ
2 w(t)‖2

2) + L2
g‖ut‖2

CL2(Ω)
+ ‖kη‖2

2

≤ C(1 + ‖Aσ
2w(t)‖2

2 + ε(t)‖A 1+σ
2 w(t)‖2

2) + L2
g‖ut‖2

CL2(Ω)
+ ‖kη‖2

2,

�1(# C /�0 ‖φ‖CHτ
' ε(t) . [τ, t] (�bc9.

l Gronwall FU7
‖Aσ

2w(t)‖2
2 + ε(t)‖A 1+σ

2 w(t)‖2
2 ≤ eC(t−τ)

(
1 + L2

g

∫ t

τ

‖us‖2
CL2(Ω)

ds+ (t− τ)‖kη‖2
2

)
.

R (3.10) rP(3, 7

‖Aσ
2w(t)‖2

2 + ε(t)‖A 1+σ
2 w(t)‖2

2

≤ eC(t−τ)
(
1 + (t− τ)‖kη‖2

2

)
+ L2

ge
C(t−τ)

∫ t

τ

‖us‖2
CL2(Ω)

ds

≤ eC(t−τ)
(
1 + (t− τ)‖kη‖2

2

)
(3.18)

+
1
α
L2

ge
βheC(t−τ)

(
(‖φ‖2

CL2(Ω)
+ε(τ)‖∇φ‖2

CL2(Ω)
)+

(
2C0|Ω|+λ1

δ
‖k‖2

H−1

)
(t−τ)

)
.

_.e, ? t+ θ rr t, �1 θ ∈ [−h, 0], 17

‖Aσ
2wt‖2

CL2(Ω)
+ ε(t)‖A 1+σ

2 wt‖2
CL2(Ω)

≤ eC(t−τ)
(
1 + (t− τ)‖kη‖2

2

)

+
1
α
L2

ge
βheC(t−τ)

(
(‖φ‖2

CL2(Ω)
+ε(τ)‖∇φ‖2

CL2(Ω)
)+

(
2C0|Ω|+λ1

δ
‖k‖2

H−1

)
(t− τ)

)
.

I t = τ + T0, D4t:.

Q0FU 3.4 ' 3.5, ./0' [22, 25], *)iFU.

no 3.6 0 f %6 (3.1), (3.2), g(·, ·)%6jm (I)–(III), k(·) ∈ H−1(Ω), u(t) �� (1.1)

�+-0"9 φ ∈ CHτ ��, τ ∈ R, ]+'S� ε > 0, @. (_ ‖φ‖CHτ
' ‖kη‖2 Z5�) (#

Cε > 0 ' (_ ε, T0, ‖φ‖CHτ
' ‖kη‖2 Z5�) (# Kε > 0, 27

u(t) = v1(t) + w1(t), ∀ t ≥ τ, (3.19)

�1 v1(t) ' w1(t) %6AB:

‖A 1+σ
2 w1(t)‖2

2 ≤ Kε, ∀ t ≥ τ (3.20)

' ∫ t

s

‖∇v1(r)‖2
2dr ≤ ε(t− s) + Cε, ∀ t ≥ s ≥ τ, (3.21)

�1 Cε ' Kε _ τ T5, σ Ku (3.7).

l,U 3.3 1� (3.11) r, @. (/�0 ‖φ‖CHτ
) �(# M‖φ‖CHτ

, 27

sup
τ∈R

sup
τ≤t

‖U(t, τ)u(τ)‖2
CHt

≤M‖φ‖CHτ
.
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P$, l-�3 (3.19) 1r, @. (/�0 ‖φ‖CHτ
) �(# M2, 27

‖v1(t)‖2
CHt

≤ Q(M‖φ‖CHτ
) := M2, ∀ t ≥ τ. (3.22)

no 3.7 0 f %6 (3.1), (3.2), g(·, ·) %6jm (I)–(III), k(·) ∈ H−1(Ω), φ ∈ CHτ , τ ∈ R,

]+'<� (. CHτ 1�)*!c Bτ ⊂ CHτ ,@. (_ ‖Bτ‖CHτ
*5�)(# J‖Bτ‖CHτ

> 0, 27

‖K(t, τ)u(τ)‖2
C

H 1+σ
t

= ‖wt‖2
C

H 1+σ
t

≤ J‖Bτ‖CHτ
, ∀ t ≥ τ,

�1 u(τ) ∈ Bτ , σ Ku (3.7).

vw l (3.17), ./0' [22, FU 4.7] �D4T�, 17
d

dt
(‖Aσ

2w(t)‖2
2 + ε(t)‖A 1+σ

2 w(t)‖2
2)

+ (C − CM2‖∇v1(t)‖2
2)(‖A

σ
2w(t)‖2

2 + ε(t)‖A 1+σ
2 w(t)‖2

2)

≤ C(1 +K8/(n−2)
ε ) + 4L2

g‖ut‖2
CL2(Ω)

+ 8‖kη‖2
2,

�1(# Kε ' M2 -.Ku (3.20) ' (3.22).

35uvt], a C1 = CM2, C2 = C(1 +K
8/(n−2)
ε ), X+(3-? Gronwall FU7

‖Aσ
2w(t)‖2

2 + ε(t)‖A 1+σ
2 w(t)‖2

2

≤ e−
∫ t

τ+T1
(C−C1‖∇v1(s)‖2

2)ds(‖Aσ
2w(τ + T1)‖2

2 + ε(τ + T1)‖A
1+σ
2 w(τ + T1)‖2

2)

+ C2

∫ t

τ+T1

e
∫ s

t
(C−C1‖∇v1(y)‖2

2)dyds+ 4L2
g

∫ t

τ+T1

‖us‖2
CL2

e
∫ s

t
(C−C1‖∇v1(y)‖2

2)dyds

+ 8
∫ t

τ+T1

‖kη‖2
2e

∫ s
t

(C−C1‖∇v1(y)‖2
2)dyds. (3.23)

./0' [22], . (3.21) 1I ε, 27 ε < C
2C1

, 17

e−
∫ t

τ+T1
(C−C1‖∇v1(s)‖2

2)ds ≤ e−
C
2 (t−T1−τ)eC1Cε ≤ eC1Cε , (3.24)

$ ∫ t

τ+T1

e
∫ s

t
(C−C1‖∇v1(y)‖2

2)dyds ≤ 2eC1Cε

C
. (3.25)

R8, l (3.10) 7∫ t

τ+T1

‖us‖2
CL2(Ω)

e
∫ s

t
(C−C1‖∇v1(y)‖2

2)dyds

≤ eC1Cε

∫ t

τ+T1

e−
C
2 (t−s)‖us‖2

CL2(Ω)
ds

≤ eC1Cε

∫ t

τ+T1

e−
C
2 (t−s)(‖φ‖2

CL2(Ω)
+ ε(τ)‖∇φ‖2

CL2(Ω)
)eβh−α(s−τ)ds

+
1
α

eC1Cε

∫ t

τ+T1

e−
C
2 (t−s)

(
2C0|Ω| + λ1

δ
‖k‖2

H−1

)
eβhds, (3.26)

$ ∫ t

τ+T1

‖kη‖2
2e

∫ s
t
(C−C1‖∇v1(y)‖2

2)dyds ≤ eC1Cε‖kη‖2
2

∫ t

τ+T1

e−
C
2 (t−s)ds ≤ 2eC1Cε

C
‖kη‖2

2. (3.27)
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RAB (3.24)–(3.27) rP (3.23), 17

‖Aσ
2w(t)‖2

2+ε(t)‖A
1+σ
2 w(t)‖2

2≤ eC1Cε(‖Aσ
2w(τ + T1)‖2

2 + ε(τ + T1)‖A
1+σ

2 w(τ + T1)‖2
2)

+
2C2

C
eC1Cε +

8L2
g

C
(‖φ‖2

CL2(Ω)
+ ε(τ)‖∇φ‖2

CL2(Ω)
)eC1Cε+βh

+
8L2

g

αC

(
2C0|Ω|+λ1

δ
‖k‖2

H−1

)
eC1Cε+βh+

2
C

eC1Cε‖kη‖2
2, ∀ t≥τ+T1.

_.e, ? t+ θ rr t, �1 θ ∈ [−h, 0], 17

‖Aσ
2wt‖2

CL2(Ω)
+ε(t)‖A 1+σ

2 wt‖2
CL2(Ω)

≤ eC1Cε(‖Aσ
2w(τ+T1)‖2

2+ε(τ + T1)‖A
1+σ

2 w(τ+T1)‖2
2)

+
2C2

C
eC1Cε+

8L2
g

C
(‖φ‖2

CL2(Ω)
+ε(τ)‖∇φ‖2

CL2(Ω)
)eC1Cε+βh

+
8L2

g

αC

(
2C0|Ω| + λ1

δ
‖k‖2

H−1

)
eC1Cε+βh +

2
C

eC1Cε‖kη‖2
2.

`dFU 3.5 2v<C T1 S,, k1t:D4.

+0 (3.15) ��, ./0' [28, FU 3.11], *)i`f.

no 3.8 0 f %6 (3.1), (3.2), g(·, ·) %6jm (I)–(III), k(·) ∈ H−1(Ω), φ ∈ CHτ , τ ∈ R,

]+'<� T > τ , (3.15) �� w(t) %6 ∂tw ∈ L2(τ, T ;Ht).

`dFU 2.6–2.7 ' 3.4–3.8 17)i`f.

`o 3.9 0 f %6 (3.1), (3.2), g(·, ·) %6jm (I)–(III), k(·) ∈ H−1(Ω), φ ∈ CHτ , τ ∈ R,

]T� {U(t, τ)}t≥τ . CHt 1:?����.

`d,U 2.8, 3.3 ' 3.9, >)7CV5l-�we`=.

`o 3.10 0 f %6 (3.1), (3.2), g(·, ·) %6jm (I)–(III), k(·) ∈ H−1(Ω), φ ∈ Bτ (R0) ⊂
CHτ , τ ∈ R $ (3.12) :Q, ]T� {U(t, τ)}t≥τ . CHt 1@.:?EFG Â = {At}t∈R, k At

. CHt 1U, Â . CHt 1��, Y9$. CHt uv):?EF CHt 1�w#cd.

4 xyxyzÆsjtu
V5l-, >)40�Æ7, f ∈ C(R,R) %6)i��40 (]' [2, 19, 23]):

f ′(u) ≥ −l, ∀u ∈ R, (4.1)

$

−c0 + c1|u|q ≤ f(u)u ≤ c0 + c2|u|q, q ≥ 2, ∀u ∈ R, (4.2)

�1 c0, c1, c2 > 0  (#.

)NS^�� (1.1) %6jm (4.1), (4.2) ���@.7'm57, >)kH,=l��).

`m 4.1 c&# u ∈ C([τ − h, T ];Ht) ∩ L2(τ, T ;H1
0 (Ω)) ∩ Lq(τ, T ;Lq(Ω)) %68 t ∈

[τ − h, τ ] �, u(t) = φ(t− τ), $+'<� ϕ ∈ H1
0 (Ω) ∩ Lq(Ω), *

d

dt
[(u(t), ϕ) + ε(t)(∇u(t),∇ϕ)] + (1 − ε′(t))(∇u(t),∇ϕ) + (f(u(t)), ϕ)

= (g(t, ut), ϕ) + (k(x), ϕ)

. D ′(τ,+∞) 1:Q, ]j u  �� (1.1) �l�.



732 � � � � e f g 64�

)i,Ul Faedo-Galerkinn�7C,mS^l��@.7'm57,Vn>)noi`=.

`o 4.2 0 f %6 (4.1), (4.2), g(·, ·) %6jm (I)–(III), k(·) ∈ H−1(Ω), φ ∈ CHτ , τ ∈ R,

]�� (1.1) @.m5l� u(·) = u(·, τ ;φ), 27

u(t) ∈ C([τ − h, T ];Ht) ∩ L2(τ, T ;H1
0 (Ω)) ∩ Lq(τ, T ;Lq(Ω)), ∀T > τ.

P$, l� u(·) = u(·, τ ;φ) oo/�0"9 φ ∈ CHτ .

pp, >). CHt 1,=T� {U(t, τ)}t≥τ 3:

U(t, τ) : CHτ → CHt , U(t, τ)φ := u(t, τ ;φ) = u(t), ∀ t ≥ τ.

w)K, >)? {U(t, τ)}t≥τ /*8�Æ7, f %6 (4.1), (4.2) ��� (1.1) ��Sp:

�T�.

)i,U/4T� {U(t, τ)}t≥τ . CHt 1@.:?EFc.

`o 4.3 0 f %6 (4.1), (4.2), g(·, ·) %6jm (I)–(III), k(·) ∈ H−1(Ω), φ ∈ Bτ (R1) ⊂
CHτ , τ ∈ R,]T� {U(t, τ)}t≥τ . CHt 1@.:?EFc B̂ = {Bt(R1)}t∈R,�1(# R1 > 0.

vw .�� (1.1) Z qqq u(t) 250 x ∈ Ω 0-, 17
1
2
d

dt
(‖u‖2

2 + ε(t)‖∇u‖2
2) +

(
1 − 1

2
ε′(t)

)
‖∇u‖2

2 + (f(u), u) = (g(t, ut), u) + (k(x), u).

l (4.2), jm (III) ' Hölder Yi3, 17
d

dt
(‖u‖2

2 + ε(t)‖∇u‖2
2) + (1 − ε′(t))‖∇u‖2

2 + 2c1‖u‖p
p

≤ 2c0|Ω| + 2Lg‖ut‖2
CL2(Ω)

+ ‖k‖2
H−1 .

Xl (1.2), (1.3) ' PoincaréYi3, 17
d

dt
(‖u‖2

2 + ε(t)‖∇u‖2
2) +

1
1 + L

(λ1‖u‖2
2 + ε(t)‖∇u‖2

2)

≤ 2c0|Ω| + 2Lg‖ut‖2
CL2(Ω)

+ ‖k‖2
H−1 .

0 λ = min{λ1, 1}, ]@. β1 = λ
1+L , 27

d

dt
(‖u‖2

2 + ε(t)‖∇u‖2
2) + β1(‖u‖2

2 + ε(t)‖∇u‖2
2)

≤ 2c0|Ω| + 2Lg‖ut‖2
CL2(Ω)

+ ‖k‖2
H−1 . (4.3)

. (4.3) Z qq eβ1t, 2. [τ, t] (0-, 17

(‖u(t)‖2
2+ε(t)‖∇u(t)‖2

2)e
β1t ≤ (‖u(τ)‖2

2 + ε(τ)‖∇u(τ)‖2
2)e

β1τ + 2c0|Ω|
∫ t

τ

eβ1sds

+2Lg

∫ t

τ

‖us‖2
CL2(Ω)

eβ1sds+‖k‖2
H−1

∫ t

τ

eβ1sds, ∀ t ≥ τ.

_.e, ? t+ θ rr t, �1 θ ∈ [−h, 0], 17

(‖ut‖2
CL2(Ω)

+ ε(t)‖∇ut‖2
CL2(Ω)

)eβ1t

≤(‖φ‖2
CL2(Ω)

+ ε(τ)‖∇φ‖2
CL2(Ω)

)eβ1(h+τ) + 2c0|Ω|eβ1h

∫ t

τ

eβ1sds

+ 2Lgeβ1h

∫ t

τ

‖us‖2
CL2(Ω)

eβ1sds+ eβ1h‖k‖2
H−1

∫ t

τ

eβ1sds. (4.4)



5� %�&D: EM@NOFAPGHBIJ CDK�GLMQR 733

fP*
‖ut‖2

CL2(Ω)
eβ1t ≤(‖φ‖2

CL2(Ω)
+ ε(τ)‖∇φ‖2

CL2(Ω)
)eβ1(h+τ) + 2c0|Ω|eβ1h

∫ t

τ

eβ1sds

+ 2Lgeβ1h

∫ t

τ

‖us‖2
CL2(Ω)

eβ1sds+ eβ1h‖k‖2
H−1

∫ t

τ

eβ1sds.

+(3-? Gronwall FU, 17

‖ut‖2
CL2(Ω)

eβ1t ≤(‖φ‖2
CL2(Ω)

+ ε(τ)‖∇φ‖2
CL2(Ω)

)eβ1(h+τ)e2Lgeβ1h(t−τ)

+
1
α1

(2c0|Ω| + ‖k‖2
H−1)eβ1he2Lgeβ1hteα1t, (4.5)

�1 α1 = β1 − 2Lgeβ1h.

R (4.5) rP (4.4), 17

‖ut‖2
CL2(Ω)

+ ε(t)‖∇ut‖2
CL2(Ω)

≤(‖φ‖2
CL2(Ω)

+ ε(τ)‖∇φ‖2
CL2(Ω)

)eβ1h(e−β1(t−τ) + e−α1(t−τ))

+
1
β1

(
1 +

1
α1

)
(2c0|Ω| + ‖k‖2

H−1)eβ1h, ∀ t ≥ τ. (4.6)

357C:?EFc, >)O5Æ40
0 < β1 − 2Lgeβ1h = α1, (4.7)

fPI t1 = 1
α1

ln[2eβ1h(‖φ‖2
CL2

+ ε(τ)‖∇φ‖2
CL2

)], 8 t− τ ≥ t1 �, *

‖ut‖2
CL2(Ω)

+ ε(t)‖∇ut‖2
CL2(Ω)

≤ 1 +
1
β1

(
1 +

1
α1

)
(2c0|Ω| + ‖k‖2

H−1)eβ1h = R1,

SqT� {U(t, τ)}t≥τ . CHt 1@.:?EFc B̂ = {Bt(R1)}t∈R. Ds.

)NRD4T� {U(t, τ)}t≥τ . CHt 1@.:?EFG.

kH, ./0' [17], >)S^)N�`f.

no 4.4 0 f %6 (4.1), (4.2), g(·, ·) %6jm (I)–(III), k(·) ∈ H−1(Ω), φ ∈ CHτ , τ ∈ R.

0 {un(t)}∞n=1  �� (1.1) �+-0"9 un(τ) ∈ CHτ (n = 1, 2, . . .) ��fg, ] {un(t)}∞n=1

@.. L2(τ, T ;L2(Ω)) 1xFh�Gg.

vw l,U 4.2 ' (4.2) 1r, @.fg
{un(t)}∞n=1 ⊂ L2(τ, T ;H1

0 (Ω)), {f(un(t))}∞n=1 ⊂ Lp(τ, T ;Lp(Ω)),

�1 p = q
q−1 . Xl�� (1.1) 1r

∂tu
n − ε(t)∂tΔun = Δun − f(un) + g(t, un

t ) + k(x) ∈ L2(τ, T ;H−1(Ω)) + Lp(τ, T ;Lp(Ω))

⊂ L2(τ, T ;H−2(Ω)).

lyz���{]xUf1r, ∂tu
n ∈ L2(τ, T ;L2(Ω)). fP, l' [17] 1r, fg {un(t)}∞n=1

@.. L2(τ, T ;L2(Ω)) 1xFh�Gg (za3 {un(t)}∞n=1). Ds.

)i,U/4T� {U(t, τ)}t≥τ . CHt 1:?��U.

`o 4.5 0 f %6 (4.1), (4.2), g(·, ·) %6jm (I)–(III), k(·) ∈ H−1(Ω), φ ∈ Bτ (R1) ⊂
CHτ , τ ∈ R, ]T� {U(t, τ)}t≥τ . CHt 1:?��U.
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vw 0 u1(t), u2(t)  �� (1.1) 8 f %6 (4.1), (4.2) ���. a ω(t) = u1(t)− u2(t), ]
ω(t) %6��:

∂tω − ε(t)∂tΔω − Δω + f(u1) − f(u2) = g(t, u1
t ) − g(t, u2

t ), (x, t) ∈ Ω × (τ,∞), (4.8)

"93
ω(x, τ + θ) = φ1(x, θ) − φ2(x, θ), x ∈ Ω, θ ∈ [−h, 0].

{ (4.8) ' ω(t) . Ω (s L2- +0, 17
1
2
d

dt
(‖ω‖2

2+ε(t)‖∇ω‖2
2)+

(
1−1

2
ε′(t)

)
‖∇ω‖2

2+(f(u1)−f(u2), ω) = (g(t, u1
t ) − g(t, u2

t ), ω).

l (1.2), (1.3), (4.1) 'jm (III), 17
d

dt
(‖ω‖2

2 + ε(t)‖∇ω‖2
2) + 2β1(‖ω‖2

2 + ε(t)‖∇ω‖2
2) ≤ 2l‖ω‖2

2 + 2Lg‖u1
t − u2

t‖CL2(Ω)
‖ω‖2,

�1 β1 = λ
1+L Ku (4.3).

+(3-? Gronwall FU, 17

‖ω(t)‖2
2 + ε(t)‖∇ω(t)‖2

2 ≤(‖ω(τ)‖2
2 + ε(τ)‖∇ω(τ)‖2

2)e
−2β1(t−τ) + 2l

∫ t

τ

‖ω(s)‖2
2ds

+ 2Lge−2β1t

∫ t

τ

e2β1s‖u1
s − u2

s‖CL2(Ω)
‖ω(s)‖2ds, ∀ t ≥ τ.

+(N�Yi3-? Hölder Yi3, |yX? t+ θ rr t, �1 θ ∈ [−h, 0], 17

‖ωt‖2
CL2(Ω)

+ ε(t)‖∇ωt‖2
CL2(Ω)

≤ (‖ωτ‖2
CL2(Ω)

+ ε(τ)‖∇ωτ‖2
CL2(Ω)

)e−2β1(t−h−τ) + 2l
∫ t

τ

‖ω(s)‖2
2ds

+ 2Lge−2β1(t−h)

(∫ t

τ

e4β1s‖u1
s − u2

s‖2
CL2(Ω)

ds

) 1
2

(∫ t

τ

‖ω(s)‖2
2ds

) 1
2

≤ (‖ωτ‖2
CL2(Ω)

+ ε(τ)‖∇ωτ‖2
CL2(Ω)

)e−2α1(t−h−τ) + 2l
∫ t

τ

‖ω(s)‖2
2ds

+ 2
√

2Lge−2β1(t−h)

(∫ t

τ

e4β1s(‖u1
s‖2

CL2(Ω)
+ ‖u2

s‖2
CL2(Ω)

)ds
) 1

2
(∫ t

τ

‖ω(s)‖2
2ds

) 1
2

+'<� t− h > τ :Q, Vn>)?C α1 < β1.

0

ψt
τ (u1, u2) = 2l

∫ t

τ

‖ω(s)‖2
2ds

+ 2
√

2Lge−2β1(t−h)

( ∫ t

τ

e4β1s(‖u1
s‖2

CL2(Ω)
+‖u2

s‖2
CL2(Ω)

)ds
) 1

2
( ∫ t

τ

‖ω(s)‖2
2ds

) 1
2

,

`d,= 2.10, FU 4.4 ',U 4.3 1� (4.6) 1r ψt
τ (·, ·)  FG&#. fP+'S� ε > 0 '

'S� t ∈ R, neI
τ1 = t− h− 1

2α1
ln

1
ε
(‖wτ‖2

CL2(Ω)
+ ε(τ)‖∇wτ‖2

CL2(Ω)
),

lFU 2.11 k1rT� {U(t, τ)}t≥τ . CHt 1:?��U. Ds.

`d,U 2.12, 4.3 ' 4.5, >)7CV5l-�we`=.
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`o 4.6 0 f %6 (4.1), (4.2), g(·, ·) %6jm (I)–(III), k(·) ∈ H−1(Ω), φ ∈ Bτ (R1) ⊂
CHτ , τ ∈ R $ (4.7) :Q, ]T� {U(t, τ)}t≥τ . CHt 1@.:?EFG Â1 = {A1,t}t∈R, k

A1,t . CHt 1U, Â1 . CHt 1��zY9$. CHt uv):?EF CHt 1�w#cd.

{| {|}|}}~�~�_�~.
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