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1 ¡£¢¤n¥n¦n§n¨n©nªn«n¬n­n®n¯n°n±n²n³n´nµ¶§n·n¸¶¹nº

, » [3] ¼g½n¾n¿nÀnÁ ¤n¥n¦nªn«nÂÃ §?Ä?Å
. Æ?»?Ç?È ª?«?É?Ê?Ë?Ì?Í ¼=½nÎ?È ¯n°?§nÏ?ÐnÑnÒ?¤n¥?¦ (spatially balanced Latin

squares), Ó?Ô?Õ SBLS.
É?Ö?×?Ê?Ë ¼ , Ø Ê?Ù;Ú=Û Î?Ü?Ý?Þ §?ßnà ¾ná ±nân° Înã ­nËåäçæ?è­?Ë?é?ê?ë?ì?í?î?ï?­?Ë?¦?ð

, ñ;¼ ë?ì?ò?ó?ô?õ?Ì?Í?¦?ð?ö?÷?ø?¯?° [1, 4, 8]. ù?ú §?ë?ì?æ?ûÝ?Þ?ü?ý?þ?ÿ ¦��?Ù�� ¿ §����?é?ê�� ¿ É?Ï?Ð��?§�� À�� . » [9] ¼	��
 Ï?Ð?Ñ?Ò?¤?¥?¦ ü °����
?ë?ì?ò?ó?ô?õ?§�������� � .
Ï?Ð?Ñ?Ò?¤?¥?¦��?ö?°?É����?Ê?Ëåä����������?§����?æ��ê����� �!�"�#?§�$�%?õ��?ª?« ¼ [10].

SBLS
§�&�'?± ½�(�)�*?½�+�, §?¹?º ,

²�-?é�� á ±?Í�.?ì�/�0?§���1�2�.?ð?Ù�3?É � §4��?É?ª?«
. 2004 5 , Gomes

ï�6�7?°�8�9�:�;�.?ð�<>=
12 ? éA@=§ SBLS. » [5] ¼	B�C�D��E�F�.?ð�<�=

18 ? éA@=§ SBLS. 2005 5 , Smith
É » [7] ¼	G�H�I E�F�J���.?ð?§�K�L ,

<
=

35 ? éA@=§ SBLS. Gomes
ï�6?É » [6] ¼	M�
 ²�N���O�P�.?ð ) &�' 
 ²�Q SBLS(n), ñ;¼

2n + 1
±�R�S

, T�UAV	W�X?ã�Y . Gomes
É » [2] ¼ ��Z I�[�\ § SBLS,

&�' 
 14 ? éA@=§ [
\ SBLS, M�
 é�]�^�_?¹?º : `�
�[�\ SBLS

§�&�'?¦?ð
.

Æ?»?Ç?È 2�S��?§�4��?ª?« SBLS
§�&�'

, a�b�c�d�M�
 n ? ò�e�f�g (PP(n))
§�h�i�jª?«�k?§�&�'?¦?ð?Ù�l�S�m � ,

<�= I ²���n ? S?§ PP(n)
ê ñ���o , Ç?È ��
 I 2n + 1 Õ RS�p

PP(n)
§�3?É � . a�b�q�r °?ò�e�f�g�&�' I�[�\ § SBLS(n)

Ù�s�t?§
SBLS(n).

»�u õ�v�w�&�x�] : y 2 z�`�
 ¤?¥?¦?§���Z?ê�� À w Ã ; y 3 z�`�
 ò�e�f�g?§���Z ,
¯°nò>e>f>g>&>' [>\ § SBLS(n)

Ù>s>tn§
SBLS(n), { p>|n© I ò>e>f>gn§n²>�>l>S �>o ; }~ ² z�UAV	I 2n + 1 Õ R�S�p PP(n)

§�3?É � , `�
�I?» [6] ¼=Ç?È w Ã § Ó � UAV , { p���<= I ²����?§ [�\ § SBLS(n)
Ù�s�t?§

SBLS(n).

2 �������
Ô���� N = {1, 2, . . . , n}.

²?³
n ? ¤?¥?¦?±?²?³���R���� N

§
n × n

�� 
L, ��� N ¼§��?²?³���R?É

L
§��?²��?Ù��?²� ¼=á�����
�� ² d .

Ì
L = (lij) Õ n ? ¤?¥?¦ , � lij = ljis����?§

1 ≤ i, j ≤ n
Â��

, � t L
±�s�t?§

.
²?³

n ? ¤?¥?¦?§�� (
 

)
��g?± ��� k?§�� (

 
)�?² d f�g . ��� ,

¤?¥?¦?· C �� ���g ~ q ±?¤?¥?¦ .Ì
L = (lij) Õ n ? ¤?¥?¦ , ñ x

�?Ù
y
�?É y j

 ?§�������Z Õ Rj(L, x, y) = |lxj − lyj |.

L
§

x
�?Ù

y
�?§�������Z Õ R(L, x, y) =

∑n
j=1 Rj(L, x, y). ��� R(L, x, y) = R(L, y, x). �

R(L, x, y) = n(n+1)
3

s����?§
1 ≤ x < y ≤ n

Â��
, � t L Õ �?Ñ?Ò?§ .

2
R(L, x, y)

§���Z ü�
, n ? �?Ñ?Ò?¤?¥?¦����� ���g ~ ,

<�=?§?¤?¥?¦�� � ±?²?³��?Ñ?Ò?§ .
%�� ½ ]� ?§�¡?¨ .¢�£

2.1
Ì

L
±

n ? �?Ñ?Ò?§?¤?¥?¦ , � L
· C ����g?Ù� ���g ~ <�=?§?¤?¥?¦��?±��Ñ?Ò?§

.É
n ? ¤n¥n¦ L = (lij) ¼ ,

�>R
x
Ù

y
É y j

 n§>�>�>�>Z Õ Dj(L, x, y) = |s − k|,ñj¼ lsj = x, lkj = y.
�>R

x
Ù

y
É

L ¼ §>�>�>�>Z Õ D(L, x, y) =
∑n

j=1 Dj(L, x, y). �
D(L, x, y) = n(n+1)

3

s����?§
1 ≤ x < y ≤ n

Â��
, � t L Õ Ï?Ð?Ñ?Ò?¤?¥?¦ , Ô?Õ SBLS(n).% Õ D(L, x, y)

±?²?³�¤�¥�S
, ¦ é SBLS(n)

3?É�p
, n 6≡ 1(mod 3).
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]� �¡�¸
(3, 2, 1)- ¹�º ¤?¥?¦?§�h�i¼»½j?°�k `�
 ²?³�¾�¿?¤?¥?¦?±�À Õ SBLS(n)

§��?¦ð
. Á Ì A = (aij)

Ù
B = (bkj)

Ñ Õ n ? ¤?¥?¦ , � aij = k Â�)�Ã�Â bkj = i, � t B
±

A
§

(3, 2, 1)- ¹�º . Ä ��Z ü � , A
§

(3, 2, 1)- ¹�º ± B Â�)�Ã�Â B
§

(3, 2, 1)- ¹�º ± A.¢�£
2.2

Ì
A
±?²?³

n ? ¤?¥?¦ , B
±

A
§

(3, 2, 1)- ¹�º , � s Á ����Å?³���R x, y,

D(A, x, y) = R(B, x, y). (2.1)Æ�Ç s�� ` § 1 ≤ j ≤ n, � asj = x, akj = y, � Dj(A, x, y) = |s − k|. Ä B
±

A
§

(3, 2, 1)- ¹�º?ü � bxj = s, byj = k. ¦ é Dj(A, x, y) = |s − k| = |bxj − byj |.
%��

D(A, x, y) =

n
∑

j=1

Dj(A, x, y) =

n
∑

j=1

|bxj − byj | = R(B, x, y).

U�È .

� A
±?²?³

SBLS(n), B
±

A
§

(3, 2, 1)- ¹�º , Ä ¡?¨ 2.2
�

, R(B, x, y) = D(A, x, y) =
n(n+1)

3 , ¦ é B
±��?Ñ?Ò?§

. É�Ê , � B
±��?Ñ?Ò?§

, � D(A, x, y) = n(n+1)
3 , 1 ≤ x < y ≤ n.

%
�

,
²?³?¤?¥?¦?±�À Õ SBLS(n)

ï�Ë Á k?§ (3, 2, 1)- ¹�º ±�À��?Ñ?Ò . Ä � ü <?é�]�¡?¨ .¢�£
2.3

Ì
A
±?²?³

n ? ¤?¥?¦ , B
±

A
§

(3, 2, 1)- ¹�º , � A
±

SBLS(n) Â�)�Ã�Â
B
±��?Ñ?Ò?§

.Ó�Ì�Í�Î ,
] »;¼=ú ²?° x(mod n)

��Ï�Ð
x
8

n
~ § } n W�Ñ�Ò�Ó t, Ô x ≡ t (mod n),

0 ≤ t ≤ n − 1.Ì
L = (lij)

±?²?³
n ? ¤?¥?¦ , � s����?§ 2 ≤ i < j ≤ n, lij = li−1,j−1 ) lji = lj−1,n+1−i,

� t L
± [�\ § . Õ�Ö�×�
 , [�\ ¤?¥?¦ üAÄ k?§ y ²�����R�Ø?Â .

É
n ?�[�\ ¤?¥?¦ L = (lij)¼ , � l1j = aj−1, 1 ≤ j ≤ n, � lij = aj−i (mod n), 1 ≤ i ≤ n.

2�Ù
Rj(L, x, y) = |lxj − lyj | = |aj−x (mod n) − aj−y (mod n)|.Ú

R(L, x, y) =

n
∑

j=1

Rj(L, x, y)

=
n

∑

j=1

|aj−x (mod n) − aj−y (mod n)|

=

n−1
∑

j=0

|aj+x−y (mod n) − aj |. (2.2)

Û�Ü
2.4 � ²?³ n ? Ï?Ð?Ñ?Ò?¤?¥?¦ L

§
(3, 2, 1)- ¹�º ± [�\ § , � t L Õ�[�\ §?Ï?ÐÑ?Ò?¤?¥?¦

, Ó?Ô?Õ CSBLS(n).Ý
2.5

²?³
CSBLS(5) A

Ù�k?§
(3, 2, 1)- ¹�º B.

A =















1 2 3 4 5

5 1 2 3 4

3 4 5 1 2

4 5 1 2 3

2 3 4 5 1















, B =















1 2 4 3 5

5 1 2 4 3

3 5 1 2 4

4 3 5 1 2

2 4 3 5 1















.
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3 Þ�ß�à�á
Æ?»?Ç?È ª?« ½ � � N

�?§�f�g
.
Ì

P = (a0, a1, . . . , an−1)
±���Z?É

N
�?§

n ? f�g .s����?§�¤�¥�S
t, â P t(aj) = aj+t (mod n), j ∈ Zn,

��Z
P
§

t- ã ��x�]

dP (t) =
n−1
∑

j=0

|aj+t (mod n) − aj |. (3.1)

Õ�Ö�×�

dP (t) =

n−1
∑

j=0

|P t(aj) − aj | =

n
∑

j=1

|P t(j) − j|. (3.2)

Û�Ü
3.1 ` � N

�?§?²?³
n ? f�g P , � s����?§ 1 ≤ t ≤ n − 1, dP (t) = n(n+1)

3 , � t
P
±?²?³?ò�e�f�g

, Ó?Ô?Õ PP(n).

��� dP (t) = dP (n − t).
%�� Â Ë U f�g P

±�À Õ ò�e�f�g�p , ä�å?È Ë U
dP (t) =

n(n + 1)

3
, 1 ≤ t ≤

⌊

n

2

⌋

.

Ý
3.2 â n = 5, P = (1, 2, 4, 3, 5), �
dP (1) = |2 − 1| + |4 − 2| + |3 − 4| + |5 − 3| + |1 − 5| = 1 + 2 + 1 + 2 + 4 = 10,

dP (2) = |4 − 1| + |3 − 2| + |5 − 4| + |1 − 3| + |2 − 5| = 3 + 1 + 1 + 2 + 3 = 10.

Ú
dP (t) = n(n + 1)/3, 1 ≤ t ≤ bn

2 c.
%��

, P
±?²?³

PP(5).]�  `�
�r ° PP(n)
&�' [�\ § SBLS(n)

Ù�s�t?§
SBLS(n)

§?¦?ð
.Û�£

3.3 � 3?É?²?³ PP(n), � 3?É?²?³ CSBLS(n).Æ�Ç Ì
P = (a0, a1, . . . , an−1)

±?²?³
PP(n). â L = (lij)

±?²?³
n ?�[�\ ¤?¥?¦ , ���

l1j = aj−1, 1 ≤ j ≤ n.
Ì

B
±

L
§

(3, 2, 1)- ¹�º .
]�  UAV B

±?²?³
CSBLS(n).% Õ L

± [�\ ¤?¥?¦ ,
Ú Ä ¡?¨ 2.3 ü � ä�å�UAV L

±��?Ñ?Ò?§
. æ�ç (2.2)

Ù
(3.1) ü <

R(L, x, y) =
n−1
∑

j=0

|aj+x−y (mod n) − aj | = dP (y − x). (3.3)

Ä P
±?²?³

PP(n) ü < dP (y−x) = n(n+1)
3 . ¦ é L

±��?Ñ?Ò?§ ) B
±?²?³

CSBLS(n). U�È .Û�£
3.4 � 3?É?²?³ PP(n), � 3?É�s�t?§ SBLS(n).Æ�Ç Ì

P = (p0, p1, . . . , pn−1)
±?²?³

PP(n). è�é ²�ê � , ü Ì p0 = 1. â A = (aij)
±²?³ [�\ ¤?¥?¦ , aij = pj−i (mod n). æ�ç �?¨ 3.3 ü � A

±��?Ñ?Ò?§
. â B

±
A
· C ²������g�<�=?§?¤?¥?¦

, )���� bi1 = i, 1 ≤ i ≤ n.
¸?²�ë

, â C
±

B
· C ²��� ���g�<�=?§?¤?¥¦

, )���� c1,pj
= pn−j (mod n), 0 ≤ j ≤ n − 1. â L = (lij)

±
C
§

(3, 2, 1)- ¹�º .
]�  ��U

V L
±?²?³�s�t?§

SBLS(n). æ�ç ¡?¨ 2.1
�

C
±��?Ñ?Ò?§

,
2�Ù æ�ç ¡?¨ 2.3 ü < L

±?²?³
SBLS(n). ì ]�� , ä�å�UAV L

±�s�t?§
.

��� , C
§ ¦?½  ?§ ��� Ù B

§ ¦?½  ?§ ��� � { , B
§ ¦?½ �?§ ��� Ù A

§ ¦?½ �?§ �
� � { . T ±�s Á�` �?§���í�1� ?§�î�ï , ñ É è�{ §?¤?¥?¦ ¼ §�Ï�Ð ü?ý�è�{ .

]�  {�ð 7?°
p0, p1, . . . , pn−1

� Õ � (
 

)
§�î�ï

, ñ;¼ {pi : 0 ≤ i ≤ n − 1} = {1, 2, . . . , n}. æ�ç &�' ,
s����
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§
0 ≤ j ≤ n − 1, C

§ y pj

 ?±
B
§ y qj

 
, B
§ y pj

�?±
A
§ y qj

�
, ñ;¼ q0 = 1 )

qj = n − j + 1, 1 ≤ j ≤ n − 1.]�  UAV L
±?²?³�s�t?§?¤?¥?¦

, Ô lpi,pj
= lpj ,pi

, 0 ≤ i, j ≤ n − 1.
Ì

lpi,pj
= pk.

% Õ
L
±

C
§

(3, 2, 1)- ¹�º , � cpk ,qj
= pi.

2�Ù
bpk ,qj

= pi, aqk ,qj
= pi, Á ± qj − qk ≡ i(mod n).% Õ qj ≡ 1 − j (mod n), � qj − qk ≡ (1 − j) − (1 − k)(mod n), Ô i ≡ k − j (mod n), j ≡ k − i

(mod n), Á ± j ≡ qi − qk (mod n).
%��

pj = aqk,qi
) cpk,pi

= bpk,qi
= aqk,qi

= pj .
% Õ L

±
C
§

(3, 2, 1)- ¹�º , ¦ é lpj ,pi
= pk, Ô L

±�s�t?§
.Ä�� ¦ Å , L

±?²?³�s�t?§
SBLS(n). U�È .]�  `�
 PP(n)

§?²���$ Æ���o .Û�£
3.5

Ì
P = (a0, a1, . . . , an−1)

±?²?³
PP(n), � gcd(m, n) = 1, 1 ≤ m ≤ n − 1, �

P m
�?±?²?³

PP(n).Æ�Ç â P m = (b0, b1, . . . , bn−1), bi = aim (mod n).
% Õ (m, n) = 1, ¦ é P m

±
P
�?§?²³

n ? f�g .
s����?§

1 ≤ t ≤ n − 1,

dP m(t) =

n−1
∑

j=0

|bj+t (mod n) − bj |

=

n−1
∑

j=0

|a(j+t)m (mod n) − ajm (mod n)|

=
n−1
∑

j=0

|a(jm (mod n)+tm (mod n)) (mod n) − ajm (mod n)|

=

n−1
∑

k=0

|ak+tm (mod n) − ak|

= dP (tm (mod n)) =
n(n + 1)

3
.%��

, P m
±?²?³

PP(n). U�È .Ì
P
±?²?³

n ? f�g , Ó�Ì�Í�Î ,
é�]?°

L
Ï�Ð

P ¼ n
Ù

n− 1
s�g

, S
Ï�Ð

P ¼ 1
Ù

2
s�g

, F
Ï�Ð

i
Ù

n + 1 − i
s�g

, 1 < i < n + 1, Ô
L = (n, n − 1), S = (1, 2), F = (1, n)(2, n − 1) · · ·

(⌊

n

2

⌋

, n + 1−

⌊

n

2

⌋)

.

Ý
3.6 P = (1, 2, 4, 3, 5), �

L (P ) = (1, 2, 5, 3, 4), S (P ) = (2, 1, 4, 3, 5), F (P ) = (5, 4, 2, 3, 1).Û�£
3.7 � P

±?²?³
PP(n), � L (P ), S (P )

Ù
F (P ) á ± PP(n).Æ�Ç â A = L (P ), B = S (P ), C = F (P ). c�ñ�UAV A

±?²?³
PP(n). æ�ç (3.2)

� `
0 ≤ t ≤ n − 1, dP (t) =

n
∑

j=1

|P t(j) − j|.

É
n
³�ò�� ��� {P t(j), j} ¼ , ó � ½ 4

³ ��� {P t(j), j}∩{n−1, n} 6= ∅. È�UAV dA(t) = dP (t),

ä�å?È�UAV · C n
Ù

n− 1
s�g ~

, ô �?§ n
³�ò�� ���;¼	ó � ½ 4

³�õ�Ø I ��� ,
j ) õ�Ø��� ~ k b §�ö�s�÷ Ê Ù�ø�ù è � .
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]� ?æ�ú�N�û�ü UAV :

(1) P t(n) = n − 1 ) P t(n − 1) = n.��p
, |n − (n − 1)|+|(n − 1) − n| = |(n − 1) − n|+|n − (n − 1)|.

(2) P t(n) = n − 1, P t(n − 1) = k ) P t(h) = n, k, h < n − 1.��p
, |n− (n−1)|+ |(n−1)−k|+ |h−n|= 2n−k−h = |(n−1)−n|+ |n−k|+ |h− (n−1)|.

(3) P t(n − 1) = n, P t(n) = k ) P t(h) = n − 1, k, h < n − 1.��N�û�ü�Q�ý Á (2).

(4) P t(n − 1) = r, P t(n) = s, P t(u) = n − 1 ) P t(v) = n, r, s, u, v < n − 1.��p
|n − s|+ |(n − 1) − r| + |u− (n− 1)| + |v − n| = 4n− 2− (s + r + u + v) = |(n− 1)−

s| + |n − r| + |u − n| + |v − (n − 1)|.Ä��
, A
±?²?³

PP(n).
Q�ý ü é UAV B

�?±?²?³
PP(n).]�  UAV C

±?²?³
PP(n).

% Õ dC(t) =
∑n−1

j=0 |Cj+t −Cj | =
∑n−1

j=0 |(n + 1− Pj+t) − (n +

1 − Pj)| =
∑n−1

j=0 |Pj+t − Pj | = dP (t), ¦ é C
±?²?³

PP(n). U�È .Û�£
3.8 � n ≥ 5, � PP(n) ¦?½ �?§?³�S?± 8

§�þ�S
.Æ�Ç æ�ç �?¨ 3.7, � P

±?²?³
PP(n), � L (P ), S (P )

Ù
F (P ) á ± PP(n). â T

±
Ä L , S , F

Ø?Â?§���g�ÿ
, ��� � Ô?Õ E . Â n ≥ 5

p
, Õ�Ö Ë U

L
2 = S

2 = F
2 = E , S F = FL , L F = FS , S L = L S ,

L FL = FS L = S FS = S L F = L S F = FL S ,

L FS = S FL = F , S L S = FS F = L , L S L = FL F = S .

è�� Ë U , P , L (P ), S (P ), L S (P ), F (P ), FL (P ), FS (P )
Ù

FL S (P )
±

8
³ è�{§

PP(n).
s Á n ≥ 5, â T = {E , L , S , L S , F , FL , FS , FL S }. Á Ì A

Ù
B
±�Å?³ è

{ § PP(n), � 3?É��?³ T ∈ T ,
7�<

T (A) = B, � t A ∼ B. Õ�Ö�UAV ∼
±���Z?É

PP(n)

¦?½ ���?§?ï�Ë À�� .
%��

, r °��� ���Z?§?ï�Ë À��?ü é � PP(n)
§ ¦?½ ���?æ?Â?ï�Ë�Q ,

�³?ï�Ë�Q�� ½ 8
³?ï�Ë?§

PP(n). ¦ é PP(n) ¦?½ �?§?³�S?± 8
§�þ�S

. U�È .]� ��?³�Ï� 
�I�Â n = 5, 6, 8
p

PP(n)
§?ï�Ë�Q

.

P (1 2 4 3 5) F (P ) (1 5 4 2 3)

L (P ) (1 2 5 3 4) FL (P ) (1 3 2 5 4)

S (P ) (1 4 3 5 2) FS (P ) (1 4 5 2 3)

L S (P ) (1 5 3 4 2) FL S (P ) (1 3 2 4 5)	
1 PP(5) 
 8 �
�

P (1 2 4 5 3 6) F (P ) (1 6 5 3 2 4)

L (P ) (1 2 4 6 3 5) FL (P ) (1 4 2 6 5 3)

S (P ) (1 4 5 3 6 2) FS (P ) (1 5 6 3 2 4)

L S (P ) (1 4 6 3 5 2) FL S (P ) (1 4 2 5 6 3)

P
5 (1 6 3 5 4 2) F (P 5) (1 4 2 3 5 6)

L (P 5) (1 5 3 6 4 2) FL (P 5) (1 3 5 6 2 4)

S (P 5) (1 2 6 3 5 4) FS (P 5) (1 4 2 3 6 5)

L S (P 5) (1 2 5 3 6 4) FL S (P 5) (1 3 6 5 2 4)	
2 PP(6) 
 16 �
�
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P (1 3 8 7 4 5 2 6) F (P ) (1 2 5 4 7 3 8 6)

L (P ) (1 3 7 8 4 5 2 6) FL (P ) (1 5 4 7 3 8 6 2)

S (P ) (1 6 2 3 8 7 4 5) FS (P ) (1 2 5 4 8 3 7 6)

L S (P ) (1 6 2 3 7 8 4 5) FL S (P ) (1 5 4 8 3 7 6 2)

P
3 (1 7 2 3 4 6 8 5) F (P 3) (1 4 8 2 7 6 5 3)

L (P 3) (1 8 2 3 4 6 7 5) FL (P 3) (1 7 6 5 3 2 4 8)

S (P 3) (1 3 4 6 8 5 2 7) FS (P 3) (1 4 7 2 8 6 5 3)

L S (P 3) (1 3 4 6 7 5 2 8) FL S (P 3) (1 8 6 5 3 2 4 7)

P
5 (1 5 8 6 4 3 2 7) F (P 5) (1 3 5 6 7 2 8 4)

L (P 5) (1 5 7 6 4 3 2 8) FL (P 5) (1 8 4 2 3 5 6 7)

S (P 5) (1 7 2 5 8 6 4 3) FS (P 5) (1 3 5 6 8 2 7 4)

L S (P 5) (1 8 2 5 7 6 4 3) FL S (P 5) (1 7 4 2 3 5 6 8)

P
7 (1 6 2 5 4 7 8 3) F (P 7) (1 6 8 3 7 4 5 2)

L (P 7) (1 6 2 5 4 8 7 3) FL (P 7) (1 2 6 8 3 7 4 5)

S (P 7) (1 5 4 7 8 3 2 6) FS (P 7) (1 6 7 3 8 4 5 2)

L S (P 7) (1 5 4 8 7 3 2 6) FL S (P 7) (1 2 6 7 3 8 4 5)	
3 PP(8) 
 32 �
�2>�>Ï ü é ×>
 ,

s
n = 5, 6, 8, ¦n½ PP(n)

�n§n³>S è>Ã ± 8
§>þ>S

,
Ù )>¦n½ §>�nÑü é Ä ²n³>f>g P

ØnÂ
.
x>s Á n = 5, ϕ(5) = 4,

�
P = (1, 2, 4, 3, 5), ÄgÁ P 2 = FS (P ),

P 3 = FL (P ), P 4 = L S (P ),
%�� Ã 3?É?²?³ Ä P � Ø?§?ï�Ë�Q .

s Á n = 6, ϕ(6) = 2,
3É�Å?³?ï�Ë�Q

,
æ�� Ä P = (1, 2, 4, 5, 3, 6)

Ù
P 5 = (1, 6, 3, 5, 4, 2)

Ø?Â ¦?½ §�� .
s Á n = 8,

ϕ(8) = 4,
3?É

4
³?ï�Ë�Q

,
æ�� Ä P = (1, 3, 8, 7, 4, 5, 2, 6), P 3, P 5

Ù
P 7
Ø?Â ¦?½ §�� . æ�ç�?¨

3.5 ü � ²?³ PP(n) ý���� Ø ϕ(n)
³

PP(n). æ�ç �?¨ 3.8 ü � PP(n) ¦?½ �?§?³�S üé?ö
8
¥��

.
��Å?³�w?© ½��?Á s ¦?½ PP(n)

§���¸��?æ�Q
.

4 PP(n) �����������
Æ�z;¼	Á Ì n ≥ 2, q = 2n + 1

±�R�S
, ξ
±

Zq

§?²?³ Æ�ô � . â ai = ξi (mod q), 0 ≤ i ≤

q− 2. Ä��  ?§�E�� � 1 ≤ ai ≤ q− 1. a�b�q�å?È ��Z�Å?³���S f
Ù

g, ñ;¼ f : Zq → Zq ��� :

f(i) = min{i, q − i}. (4.1)

g : (Z+ ∪ {0}, Z
+ ∪ {0}) → Zq ��� : g(i, j) = ij (mod q). ü é�< 


g(i, j) = ij −

⌊

ij

q

⌋

q. (4.2)

]�  `�
 f
Ù

g
§?²�� ��o .¢�£

4.1
��S

f
Ù

g ��� é�] 4 ����o :

(1) f(u) = f(q − u), 1 ≤ u ≤ q − 1.

(2) � gcd(t, q) = 1, � s����?§ 1 ≤ j1 < j2 ≤ n, f(g(t, j1)) 6= f(g(t, j2)).

(3) f(g(u, v)) = f(g(f(u), f(v))), 1 ≤ u, v ≤ q − 1.

(4) f(ak+l (mod n)) = f(g(f(ak), f(al))), 1 ≤ l ≤ n − 1, 0 ≤ k ≤ n − 1.Æ�Ç æ�ç ��S f
§���Z� Õ�Ö <�= ��o (1).

ÄgÁ q
±>R>S ) gcd(t, q) = 1, � 1 ≤ j1 < j2 ≤ n, � tj1 6≡ tj2 (mod q) ) tj1 6≡ −tj2
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(mod q),
2�Ù

g(t, j1) 6= g(t, j2) ) g(t, j1) + g(t, j2) 6= q.
%��

, f(g(t, j1)) 6= f(g(t, j2)). Á ± (2)Â��
.

è�� Ë U uv ≡ f(u)f(v) (mod q)
í

uv ≡ −f(u)f(v) (mod q), Á ± g(u, v) = g(f(u), f(v))í
g(u, v) = q − g(f(u), f(v)).

s�� ` § 1 ≤ u, v ≤ q − 1, ü < f(g(u, v)) = f(g(f(u), f(v))).
%

�
, ��o (3)

¤�"
.% Õ ai = ξi (mod q), an+i = −ξi (mod q), ñj¼ q = 2n + 1, ¦ é Â 0 ≤ i ≤ n − 1

p
,

ai + an+i = q.
%��

, Â 0 ≤ i ≤ n − 1
p

, f(an+i) = f(q − ai) = f(ai).
s�� ` § 1 ≤ l ≤ n − 1,

0 ≤ k ≤ n − 1, ü <
f(ak+l (mod n)) = f(ak+l) = f(ξk+l (mod q)) = f(ξk × ξl (mod q))

= f((ξk (mod q)) × (ξl (mod q)) (mod q)) = f(ak × al (mod q))

= f(g(ak, al)) = f(g(f(ak), f(al))).

Ä � ü � , ��o (4)
�?Â��

. U�È .¢�£
4.2 Ô n × n

�� 
L = (lij), � lij = f(g(i, j)), 1 ≤ i, j ≤ n, � L

±?²?³?¤?¥?¦
.Æ�Ç % Õ q

±�R�S
, ¦ é gcd(t, q) = 1, t 6≡ 0 (mod q). Ä ¡?¨ 4.1

�
,
s�� ` § 1 ≤ j1 <

j2 ≤ n, f(g(t, j1)) 6= f(g(t, j2)).
%��

, f(g(t, 1)), f(g(t, 2)), . . . , f(g(t, n))
± ��� N

�?§?²?³�f
g

. # % Õ f(g(i, j)) = f(g(j, i)), ¦ é f(g(1, t)), f(g(2, t)), . . . , f(g(n, t))
�?± ��� N

�?§?²?³
f�g

.
%��

, L
±?²?³?¤?¥?¦

. U�È .¢�£
4.3 [6]

Ì
(b1, b2, . . . , bn)

±
N
�?§�f�g

, �
n

∑

j=1

|bj − j| = n(n + 1) − 2

n
∑

j=1

min{j, bj}. (4.3)

É UAV=Ç?È w?© Ê�� , a�b�q�å?È ]� ?§�¡?¨ . å?È�$AV §?±?Ù�]� �¡?¨�Q�ý?§�w?©?É » [6]¼�%�&�'�( , )�*�+�, ��-�.�/�0�1�2 , 3�4�5 .�687�9�:�;�< , =�>�?�@ 32 A�B�C .�D�E , F
[6] G�H�I 687�J�K G .�L A D�E .M�N

4.4 O�P�Q�R . 2 ≤ t ≤ n, 1 ≤ j ≤ n,

|f(g(t, j)) − j| = min{f(g(t − 1, j)), f(g(t + 1, j))}. (4.4)

S�T U
(4.1) V (4.2) W

f(g(t, j)) − j =



















(t − 1)j −

⌊

tj

q

⌋

q, 1 ≤ g(t, j) ≤ n,

(⌊

tj

q

⌋

+ 1

)

q − (t + 1)j, n + 1 ≤ g(t, j) ≤ 2n.

X�Y ? 4 A D�Z�[ 5 :\�]
1 f(g(t, j)) − j > 0 3 1 ≤ g(t, j) ≤ n.^`_

, (t − 1)j − b tj
q
cq > 0, a (t−1)j

q
> b tj

q
c,
U ^`b`c

b tj
q
c = b (t−1)j

q
c, d`e g(t, j) =

g(t−1, j)+j, P�I 1 ≤ g(t−1, j) ≤ n, f ^ , f(g(t, j))−j = g(t, j)−j = g(t−1, j) = f(g(t−1, j)),

a |f(g(t, j)) − j| = f(g(t − 1, j)).Y�g 687
f(g(t + 1, j)) > f(g(t − 1, j)).
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U
1 ≤ g(t, j) ≤ n 3 1 ≤ j ≤ n

b`c
g(t + 1, j) = g(t, j) + j, d`e b (t+1)j

q
c = b tj

q
c.y

g(t + 1, j) ≤ n, z f(g(t + 1, j)) = (t + 1)j − b (t+1)j
q

cq = (t + 1)j − b tj
q
cq, d`e f(g(t +

1, j)) − f(g(t − 1, j)) = (t + 1)j − b tj
q
cq − (t − 1)j + b tj

q
cq = 2j > 0.

y
g(t + 1, j) > n, z

f(g(t + 1, j)) = (b (t+1)j
q

c + 1)q − (t + 1)j = (b tj
q
c + 1)q − (t + 1)j. { X

f(g(t + 1, j)) − f(g(t − 1, j)) =

(⌊

tj

q

⌋

+ 1

)

q − (t + 1)j − (t − 1)j +

⌊

tj

q

⌋

q

=

(

2

⌊

tj

q

⌋

+ 1

)

q − 2tj > 0.

\�]
2 f(g(t, j)) − j > 0 3 n + 1 ≤ g(t, j) ≤ 2n.^�_

, (b tj
q
c+1)q−(t+1)j > 0, a (t+1)j

q
−1 < b tj

q
c, | tj

q
< (t+1)j

q
, } b tj

q
c = b (t+1)j

q
c. P�I

g(t+1, j) = g(t, j)+j, d�e n+1 ≤ g(t+1, j) ≤ 2n. f ^ , f(g(t, j))−j = (b tj
q
c+1)q−(t+1)j =

(b (t+1)j
q

c + 1)q − (t + 1)j = f(g(t + 1, j)), a |f(g(t, j)) − j| = f(g(t + 1, j)).Y�g 687
f(g(t + 1, j)) < f(g(t − 1, j)).U

n + 1 ≤ g(t, j) ≤ 2n 3 1 ≤ j ≤ n
b�c

g(t − 1, j) = g(t, j) − j, d�e b tj
q
c = b (t−1)j

q
c.y

1 ≤ g(t − 1, j) ≤ n, z f(g(t − 1, j)) = (t − 1)j − b (t−1)j
q

cq = (t − 1)j − b tj
q
cq, d`e

f(g(t− 1, j))− f(g(t + 1, j)) = (t− 1)j − b tj
q
cq − (b tj

q
c+ 1)q + (t + 1)j = 2tj − (2b tj

q
c+ 1)q > 0.y

n + 1 ≤ g(t − 1, j) ≤ 2n, z
f(g(t−1, j)) =

(⌊

(t−1)j

q

⌋

+ 1

)

q − (t − 1)j =

(⌊

tj

q

⌋

+ 1

)

q − (t−1)j > f(g(t + 1, j)).

\�]
3 f(g(t, j)) − j < 0 3 1 ≤ g(t, j) ≤ n.^�_

, j > f(g(t, j)) = g(t, j), P�I g(t, j) = g(t− 1, j) + j − q, n + 1 ≤ g(t− 1, j) ≤ 2n, d�e
b tj

q
c = b (t−1)j

q
c+1. f ^ , j−f(g(t, j)) = j−tj+b tj

q
cq = (b (t−1)j

q
c+1)q−(t−1)j = f(g(t−1, j)),

a |f(g(t, j)) − j| = f(g(t − 1, j)).Y�g 687
f(g(t + 1, j)) > f(g(t − 1, j)).U

1 ≤ g(t, j) ≤ n 3 1 ≤ j ≤ n
b`c

g(t + 1, j) = g(t, j) + j, d`e b (t+1)j
q

c = b tj
q
c.
y

g(t + 1, j) ≤ n, z f(g(t + 1, j)) = (t + 1)j − b (t+1)j
q

cq = (t + 1)j − b tj
q
cq, d�e f(g(t + 1, j)) −

f(g(t − 1, j)) = (t + 1)j − b tj
q
cq − (b tj

q
cq − (t − 1)j) = 2tj − 2b tj

q
cq > 0.

y
g(t + 1, j) > n, z

f(g(t + 1, j)) = (b (t+1)j
q

c + 1)q − (t + 1)j = (b tj
q
c + 1)q − (t + 1)j, f ^

f(g(t + 1, j)) − f(g(t − 1, j)) =

(⌊

tj

q

⌋

+ 1

)

q − (t + 1)j −

(⌊

tj

q

⌋

q − (t − 1)j

)

= q − 2j > 0.
\�]

4 f(g(t, j)) − j < 0 3 n + 1 ≤ g(t, j) ≤ 2n.^`_
, j > f(g(t, j)) = q − g(t, j), a g(t, j) + j > q, P`I 1 ≤ g(t + 1, j) ≤ n, d`e

b tj
q
c = b (t+1)j

q
c−1, f ^ j−f(g(t, j)) = j−(b tj

q
c+1)q+ tj = (t+1)j−b (t+1)j

q
cq = f(g(t+1, j)),

a |f(g(t, j)) − j| = f(g(t + 1, j)).Y�g 687
f(g(t + 1, j)) < f(g(t − 1, j)).U

n + 1 ≤ g(t, j) ≤ 2n 3 1 ≤ j ≤ n
b�c

g(t − 1, j) = g(t, j) − j, d�e b tj
q
c = b (t−1)j

q
c.y

1 ≤ g(t − 1, j) ≤ n, z f(g(t − 1, j)) = (t − 1)j − b (t−1)j
q

cq = (t − 1)j − b tj
q
cq, d`e
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f(g(t − 1, j)) − f(g(t + 1, j)) = (t − 1)j − b tj
q
cq + (b tj

q
c + 1)q − (t + 1)j = q − 2j > 0.

y
n + 1 ≤ g(t − 1, j) ≤ 2n, z f(g(t − 1, j)) = (b (t−1)j

q
c + 1)q − (t − 1)j = (b tj

q
c + 1)q − (t − 1)j,

f ^

f(g(t − 1, j)) − f(g(t + 1, j)) =

(⌊

tj

q

⌋

+ 1

)

q − (t − 1)j +

(⌊

tj

q

⌋

+ 1

)

q − (t + 1)j

= 2

(⌊

tj

q

⌋

+ 1

)

q − 2tj > 0.

��� b�c
|f(g(t, j)) − j| = min{f(g(t− 1, j)), f(g(t + 1, j))}, 2 ≤ t ≤ n, 1 ≤ j ≤ n.

6��
.����� g .����

,
Y�g 687�� F .�� >�4�5 .��N

4.5 O�Q�� n ≥ 2,
y

q = 2n + 1 I�� - , z���� PP(n).S�T �
ξ I GF(q)

.������
, ai = ξi, 0 ≤ i ≤ n − 1. � α = (f(a0), f(a1), . . . , f(an−1)).Y 6

α I���� PP(n).U
ξn ≡ −1 (mod q)

b�c
ai + an+i ≡ ξi + ξn+i ≡ 0 (mod q). Q�R 0 ≤ i < j ≤ n − 1,

y
ai + aj 6≡ 0 (mod q), z f(ai) 6= f(aj), d�e α I���� N

� . ������� . Q�R 1 ≤ l ≤ n − 1,

d(l) =

n−1
∑

k=0

|f(ak+l (mod n)) − f(ak)|

=

n−1
∑

k=0

|f(g(f(al), f(ak))) − f(ak)| (
��� ���

4.1)

=

n
∑

j=1

|f(g(f(al), j)) − j|.

���
(4.3)

b�c

d(l) = n(n + 1) − 2

n
∑

j=1

min{j, f(g(f(al), j))}. (4.5)

� � � 0 ≤ s ≤ n−1, ¡ c g((f(al)−1)−1, f(al)+1) = as, ¢ £ g((f(al)−1)−1, f(al)+1) = q−as.

d�e as(f(al)− 1) ≡ f(al) + 1 (mod q)), ¢�£ −as(f(al)− 1) ≡ f(al) + 1 (mod q)). ¤�¥�� L AD�E�687
,
�

x(f(al) − 1) ≡ f(al) + 1 (mod q)), x ∈ {as, q − as}, P�I
d(l) =

n
∑

j=1

|f(g(f(al), j)) − j|

=

n
∑

j=1

min{f(g(f(al) − 1, j)), f(g(x(f(al) − 1), j))} (
���

(4.4))

=

n
∑

j=1

min{f(g(f(al) − 1, j)), f(g(x, f(g(f(al) − 1, j))))}

=

n
∑

tl,j=1

min{tl,j , f(g(x, tl,j))} ( � tl,j = f(g(f(al) − 1, j)))

=

n
∑

j=1

min{j, f(g(x, j))} (
��� ���

4.1)

=

n
∑

j=1

min{j, f(g(f(x), j))}.
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¦
x ∈ {as, q − as}

_
, f(x) = f(as). P�I d(l) =

∑n
j=1 min{j, f(g(f(as), j))}.

���
(4.5)b�c

, d(l) = n(n+1)
2 − 1

2d(s).Y�g 687
d(s) = n(n+1)

2 − 1
2d(l).

U � b W x(f(al)− 1) ≡ f(al) + 1 (mod q), x ∈ {as,−as}.§`¨
f(x) = f(as).

y
1 ≤ x ≤ n, z x = f(x) = f(as). d`e f(al)(f(as) − 1) ≡ f(as) + 1

(mod q);
y

1 + n ≤ x ≤ 2n, z x = q − f(as). d`e f(as)(f(al) − 1) ≡ −as(f(al) − 1) ≡

−(f(al) + 1) (mod q), a f(al)
−1(f(as) − 1) ≡ f(as) + 1 (mod q).

�
x(f(as) − 1) ≡ f(as) + 1

(mod q), x ∈ {f(al), f(al)
−1}. ©�ª d(l)

.�«�¬
,
b�c

d(s) = n(n+1)
2 − 1

2d(l).U
d(l) = n(n+1)

2 − 1
2d(s) V d(s) = n(n+1)

2 − 1
2d(l),

b�c

d(l) =
n(n + 1)

3
, 1 ≤ l ≤ n − 1.

f ^ , α I���� PP(n).
6��

.����­ �
3.3 V ­ � 4.5, ®�¯ b�c X�Y « 5 , °�?8±�² J F [2] G�³�P CSBLS(n) ´�µ�¶�·.�¸�¹�º�»

.¼�½
4.6 O�Q�� n ≥ 2,

¦
2n + 1 I�� -�_ , ��� CSBLS(n).U ­ �

3.4 V ­ � 4.5
b�c ³�P�O�¾�¿�À�Á�Â�Ã�Ä�¶ . ��� « 5 .¼�½

4.7 O�Q�� n ≥ 2,
¦

2n + 1 I�� -�_ , ����O�¾ . SBLS(n).Å�Æ
, ®�¯�Ç�,�È - f V g R�' SBLS(n)

. ����É�Ê�´�µ�¶�· . ��R�'�Ë�Ì . ´�µ�¶�·�Í�
, ®�¯�Î�R L � ��� .M�N

4.8
�

n ≥ 2, q = 2n + 1 I�� - .
y

L = (lij),
K G lij = f(g(i, j)), 1 ≤ i, j ≤ n, z

L I�����Ï�Á�Â . n Ð�Ã�Ä�¶ .S�T �
ξ I GF(q)

. ��� ����� .
��� ���

4.2 W L I���� n Ð�Ã�Ä�¶ .
����­ �

4.5

W P = (f(a0), f(a1), . . . , f(an−1)) I���� PP(n). O�Q�R .�L ��B�C .�� � 1 ≤ x, y ≤ n, B�Ñ
��Ò�Ó ,

�
x = f(ai), y = f(aj), 1 ≤ j < i ≤ n, z

R(L, x, y) =

n
∑

j=1

|lxj − lyj |

=

n
∑

j=1

|f(g(x, j)) − f(g(y, j))|

=

n
∑

j=1

|f(g(yy−1x, j)) − f(g(y, j))|

=

n
∑

j=1

|f(g(g(y, j), g(y−1, x))) − f(g(y, j))|

=
n

∑

j=1

|f(g(f(g(y, j)), f(g(y−1, x)))) − f(g(y, j))| (
��� ���

4.1)

=
n

∑

j=1

|f(g(f(g(y−1, x)), j)) − j| (
��� ���

4.1)

=

n
∑

j=1

|f(g(f(ai−j), j)) − j| = dP (i − j).
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f�¤ P I���� PP(n), { X R(L, x, y) = dP (i − j) = n(n+1)
3 . f ^ , L I�Ï�Á�Â . .

6��
.M�N

4.9
�

n ≥ 2, q = 2n + 1 I�� - . � L = (lij),
K G lij = f(g(i, j)), 1 ≤ i, j ≤ n.

y
Ã�Ä�¶ B = (bij) I L

.
(3, 2, 1)- Ô�Õ , z�O�Q�� 1 ≤ j ≤ n, B

.�Ö
j ×�I L

.�Ö
b1j × .S�T O�Q�� 1 ≤ j ≤ n, H�=�> 687 O�{�+ . 1 ≤ i ≤ n, bij = li,b1j

. f�¤ B I L
. ���

(3, 2, 1)- Ô�Õ , P�I lki,j = i, d�e f(g(ki, j)) = i, }
li,b1j

= f(g(i, b1j))

= f(g(f(g(ki, j)), b1j))

= f(g(g(ki, j), b1j)) (
��� ���

4.1)

= f(g(ki, g(j, b1j)))

= f(g(ki, f(g(j, b1j)))) (
��� ���

4.1).
Ø ��Ù , f�¤ B I L

.
(3, 2, 1)- Ô�Õ , { X lb1j ,j = 1. P�I b�c f(g(j, b1j)) = 1. d�e li,b1j

=

f(g(ki, f(g(j, b1j)))) = f(g(ki, 1)) = ki. f ^ , O�{�+ . 1 ≤ i ≤ n, bij = li,b1j
.
6��

.��N
4.10

�
n ≥ 2, q = 2n + 1 I�� - .

y
L = (lij),

K G lij = f(g(i, j)), 1 ≤ i, j ≤ n,

z L I���� SBLS(n).S�T � B I L
. ��� (3, 2, 1)- Ô�Õ . ®�¯ U ��� 4.9

b W L &�Ú�×�Û�� b X c�Ü B. ÝU ���
4.8
b W L I�����Ï�Á�Â . Ã�Ä�¶ , P�I U ��� 2.1

b�c
B Þ�I�����Ï�Á�Â . Ã�Ä�¶ .

Å
Æ ��� ���

3.5 ß b X c '�4�5 .
6��

.

à�á â�ã�ä�å�æ�ç�è�é�ê�ë�ì�í ®�¯�î�ï ^�º�» ,
â�ã�ð V ��ñ�ò�ó�æ�ç�ó�ô�õ�ö�÷ � �

F Z�ø Ú�ù8G . +�ú .�[ 5 .
â�ã�û�ü�ý�þ�ÿ�� '������ .�� 5�V ì�í .
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