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Abstract We consider the local spectral properties for the upper triangular oper-
ator matrix MC =

(
A C
0 B

) ∈ L(X ⊕ Y ), where A ∈ L(X), B ∈ L(Y ), C ∈ L(Y,X)
and X,Y are infinite-dimensional complex Banach spaces. Firstly we investigate the
single-valued extension property for MC by considering the set S(T ) = {λ ∈ C : T

does not have the single-valued extension property at λ}. By means of vector val-
ued analytic functions and analytic kernels, we obtain the characterization of S(MC)
and in particular we develop some conditions on A and B under which the equality
S(MC) = S(A)∪S(B) holds for arbitrary C. Further, we show that for certain opera-
tor C the equality S(MC) = S(A)∪S(B) holds for arbitrary A,B. Also, we give some
examples to illustrate our results. At the end, we apply the obtained results to spectral
perturbation and local spectral perturbation for upper triangular operator matrices,
obtain conditions for which equalities σ(MC) = σ(A) ∪ σ(B) and σMC (x⊕ 0) = σA(x)
hold true, and give a characterization for the local spectral subspaces of MC .

Keywords operator matrix; local spectrum; the single-valued extension property;
analytic function; perturbation
MR(2010) Subject Classification 47A10, 47A11, 47A53
Chinese Library Classification O177.7

1 tu

�

��������� !"�

#$, ��
���
%�&'(���, �)

�*����%��+
��. ����
�

, ���,��
���
�-, ��,��
��
����������
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�


��!� � Banach  ! , � , Dunford 


� [8] 0"1", 2! Colojoară, Foiaş,

Lange, #$%�3"4�&5�6%##7$�%�&8, 9$���
�
��
%��:,

%&�
�� [13, 21]. &�
����������
�� 
#$, ��'$'������

;', ( Cauchy (����Liouville ���Taylor <)�, ��
��)(
&��=. �*

��, ���.'$&�
��)
�

*+��+,��, * �%�%!>?
��. -

., 6*��5+%+!,�&�
��
��, /*&�
��9$�"%,�0
�-.

�@�1�
� !%.A*2/3-B, 01��2
�3C. 4 T � Hilbert  ! H

 
!41�
�, (. H ���"5� Hilbert  ! H1 / H2 
D/, % H = H1 ⊕ H2, E
T �,��" 2 × 2 �2
�3C (

T11 T12

T21 T22

)
, (1.1)

� Tij � Hj  Hi 
!41�
�, i, j = 1, 2. 5 H1 � H 
��� !, E T21 = 0, 0.

T ��"%� 66
�3C (
T11 T12

0 T22

)
. (1.2)

F0, �� T 
�=1G�"��7"81
�2
�
�= [5, 17]. 6�78HIJ1"
!
9:1� !3C
 Jordan ����, ��23#$J Hilbert  !
/�
�

����,
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!�O6<�" Banach  ! 


���. �2
�3C
��7�! A��>?2B,

�@!CA
#$8B. ��
3$DJ�����91���,�6<#:EF�CP. D

(, QGH: Hamilton ��;$
GH: Hamilton 
��<=>�EF;$
 Dirac 
�,
� Krein  ! 
?R)@
�A@!�2
�3C
�). F0, 
�3C
����@!�
�>?, �@!I�
CA>?.

EF, BGB�.S'�� 66
�3C MC =
(
A C
0 B

) ∈ L(X ⊕ Y ) 

*+��, � 
A ∈ L(X), B ∈ L(Y ), C ∈ L(Y,X), X,Y �GH:' Banach  !, L(X,Y ) CJ X  Y 
K

!!41�
�. A*B>
�, ���, �L�.D$�-J
σ∗(A) ∪ σ∗(B)\σ∗(MC) (1.3)


�� [1, 3, 4, 6, 15, 22]. D(, EHMF��N [1]  D$� Hilbert  ! 
�2
�3C MC


I
��O(
,�

��, GPH�&�N [4]  D$� Hilbert  ! 
�2
�3C
MC 
I Fredholm 
��, Rashid �N [15]  D$� Banach  ! MC 
 Weyl 
/�=
Weyl 
��. �*��, &�
�� %*J!K
Q&@LJ3KL�
�
��
��, �

 %�9M&'
NM — 1ANT�, O����
�

*+�� 6P�&'8$. �,
R, (.%�
�O!1ANT�, �

*+��%P* S&I>
�. [18]. EF, '$

�
1ANT�3��1�
�
Q.
Q�BGB��
T(2%. )J1�
��R, !-
1ANT�
��!%� [2, 9, 13], R�-J
�3C
1ANT���U��R. F0, �N�

�� 66
�3C MC 
1ANT�, ��SSQT

S(T ) = {λ ∈ C : T � λ O!1ANT�}, (1.4)

D$ S(MC) 
��, +UD$V> C ∈ L(Y,X) �) S(MC) = S(A) ∪ S(B) �T
WU; +%
+��� MC 
1ANT�X,, D$�1ANT�X,��
V�WU; 0!�K*�.#$
� 66
�3C MC 
&�
/
 , * ��) σ(MC) = σ(A) ∪ σ(B) / σMC (x ⊕ 0) =

σA(x), ∀x ∈ X �T
QWU, WD$�&�
� !
��.

2 vUÆV
4 X,Y "GH:' Banach  !, L(X,Y ) " X  Y 
!41�
�YZ. X Y = X .

V L(X,X) = L(X). )J T ∈ L(X), W T ∗, ρ(T ), σ(T ), σp(T ), σsu(T ), σap(T ), N(T )/ R(T ) �

YCJ T 
ZW
�, X�Q, 
, (
, I
, �O(
, X !,�AP. )J T ∈ L(X), [

� x ∈ X, U ⊆ C, #:

(T − λ)f(λ) = x, ∀λ ∈ U (2.1)


��� f(λ) 
[��/\%�A*&/-B. � T 
X�Q ρ(T )  , 6����%]Y*
 . ^C , )V>
 λ ∈ ρ(T ), #: (2.1) 5\-] (T − λI)−1 1�,* \%� f(λ) =

(T − λI)−1x. R�, )J)* x ∈ X, #: (2.1) 
���!���^_
(
YQ [�. �6
ZZ[_, ��#: (2.1) �
\%�1!"`Y
>?, FU[$_#
�?.

\w 2.1 [8] 4 T ∈ L(X), (.)JV> U ⊆ C, I]#:
(T − λ)f(λ) = 0, ∀λ ∈ U
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\%���� f : U → X � f ≡ 0, E@ T !1ANT� (the single-valued extension

property), 8@ T ! SVEP.

ab, X T ! SVEP ., #: (2.1) 
����\%
. 6��=0^�Q Dunford ���
/�
�
%.&'!� — 

�.[c
, !�, Finch \6%NM&��, * �
� T �
( λ ! SVEP 
�?.

\w 2.2 [9] 4 T ∈ L(X), (.)J λ 
]%^P U , I]#:
(T − μ)f(μ) = 0, ∀μ ∈ U


\%
���� f : U → X � f ≡ 0, E@ T � λ ! SVEP. (. T �V%( λ ! SVEP, E
@ T ! SVEP.

Q�? 2.2 ;, T �X�Q ρ(T ) ,� iso σ(T )  
]%(A! SVEP. O%`3, (.

intσp(T ) " , E T ! SVEP. F0, `Y3, K!@!C


�A! SVEP. _%##, !
%�D�C`X T ! SVEP ., int σp(T ) �%�� Q [13].

Sa(_QT

S(T ) = {λ ∈ C : T � λ O! SVEP}.
ab�? 2.2, λ ∈ S(T ) Xc�X[�^P λ 
%�^P Gλ /9X���� f : Gλ → X /*

)%d μ ∈ Gλ,

(T − μ)f(μ) = 0

A�T. ab, (. T ! SVEP, E S(T ) = ∅. _B, Q����b��� [13], S(T )�%�YQ,

Wc S(T ) ⊆ intσ(T). abN [9], K!IR��e

�AO! SVEP, F0!
σ(T ) = S(T ) ∪ σsu(T ). (2.2)

`Y3,

∂S(T ) ⊂ σsu(T ), (2.3)

� ∂S(T ) CJ S(T ) 
dfc4. ab, (. T ! SVEP, E σ(T ) = σsu(T ). (. T ∗ !
SVEP, E σ(T ) = σap(T ). (. T, T ∗ A! SVEP, E

σ(T ) = σsu(T ) = σap(T ). (2.4)

-J SVEP 
O�G], �RN [2, 9, 13, 21].

\w 2.3 [13] )J T ∈ L(X), x ∈ X / λ ∈ C, (.[� λ 
%�^P Uλ /����

f : Uλ → X, /*)JK! μ ∈ Uλ,

(T − μ)f(μ) = x

�T, E λ ∈ ρT (x), ρT (x) @" T � x d
&�X�Q. T � x 
&�
 σT (x) �?"
σT (x) = C\ρT (x).

Y; ρT (x) � C 
Y�Q, σT (x) �e�Q, Wc ρ(T ) ⊆ ρT (x), σT (x) ⊆ σ(T ). QN [2] ;,

(. T O! SVEP, E[� 0 �= x ∈ X I] σT (x) = ∅. QN [13] ;
σsu(T ) =

⋃
x∈X

σT (x), (2.5)

∂σT (x) ⊆ σap(T ). (2.6)



4� ;<9�: =>:?K;L4<5=@M>?NÆ 629

F0, Q (2.2), (. T ! SVEP, E
σ(T ) = σsu(T ) =

⋃
x∈X

σT (x). (2.7)

_#6�NM�
���� g &'8$, 61�&�
� !.

\w 2.4 [13] )J T ∈ L(X), T 
&�
� !�?"
XT (F ) := {x ∈ X : σT (x) ⊆ F},

� F �'h# C 
�Q.

ab, XT (F ) = XT (σ(T ) ∩ F ), X F ⊆ G ., XT (F ) ⊆ XT (G). _B, QN [13] ;, XT (F )

� T 
f��� !, R�%��e
.bU,(. T ! SVEP,E XT (∅)�e
,c T ! SVEP

Xc�X XT (∅) = {0}.
_#, 2/�SS
�3C
1ANT� (SVEP). )J)6
�3C, �P* (_��.

x_ 2.5 4 A ∈ L(X), B ∈ L(Y ), E)J M0 =
(

A 0
0 B

)
, !

S(M0) = S(A) ∪ S(B). (2.8)

y` (. λ ∈ S(M0), E[� λ 
%�^P Gλ ,� Gλ  X ⊕ Y 
9X����

F (μ) = f(μ) ⊕ g(μ) I]
(M0 − μ)F (μ) = 0, (2.9)

% {
(A − μ)f(μ) = 0,
(B − μ)g(μ) = 0.

(2.10)

QJ F (μ) �9X
, 2/* λ ∈ S(A) ∪ S(B).

g2, (. λ ∈ S(A) ∪ S(B), �h4 λ ∈ S(A), E[� λ 
%�^P Gλ ,�9X���
� f : Gλ → X, /*)V> μ ∈ Gλ,

(A − μ)f(μ) = 0 (2.11)

�T. W F (μ) = f(μ) ⊕ 0, E F (μ) � Gλ  X ⊕ Y 
9X����, cI]) ∀μ ∈ Gλ,

(M0 − μ)F (μ) =
(

A − μ 0
0 B − μ

) (
f(μ)

0

)
=

(
0
0

)
, (2.12)

F0 λ ∈ S(M0). aÆ.

Q, [��,i$, )6
�3C
 SVEP�,�YQ)6
���. R�)J 66

�3C MC =

(
A C
0 B

)

 SVEP, !(_��.

x_ 2.6 )JV> A ∈ L(X), B ∈ L(Y ), C ∈ L(Y,X), !
S(A) ⊆ S(MC) ⊆ S(A) ∪ S(B). (2.13)

y` 4 λ ∈ S(A), E[� λ 
%�^P Gλ ,�9X���� f : Gλ → X, /*)V>
μ ∈ Gλ,

(A − μ)f(μ) = 0
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�T. W F (μ) = f(μ) ⊕ 0, E F (μ) � Gλ  X ⊕ Y 
9X����, cI]) ∀μ ∈ Gλ,

(MC − μ)F (μ) =
(

A − μ C

0 B − μ

) (
f(μ)

0

)
=

(
0
0

)
, (2.14)

F0 λ ∈ S(MC).

_#aij� “⊆”. 4 λ ∈ S(MC), E[� λ 
%�^P Gλ ,� Gλ  X ⊕ Y 
9X�

��� F (μ) = f(μ) ⊕ g(μ) I]
(MC − μ)F (μ) = 0,

% {
(A − μ)f(μ) + Cg(μ) = 0,
(B − μ)g(μ) = 0.

(2.15)

QJ F (μ) �9X
, 2/* λ ∈ S(A) ∪ S(B). aÆ.

z 2.7 2/B> , (2.13)  
ij�^_-��,�ek
. D(, W

x = (x1, x2, x3, . . .) ∈ l2, MC =
(

A C

0 B

)
∈ L(l2 ⊕ l2),

� 
Ax = (0, x1, x2, x3, . . .), B = A∗, C = I − AA∗, (2.16)

E MC �b
�, F0 S(MC) = ∅. U
S(A) = ∅, S(B) = {λ : |λ| < 1}, (2.17)

F0 S(MC) �= S(A) ∪ S(B).

Q[� 2.6 �,* _#
!�.

cd 2.8 )J MC =
(
A C
0 B

) ∈ L(X ⊕ Y ), (. A,B � λ ! SVEP, E MC � λ ! SVEP;

(. MC � λ ! SVEP, E A � λ ! SVEP.

cd 2.9 )J MC =
(
A C
0 B

) ∈ L(X ⊕ Y ), (. B ! SVEP, E MC � λ ! SVEP Xc�

X A � λ ! SVEP.

B> , �%`Z[_, T ! SVEP W��!$ T ∗ ! SVEP, K,!l'��ZW
�
M∗

C =
(

A∗ 0
C∗ B∗

)

 SVEP �=. ^C , QZW
�
�?, 2/�P* (_��.

x_ 2.10

S(B∗) ⊆ S(M∗
C) ⊆ S(A∗) ∪ S(B∗). (2.18)

`Y3, (. A∗, B∗ � λ ! SVEP, E M∗
C � λ ! SVEP; (. M∗

C � λ ! SVEP, E B∗ � λ

! SVEP. (. A∗ ! SVEP, E M∗
C � λ ! SVEP Xc�X B∗ � λ ! SVEP.

Q, ��, 2/%)b3f$,_5�EF:

e� 2.1 A,B I]gjWU., �)

S(MC) = S(A) ∪ S(B) (2.19)

)JV> ∀C ∈ L(Y,X) �T?

e� 2.2 D� A / B, )Jk*
� C ∈ L(Y,X) (2.19) �T?

"��lEF 2.1, 2/hiSSmQ (S(A) ∪ S(B))\S(MC), b!* �) (2.19) )V>
C A�T. A,B Kj
WU. EF 2.2 �ÆJ (

A 0
0 B

) �)�nX
�3C (
0 C
0 0

)
X,_�m�
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no SVEP ��. 2/\��Ni 4 o a`�)*X,_ 663C
 SVEP ���
. B
> X X,Y A�!9: !., �) (2.19) )JV> C ∈ L(Y,X) abA�T. F0, ,_f
p4 X, Y A�G9: !.

3 MC gh{i|jkl
Q[� 2.6 �;, �%�nX
�3C (

0 C
0 0

)
X,_, 
�3C (

A C
0 B

)
�@! SVEP 
(Q

� S(A) ∪ S(B)  k�. 0jlm�� (S(A) ∪ S(B))\S(MC) !�L? _#
��D$�pq.

\_ 3.1 4 A ∈ L(X), B ∈ L(Y ). )V> C ∈ L(Y,X), !
S(MC) ∪ (σsu(A) ∩ S(B)) = S(A) ∪ S(B). (3.1)

y` hi, S(MC) ∪ (σsu(A) ∩ S(B)) ⊆ S(A) ∪ S(B) �ab
, F0nja`
(S(A) ∪ S(B))\S(MC) ⊆ σsu(A) ∩ S(B) (3.2)

%�. W λ ∈ [S(A)∪S(B)]\S(MC), Q[� 2.6; λ ∈ S(B). _#2/rm λ ∈ σsu(A). 5�b,

λ ∈ S(B)\σsu(A), E[� λ
%�^P Vλ I] Vλ ∩σsu(A) = ∅,�9X���� g : Vλ → Y ,

/*

(B − μ)g(μ) = 0, ∀μ ∈ Vλ. (3.3)

F" μ /∈ σsu(A), Q Leiterer �� ([13]), [����� f : Vλ → X I]
(A − μ)f(μ) = −Cg(μ), ∀μ ∈ Vλ. (3.4)

W (f ⊕ g)(μ) = f(μ) ⊕ g(μ), E f ⊕ g � Vλ → X ⊕ Y 
9X����cI]
(MC − μ)(f(μ) ⊕ g(μ)) = 0, ∀μ ∈ Vλ, (3.5)

F0 λ ∈ S(MC), 6o*;qs. t λ ∈ σsu(A), F0 (3.2) �T, uU��*a.

z 3.2 (3.2)  
^_-��,�ek
. D(, W

A = S, B = S∗, C = 0,

� S � l2  
pq
�, % Sx = (0, x1, x2, x3, . . .), E
(S(A) ∪ S(B))\S(MC) = ∅ �= σsu(A) ∩ S(B) = {λ : |λ| < 1}. (3.6)

z 3.3 !&��v8 (3.2)  pc
QT���w σsu(A) ∩ S(B) OP%*, R��%`
Z[_6����
. ^C , W

A = S, B = S∗, C = I − SS∗,

� S � l2  
pq
�, E
S(MC) = ∅, S(A) = ∅, S(B) = {λ : |λ| < 1}, σsu(A) = {λ : |λ| ≤ 1}. (3.7)

F0
(S(A) ∪ S(B))\S(MC) = {λ : |λ| < 1} = σsu(A) ∩ S(B). (3.8)

_#D$�) S(MC) = S(A) ∪ S(B) �T
%*V�WU.
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cd 3.4 )JV> A ∈ L(X), B ∈ L(Y ), (. σsu(A) ∩ S(B) = ∅, E)JV> C ∈
L(Y,X),

S(MC) = S(A) ∪ S(B).

r 3.5 W x = (x1, x2, x3, . . .) ∈ l2, MC =
(
A C
0 B

) ∈ L(l2 ⊕ l2), � 
Ax = (x2, x3, x4, . . .), B = A.

E
σsu(A) = {λ : |λ| = 1}, S(B) = {λ : |λ| < 1}, (3.9)

F0 σsu(A) ∩ S(B) = ∅. _%##,

σ(MC) = {λ : |λ| ≤ 1}, σsu(MC) = {λ : |λ| = 1}, (3.10)

F0, S(MC) = {λ : |λ| < 1}. K,)JV> C ∈ L(Y,X), S(MC) = S(A) ∪ S(B).

cd 3.6 (. B ! SVEP, `Y3, (. B �r
�x/�
�, O%`3, (. B ��

��
�, E)V> A ∈ L(X), C ∈ L(Y,X), A!
S(MC) = S(A) ∪ S(B).

z 3.7 ]Yi$, !� 3.6 !��N [12, �� 7]. _B, !� 2.9 5�,Q!� 3.6 *$.

cd 3.8 (. σsu(A) O!G(, `Y3, (. A �b
�xsq
�, E)JV> B ∈
L(Y ), C ∈ L(Y,X), A!

S(MC) = S(A) ∪ S(B).

.O3, )JZW
� M∗
C =

(
A∗ 0
C∗ B∗

)
, 2/!(_�.:

\_ 3.9 4 A ∈ L(X), B ∈ L(Y ). )V> C ∈ L(Y,X), !
S(M∗

C) ∪ (σsu(B∗) ∩ S(A∗)) = S(A∗) ∪ S(B∗). (3.11)

(. σsu(B∗) ∩ S(A∗) = ∅, E
S(M∗

C) = S(A∗) ∪ S(B∗). (3.12)

4 tuvw
_#Sa, X A/ B D�., 
� C ∈ L(Y,X) I] S(MC) = S(A)∪S(B)Kj'
WU.

\w 4.1 @
� T, S ∈ L(X) nO, (.[��e
� P ∈ L(X), /*

P−1TP = S.

abN [2], nO

�@!_#
�=.

x_ 4.2 [2] (. T , S nO, E T � λ ! SVEP Xc�X S � λ ! SVEP.

D� A ∈ L(X), B ∈ L(Y ), �?
� δAB "

δAB : X → AX − XB, X ∈ L(Y,X).

'$[� 4.2, 2/* _#��

\_ 4.3 4 A ∈ L(X), B ∈ L(Y ). )JV> C ∈ R(δAB), A!
S(MC) = S(A) ∪ S(B).



4� ;<9�: =>:?K;L4<5=@M>?NÆ 633

y` )JV> C ∈ R(δAB), [� X ∈ L(Y,X), /* C = AX − XB. F0!(_��)(
I −X

0 I

)(
A 0
0 B

) (
I X

0 I

)
=

(
A C

0 B

)
. (4.1)

ab, MC nOo M0. Q[� 2.5 /[� 4.2, ��*a.

abN [2], SVEP no�synXX,��, %

x_ 4.4 [2] (. T = S + N , � SN = NS, Nk = 0, E S ! SVEP Xc�X T !
SVEP.

Q[� 4.4, 2/�,* (_��.

\_ 4.5 D� A ∈ L(X), B ∈ L(Y ). )JV> C ∈ L(Y,X), 5I] AC = CB, E!
S(MC) = S(A) ∪ S(B).

y` B> (
A C

0 B

)
=

(
A 0
0 B

)
+

(
0 C

0 0

)
,

6t (
0 C
0 0

)
�nX
�.

QJ AC = CB, E (
0 C
0 0

) o (
A 0
0 B

)
�sy, tQ[� 2.5 /[� 4.4 ��*a.

_#uDR`�� 4.5  
WU AC = CB �l'
.

r 4.6 4 x = (x1, x2, x3, . . .) ∈ l2, �?
Ax = (x1, 0, x2, 0, x3, . . .), Bx = (x1, x3, x5, . . .), Cx = (0, x2, 0, x4, 0, x6, . . .),

�; AC �= CB. F" B � λ = 0 IR�1, t 0 ∈ S(B).

W

MC =
(

A C

0 B

)
∈ L(l2 ⊕ l2), (x, y) ∈ (l2 ⊕ l2),

E�v
 (
A C

0 B

) (
x

y

)
=

(
(x1, y2, x2, y4, . . . , xn, y2n, . . .)

(y1, y3, y5, . . .)

)
= 0, (4.2)

�* x = 0, y = 0, F0 MC �1o, t 0 /∈ S(MC). bU 0 ∈ S(A) ∪ S(B), K, S(MC) �=
S(A) ∪ S(B).

�T�� 4.3 ��� 4.5, �,* ,_!�.

cd 4.7 D� A ∈ L(X), B ∈ L(Y ). )V> C ∈ R(δAB) + N(δAB), A!
S(MC) = S(A) ∪ S(B).

y` Q C = T + P, � T ∈ R(δAB), P ∈ N(δAB), �,* 
MC = MT +

(
0 P

0 0

)
,

6t (
0 P
0 0

)
�nX
.

F" AP = PB, E (
0 P
0 0

) o (
A T
0 B

)
�sy. tQ�� 4.3 /[� 4.4, �*

S(MC) = S(MT ) = S(A) ∪ S(B).

aÆ.
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\_ 4.8 D� A ∈ L(X), B ∈ L(Y ), (. C ∈ L(Y,X) I] AC = 0 x CB = 0, E
S(MC) = S(A) ∪ S(B).

y` 4 λ ∈ S(B), E[� λ 
^P Gλ /9X���� g I]
(B − μ)g(μ) = 0, ∀μ ∈ Gλ.

(. AC = 0, EW
F (λ) = Cg(λ) ⊕ λg(λ). (4.3)

Q����
w��� [13] ;, Cg(λ) ���
, Wc(
A − μ C

0 B − μ

) (
Cg(μ)
μg(μ)

)
=

(
0
0

)
, ∀μ ∈ Gλ. (4.4)

ab F (λ) � Gλ  
9X����, F0 λ ∈ S(MC).

(. CB = 0, E
C(B − μ)g(μ) = 0, (4.5)

uU

μCg(μ) = 0, ∀μ ∈ Gλ, (4.6)

F0
Cg(μ) = 0, ∀μ ∈ Gλ, μ �= 0. (4.7)

Q Cg(μ) 
xp�;, )J μ = 0 �R )qb�T. W F (λ) = 0 ⊕ g(λ), F0(
A − μ C

0 B − μ

) (
0

g(μ)

)
=

(
0
0

)
, ∀μ ∈ Gλ, (4.8)

K,2/* λ ∈ S(MC). xQ[� 2.6, ��*a.

_#uDR`�� 4.8  WU AC = 0 x CB = 0 
l'�.

r 4.9 4 x = (x1, x2, x3, . . .) ∈ l2, �?
Ax = (x1, 0, x2, 0, x3, . . .), Bx = (x1, x3, x5, . . .), Cx = (0, x2, 0, x4, 0, x6, . . .).

ab AC �= 0, CB �= 0, WcQD 4.6 ; S(MC) �= S(A) ∪ S(B).

y_�2/[c T 
5�%&'
��� !. i%�� T 
z�{, 6�NM0^�Q
Saphar [16] [c
.

\w 4.10 [16] )J[� !X  
1�
� T , T 
z�{ C(T )�?"I] T (M) = M


0J1�� ! M .

�Pa`, C(T )�Q6r
 x ∈ X ��
,%[�sz (xn) ⊂ X I] x = x0, Txn+1 = xn,

∀n = 0, 1, 2, . . .. ab, (. T ∈ L(X) �Io, E C(T ) = X.

_B%�� !�Q Vrbová �N [19]  [c
, Wc Mbekhta �N [14]  A)6� !
7�t+
��. �)Z>?_, 6� !�,|i8�z�{ C(T ) 
��)#.

\w 4.11 [19] 4 X � Banach  !, T ∈ L(X). T 
��{ K(T ) �Q6r
 x ∈ X �

�
, %[�sz (un) ⊂ X /M� δ > 0 I]
(1) x = u0, Tun+1 = un, ∀n = 0, 1, 2, . . .;

(2) ‖un‖ ≤ δn‖x‖, ∀n ∈ Z+.
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�,a`, K(T ) � X 
1�� !c T (K(T )) = K(T ). %`Z[_, K(T ) ⊆ C(T ), W

c K(T ) / C(T ) A�%��e
. bU, (. C(T ) �e
, E K(T ) = C(T ).

\_ 4.12 D� A ∈ L(X), B ∈ L(Y ). )JV> C ∈ L(Y,X), (.I] K(B) ⊆ N(C)

x K(C) ⊆ N(A), E!
S(MC) = S(A) ∪ S(B).

y` �u%`�, 2/p4 0 ∈ S(B). _#a` 0 ∈ S(MC) %�.

QJ 0 ∈ S(B), t[� 0 
)�^P V /9X���� g I]
(B − μ)g(μ) = 0, ∀μ ∈ V.

\ g(λ) � λ = 0 (v{<Y, * 

g(μ) =
∞∑

n=0

xnμn, |μ| < r, (4.9)

6t r CJw|I}.

W μ = 0, * Bx0 = 0. F" B ��%)%
, K,2/�hp4 ‖x0‖ = 1. _%##,

0 = (B − μ)g(μ) =
∞∑

n=0

Bxnμn −
∞∑

n=0

xnμn+1

= Bx0 +
∞∑

n=1

Bxnμn −
∞∑

n=1

xn−1μ
n =

∞∑
n=1

(Bxn − xn−1)μn,

E
Bxn = xn−1, n = 1, 2, . . . . (4.10)

B> limn→∞ ‖xn‖ 1
n = 1

r , xy δ > 1
r , E! ‖xn‖ < δn, F0 {xn} ⊆ K(B).

F" K(B) ⊆ N(C), K, Cg(μ) = 0, Wc!(
A − μ C

0 B − μ

) (
0

g(μ)

)
=

(
0
0

)
, ∀μ ∈ V. (4.11)

F0, 0 ∈ S(MC). Q[� 2.6, ��*a.

.O3, (. K(C) ⊆ N(A), -��a S(MC) = S(A) ∪ S(B). aÆ.

z 4.13 �� 4.12  -J��{
WU��~z"z�{. F"ua` �,i$WU
‖xn‖ < δn �l{
, K, K(B) / K(C) ��y� C(B) / C(C).

_#uDR` C (.�I]WU K(B) ⊆ N(C) x K(C) ⊆ N(A), 0j�) S(MC) =

S(A) ∪ S(B) %`��T.

r 4.14 4

x=(x1, x2, x3, . . .) ∈ l2, Ax=(0, x1, x2, . . .), Bx=(x2, x3, x4, . . .), Cx=(x1, 0, x2, 0, x3 . . .).

ab N(A) = N(C) = {0}, K(B) = l2, K(C) �= {0}. t K(B) � N(C) c K(C) � N(A).

QJ B � λ = 0 �IoR��1o, F0 0 ∈ S(B). W MC =
(
A C
0 B

) ∈ L(l2 ⊕ l2), Q(
A C

0 B

) (
x

y

)
=

(
(y1, x1, x2 + y2, x3, x4 + y3, . . .)

(y2, y3, y4, . . .)

)
= 0, (4.12)

�* x = 0, y = 0, t MC �1o. F0 0 /∈ S(MC), U 0 ∈ S(A) ∪ S(B).
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5 }~
�o���
#$. hi\�. S(MC) = S(A) ∪ S(B) y$ MC 

 , * (_��.

\_ 5.1 D� A ∈ L(X), B ∈ L(Y ), (.)JV> C ∈ L(Y,X), �) S(MC) = S(A) ∪
S(B) (x S(M∗

C) = S(A∗) ∪ S(B∗)) �T, E�)
σ(MC) = σ(A) ∪ σ(B) (5.1)

)JV> C ∈ L(Y,X) 5�T.

y` Q σ(MC) = S(MC) ∪ σsu(MC), �*

σ(MC) = S(A) ∪ S(B) ∪ σsu(MC). (5.2)

U σsu(MC) ⊆ σsu(A) ∪ σsu(B), F0
S(B) ∪ σsu(MC) ⊆ σsu(A) ∪ σ(B). (5.3)

_%##, B> 
S(B) ∪ σA(x) ⊆ S(B) ∪ σMC (x ⊕ 0), ∀x ∈ X. (5.4)

^C , (. λ /∈ σMC (x⊕ 0), E[� λ 
%�^P Gλ /%����� F : Gλ → X ⊕ Y , /*

(MC − μ)F (μ) = x ⊕ 0, ∀μ ∈ Gλ.

W F = f ⊕ g, � f : Gλ → X, g : Gλ → Y A�����, !{
(A − μ)f(μ) + Cg(μ) = x,

(B − μ)g(μ) = 0.

(. λ /∈ S(B), E! g(μ) = 0, ∀μ ∈ Gλ. F0
(A − μ)f(μ) = x, ∀μ ∈ Gλ,

uU λ /∈ σA(x), K,
S(B) ∪ σA(x) ⊆ S(B) ∪ σMC (x ⊕ 0), ∀x ∈ X.

F0Q (2.5) �*

S(B) ∪ σsu(A) ⊆ S(B) ∪ σsu(MC). (5.5)

F" σsu(B) ⊆ σsu(MC), t

σsu(A) ∪ σ(B) ⊆ S(B) ∪ σsu(MC). (5.6)

�T (5.3) / (5.6) �*

S(B) ∪ σsu(MC) = σsu(A) ∪ σ(B). (5.7)

K,
σ(MC) = S(A) ∪ σsu(A) ∪ σ(B) = σ(A) ∪ σ(B).

)J S(M∗
C) = S(A∗) ∪ S(B∗) 
Z[, -��* σ(M∗

C) = σ(A∗) ∪ σ(B∗), WB> σ(T ∗) =

σ(T ), uU��*a.

z 5.2 B> Houimdi �&�N [11]  a`, X A∗ ! SVEP x B ! SVEP ., �)

σ(MC) = σ(A) ∪ σ(B) �T. ab|/
�.��� 5.1 
%�`D.
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�� 5.1 
e�F�%`Z[_���T
, %Q σ(MC) = σ(A) ∪ σ(B) �T��!$

S(MC) = S(A) ∪ S(B) �T.

r 5.3 W A,B "�?� l2 ⊕ l2  

�,

A = S ⊕ I, B = S∗ ⊕ I, C =

⎛
⎜⎜⎜⎝

0
I − SS∗

I − SS∗

. . .

⎞
⎟⎟⎟⎠ ,

6t S � l2  
pq
�, E
σ(A) = D, σ(B) = D, σ(MC) = D, (5.8)

6t D = {λ : |λ| ≤ 1}. K, σ(MC) = σ(A) ∪ σ(B) �T. U

S(A) = ∅, S(B) = {λ : |λ| < 1}, S(MC) = ∅, (5.9)

K, S(MC) �= S(A) ∪ S(B).

_#\�. S(MC) = S(A)∪S(B)y$ MC 
&�
 .�M, σMC (x⊕0) ⊆ σA(x), ∀x ∈
X. R��_#
�� , 2/�,* O�.

\_ 5.4 4 A ∈ L(X), B ∈ L(Y ). )JV> C ∈ L(Y,X), 5 S(MC) = S(A) ∪ S(B), E
S(MC) ∪ σMC (x ⊕ 0) = S(MC) ∪ σA(x), ∀x ∈ X, (5.10)

y` ab

S(MC) ∪ σMC (x ⊕ 0) ⊆ S(MC) ∪ σA(x), ∀x ∈ X, (5.11)

OQ (5.4) ;
S(MC) ∪ σMC (x ⊕ 0) ⊇ S(MC) ∪ σA(x), ∀x ∈ X.

Q0�) (5.10) *a.

cd 5.5 (. MC ! SVEP, E σMC (x ⊕ 0) = σA(x), ∀x ∈ X.

_#�SS MC 
&�
� !. %`3, 2/! XA(F ) ⊕ 0 ⊆ (X ⊕ 0)MC (F ). R�, (.

MC ! SVEP, 2/�,* O�.

cd 5.6 (. MC ! SVEP, E)JQT F ⊆ C,

XA(F ) ⊕ 0 = (X ⊕ 0)MC (F ),

� (X ⊕ 0)MC (F ) = {x ⊕ 0 ∈ X ⊕ 0 : σMC (x ⊕ 0) ⊆ F}.
y` (. x ∈ XA(F ), E σA(x) ⊆ F . F" σMC (x ⊕ 0) ⊆ σA(x), ∀x ∈ X, K, σMC (x ⊕

0) ⊆ F . F0
XA(F ) ⊕ 0 ⊆ (X ⊕ 0)MC (F ). (5.12)

_%##, F" MC ! SVEP, Q!� 5.5 ; σMC (x ⊕ 0) = σA(x). (. x ⊕ 0 ⊆ (X ⊕ 0)MC (F ),

E σMC (x ⊕ 0) ⊆ F . K, σA(x) ⊆ F , % x ∈ XA(F ). F0
(X ⊕ 0)MC (F ) ⊆ XA(F ) ⊕ 0. (5.13)

�T (5.12) o (5.13) ��*a.

�z 9M}}~~&)�N
~{/Kf$
��>R.
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