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1 FG
���� X 	
� Banach ��, X∗ 	 X �	���, 	��
 J : X → 2X∗


��

J(x) = {f ∈ X∗ : 〈x, f〉 = ‖x‖ ‖f‖, ‖x‖ = ‖f‖}, ∀x ∈ X,
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�O 〈·, ·〉 ��	��	. P�QR, �S J 	���� ! Hilbert ��O J 	���S, �


�"�#, J 	�T� �$%�. &�	' ‖x‖ = ‖y‖ = 1 � x �= y, � ‖x+y‖
2 < 1, � X �(

�)�. X �)%*
��

δX(ε) = inf
{

1 −
∥∥∥∥1

2
(x + y)

∥∥∥∥ : ‖x‖, ‖y‖ ≤ 1, ‖x − y‖ ≥ ε

}
	��� 0 ≤ ε ≤ 2  !+. &� δX(ε) > 0 	��� 0 < ε ≤ 2  !+, X "��
U). �

ρX : [0,+∞) → [0,+∞) 	 X �#$*, 
��

ρX(s) = sup
{

1
2
(‖x + y‖ + ‖x − y‖) − 1 : ‖x‖ = 1, ‖y‖ ≤ s

}
.

% s → 0 ,, ρX(s)
s → 0, X ��
U#$�. &� X 	
U F &-�, . X /	
U#$�.

� C 	0 Banach�� X ���')S(, T : C → C 	
��
, T �)*+(,���

F (T ). �
 T : C → C ��-.�/V�, &�0!12 {kn} ⊂ [1,∞), limn→∞ kn = 1,31

‖T nx − Tny‖ ≤ kn‖x − y‖, ∀x, y ∈ C, ∀n ≥ 1.

T 	
U-.W.�% 2% limn→∞ ‖T n+1x − T nx‖ = 0, ∀x ∈ C. &� kn = 1, 45 T ��

�/V�. �
 T �� α 67�, &��

‖T (x) − T (y)‖ ≤ α‖x − y‖, ∀x, y ∈ X,

�O31 α ∈ (0, 1).

45)�869�)*+69	�$%5:�;7<=�>�X?@A, ! Hilbert ��8

Banach ��O, B'C�!D9:6, ;+<=, E<<=�=Y9O�>?FG, @ZH<=
[7�)*+<=IAJBKCDE\ [3, 6, 9, 14–16, 18, 21]. L8O+F.	MGNH-5H1
IJ�X?1TIF]
, KGL8O+F.LOP%MH�F�QR%5:I�S�NT, U

OVW [1, 4, 5, 7, 8, 11, 13, 17, 19, 20].

2015 X, Xu [17] ! Hilbert ��ONTK�/V�
�P%L8O+F., MHY2&#:

xn+1 = αnf(xn) + (1 − αn)T
(

xn + xn+1

2

)
, ∀n ≥ 0,

P^ZKQY2[QR' T �)*+ x∗, Z/	#Æ45)�8<=�G,

〈(I − f)x∗, x − x∗〉 ≥ 0, ∀x ∈ F (T ). (1.1)

2019 X, Pan [11] ! Banach ��O\RK-.�/V�
>�P%L8F., &#:

xn+1 = αnxn + βnf(xn) + γnT n(tnxn + (1 − tn)xn+1), ∀n ≥ 0,

P^ZK]8^!�MHY2 xn [QR' x∗ ∈ F (T ), Z/	45)�8<= (1.1) �G.

_., Dhakal [5] ! Hilbert ��O\RKE'�/V�
)*+�L8_O+F.�P%
IF, &#:

xn+1 = αnf

(
xn + xn+1

2

)
+ (1 − αn)T

(
xn + xn+1

2

)
, ∀n ≥ 0, (1.2)

P^ZKB (1.2)8^!�MHY2 xn [QR' x∗ ∈ F (T ),Z/	45)�8<= (1.1)�G.

S'`]T�,��! Banach��OaUE'-.�/V�
�>�P%L8_O+F.,

!b%�V1cW#, d>K Dhakal [5] �`?T�, 5ÆX Hilbert ��d>B Banach ��,
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�/V�
d>B-.�/V�
�P%L8O+F.d>Be>�P%L8O+F.,Lf/

d>8g5d>KS�cd�`?T� [2, 5, 7, 10–12, 17].

2 efgh
�K^ZhV�`?T�, ip?#Æ�X?q6.

ij 2.1 [11] � {xn}, {zn} 	 Banach �� X ]�>��jY2, μn 	 [0, 1] O�

012,  rk 0 < lim infn→∞ μn ≤ lim supn→∞ μn < 1. s	��� n ≥ 0, rk xn+1 =

(1 − μn)xn + μnzn � lim supn→∞(‖zn+1 − zn‖ − ‖xn+1 − xn‖) ≤ 0, . limn→∞ ‖zn − xn‖ = 0.

ij 2.2 [12] � X 	k�tY2uv	��
 J �0 Banach ��, ∅ �= C ⊂ X 	
�

�j')S(. �� T : C → C 	-.�/V�
, . I − T !w+	l'�, �O I 	���


. m&� xn ⇀ x, ‖xn − Txn‖ → 0, . x ∈ F (T ).

ij 2.3 [10] � X 	0 Banach ��, ∅ �= C ⊂ X 	
��j')S(. �� T : C → C

	�/V�
 F (T ) �= ∅, f : C → C 	67�
, 
�� xv = vf(xv) + (1 − v)Tx, v ∈ (0, 1)

�Y2 {xv} ! F (T ) ][QR'
+, �� Q : ΠC → F (T ),  Q(f) = limv→0 xv, f ∈ ΠC , .

Q(f) 	#Æ)�8�G:

〈(I − f)Q(f), j(Q(f) − x̂)〉 ≤ 0, ∀ x̂ ∈ F (T ).

ij 2.4 [2] � {cn} 	
�n012, 31 cn+1 ≤ (1 − σn)cn + σnθn, ∀n ≥ 0, �O
{σn}, {θn} rk:

(i) {σn} ⊂ [0, 1],
∑∞

n=0 σn = ∞;

(ii) lim supn→∞ θn ≤ 0 8
∑∞

n=1 |σnθn| < ∞,

. limn→∞ cn = 0.

3 lmnopqrs
tj 3.1 � X 	 2 
U)�
U#$� Banach ��, C ⊂ X 	���j')(, T :

C → C 	-.�/V�
 F (T ) �= ∅, f 	 C ]� γ ∈ [0, 1) 67�
. s x0 ∈ C, ! C ]


�&#MHY2 {xn}:
xn+1 = μnxn + νnf(tnxn + (1 − tn)xn+1) + ωnT n(tnxn + (1 − tn)xn+1), n ≥ 0, (3.1)

�O	'��� n ∈ N, μn + νn + ωn = 1  rk`#cW:

(i) 0 ≤ μn, νn, ωn < 1, limn→∞ νn = 0,
∑∞

n=0
νn = ∞, kn − 1 = ενn, ε < 1 − γ;

(ii) limn→∞ |μn+1 − μn| = 0, limn→∞ |νn+1 − νn| = 0, limn→∞ |ωn+1 − ωn| = 0;

(iii) 0 < lim infn→∞ tn ≤ lim supn→∞ tn+1 < 1, (νnγ + ωnkn)(1 − tn) < 1, ∀n > 0,

. {xn} [QR')*+ x∗ ∈ F (T ), Z/	45)�8<= (1.1) �G.

uv w 1 x �� q ∈ F (T ), 	' n ∈ N, ���

‖xn+1−q‖ = ‖μnxn + νnf(tnxn + (1 − tn)xn+1) + ωnT n(tnxn + (1 − tn)xn+1) − q‖
≤ ‖μn(xn−q)+νn(f(tnxn+(1−tn)xn+1)−q)+ωn(T n(tnxn+(1−tn)xn+1)−q)‖
≤ μn‖xn − q‖ + νn‖f(tnxn + (1 − tn)xn+1) − f(q)‖ + νn‖f(q) − q‖

+ ωn‖T n(tnxn + (1 − tn)xn+1) − q‖
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≤ μn‖xn − q‖ + νnγ‖(tnxn + (1 − tn)xn+1) − q‖ + νn‖f(q) − q‖
+ ωnkn‖(tnxn + (1 − tn)xn+1) − q‖

≤ μn‖xn − q‖ + νnγ‖tn(xn − q) + (1 − tn)(xn+1 − q)‖ + νn‖f(q) − q‖
+ ωnkn‖tn(xn − q) + (1 − tn)(xn+1 − q)‖

≤ μn‖xn − q‖ + νnγtn‖xn − q‖ + νnγ(1 − tn)‖xn+1 − q‖ + νn‖f(q) − q‖
+ ωnkntn‖xn − q‖ + ωnkn(1 − tn)‖xn+1 − q‖

≤ [μn+(νnγ+ωnkn)tn]‖xn−q‖+(νnγ+ωnkn)(1−tn)‖xn+1−q‖+νn‖f(q)−q‖,
m

[1 − (νnγ + ωnkn)(1 − tn)]‖xn+1 − q‖ ≤ (μn + (νnγ + ωnkn)tn)‖xn − q‖ + νn‖f(q) − q‖.
opcW (i), (iii), 1B

‖xn+1− q‖ ≤ μn + (νnγ + ωnkn)tn
1 − (νnγ + ωnkn)(1 − tn)

‖xn − q‖ +
νn

1 − (νnγ + ωnkn)(1 − tn)
‖f(q) − q‖

≤
(

1 − νn(1 − γ) − ωn(kn − 1)
1 − (νnγ + ωnkn)(1 − tn)

)
‖xn − q‖ +

νn

1 − (νnγ + ωnkn)(1 − tn)
‖f(q) − q‖

≤
(

1 − νn(1 − γ) − ενn

1 − (νnγ + ωnkn)(1 − tn)

)
‖xn − q‖ +

νn

1 − (νnγ + ωnkn)(1 − tn)
‖f(q) − q‖

≤
(

1 − νn(1 − γ − ε)
1 − (νnγ + ωnkn)(1 − tn)

)
‖xn − q‖ +

νn(1 − γ − ε)
1 − (νnγ + ωnkn)(1 − tn)

‖f(q) − q‖
1 − γ − ε

≤ max
{
‖xn − q‖, ‖f(q) − q‖

1 − γ − ε

}
.

B1xqyF1B

‖xn+1 − q‖ ≤ max
{
‖x1 − q‖, ‖f(q) − q‖

1 − γ − ε

}
.

zr {xn} 	�j�, Lf {f(tnxn + (1 − tn)xn+1)}, {T n(tnxn + (1 − tn)xn+1)} /�j.

w 2 x B xn �
�, ��Rs
‖xn+2 − xn+1‖ = ‖μn+1xn+1 + νn+1f(tn+1xn+1 + (1 − tn+1)xn+2)

+ ωn+1T
n+1(tn+1xn+1 + (1 − tn+1)xn+2)

− [μnxn + νnf(tnxn + (1 − tn)xn+1) + ωnT n(tnxn + (1 − tn)xn+1)]‖
≤ ‖μn+1(xn+1 − xn) + (μn+1 − μn)xn + νn+1[f(tn+1xn+1 + (1 − tn+1)xn+2)

− f(tnxn + (1 − tn)xn+1)] + (νn+1 − νn)f(tnxn + (1 − tn)xn+1)

+ ωn+1[T n+1(tn+1xn+1 + (1 − tn+1)xn+2) − T n+1(tnxn + (1 − tn)xn+1)]

+ (ωn+1 − ωn)T n+1(tnxn + (1 − tn)xn+1)

+ ωn[T n+1(tnxn + (1 − tn)xn+1) − T n(tnxn + (1 − tn)xn+1)]‖
≤ μn+1‖xn+1 − xn‖ + |μn+1 − μn| ‖xn‖ + νn+1‖f(tn+1xn+1 + (1 − tn+1)xn+2)

− f(tnxn + (1 − tn)xn+1)‖ + |νn+1 − νn| ‖f(tnxn + (1 − tn)xn+1)‖
+ ωn+1‖T n+1(tn+1xn+1 + (1 − tn+1)xn+2) − T n+1(tnxn + (1 − tn)xn+1)‖
+ |ωn+1 − ωn| ‖T n+1(tnxn + (1 − tn)xn+1)‖
+ ωn‖T n+1(tnxn + (1 − tn)xn+1) − T n(tnxn + (1 − tn)xn+1)‖
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≤ μn+1‖xn+1 − xn‖ + |μn+1 − μn| ‖xn‖ + νn+1γ‖(tn+1xn+1 + (1 − tn+1)xn+2)

− (tnxn + (1 − tn)xn+1)‖ + |νn+1 − νn| ‖f(x)‖
+ ωn+1kn+1‖(tn+1xn+1 + (1 − tn+1)xn+2) − (tnxn + (1 − tn)xn+1)‖
+ |ωn+1 − ωn| ‖T n+1x‖ + ωn‖T n+1x − Tnx‖

≤ μn+1‖xn+1 − xn‖ + |μn+1 − μn| ‖xn‖ + νn+1γ‖tn(xn+1 − xn)

+ (1 − tn+1)(xn+2 − xn+1)‖ + |νn+1 − νn| ‖f(x)‖
+ ωn+1kn+1‖tn(xn+1 − xn) + (1 − tn+1)(xn+2 − xn+1)‖
+ |ωn+1 − ωn| ‖T n+1x‖ + ωn‖T n+1x − Tnx‖

≤ μn+1‖xn+1 − xn‖ + |μn+1 − μn| ‖xn‖ + νn+1γtn‖xn+1 − xn‖
+ νn+1γ(1 − tn+1)‖xn+2 − xn+1‖ + |νn+1 − νn| ‖f(x)‖
+ ωn+1kn+1tn‖xn+1 − xn‖ + ωn+1kn+1(1 − tn+1)‖xn+2 − xn+1‖
+ |ωn+1 − ωn| ‖T n+1x‖ + ωn‖T n+1x − Tnx‖

≤ [μn+1 + (νn+1γ + ωn+1kn+1)tn]‖xn+1 − xn‖ + |μn+1 − μn| ‖xn‖
+ (νn+1γ + ωn+1kn+1)(1 − tn+1)]‖xn+2 − xn+1‖
+ |νn+1 − νn| ‖f(x)‖ + ωn‖T n+1x − Tnx‖ + |ωn+1 − ωn| ‖T n+1x‖,

m

[1 − (νn+1γ + ωn+1kn+1)(1 − tn+1)]‖xn+2 − xn+1‖
≤ [μn+1 + (νn+1γ + ωn+1kn+1)tn]‖xn+1 − xn‖ + |μn+1 − μn| ‖xn‖

+ |νn+1 − νn| ‖f(x)‖ + ωn‖T n+1x − Tnx‖ + |ωn+1 − ωn| ‖T n+1x‖.
zr

‖xn+2−xn+1‖ ≤ μn+1 + (νn+1γ + ωn+1kn+1)tn
1 − (νn+1γ + ωn+1kn+1)(1 − tn+1)

‖xn+1 − xn‖

+
|μn+1 − μn| ‖xn‖

1 − (νn+1γ + ωn+1kn+1)(1 − tn+1)
+

|νn+1 − νn| ‖f(x)‖
1 − (νn+1γ + ωn+1kn+1)(1 − tn+1)

+
|ωn+1 − ωn| ‖Tn+1x‖

1 − (νn+1γ + ωn+1kn+1)(1 − tn+1)

+
ωn

1 − (νn+1γ + ωn+1kn+1)(1 − tn+1)
sup
x∈X

‖T n+1x − Tnx‖

≤
[
1 − νn+1(1−γ)−ωn+1(kn+1−1)

1−(νn+1γ+ωn+1kn+1)(1−tn+1)

]
‖xn+1−xn‖

+
|μn+1 − μn| ‖xn‖

1 − (νn+1γ + ωn+1kn+1)(1 − tn+1)
+

|νn+1 − νn| ‖f(x)‖
1 − (νn+1γ + ωn+1kn+1)(1 − tn+1)

+
|ωn+1 − ωn| ‖Tn+1x‖

1 − (νn+1γ + ωn+1kn+1)(1 − tn+1)

+
ωn

1 − (νn+1γ + ωn+1kn+1)(1 − tn+1)
sup
x∈X

‖T n+1x − Tnx‖

≤
[
1 − νn+1(1 − γ) − ενn+1

1 − (νn+1γ + ωn+1kn+1)(1 − tn+1)

]
‖xn+1 − xn‖ + Mn1

≤
[
1 − νn+1(1 − γ − ε)

1 − (νn+1γ + ωn+1kn+1)(1 − tn+1)

]
‖xn+1 − xn‖ + Mn1

≤ ‖xn+1 − xn‖ + Mn1 , (3.2)
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�O
Mn1 =

|μn+1 − μn| ‖xn‖
1 − (νn+1γ + ωn+1kn+1)(1 − tn+1)

+
|νn+1 − νn| ‖f(x)‖

1 − (νn+1γ + ωn+1kn+1)(1 − tn+1)

+
|ωn+1 − ωn| ‖Tn+1x‖

1 − (νn+1γ + ωn+1kn+1)(1 − tn+1)
+

ωn supx∈X ‖T n+1x − Tnx‖
1 − (νn+1γ + ωn+1kn+1)(1 − tn+1)

.

� zn = xn+1−μnxn

1−μn
, ∀n ≥ 0. z�

xn+1 − μnxn = νnf(tnxn + (1 − tn)xn+1) + ωnT n(tnxn + (1 − tn)xn+1),

�`

zn+1 − zn =
xn+2 − μn+1xn+1

1 − μn+1
− xn+1 − μnxn

1 − μn

=
νn+1f(tn+1xn+1 + (1 − tn+1)xn+2) + ωn+1T

n+1(tn+1xn+1 + (1 − tn+1)xn+2)
1 − μn+1

− νnf(tnxn + (1 − tn)xn+1) + ωnT n(tnxn + (1 − tn)xn+1)
1 − μn

≤ νn+1

1 − μn+1
[f(tn+1xn+1 + (1 − tn+1)xn+2) − f(tnxn + (1 − tn)xn+1)]

+
(

νn+1

1 − μn+1
− νn

1 − μn

)
f(tnxn + (1 − tn)xn+1)

+
ωn+1

1 − μn+1
[T n+1(tn+1xn+1 + (1 − tn+1)xn+2) − T n+1(tnxn + (1 − tn)xn+1)]

+
(

ωn+1

1 − μn+1
− ωn

1 − μn

)
Tn+1(tnxn + (1 − tn)xn+1)

+
ωn

1 − μn
[T n+1(tnxn + (1 − tn)xn+1) − T n(tnxn + (1 − tn)xn+1)].

zr

‖zn+1− zn‖ ≤ νn+1

1 − μn+1
‖f(tn+1xn+1 + (1 − tn+1)xn+2) − f(tnxn + (1 − tn)xn+1)‖

+
∣∣∣∣ νn+1

1 − μn+1
− νn

1 − μn

∣∣∣∣ ‖f(tnxn + (1 − tn)xn+1)‖

+
ωn+1

1 − μn+1
‖T n+1(tn+1xn+1 + (1 − tn+1)xn+2) − T n+1(tnxn + (1 − tn)xn+1)‖

+
∣∣∣∣ ωn+1

1 − μn+1
− ωn

1 − μn

∣∣∣∣ ‖T n+1(tnxn + (1 − tn)xn+1)‖

+
ωn

1 − μn
‖T n+1(tnxn + (1 − tn)xn+1) − T n(tnxn + (1 − tn)xn+1‖

≤ νn+1

1 − μn+1
γ‖tn+1xn+1 + (1 − tn+1)xn+2 − (tnxn + (1 − tn)xn+1)‖

+
∣∣∣∣ νn+1

1 − μn+1
− νn

1 − μn+1
+

νn

1 − μn+1
− νn

1 − μn

∣∣∣∣ ‖f(tnxn + (1 − tn)xn+1)‖

+
ωn+1

1 − μn+1
kn+1‖tn+1xn+1 + (1 − tn+1)xn+2 − (tnxn + (1 − tn)xn+1)‖

+
∣∣∣∣ ωn+1

1 − μn+1
− ωn

1 − μn+1
+

ωn

1 − μn+1
− ωn

1 − μn

∣∣∣∣ ‖T n+1(tnxn + (1 − tn)xn+1)‖

+
ωn

1 − μn
‖T n+1(tnxn + (1 − tn)xn+1) − T n(tnxn + (1 − tn)xn+1)‖
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≤ νn+1γ

1 − μn+1
‖tn(xn+1 − xn) + (1 − tn+1)(xn+2 − xn+1)‖

+
[ |νn+1 − νn|

1 − μn+1
+

νn|μn − μn+1|
(1 − μn+1)(1 − μn)

]
‖f(x)‖ +

ωn+1

1 − μn+1
kn+1‖tn(xn+1 − xn)

+ (1 − tn+1)(xn+2 − xn+1)‖ +
[ |ωn+1 − ωn|

1 − μn+1
+

ωn|μn − μn+1|
(1 − μn+1)(1 − μn)

]
‖T n+1x‖

+
ωn

1 − μn
‖T n+1x − Tnx‖

≤ νn+1γtn
1 − μn+1

‖xn+1 − xn‖ +
νn+1γ(1 − tn+1)

1 − μn+1
‖xn+2 − xn+1‖

+
[ |νn+1 − νn|

1 − μn+1
+

νn|μn − μn+1|
(1 − μn+1)(1 − μn)

]
‖f(x)‖ +

ωn+1kn+1tn
1 − μn+1

‖xn+1 − xn‖

+
ωn+1kn+1(1 − tn+1)

1 − μn+1
‖xn+2 − xn+1‖ +

ωn

1 − μn
sup
x∈C

‖T n+1x − Tnx‖

+
[ |ωn+1 − ωn|

1 − μn+1
+

ωn|μn − μn+1|
(1 − μn+1)(1 − μn)

]
‖T n+1x‖

≤ (νn+1γ+ωn+1kn+1)tn
1−μn+1

‖xn+1−xn‖+(νn+1γ+ωn+1kn+1)(1−tn+1)
1−μn+1

‖xn+2−xn+1‖

+
( |νn+1 − νn|

1 − μn+1
+

νn|μn − μn+1|
(1 − μn+1)(1 − μn)

)
‖f(x)‖ +

ωn

1 − μn
sup
x∈C

‖T n+1x − Tnx‖

+
( |ωn+1 − ωn|

1 − μn+1
+

ωn|μn − μn+1|
(1 − μn+1)(1 − μn)

)
‖T n+1x‖

≤ (νn+1γ + ωn+1kn+1)tn
1 − μn+1

‖xn+1 − xn‖

+
(νn+1γ + ωn+1kn+1)(1 − tn+1)

1 − μn+1
‖xn+2 − xn+1‖ + Mn2 ,

�O
Mn2 =

( |νn+1 − νn|
1 − μn+1

+
νn|μn − μn+1|

(1 − μn+1)(1 − μn)

)
‖f(x)‖ +

ωn

1 − μn
sup
x∈C

‖T n+1x − Tnx‖

+
( |ωn+1 − ωn|

1 − μn+1
+

ωn|μn − μn+1|
(1 − μn+1)(1 − μn)

)
‖T n+1x‖.

B (3.2) 1B

‖zn+1−zn‖ ≤ (νn+1γ + ωn+1kn+1)tn
1 − μn+1

‖xn+1 − xn‖

+
(νn+1γ + ωn+1kn+1)(1 − tn+1)

1 − μn+1
(‖xn+1 − xn‖ + Mn1) + Mn2

≤ (νn+1γ + ωn+1kn+1)tn + (νn+1γ + ωn+1kn+1)(1 − tn+1)
1 − μn+1

‖xn+1 − xn‖

+
(νn+1γ + ωn+1kn+1)(1 − tn+1)

1 − μn+1
Mn1 + Mn2

≤ (νn+1γ + ωn+1kn+1)(tn + 1 − tn+1)
1 − μn+1

‖xn+1 − xn‖

+
(νn+1γ + ωn+1kn+1)(1 − tn+1)

1 − μn+1
Mn1+Mn2
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≤
[
1 − νn+1(1 − γ) − ωn+1(kn+1 − 1)

1 − μn+1

]
‖xn+1 − xn‖

+
(νn+1γ + ωn+1kn+1)(1 − tn+1)

1 − μn+1
Mn1+Mn2

≤
[
1−νn+1(1−γ)−ενn+1

1−μn+1

]
‖xn+1−xn‖+(νn+1γ + ωn+1kn+1)(1−tn+1)

1−μn+1
Mn1+Mn2

≤
[
1 − νn+1(1 − γ − ε)

1 − μn+1

]
‖xn+1 − xn‖ +

(νn+1γ + ωn+1kn+1)(1 − tn+1)
1 − μn+1

Mn1+Mn2

≤ ‖xn+1 − xn‖ +
(νn+1γ + ωn+1kn+1)(1 − tn+1)

1 − μn+1
Mn1+Mn2 .

BcW (i), (ii) 1B

lim sup
n→∞

(‖zn+1 − zn‖ − ‖xn+1 − xn‖) ≤ 0.

opq6 2.1 1B

lim
n→∞ ‖zn − xn‖ = 0.

\�
xn+1 − xn = (1 − μn)(zn − xn),

�`1B

lim
n→∞ ‖xn+1 − xn‖ = 0. (3.3)

w 3 x 	{� n ∈ N, ���

‖xn+1 − Tn(tnxn + (1 − tn)xn+1)‖
= ‖μnxn+νnf(tnxn+(1−tn)xn+1) + ωnT n(tnxn+(1−tn)xn+1)−T n(tnxn + (1−tn)xn+1)‖
≤ ‖μnxn+νnf(tnxn+(1−tn)xn+1)−μnT n(tnxn+(1−tn)xn+1)−νnT n(tnxn+(1−tn)xn+1)‖
≤ μn‖xn−T n(tnxn+(1−tn)xn+1)‖+νn‖f(tnxn+(1−tn)xn+1)−T n(tnxn+(1−tn)xn+1)‖
≤ μn‖xn − xn+1‖ + μn‖xn+1 − Tn(tnxn + (1−tn)xn+1)‖ + νn‖f(tnxn + (1−tn)xn+1)

− Tn(tnxn + (1 − tn)xn+1)‖.
�`

(1 − μn)‖xn+1 − Tn(tnxn + (1 − tn)xn+1)‖
≤ μn‖xn − xn+1‖ + νn‖f(tnxn + (1 − tn)xn+1) − T n(tnxn + (1 − tn)xn+1)‖.

Xf

‖xn+1 − Tn(tnxn + (1 − tn)xn+1)‖
≤ μn

1 − μn
‖xn − xn+1‖ +

νn

1 − μn
‖f(tnxn + (1 − tn)xn+1) − T n(tnxn + (1 − tn)xn+1)‖.

B (3.3) �cW (i), 1B

lim
n→∞ ‖xn+1 − Tn(tnxn + (1 − tn)xn+1)‖ = 0, (3.4)
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f 

‖xn − Tnxn‖
≤ ‖xn − xn+1 + xn+1 − Tn(tnxn + (1 − tn)xn+1) + T n(tnxn + (1 − tn)xn+1) − T nxn‖
≤ ‖xn − xn+1‖ + ‖xn+1 − Tn(tnxn + (1 − tn)xn+1)‖ + ‖Tn(tnxn + (1 − tn)xn+1) − T nxn‖
≤ ‖xn − xn+1‖ + ‖xn+1 − Tn(tnxn + (1 − tn)xn+1)‖ + kn‖(tnxn + (1 − tn)xn+1) − xn‖
≤ ‖xn − xn+1‖ + ‖xn+1 − Tn(tnxn + (1 − tn)xn+1)‖ + kn(1 − tn)‖xn+1 − xn‖.

BcW (iii), (3.3) � (3.4), 1B

lim
n→∞ ‖xn − Tnxn‖ = 0. (3.5)

��Rs T 	-.�/V�
, �`

‖xn−Txn‖ ≤ ‖xn − xn+1 + xn+1 − Tn+1xn+1 + Tn+1xn+1 − Tn+1xn + Tn+1xn − Txn‖
≤ ‖xn − xn+1‖ + ‖xn+1−Tn+1xn+1‖ + ‖Tn+1xn+1−T n+1xn‖ + ‖Tn+1xn−Txn‖
≤ ‖xn − xn+1‖ + ‖xn+1 − Tn+1xn+1‖ + kn+1‖xn+1 − xn‖ + k1‖T nxn − xn‖.

B (3.3) � (3.5), 1B

lim
n→∞ ‖xn − Txn‖ = 0. (3.6)

w 4 x z� X 	 2 
U#$�
U)� Banach ��, �` X 	yt�. B {xn} 	�
j�, .0!
�SY2 {xni}  xni ⇀ y, �`

lim
i→∞

〈(I − f)x∗, j(x∗ − xni)〉 = lim sup
n→∞

〈(I − f)x∗, j(x∗ − xn)〉.

Bu 3 v�q6 2.2 1B y ∈ F (T ), . x∗ ∈ F (T ) rk
〈(I − f)x∗, j(x∗ − y)〉 ≤ 0, ∀ y ∈ F (T ),

B	��
�tuv%�q6 2.3, 1B

lim sup
n→∞

〈(I − f)x∗, j(x∗ − xn)〉 = lim
i→∞

〈(I − f)x∗, j(x∗ − xni)〉

= 〈(I − f)x∗, j(x∗ − y)〉 ≤ 0.

w 5 x wx

‖xn+1−x∗‖2 = 〈μnxn + νnf(tnxn + (1 − tn)xn+1)

+ ωnT n(tnxn + (1 − tn)xn+1) − x∗, j(xn+1 − x∗)〉
≤ μn〈xn − x∗, j(xn+1 − x∗)〉 + νn〈f(tnxn + (1−tn)xn+1) − x∗, j(xn+1 − x∗)〉

+ ωn〈T n(tnxn + (1−tn)xn+1) − x∗, j(xn+1 − x∗)〉
≤ μn〈xn − x∗, j(xn+1 − x∗)〉 + νn〈f(tnxn + (1−tn)xn+1) − f(x∗), j(xn+1 − x∗)〉

+ νn〈f(x∗)−x∗, j(xn+1−x∗)〉+ωn〈T n(tnxn+(1−tn)xn+1)−x∗, j(xn+1−x∗)〉
≤ μn‖xn − x∗‖ ‖xn+1 − x∗‖ + νn‖f(tnxn + (1−tn)xn+1) − f(x∗)‖ ‖xn+1 − x∗‖

+ νn〈f(x∗) − x∗, j(xn+1 − x∗)〉 + ωnkn‖tnxn + (1−tn)xn+1 − x∗‖ ‖xn+1 − x∗‖
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≤ μn‖xn − x∗‖ ‖xn+1 − x∗‖ + νnγ‖tnxn + (1−tn)xn+1 − x∗‖ ‖xn+1 − x∗‖
+ νn〈f(x∗) − x∗, j(xn+1 − x∗)〉 + ωnkn‖tnxn + (1−tn)xn+1 − x∗‖ ‖xn+1 − x∗‖

≤ μn‖xn − x∗‖ ‖xn+1 − x∗‖ + νnγtn‖xn − x∗‖ ‖xn+1 − x∗‖
+ νnγ(1−tn)‖xn+1 − x∗‖2 + νn〈f(x∗) − x∗, j(xn+1 − x∗)〉
+ ωnkntn‖xn − x∗‖ ‖xn+1 − x∗‖ + ωnkn(1−tn)‖xn+1 − x∗‖2

≤ [μn + (νnγ + ωnkn)tn]‖xn − x∗‖ ‖xn+1 − x∗‖
+ (νnγ + ωnkn)(1−tn)‖xn+1 − x∗‖2 + νn〈f(x∗) − x∗, j(xn+1 − x∗)〉

≤ [μn + (νnγ + ωnkn)tn]
(‖xn − x∗‖2

2
+

‖xn+1 − x∗‖2

2

)
+ (νnγ + ωnkn)(1−tn)‖xn+1 − x∗‖2 + νn〈f(x∗) − x∗, j(xn+1 − x∗)〉

≤ μn + (νnγ + ωnkn)tn
2

‖xn − x∗‖2 +
μn + (νnγ + ωnkn)(2 − tn)

2
‖xn+1 − x∗‖2

+ νn〈f(x∗) − x∗, j(xn+1 − x∗)〉,
m (

1 − μn + (νnγ + ωnkn)(2 − tn)
2

)
‖xn+1 − x∗‖2

≤ μn + (νnγ + ωnkn)tn
2

‖xn − x∗‖2 + νn〈f(x∗) − x∗, j(xn+1 − x∗)〉.

�`

‖xn+1− x∗‖2 ≤ μn + (νnγ + ωnkn)tn
2 − μn − (νnγ + ωnkn)(2 − tn)

‖xn − x∗‖2 +
2νn〈f(x∗) − x∗, j(xn+1 − x∗)〉
2 − μn − (νnγ + ωnkn)(2 − tn)

≤
[
1 − 2[1 − μn − (νnγ + ωnkn)(1 − tn)]

2 − μn − (νnγ + ωnkn)(2 − tn)

]
‖xn − x∗‖2

+
2νn

2 − μn − (νnγ + ωnkn)(2 − tn)
〈f(x∗) − x∗, j(xn+1 − x∗)〉

≤
(

1 − 2(1 − μn − νnγ − ωnkn)
2 − μn − (νnγ + ωnkn)(2 − tn)

)
‖xn − x∗‖2

+
2νn

2 − μn − (νnγ + ωnkn)(2 − tn)
〈f(x∗) − x∗, j(xn+1 − x∗)〉

≤
(

1 − 2[νn(1 − γ) − ωn(kn − 1)]
2 − μn − (νnγ + ωnkn)(2 − tn)

)
‖xn − x∗‖2

+
2νn

2 − μn − (νnγ + ωnkn)(2 − tn)
〈f(x∗) − x∗, j(xn+1 − x∗)〉

≤
(

1 − 2[νn(1 − γ) − ωnενn]
2 − μn − (νnγ + ωnkn)(2 − tn)

)
‖xn − x∗‖2

+
2νn

2 − μn − (νnγ + ωnkn)(2 − tn)
〈f(x∗) − x∗, j(xn+1 − x∗)〉

≤
(

1 − 2νn(1 − γ − ε)
2 − μn − (νnγ + ωnkn)(2 − tn)

)
‖xn − x∗‖2

+
2νn(1 − γ − ε)

2 − μn − (νnγ + ωnkn)(2 − tn)
〈f(x∗) − x∗, j(xn+1 − x∗)〉

1 − γ − ε
. (3.7)
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|

σn =
2νn(1 − γ − ε)

2 − μn − (νnγ + ωnkn)(2 − tn)
, θn =

〈f(x∗) − x∗, j(xn+1 − x∗)〉
1 − γ − ε

.

\�
2 − μn − (νnγ + ωnkn)(2 − tn) < 2.

BcW (i) � (iii) R
∞∑

n=0

σn =
∞∑

n=0

2νn(1 − γ − ε)
2 − μn − (νnγ + ωnkn)(2 − tn)

≥
∞∑

n=0

νn(1 − γ) = +∞ (3.8)

�

lim sup
n→∞

θn = lim sup
n→∞

〈f(x∗) − x∗, j(xn+1 − x∗)〉
1 − γ − ε

≤ 0. (3.9)

opq6 2.4 � (3.7)–(3.9), &1B

lim
n→∞ ‖xn − x∗‖ = 0.

zr xn [QR' x∗ ∈ F (T ), Z/	45)�8<= (1.1) �G. ^y.

tj 3.2 � C 	 Hilbert �� H �
����j')S(, T : C → C 	
��/V�

 F (T ) �= ∅, f 	 C ]� γ ∈ [0, 1) 67�
. s x0 ∈ C, ! C ]�MHY2 {xn} &#
�:

xn+1 = μnxn + νnf(tnxn + (1 − tn)xn+1) + ωnT (tnxn + (1 − tn)xn+1), n ≥ 0, (3.10)

�O, 	'��� n ∈ N, μn + νn + ωn = 1  rk`#cW:

(i) 0 ≤ μn, νn, ωn < 1, limn→∞ νn = 0,
∑∞

n=0
νn = ∞, kn − 1 = ενn, ε < 1 − γ;

(ii) limn→∞ |μn+1 − μn| = 0, limn→∞ |νn+1 − νn| = 0, limn→∞ |ωn+1 − ωn| = 0;

(iii) 0 < lim infn→∞ tn ≤ lim supn→∞ tn+1 < 1, (νnγ + ωnkn)(1 − tn) < 1, ∀n > 0,

. {xn} [QR')*+ x∗ ∈ F (T ), Z/	45)�8<= (1.1) �G.

uv ��Rs Hilbert ��	
U#$� Banach ��, zp!
6 3.1 O@ Banach �

�z! Hilbert ��, P| kn = 1 m&1BT9. ^y.

{ 3.3 ��! Banach ��� Hilbert ��5ÆaUK>�P%L8_O+F. (3.1) �

(3.10);

{ 3.4 ��`?\RK Banach ��O
Æ}�M{|~IF�QR%5:, !b%�V

1cW#, 1BK
H[QR
6.

{ 3.5 !
6 3.1 O| μn = 0, kn = 1, tn = 1
2 , Z}	 Dhakal [5] ��ET�.

{ 3.6 !
6 3.1 O, s kn ≡ 1, . T 	�/V�
, zr, ��~
Hcd�T�X
Hilbert ��d>B Banach ��, �/V�
d>B-.�/V�
, P%L8_O+F.d>
Be>��P%L8_O+F., UOVW [5, 11, 17, 18].
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