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Abstract For any real number x ∈ (0, 1), there exists a unique Engel continued
fractions of x. In this paper, we mainly discuss the exceptional set which the logarithms
of the partial quotients grow with non-linear rate. We completely characterize the
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�� TS : [0, 1) → [0, 1),

TS(0) := 0; TS(x) =
([

1
x

]
+ 1

)(
x − 1[

1
x

]
+ 1

)
, x �= 0

%�, &O [y] �'Æ�� y �P��Q
.  (�� TS , !)*+�,
 x ∈ (0, 1), "-.�

/���
I�
x =

1
d1(x)

+
1

d1(x)d2(x)
+ · · · + 1

d1(x)d2(x) · · · dn(x)
+ · · · ,

R# dn(x) =
[

1
T n−1

S (x)

]
+ 1, n ≥ 1, 01S 2 ≤ d1(x) ≤ d2(x) ≤ · · · , $) Engel �
I��%

&2T'(34 [2].

56), Engel ��
I���� TE : [0, 1) → [0, 1),

TE(0) := 0; TE(x) =
1

[ 1
x ]

(
1
x
−

[
1
x

] )
, x �= 0

%�, !)*+�,
 x ∈ (0, 1), & Engel ��
I�/�.�:

x =
1

b1(x) + b1(x)

b2(x)+···+ bn−1(x)
bn(x)+···

,

R# bn(x) =
[

1
T n−1

E (x)

]
, n ≥ 1,*7 Engel��
I��+�8,01S 1 ≤ b1(x) ≤ b2(x) ≤ · · · .

7,-9(, ��. x � Engel ��
I�/0U [b1(x), b2(x), . . . , bn(x), . . .].

Hartono, Kraaikamp �� Schweiger [3] :1; Engel ��
I��<=2T>232T,

Kraaikamp 4 Wu [4] :1;+�8?@ {bn(x) : n ≥ 1} �562T. A7), B�VC!)8
9::� x ∈ (0, 1),

lim
n→∞

log bn(x)
n

= 1.

	;DEC log bn(x)�<F2G5W=�>?��@A7 LebesgueHB@. C3DI log bn(x)

�!
G5W=�EJ@�K
LM, �N@A

E(α) =
{

x ∈ (0, 1) : lim
n→∞

log bn(x)
log n

= α

}
, α > 0.

0 dimH 7 Hausdorff K
, ��XOVC
YZ 1.1

dimH E(α) =
{

0, 1 > α > 0,
1 − 1/α, α ≥ 1.

	LM� Engel �
I���:1;FG'(34 [5].

2 [\]^
CHIP Engel ��
�JC2T, ��K<K
�JCL�.

0
Pn(x)
Qn(x)

=
1

b1(x) + b1(x)

b2(x)+···+ bn−1(x)
bn(x)

,
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*7 x � Engel WSXa. YT P0(x) := 0, Q0(x) := 1, Z!)*+ n ≥ 2, -

Pn(x) = bn(x)Pn−1(x) + bn−1(x)Pn−2(x); (2.1)

Qn(x) = bn(x)Qn−1(x) + bn−1(x)Qn−2(x), (2.2)

01S
Pn(x)Qn−1(x) − Pn−1(x)Qn(x) = (−1)n−1

n−1∏
j=1

bj(x). (2.3)

Yb 2.1 [3] UTc[
?@ (b1, b2, . . . , bn), \V�,
 x ∈ (0, 1), & Engel ��
I�
1S bj(x) = bj , 1 ≤ j ≤ n, Z* (b1, b2, . . . , bn) 7 n- WG]^?@.

Yb 2.2 [3] \c[
?@ (b1, b2, . . . , bn, . . .) 1S!)*+� n ≥ 1, (b1, b2, . . . , bn) "�

n- WG]^?@, Z* (b1, b2, . . . , bn, . . .) 7G]^?@.

dB 2.3 [3] ?@ (b1, b2, . . . , bn, . . .)�G]^?@,X0YX 1 ≤ b1 ≤ b2 ≤ · · · ≤ bn ≤ · · · .

0 An 7_- n- WG]^?@`a?��@A. !)*+�c[
@ (b1, b2, . . . , bn) ∈ An,

Tb n- WJCe@
I(b1, b2, . . . , bn) = {x ∈ (0, 1) : b1(x) = b1, b2(x) = b2, . . . , bn(x) = bn} .

dB 2.4 [3] I(b1, b2, . . . , bn) ��> [b1, b2, . . . , bn] 4 [b1, b2, . . . , bn + 1] 7Z>�c[, 0

1S
|I(b1, b2, . . . , bn)| =

∏n−1
i=1 bi

Qn(Qn + Qn−1)
,

&O | · | �'c[�=5.

7,-d\ Hausdorff K
��], R#eOIP�^K<K
�	_.

fZ 2.5 [1] UT [0, 1] = E0 ⊃ E1 ⊃ · · · 7�`a�@A@, N E =
⋂

n≥0 En. bT En

7-f^Æcdc[efgc[*7 n WJCc[h�@A, gh En−1 O�i^ n − 1 WJC

c[#ij; mn ^ n WJCc[, 00Rj n WJCc[g[�Pk[l7 εn. \ mn ≥ 2,

εn−1 > εn > 0, Z-

dimH E ≥ lim inf
n→∞

log(m1m2 · · ·mn−1)
− log(mnεn)

.

3 hijkl
3.1 mnopq

7VCT_ 1.1, ��K<K
��]. kr!)*+� α > 0, - dimH E(α) ≥ 0, m�n

VCX α > 1 h, dimH E(α) ≥ 1− 1/α. ���lm7?n E(α) ��^Ao� Cantor a@ E,

[o (	_ 2.5 U\ dimH E(α) ��]. N

E = {x ∈ (0, 1) : 2(n + 1)α ≥ bn(x) > 2nα, ∀n ≥ 1}.
!)*+ x ∈ E, -

log 2nα

log n
≤ log bn(x)

log n
≤ log 2(n + 1)α

log n
,

Xf E ⊂ E(α).
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Tb Dn = {(σ1, . . . , σn) ∈ N
n : 2(k + 1)α ≥ σk > 2kα, ∀n ≥ k ≥ 1}, s+p!)_

-� k ≥ 1, "- 2(k + 1)α − 2kα ≥ 2αkα−1 > 2α ≥ 2 �q, _� Dn <r, 0!)*+�

(σ1, . . . , σn) ∈ Dn, ��- σk+1 > 2(k + 1)α ≥ σk 4 σ1 > 2. Xf (σ1, . . . , σn) � Engel ��


I��G]^?@. N

J(σ1, . . . , σn) =
⋃

σn+1

cl(I(σ1, . . . , σn, σn+1)),

&O σn+1 1S (σ1, . . . , σn, σn+1) ∈ Dn+1, cl(A) �' A �di. p[ J(σ1, . . . , σn) � (0, 1) O
�dc[, ��0�7 n WJCc[. [oN

En =
⋃

(σn,...,σn)∈Dn

J(σ1, . . . , σn),

s0 E0 = [0, 1], Z-

E =
⋂
n≥0

En.

m�nK<ij) n − 1 WJCc[#� n WJCc[�^
, ��Rj n WJCc[g
[�Pk[l. � Dn 4 J(σ1, . . . , σn) �Tb, ��G�t\

mn = [2(n + 1)α] − [2(n)α].

s+p [2(n + 1)α] − [2nα] > 2(n + 1)α − 2nα − 1 > 2αnα−1 − 1 ≥ 2α − 1 > 1, _� mn ≥ 2.

!) Dn O�u^Æg�?@ (σ1, . . . , σn) 4 (η1, . . . , ηn), c[

I(σ1, . . . , σn, σn) 4 I(η1, . . . , ηn, ηn),

&Og�vq) J(σ1, . . . , σn) > J(η1, . . . , ηn) g[. � (2.2) Gr
Qn ≤ 2σnQn−1 ≤ 22σnσn−1Qn−2 ≤ · · · ≤ 2nσnσn−1 · · · σ1.

r;A Dn 4 J(σ1, . . . , σn) �Tb, wx-

|I(σ1, . . . , σn, σn)| =

∏n
j=1 σj

Qn+1(Qn+1 + Qn)
≥

∏n
j=1 σj

2(2σnQn)2
≥ 1

22n+3σ2
n

∏n
j=1 σj

≥ 1
2α · · · (n + 1)α(n + 1)2α2(3n+5)

:= εn.

gs), tG�t\

|I(η1, . . . , ηn, ηn)| ≥ εn.

X7 εn−1 ≥ εn, mn ∼ 2αnα−1,ss+pX n → ∞h, 1
n

∑n
k=1 log k → ∞,�	_ 2.5 Gt

dimH E ≥ lim inf
n→∞

log(m1m2 · · ·mn)
− log(mn+1εn+1)

≥ lim inf
n→∞

n log 2α + (α − 1) log (n!)
− log((2α(n + 1)α−1)[((n + 2)!)α(n + 2)2α23n+8]−1)

≥ lim inf
n→∞

n log 2α + (α − 1) log (n!)
−(α − 1) log(n + 1) + α log ((n + 2)!) + 2α log (n + 2) + (3n + 8) log 2

= 1 − 1
α

.

_� dimH E(α) ≥ dimH E ≥ 1 − 1
α .
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3.2 mnotq
7K< dimH E(α) �u], CH�U\�^$)v@uA�;F.

Yb 3.1 NQ
 K ≥ 1, n ≥ 1, Tb

Nn(K) = �{(b1, b2, . . . , bn) ∈ N
n : K ≥ bn ≥ · · · ≥ b1 ≥ 1},

&O � �'-f@AOwx�^
,

$) Nn(K), -��;F:

fZ 3.2 [5] !)*+� K ≥ 1 4 n ≥ 1, -

Nn(K) = CK−1
n+K−1,

&O Ci
j (j ≥ i) �'w j ^Æg�wxOyz i ^wx�uA
.

yz α zv�Æg, ��.@A E(α) K
u]�{K�7 1 > α > 0 4 α ≥ 1 u+�.

wx 1 1 > α > 0.

!)*+ x ∈ E(α) ��*+{� ε > 0 1S 1 > α + ε > α − ε > 0, ��yG�zp{Q

 M(x, ε), |t

nα+ε ≥ dn(x) ≥ nα−ε ≥ 2

!)_-� n ≥ M(x, ε) "�q. Xf

E(α) ⊆
⋃

M≥M0

Eε(α,M),

&O M0 = [2
1

α−ε ] + 1 0

Eε(α,M) = {x ∈ [0, 1] : nα+ε ≥ bn(x) ≥ 2, ∀n ≥ M}.
zT M ≥ M0, � Eε(α,M) �Tb, ��-

Eε(α,M) =
⋂

n≥M

{x ∈ [0, 1] : nα+ε ≥ bn(x) ≥ 2}

=
⋂

n≥M

⋃
(σ1,...,σn)∈Cn

I(σ1, . . . , σn),

&O Cn = {(σ1, . . . , σn) ∈ An : nα+ε ≥ σn ≥ · · ·σM ≥ 2}.
!)*+� n ≥ M , p[ {I(σ1, . . . , σn) : (σ1, . . . , σn) ∈ Cn} � Eε(α,M) ��^|}. �

) α + ε < 1, Xf!)S~�� n, - nα+ε 
 n, ;A	_ 3.2 Gr
�Cn ≤ Nn([nα+ε]) =

(n + 1) · · · (n + [nα+ε] − 1)
([nα+ε] − 1)!

≤ (n + nα+ε)nα+ε

.

}X7

|I(σ1, . . . , σn)| =

∏n−1
j=1 σj

Qn(Qn + Qn−1)
≤

∏n−1
j=1 σj

2(Qn−1)2
≤ 1

2(σ1 · · ·σn−1)
≤ 1

2 · 2n−M
,

��G�tp, !)_-� (σ1, . . . , σn) ∈ Cn, -

dimH(Eε(α,M)) ≤ lim inf
n→∞

log(�Cn)
− log 2−(n−M)

≤ lim inf
n→∞

nα+ε log(n + nα+ε)
(n − M) log 2

= 0.

_�

dimH E(α) ≤ sup
M≥M0

dimH Eε(α,M) = 0.
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wx 2 α ≥ 1.

�@A E(α)�Tb,!)*+� x ∈ E(α)��*+{� 0 < ε < α,"V�{Q
 M̃(x, ε)

|t!)*+� n ≥ M̃(x, ε), - nα−ε ≤ bn(x) ≤ nα+ε. Xf

E(α) ⊆
⋃

M̃≥2

Ẽε(α, M̃),

&O Ẽε(α, M̃) = {x ∈ (0, 1) : nα−ε ≤ bn(x) ≤ nα+ε, ∀n ≥ M̃}.
�T M̃ ≥ 2, � Ẽε(α, M̃) �Tb, Gt

Ẽε(α, M̃) =
⋂

n≥M̃

{x ∈ (0, 1) : kα−ε ≤ bk(x) ≤ kα+ε, ∀ M̃ ≤ k ≤ n}

=
⋂

n≥M̃

⋃
(σ1,...,σn)∈C̃n(M̃)

I(σ1, . . . , σn),

&O C̃n(M̃) = {(σ1, . . . , σn) ∈ An : kα−ε ≤ σk(x) ≤ kα+ε, ∀ M̃ ≤ k ≤ n}. Xf, !)*+�

n ≥ M̃ , {I(σ1, . . . , σn) : (σ1, . . . , σn) ∈ C̃n(M̃)} ?� Ẽε(α, M̃) ��^|}, r�	_ 3.2 Gt

�C̃n(M̃) ≤ Nn([nα+ε]) = Cn
n+[nα+ε]−1 =

([nα+ε]) · · · (n + [nα+ε] − 1)
n!

≤ (n + nα+ε)n

n!
.

s+p
|I(σ1, . . . , σn)| =

∏n−1
j=1 σj

Qn(Qn + Qn−1)
≤

∏n−1
j=1 σj

2(Qn−1)2
≤ 1

2(σ1 · · ·σn−1)
≤ 1

2(M̃α−ε · · ·nα−ε)

≤ 1
(M̃(M̃ + 1) · · ·n)α−ε

,

�~A�L�, X n → ∞ h, n! ∼ nne−n
√

2πn, ��tp

dimH(Ẽε(α, M̃)) ≤ lim inf
n→∞

log (�C̃n(M̃))
− log(M̃ · · ·n)−(α−ε)

= lim inf
n→∞

n log (nα+ε + n) − log (n!)
(α − ε) log (M̃ · · ·n)

= lim inf
n→∞

n log (nα+ε) − log (n!)
(α − ε) log (n!)

=
α + ε − 1

α − ε
.

_�

dimH E(α) ≤ sup
M̃≥2

dimH Ẽε(α, M̃) ≤ α + ε − 1
α − ε

.

z ε → 0+, Z- dimH E(α) ≤ 1 − 1/α.
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