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∂u

∂t
(x, t) = DΔu(x, t) − du(x, t) +

∫
R

b (u(y′, yN , t − τ)) f(xN − yN )dyN , (1.1)

�� x ∈ R
N , N ≥ 2, t > 0, �� D > 0� d > 0������Æ���������, τ ≥ 0�

Æ������, b(·) ��������. ����������  �!Æ��"!#$, "

�� f(·) ∈ C∞(R, R)  !%
f(x) ≥ 0,

∫
R

f(y)dy = 1 �
∫

R

|y|f(y)dy < +∞. (1.2)

"#�, &�$%'�#&$%'�, ���%����&('�(&))�*+*�'+,�
#$. ,-���(������-*.Æ.//00-1)*�(', 2�
-+12�*�
(' [8, 15, 23, 32, 33, 38]. ��3,
�,-31�42��������� (1.1). ,4

(A1) b(·) ∈ C1(R, R) -.&'� K > 0, 5/ b(0) = dK − b(K) = 0;

(A2) � u ∈ [0,K], b′(u) ≥ 0  ��5'� C > 1, d > C max{b′(0), b′(K)};
(A3) .& u∗ ∈ (0,K), 5/ du∗ − b(u∗) = 0, b′(u∗) > d  u ∈ (0, u∗) ∪ (u∗,K) �,

du − b(u) �= 0.

6,4 (A1) 27, (1.1) 86-7 '�-01 0 � K, - 2 b(u) !%,4 (A1)–(A3)

�, �� (1.1) ,-3183. 6�9 [15, 33] 27, 2,4 (A1)–(A3) �9, �� (1.1) .& 
�: . (c, U) !%����:

DU ′′(ξ) − dU(ξ) − cU ′(ξ) +
∫

R

b(U(ξ − cτ − y))f(y)dy = 0 (1.3)

�

U(−∞) = 0, U(+∞) = K,

���� U(·) : R → R :456;�Æ<��, '� c ∈ R ��.Æ;7. <=, .&>'� β1

� C1, 5/

max {U(−ξ), |U(ξ) − 1|, |U ′(±ξ)|, |U ′′(±ξ)|} ≤ C1e−β1ξ, ∀ ξ ≥ 0.

=�>, (������?@��-*.Æ.AB189C:)D�+E, -00;F1<
G?'��-*.Æ.. @�� [6, 7, 12, 13, 17, 18, 31, 34]AB1 V<.Æ.,� [12, 13, 26, 35]


�1HI�=.Æ., � [5, 14, 19, 24, 25, 37] 
�1CJ<.Æ., � [20–22, 26–30, 36] A

B1�D>K.Æ.. � [2] LE1,-31(�����(�����.&?K V <.Æ.,

F @, � [4] A�1CJ<.Æ.�.&2. M=, ��#DB&� [3] �LE1: 2 N ≥ 3 �,

,-������(�����.& N KCJ<.Æ.- &GK���NLE1OP�J<
.Æ.:C=1D� [16]. HE, �>K������������-I-HI�=.Æ.�"
+8F, ��GQ)R.JO //.

,4 c > 0. K�� (1.1) ����S��TU, VLM
����* xNW�!#H�.Æ
.. �NX� s > c,= u(x, t) = v(x′, xN +st)��� (1.1)�HI�=.Æ.,�F v(x′, z) !%

0 = DΔv(x′, z) − s
∂

∂z
v(x′, z) − dv(x′, z) +

∫
R

b (v(x′, z − sτ − z1)) f(z1)dz1 (1.4)
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� ⎧⎨
⎩v(x′

1, z) = v(x′
2, z), ∀x′

1,x
′
2 ∈ R

N−1  |x′
1| = |x′

2|, z ∈ R,

lim
z→+∞v(x′, z) = K, lim

z→∞v(x′, z) = 0, x′ ∈ R
N−1.

(1.5)

R x = (x′, z) �

m∗ =
√

s2 − c2

c
.

�1LEHI�=.Æ.�2`, VLF @,4:

(A4) .&'� r0 > 0 � ε ∈ (0, u∗), 5/�NX� u ∈ (0, ε), -
d(u∗ − u) −

∫
R

b (u(x′, z − sτ − z1)) f(z1)dz1 ≥ r0u(ε − u).

�*A����3,8F.

at 1.1 ,4 (A1)–(A4) �9. ,D c > 0, b�NX� s > c > 0, .&�� W (x) !%
(1.4) X, ��

W (x′
1, z) = W (x′

2, z), ∀x′
1,x

′
2 ∈ R

N−1  |x′
1| = |x′

2|, z ∈ R

�

lim
z→+∞ ‖W (x′, z) − K‖C(RN−1) = 0, lim

z→∞ ‖W (x′, z)‖Cloc(RN−1)
= 0, x′ ∈ R

N−1.

<=, N-
(i)�NX!% z0≥ m∗|x′

0|� (x′
0, z0) ∈ R

N,-W (x′+x′
0, z) ≤W (x′, xN+z0), ∀ (x′, z)∈R

N ;

(ii) �Y-� (x′, z) ∈ R
N , ∂

∂z W (x′, z) > 0;

(iii) 2 xi ∈ (0,∞) �, ∂
∂xi

W (x) > 0, i = 1, 2, . . . , N − 1;

(iv) �NX� x ∈ R
N , ∂

∂ν W (x) > 0, �� ν = 1√
1+

∑ N−1
j=1 ν2

j

(ν1, . . . , νN−1, 1);

(v) lims→c0
+
‖W s(x)−U(z)‖C2

loc(R
3) = 0,��W s(x):Æ;� s > c > 0 �HI�=.Æ..

�NX� (x′, z) ∈ R
N , Dc

Ψ(ρ, z) = Ψ(|x′|, z) := W (x), (1.6)

�� ρ = |x′|. Dc�� φ(ρ) �
Ψ(ρ, φ(ρ)) = θ0,

�� θ0 ∈ (0, u∗) :  AD�'�, bVL-��8F:

at 1.2 ,4 (A1)–(A4) �9. ,D c > 0, b (1.6) YDc�� Ψ(ρ, z) !%
∂2Ψ
∂ρ2

+
∂2Ψ
∂z2

+
N − 2

ρ

∂Ψ
∂ρ

− s
∂Ψ
∂z

+ f(Ψ) = 0.

<=, Ψ(ρ, z) S!%:

(i) �NX� (ρ, z) ∈ (0,∞) × R, - ∂
∂ρΨ(ρ, z) > 0 � ∂

∂z Ψ(ρ, z) > 0;

(ii) limz→+∞ ‖Ψ(·, z) − K‖C(0,ω) = 0, limz→∞ ‖Ψ(·, z)‖C(0,+∞) = 0;

(iii) limρ→∞ φ′(ρ) = −m∗;

(iv) limρ→∞ ‖Ψ(ρ + x, φ(ρ) + z) − U( c
s (z + m∗x))‖C2

loc(R
2) = 0.
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��T 2UA�CJ<.Æ.�.&2-LEHI�=.Æ.�.&2V�D22`. T 3

U('1HI�=.Æ.Z-W�C=.��HI�=.Æ.�<.&2.

2 dÆ 1.1 euv
�UG& R

3 �LED[ 1.1 -G8F XYZ R
N , [ N ≥ 4 � N = 2 �\<. ]$CJ

<.Æ.f^�\g, A��� (1.1) & R
3 �HI�=.Æ.�.&2V 5+,�D22`.

_h, A�2 c > 0 �, �� (1.1) �GKCJ<.Æ.�.&28F.

Dc
hj (x1, x2) := m∗ (x1 cos θj + x2 sin θj)

�

h(x1, x2) := max
1≤j≤n

hj(x1, x2) = m∗ max
1≤j≤n

(x1 cos θj + x2 sin θj), ∀x′= (x1, x2) ∈ R
2. (2.1)

= {x ∈ R
3 | − z = h(x1, x2)} : R

3 ��  3 KCJ. �R j = 1, . . . , n, `

Ωj := {(x1, x2) ∈ R
2 |h (x1, x2) = hj (x1, x2)},

b- R
2 =

⋃n
j=1 Ωj . $ ∂Ωj �� Ωj �]a. ` E =

⋃n
j=1 ∂Ωj. � j = 1, . . . , n, VL4

Sj := {x ∈ R
3 | − z = hj (x1, x2) , �� (x1, x2) ∈ Ωj}

=
⋃n

j=1 Sj ⊂ R
3 �CJ�^*. R

Γj = Sj ∩ Sj+1, Γn = Sn ∩ S1, j = 1, . . . , n − 1,

b Γ :=
⋃n

j=1 Γj ��CJY-]�W_. 8bi2jkL U( c
s (z + hj (x1, x2))) :�� (1.6) &

CJ^* Sj �-*.Æ.. Dc
v− (x1, x2, z) = U

(
c

s
(z + h (x1, x2))

)
= max

1≤j≤n
U

(
c

s
(z + hj (x1, x2))

)
.

R:, v−(x′, z) :�� (1.6) �  �.. � γ > 0, Dc
D (γ) =

{
x ∈ R

3

∣∣∣∣dist
(
x,

n⋃
j=1

Γj

)
> γ

}
.

6� [3, D[ 1.1] � [16, D[ 1.2], VL-��CJ<.Æ. Ṽ (x1, x2, z) �.&2�1D
28F.

at 2.1 ,4 (A1)–(A3) �9. ` s > c > 0  h(x, y) � (2.1) Y�, b.&�� (1.5) �

  . V (x1, x2, z) !%:

lim
γ→∞ sup

(x1,x2,z)∈D(γ)

∣∣∣∣V (x1, x2, z) − U

(
c

s
(z + h(x1, x2))

)∣∣∣∣ = 0,

U

(
c

s
(z + h(x1, x2))

)
< V (x, y, z) < K, �� (x1, x2, z) ∈ R

3,

∂V

∂z
(x1, x2, z) > 0, �� (x1, x2, z) ∈ R

3,

lim
R→∞

sup
|z+p(x1,x2)|≥R

|Vz(x1, x2, z)| = 0 � inf
δ≤V (ξ,η)≤K−δ

Vη(x1, x2, z) > 0, �� δ ∈ (0, δ∗].
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�F`l φ(x1, x2, z, r) ∈ C(R3 × [−τ, 0], R),  !% φ(x1, x2, z, r) ≥ v−(x1, x2, z) �

lim
γ→+∞ sup

(x1,x2,z)∈D(γ), r∈[−τ,0]

|φ(x1, x2, z, r) − V (x1, x2, z)| = 0,

b�� (1.1) �. w(x1, x2, z, t;φ) !%
lim

t→∞ sup
x∈R3

|w(x1, x2, z, t;φ) − V (x1, x2, z)| = 0.

<=, VL7aCJ<.Æ. V (x) N!%��2`.

wt 2.2 �*8F�9:

(i) �NX� (x0, y0, z0) ∈ R
3  z0 ≥ h(x0, y0), Ṽ (x1 + x0, x2 + y0, z) ≤ Ṽ (x1, x2, z + z0) �

Y-� (x1, x2, z) ∈ R
3 �9;

(ii) �NX� x ∈ R
3, ∂

∂ν Ṽ (x) > 0, �� ν = 1√
1+ν2

1+ν2
2

(ν1, ν2, 1)T !% √
ν2
1 + ν2

2 ≤ 1
m∗

;

(iii) �F v−(x) ��+R x1 ∈ R � x2 ∈ R :c��, b V (x) ��+R x1 ∈ R � x2 ∈ R

N:c��. <=, 2 x1 ∈ (0,∞) �, - ∂
∂x1

Ṽ (x) > 0,  2 x2 ∈ (0,∞) �, ∂
∂x2

Ṽ (x) > 0.

�*b9  CJ<.Æ.�f^. `

hk(x1, x2) = m∗ max
1≤i≤2k

{
x1 cos

2(i − 1)π
2k

+ x2 sin
2(i − 1)π

2k

}
, k = 1, 2, . . .

<dLE�NX� k ∈ N � 1 ≤ i ≤ 2k, -*

z = m∗

(
x1 cos

2(i − 1)π
2k

+ x2 sin
2(i − 1)π

2k

)
cmRnoe*

z = m∗
√

x2
1 + x2

2.

&D[ 2.1 �, $ hk(x′) df h(x′), 2/�� (1.1) �CJ<.Æ.�f^, Ng:
V 1, V 2, . . . , V K , . . . ,

��
V k(x) = lim

t→∞ v(x, t; vk,−), vk,−(x) = U

(
c

s
(z + hk(x′))

)
.

CJ x3 = hk(x′) �]a��� Γk, - � γ > 0,

Dk(γ) =
{
x ∈ R

3

∣∣∣∣dist
(
x,

2k⋃
j=1

Γk
j

)
> γ

}
.

p� vk,−(x)� x1 ∈ (0,∞)� x2 ∈ (0,∞):�e�, x1 ∈ R� x2 ∈ R :c��, 6D[ 2.1

�B[ 2.2, -
V 1 ≤ V 2 ≤ · · · ≤ V k ≤ · · · , ∀x ∈ R

3,

∂

∂x1
V k(x) > 0, x ∈ (0,∞) × R

2,

∂

∂x2
V k(x) > 0, x ∈ R × (0,∞) × R,

∂

∂ν
V k(x) > 0, x ∈ R

3,
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��
ν =

1√
1 + ν2

1 + ν2
2

(ν1, ν2, 1)  
√

ν2
1 + ν2

2 ≤ 1
m∗ .

p�
hk(x1, x2) = hk

(
x1 cos

π

2k−1
+ x2 sin

π

2k−1
,−x1 sin

π

2k−1
+ x2 cos

π

2k−1

)
,

-
V k(x) = V k(x′, z) = V k(Bkx′, z), x ∈ R

3,

��
Bk =

⎛
⎝ cos

π

2k−1
sin

π

2k−1

− sin
π

2k−1
cos

π

2k−1

⎞
⎠ .

qh zk ∈ R, 5/ zk ≥ zk+i - V k(0, 0, zk) = θ0, �� θ0 ∈ (0, u∗) :  AD'�. `

Ṽ k(x) = V k(x′, z + zk), x ∈ R
3.

r f]$D[ 2.1 �B[ 2.2, Ṽ k(x) !%��2`:

(a) Ṽ k(0) = θ0;

(b)�NX� x ∈ R
3, ∂

∂ν Ṽ k(x) > 0,�� k ∈ N, ν = 1√
1+ν2

1+ν2
2

(ν1, ν2, 1) 
√

ν2
1 + ν2

2 ≤ 1
m∗

;

(c) �NX� (x0, y0, z0) ∈ R
3  z0 ≥ hk(x0, y0), -

Ṽ k(x1 + x0, x2 + y0, z) ≤ Ṽ k(x1, x2, z + z0) � (x1, x2, z) ∈ R
3 �9;

(d) 2 x ∈ R
3 �, Ṽ k(x′, z) = Ṽ k(Bkx′, z);

(e) 2 x1 ∈ ×(0,∞) � x2 ∈ ×(0,∞) �, ��- ∂
∂x1

Ṽ k > 0 � ∂
∂x2

Ṽ k > 0;

(f) - limz→∞ ‖Ṽ k(·, z) − K‖C(R2) = 0 � limz→−∞ ‖Ṽ k(·, z)‖Cloc(R2) = 0.

p� Ṽ k !% 0 < Ṽ k(x) < K �

0 = DΔṼ k(x′, z) − s
∂

∂z
Ṽ k(x′, z) − dṼ k(x′, z) +

∫
R

b(Ṽ k(x′, z − sτ − z1))f(z1)dz1.

6 Schauder igh27 Ṽ k(·) & W 2,p1(K1) �-a, �� K1 ⊂ R
3 :jW- p1 ≥ 3. pi,

qh��sf^-]$jkl W 2,p1(K1) ⊂ C1,α(K1), �� α < 1 − 3
p1

, Ṽ k(·) �sf^&��
C2

loc(R
3) �mnZ�� W (x), Ng:2 k → ∞ �, & ‖ · ‖C2

loc(R
3) Xc�

Ṽ k(·) → W (x).

pi, W (x) ∈ C2(R3) !% W (0) = θ0 �

0 = DΔW (x′, z) − s
∂

∂z
W (x′, z) − dW (x′, z) +

∫
R

b (W (x′, z − sτ − z1)) f(z1)dz1, (2.2)

�� x ∈ R
3. ]$ Ṽ k(x) �2` (b) � (c), 2jkL W (x) !%��2`.

wt 2.3 (i) W (x′
1, z) = W (x′

2, z) �Y-� x′
1,x

′
2 ∈ R

2 !% |x′
1| = |x′

2|, z ∈ R �9.

(ii) �NX (x0, y0, z0) ∈ R
3  z0 ≥ h∗(x0, y0), -

W (x1 + x0, x2 + y0, z) ≤ W (x1, x2, z + z0), ∀ (x1, x2, z) ∈ R
3.

wt 2.4 2 x ∈ (0,∞)×R
2� x ∈ R×(0,∞)×R�,��- ∂

∂x1
W (x) > 0� ∂

∂x2
W (x) > 0

�9. <=, ∂
∂x3

W (x) > 0 � x ∈ R
3 �9.
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xy 62` (e)27�NX� x ∈ (0,∞)×R
2, ∂

∂x1
W (x) ≥ 0 �NX� x ∈ R×(0,∞)×

R, ∂
∂x2

W (x) ≥ 0. �*, _hLE ∂
∂x1

W (x) > 0 �NX� x ∈ (0,∞) × R
2 �9.

` ϕ1(x) := ∂
∂x1

W (x) ≥ 0, �� x ∈ (0,∞) × R
2. 6 (2.2) 27

0 = DΔϕ1(x)−s
∂

∂z
ϕ1(x)−dϕ1(x)+

∫
R

b′(W (x′, z−sτ−z1))ϕ1(x′, z−sτ−z1)f(z1)dz1

� x ∈ (0,+∞) × R
2 �9. 6 (A1), b′(u) ≥ 0, �� u ∈ [0,K]. VL-

D Δϕ1(x) − s
∂

∂z
ϕ1(x) − dϕ1(x)

= −
∫

R

b′ (W (x′, z − sτ − z1))ϕ1(x′, z − sτ − z1)f(z1)dz1 ≤ 0,

�� x ∈ (0,+∞) × R
2. EXZ W (·) �≡ θ0. "#�, �F W (·) ≡ θ0, b θ0 : (1.1) �., Ot

31D�42��ojpk, b
ϕ1(x) =

∂

∂x1
W (x) �≡ 0,

�� x ∈ (0,+∞) × R
2. qMllu[�E

∂

∂x1
W (x) = ϕ1(x) > 0, �� x ∈ (0,+∞) × R

2.

?rm, VLN-
∂

∂x2
W (x) > 0, �� x ∈ R × (0,∞) × R.

pi, 2 x1 > 0 � x2 > 0 �, VL- W (x1, x2, 0) > W (0, 0, 0). 6B[ 2.3 (ii), W (0, 0, z) ≥
W (x1, x2, 0) > W (0, 0, 0) �NX� z > m∗

√
x2

1 + x2
2 > 0 �9, O�E ∂

∂z W (x) ≥ 0 �
∂
∂z W (x) �≡ 0, �� x ∈ R

3. F @, � x ∈ R
3, 6Mllu[2/ ∂

∂z W (x) > 0. LEvn.

wt 2.5 VL-
lim

z→∞ ‖W (·, z) − K‖C(R2) = 0 � lim
z→−∞ ‖W (·, z)‖Cloc(R2) = 0.

xy 6B[ 2.3 � 2.4, 27
W (0, 0, z) ≤ W (x1, x2, z) ≤ W (0, 0, z + z0), ∀ (x1, x2, z) ∈ R

3, (2.3)

�� z0 ≥ m∗
√

x2
1 + x2

2. ]$ ∂
∂z W (x) > 0,

α := lim
z→−∞W (0, 0, z), β := lim

z→+∞W (0, 0, z),

bo (2.3) 2/

lim
z→−∞ ‖W (·, ·, z) − α‖Cloc(R2) = 0 � lim

z→+∞ ‖W (·, ·, z) − β‖C(R2) = 0.

pi, .&7 f^ {z+
n } � {z−n } ��!% z+

n → +∞ � z−n → −∞, 5/

lim
n→∞ ‖W (·, ·, z + z−n ) − α‖Cloc(R2) = 0 � lim

n→∞ ‖W (·, ·, z + z+
n ) − β‖C(R2) = 0

�9. EXZ W (·) : (2.2) �., b α � β ��:�����.:

0 = −du +
∫

R

b(u(y′, z1))f(z − z1)dz1.
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p� 0 < W (0) = θ0 < u∗, VL- 0 ≤ α < θ0 < u∗  θ0 < β ≤ K, b,s α = 0  β = K, p

D α = 0  β = u∗. �FtD�9, bB[LEvn. �*LE%D:<2u;��. ,4 α = 0

 β = u∗, b�NX� x ∈ R
3, 0 ≤ W (x) ≤ u∗. `

W (x1, x2, z) := u∗ − W (x1, x2,−z), ∀ (x1, x2, z) ∈ R
3,

b W (x1, x2, z) !%
DΔW + s

∂

∂z
W + g(W ) = 0,

��
g(u) = d(u∗ − u) −

∫
R

b(u∗ − u(x′,−z − sτ − z1))f(z1)dz1.

Ew, � x1 > 0, - ∂
∂x1

W < 0; � x2 > 0, - ∂
∂x2

W < 0, jV� z ∈ R, - ∂
∂z W > 0,

W (−x1, x2, z) = W (x1, x2, z)  W (x1,−x2, z) = W (x1, x2, z) �9. <=, W (0, 0, 0) = u∗ − θ0.

pi W (x1, x2, z − st) :�����.Æ.:
∂

∂t
u(x, t) = DΔu + g(u), ∀x ∈ R

3, t > 0. (2.4)

Dc
Ŵ (x1, x2, z, t) = min

{
W (x1, x2, z − st),W (x1, x2,−z − st)

}
,

�� x = (x1, x2, z) ∈ R
3  t ≥ 0, b Ŵ (x1, x2, z, t) : (2.4) �  �.. v�m, VL-
lim

t→+∞ Ŵ (x1, x2, z, t) = 0  QR (x1, x2, z) ∈ R
3. (2.5)

R u0(x) ∈ C0(R3) !% 0 ≤ u0(x) ≤ Ŵ (x, 0), �� x ∈ R
3, C0(R3) �� R

3 �,-jxW�w
y���W_. ]$qru[, �NX� x ∈ R

N � t > 0, VL- 0 ≤ u(x, t;u0) ≤ Ŵ (x, t), �

� u(x, t;u0) :�� (2.4) !% u(x, 0;u0) = u0 �.. 6 (2.5) 2/

lim
t→∞ sup

x∈R3
u(x, t;u0) = 0.

pi, .&'� T0 %sl, 5/

0 ≤ u(x, t + T0;u0) ≤ ε, ∀x ∈ R
3, t > 0.

<=, o (A4) 27
∂

∂t
u(x, t) = DΔu + g(u) ≥ DΔu + r0u(ε − u),

O�E u(t, x;u0) :
∂

∂t
u(x, t) = DΔu + r0u(ε − u) (2.6)

�.. R v0(·) ∈ C0(R3)  !% 0 ≤ v0(·) ≤ u0(·) ≤ ε. 6qru[2/
0 ≤ v(x, t; v0) ≤ u(x, t;u0), ∀x ∈ R

3, t > 0,

O�E limt→∞ v(x, t; v0) = 0 � x ∈ R
3  Q�9, Ot� [1, zx 1] �8Fpk. pi β = u∗

:<2u;��, b{u- β = K. LEvn.

6B[ 2.3–2.5, 2/��3,D[.
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at 2.6 ,4 (A1)–(A4) �9. �NX� s > c > 0, .&�� W (x) ∈ C2(R3), !%
0 = DΔW (x′, z) − s

∂

∂z
W (x′, z) − dW (x′, z) +

∫
R

b (W (x′, z − sτ − z1)) f(z1)dz1, (2.7)

�� x ∈ R
3. <=, N-

(i) W (0) = θ0;

(ii) W (x′
1, z) = W (x′

2, z), �� x′
1,x

′
2 ∈ R

2 !% |x′
1| = |x′

2|, z ∈ R;

(iii) �NX� (x0, y0, z0) ∈ R
3  z0 ≥ h∗(x0, y0),

W (x1 + x0, x2 + y0, z) ≤ W (x1, x2, z + z0), ∀ (x1, x2, z) ∈ R
3;

(iv) ∂
∂z W (x) > 0 �Y- x ∈ R

3 �9;

(v) 2 x1 ∈ (0,∞) � x2 ∈ (0,∞) �, ��- ∂
∂x1

W (x) > 0 � ∂
∂x2

W (x) > 0;

(vi) VL-
lim

z→∞ ‖W (·, z) − K‖C(R2) = 0 � lim
z→−∞ ‖W (·, z) − 0‖C(R2) = 0;

(vii) � x ∈ R
3, ∂

∂ν W (x) > 0, �� k ∈ N � ν = 1√
1+ν2

1+ν2
2

(ν1, ν2, 1).

at 2.7 ,4 s > c > 0, -$ W s(x) ��D[ 2.6 �A��HI�=.Æ. W (x). `

U(0) = W s(0) = θ0, b
lim

s→c0
+

‖W s(x) − U(z)‖C2
loc(R

3) = 0,

�� (U, c) :�� (1.3) wt 0 � K �-*.Æ..

xy EXZ, ‖W s(·)‖C2,α(R3) < ∞ �NX s ∈ (c, c + 1) �9, �� α ∈ (0, 1) :  
'�. Dcf^ sn !% sn < sn+1 < c + 1, -` sn → c, b.&�� Û(·) ∈ C2(R), 5/

2 n → ∞, W sn(0, 0, ·) → Û(·). 6D[ 2.6 (iii), 2/

W sn(0, 0, z) ≤ W sn(x1, x2, z) ≤ W sn
(
0, 0, z + mn

∗
√

x2
1 + x2

2

)
,

�� mn∗ =
√

s2
n−c2

c . 6R2 n → ∞ �, mn∗ → 0; 272 n → ∞ �, W sn(x1, x2, z) &NX�j
W Ω ⊂ R

3 � QmnZ Û(z); 2 n → ∞ �, W sn(x1, x2, z) & ‖ · ‖C2
loc(R

3) Xc�mnZ Û(z).

oj�27 Û(·) ∈ C2(R),  !%
DÛ ′′(ξ) − dÛ(ξ) − cÛ ′(ξ) +

∫
R

b(Û(ξ − cτ − y))f(y)dy = 0.

]$ Û(0) = θ0 � ∂
∂z Û(z) ≥ 0, tD[ 2.6 �LE?r, VL- Û(+∞) = K � Û(−∞) = 0, j

V ∂
∂z Û(z) > 0 �Y- z ∈ R �9, b]$�� (1.1) wt 0 � K �.Æ.�: 227�Y-

� z ∈ R, Û(z) ≡ U(z). LEvn.

3 uvdÆ 1.2

�UGLED[ 1.2 �HI�=.Æ.�<.&2. �*3,
� N = 3 �\<, N = 2 �

N ≥ 4 �\<2?r/Z.

uv W (x) ∈ C2(R3) !% (2.7) �

W (x′
1, z) = W (x′

2, z), �� x′
1,x

′
2 ∈ R

2  |x′
1| = |x′

2|, z ∈ R.
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Dc
Ψ(ρ, z) := Ψ(|x′|, z) = W (x), ∀ (x′, z) ∈ R

3, (3.1)

�� ρ = |x′|. 6D[ 2.6, Ψ(ρ, z) !%
0 =

∂2

∂ρ2
Ψ +

∂2

∂z2
Ψ +

1
ρ

∂

∂ρ
Ψ − s

∂

∂z
Ψ − dΨ +

∫
R

b(Ψ(ρ, z − sτ − z1))f(z1)dz1,

�� ρ > 0 � z ∈ R. <=, rfwÆD[ 2.6, Ψ(ρ, z) N!%��B[.

wt 3.1 VL-
∂

∂ρ
Ψ(ρ, z) > 0, ∀ ρ > 0, z ∈ R �

∂

∂z
Ψ(ρ, z) > 0, ∀ ρ ≥ 0, z ∈ R,

lim
z→−∞ ‖Ψ(·, z)‖C([0,w]) = 0 � lim

z→+∞ ‖Ψ(·, z) − K‖C([0,+∞)) = 0,

∂

∂ν
Ψ(ρ, z) > 0, ∀ ρ > 0, z ∈ R.

�NX� ρ ≥ 0, ]$ Ψ(ρ, φ(ρ) = θ0 Dc�� φ ∈ C2((0,∞), R), �� θ0 ∈ (0, u∗), VL-
φ′(ρ)=−Ψρ(ρ, φ(ρ))

Ψz(ρ, φ(ρ))
, ∀ ρ ∈ [0,∞) � −m∗≤ φ′(ρ) < 0, ρ ∈ [0,∞), φ(0) = θ0, φ′(0) = 0.

pi, 6 Schauder gh2/ supR3 |∇Ψ| < ∞ � ‖Ψ‖W 2,∞(R3) < ∞, x� [9, D[ 9.11]. wÆ�
[26] �"r�yy, 2 ρ → ∞ �, � φ(ρ) �C=.�-��B[.

wt 3.2 VL-
lim sup

ρ→∞
φ′(ρ) < 0 � lim inf

ρ→∞
φ(ρ)

ρ
= −m∗.

xy LE?rR� [26, B[ 5.3 � 5.4], Oz{y,|z�.

wÆB[ 3.2, �NX� ρ > 0, VL- −m∗ ≤ φ′(ρ) ≤ 0 �

lim inf
ρ→∞

∫ ρ

0

φ′(r)dr = −m∗.

�G� [26] .&f^ {ρi} ⊂ (0,∞), 5/

lim
i→∞

ρi = 0, lim
i→∞

φ′(ρi) = −m∗ � sup
i∈N

|ρi+1 − ρi| < ∞.

` ν0 := 1√
1+m2∗

(−1,m∗)T , b

lim
i→∞

∂

∂ν0
Ψ(ρ, z)

∣∣∣∣
(ρ,z)=(ρi,φ(ρi))

= 0.

wÆB[ 3.1, �Y-� ρ ≥ 0, z ∈ R, -
∂

∂ν0
Ψ(ρ, z) > 0.

� ∂Ψ
∂ν0
]$ Harnack <BX (x� [9, zx 9.25]) 27, �NXAD� r > 0, .&>'� p > 0

� C > 0, 5/ ∥∥∥∥ ∂Ψ
∂ν0

∥∥∥∥
Lp(B((ρi,φ(ρi),r)))

≤ C
∂

∂ν0
Ψ(ρi, φ(ρi)) → 0,

�� i → ∞. p� supi∈N |ρi+1 − ρi| < ∞, b�NX r > 1 {�l, -
lim

ρ→∞

∥∥∥∥ ∂Ψ
∂ν0

∥∥∥∥
Lp(B((ρi,φ(ρi),r)))

= 0. (3.2)
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wt 3.3

lim
ρ→∞φ′(ρ) = −m∗ � lim

ρ→∞Ψ(ρ + x, φ(ρ) + z) = U

(
c

s
(z + m∗x)

)
& C2

loc(R
2) �

�9.

xy �NX� ρ > 0, Dc (ξ, η) ∈ R
2 ��:

(
x − ρ

z − φ(ρ)

)
= ξ

⎛
⎜⎜⎝

−1√
1 + m2∗m∗√
1 + m2∗

⎞
⎟⎟⎠ + η

⎛
⎜⎜⎝

m∗√
1 + m2∗

1√
1 + m2∗

⎞
⎟⎟⎠ .

` {ρi} �6;>f^ 2 i → ∞ �, ρi → ∞. `

Ũ(ξ, η) := lim
i→∞

Ψ
(

ρi +
−ξ + m∗η√

1 + m2∗
, φ(ρi) +

m∗ξ + η√
1 + m2∗

)
,

b Ũ(ξ, η) ∈ C2(R2), -!%
0 =

∂2

∂ξ2
Ũ +

∂2

∂η2
Ũ − c

∂

∂η
Ũ − dŨ +

∫
R

b(Ũ(ξ, η − sτ − z1))f(z1)dz1,

�� (ξ, η) ∈ R
2. 6 (3.2)2/ ∂

∂η Ũ(ξ, η) ≡ 0, O�E Ũ(ξ, η):|9R ξ -M|}R η. $ Ũ(η)

�� Ũ(ξ, η), b-
0 =

∂2

∂η2
Ũ − c

∂

∂η
Ũ − dŨ +

∫
R

b(Ũ(η − sτ − z1))f(z1)dz1

�

Ũ(0) = θ0 ∈ (0, u∗),
∂

∂η
Ũ ≥ 0, ∀ η ∈ R.

tB[ 2.4, 2.5 "r, 2/ ∂
∂η Ũ > 0, limη→−∞ Ũ(η) = 0 � limη→+∞ Ũ(η) = K, b6�� (1.4)

.Æ.�: 22/
Ũ(·) ≡ U(·).

]$ ρi �NX2,

lim
ρ→∞

∥∥∥∥U(η) − Ψ
(

ρ +
−ξ + m∗η√

1 + m2∗
, φ(ρ) +

m∗ξ + η√
1 + m2∗

)∥∥∥∥
C2

loc(R)

= 0, (3.3)

O�E
lim

ρ→∞Ψ(ρ + x, φ(ρ) + z) = U

(
c

s
(z + m∗x)

)
& C2

loc(R
2) �.

wÆ (3.3) -
lim

ρ→∞(−Ψρ(ρ, φ(ρ)) + m∗Ψz(ρ, φ(ρ))) = 0

�

lim
ρ→∞(m∗Ψρ(ρ, φ(ρ)) + Ψz(ρ, φ(ρ))) =

s

c
Uη(0) > 0,

b
lim

ρ→∞Ψρ(ρ, φ(ρ))=
cm∗
s

Uη(0), lim
ρ→∞Ψz(ρ, φ(ρ))=

c

s
Uη(0) � lim

ρ→∞φ′(ρ)= −Ψρ(ρ, φ(ρ))
Ψz(ρ, φ(ρ))

=−m∗



598 � 
 
 � o p q 64�

�9. LEvn.

8_B[ 3.1–3.3, � Ψ(ρ, z) -��3,8F.

at 3.4 ,4 (A1)–(A4) �9. ,D c > 0. Ψ(ρ, z) 6 (3.1) YDc, b Ψ(ρ, z) !%
∂2Ψ
∂ρ2

+
∂2Ψ
∂z2

+
1
ρ

∂Ψ
∂ρ

− s
∂Ψ
∂z

+ f(Ψ) = 0.

<=:

(i) �NX� (ρ, z) ∈ (0,∞) × R, ∂
∂ρΨ(ρ, z) > 0 � ∂

∂z Ψ(ρ, z) > 0 �9;

(ii) limz→+∞ ‖Ψ(·, z) − K‖C(0,ω) = 0, limz→∞ ‖Ψ(·, z)‖C(0,+∞) = 0;

(iii) limρ→∞ φ′(ρ) = −m∗;

(iv) limρ→∞ ‖Ψ(ρ + x, φ(ρ) + z) − U( c
s (z + m∗x))‖C2

loc(R
2) = 0.

�*LEHI�=.Æ.�<.&2.

at 3.5 ,4 (A1)–(A4) �9. ,D c > 0. �NX� s > c > 0, <.&�� W (x) !%
0 = DΔW (x)−s

∂

∂z
W (x)−dW (x)+

∫
R

b(W (x′, z−sτ−z1))f(z1)dz1, ∀x ∈ R
3,

lim
z→−∞W (0, z) = 0, lim

z→∞W (0, z) = K �
∂

∂z
W (x) ≥ 0,

∂2

∂x2
i

W (x)
∣∣∣∣
x′=0

≤ 0, i = 1, 2.

xy R s > c > 0. ,4.&HI�=�.Æ. W (x) !%
0 = DΔW (x)−s

∂

∂z
W (x) − dW (x)+

∫
R

b (W (x′, z−sτ−z1)) f(z1)dz1,

lim
z→−∞W (0, z) = 0, lim

z→∞W (0, z) = K,
∂

∂z
W (x) ≥ 0 �

∂2

∂x2
i

W (x)
∣∣∣∣
x′=0

≤ 0, i = 1, 2.

` Ũ(z) = W (0, 0, z), �� z ∈ R, b
−D

∂2

∂z2
Ũ(z) + s

∂

∂z
Ũ(z) − dŨ(z) +

∫
R

b(Ũ(z − sτ − z1))f(z1)dz1

= D
∂2

∂x2
1

W (x)
∣∣∣∣
(x1=x2=0)

+ D
∂2

∂x2
2

W (x)
∣∣∣∣
(x1=x2=0)

≤ 0.

O�E Ũ(x + st) :
∂u

∂t
= D

∂2

∂x2
u − du +

∫
R

b (u(x − sτ − z1)) f(z1)dz1 (3.4)

�  �.. 6� [15, B[ 2.6] 27 u+(x, t) = U(x + ct + ξ̂ + σ0δ(eβ0τ − e−β0t)) + δe−β0t :

(3.4) �  �., �� σ0, δ, β0 :>�'� ξ̂ ∈ R :NX�. EXZ�NX� r ∈ [−τ, 0], -
u+(x, r) = U(x+cr+ξ̂+σ0δ(eβ0τ−e−β0r))+δe−β0r � u−(−∞, r) = 0, u−(+∞, r) = K,

b.& ξ̂ > 0 {�l, 5/ u−(x, r) ≤ u+(x, r), ∀x ∈ R, r ∈ [−τ, 0]. wÆqru[, VL-
Ũ(x + st) = u−(x, t) ≤ u+(x, t), x ∈ R, t > 0.

EXZ s > c. 2 t → ∞ �, -
0 < Ũ(0) = u−(−st, t) ≤ u+(−st, t)

≤ U((c − s)t + ξ̂ + σ0δ(eβ0τ − e−β0t)) + δe−β0t → 0.

pk. LEvn.
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at 3.6 ,4 (A1)–(A4) �9. �NX� s < c, <.&�� W (x) !%
0 = DΔW (x)−s

∂

∂z
W (x)−dW (x)+

∫
R

b(W (x′, z−sτ−z1))f(z1)dz1, ∀x ∈ R
3, (3.5)

lim
z→−∞W (0, z) = 0, lim

z→∞W (0, z) = K (3.6)

� ∂

∂z
W (x) ≥ 0,

∂2

∂x2
i

W (x)
∣∣∣∣
x′=0

≥ 0, i = 1, 2. (3.7)

xy r f]$(L}LE. �NX s < c,,4.&HI�=�.Æ.W (x)!% (3.5)–

(3.7). ` Û(x3) = W (0, 0, z), �� z ∈ R, b-
− D

∂2

∂z2
Ũ(z) + s

∂

∂z
Ũ(z) − dŨ(z) +

∫
R

b(Ũ(z − sτ − z1))f(z1)dz1

= D
∂2

∂x2
1

W (x)
∣∣∣∣
(x1=x2=0)

+ D
∂2

∂x2
2

W (x)
∣∣∣∣
(x1=x2=0)

≥ 0.

O�E u+(x, t) = Ũ(x + st) :��
∂u

∂t
= D

∂2

∂x2
u − du +

∫
R

b (u(x − sτ − z1)) f(z1)dz1 (3.8)

�  �.. 6� [15, B[ 2.6] 27, u−(x, t) = U(x + ct − ξ̃ + σ0δ(eβ0τ − e−β0t)) − δe−β0t :

�� (3.8) �  �.. rf]$qru[, -
Ũ(x + st) = u+(x, t) ≥ u−(x, t), x ∈ R, t > 0.

6R c > s, b2 t → ∞ �, -
K > Ũ(0) ≥ U((c − s)t − ξ̃ + σ0δ(eβ0τ − e−β0t)) − δe−β0t → K.

pk. LEvn.

z{ ~}~��A��Xx�b~.
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