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Abstract We study the exact asymptotic behavior of large solutions to the following
equation Δpu = b(x)f(u), u(x) > 0, x ∈ Ω, where b ∈ C(Ω) is non-negative and non-
trivial in Ω, f ∈ C[0,∞) ∩ C1(0,∞) is positive and non-decreasing on (0,∞). When
Ω = R

N (N ≥ 3), by using truncation technique and the upper and lower solution
methods, we establish the exact asymptotic behavior of entire large solutions to the
above equation. When Ω is a C4-bounded domain, we revel the influence of the mean
curvature H(x̄(x)) of ∂Ω to boundary behavior of large solutions. Since (Δp) (p �= 2)
is a non-linear operator and H(x̄(x)) is a variable function on ∂Ω, the calculation of
the result is quite different from the one p = 2.
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Δpu = b(x)f(u), u(x) > 0, x ∈ Ω (1.1)

���������, �P Δp := div(|∇u|p−2∇u)�� p-Laplace�Q
� 1 < p < N (N ≥ 3).

�� u ∈W 1,p
loc (Ω) ∩ C(Ω), ��� Ω ����Q�� D, ��∫

D

|∇u|p−2∇u(x)∇ϕ(x)dx = −
∫
D

b(x)f(u(x))ϕ(x)dx, ϕ ∈W 1,p
loc (Ω),

�� u 		
 (1.1) �����.

� Ω = R
N �, ���	
 (1.1) ��������, ���	 u ∈ C(RN ) 		
 (1.1) �

R
N P�����, 
� u(x) → ∞, |x| → ∞. � Ω �� ���, ���	
 (1.1) ���

�� �!�, ���	 u ∈ C(Ω) 		
 (1.1) � Ω P�����, 
� u(x) → ∞, d(x) :=

dist(x, ∂Ω) → 0.

���� f "R:

(f1) f ∈ C[0,∞) ∩ C1(0,∞) 	��� (0,∞) #���$� , 
� f(0) = 0;

%S b "R:

(b1) b ∈ C(Ω) 	��� Ω #���&��� .

!", ����	
 (1.1) � R
N P�����#��T. 	
 (1.1) � $'!(�"%

#&'()). � p = 2 �, Ni [36] !"**+	
 (1.1) $%�����&��'����. �

( f(u) = uγ 
� γ > 1, Cheng ' Ni [11] **+	
 (1.1) U����&��'+,�, 
�

)*+���,+-,,-. .-, Lair [27], Ĉırstea ' Rădulescu [13] �� p = 2 �.$**:

�( f "R (f1) ' ∫ ∞

1

(F (s))−1/2ds <∞, F (s) =
∫ s

0

f(τ)dτ,

b "R (b1) ' ∫ ∞

0

rφ(r)dr <∞, �P φ(r) = max
|x|=r

b(x),


�&�"R�
 C- ���//, 0.� /0��10 {Ωn}∞n=1:

(C) �1 x02���Ωn (n ≥ 1), � b(x0) = 0, �&�1� x0 �"R Ω0
n ⊆ Ωn �Q��

Ω0
n, 0. b(x) > 0, x ∈ ∂Ω0

n,

R
N =

∞⋃
n=1

Ωn, Ωn ⊆ Ωn+1

2
,�	
 (1.1)&�32,+����. .-, Tao' Zhang [40] 3,3))+	
 (1.1)��

���&��
)*+�����,+�!
 . � f(u)�4454�5��66�, Yang [44]
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))+�����&��'��445>�����. �� [46] P, Ye ' Zhou �� p = 2 �

.$**: �AB

−Δu = b(x), x ∈ R
N , lim

|x|→∞
u(x) = 0

&��, �	
 (1.1) &�������. �� p > 1 �.$, Yang [45] ' Covei [15] ))+	


(1.1) �����&��. Dupaigne ?< [18] **+UC��&��, 
�D*: �(�� R
N P

4 , �@�A�445>B=�!; ECD, F�E**+�����+,�. Alves, Santos '

Zhou [2] ))+,-F�GGH��WXAB���&��'�&��. U�, �� p = 2 �.

$, Wan ?< [41–43] ))+ f �445>�HIJK>IIJ�.$
	
 (1.1) �����

�445>�������; 3,3, ?Y����, �@��//
.L+�����+,�.

����P,+��	))� f �445> Γ- IJ�, 	
 (1.1) � R
N P������44

5>�����. 
A"BCD Γ- IJ� ���:

Z[ 1.1 f 	��� (A,∞) #��$� , � limu→∞ f(u) = ∞, 
�&� χ : (A,∞) →
(0,∞), 0.

lim
u→∞

f(u+ λχ(u))
f(u)

= eλ, ∀λ ∈ R,

�� f �445> Γ- IJ.

� (f1) 2
, �JM� [20, �E 1.28] FK, f �445> Γ- IJ�N,AL//	&��

O A '��� [A,∞) #�� C1- � S, 0.� u→ ∞ �, 
M2
:

f(u) ∼ f̂(u) := exp
( ∫ u

A

dy

S(y)

)
, (1.2)

�P limu→∞ S′(u) = 0.

� Ω � �, P� Γ- IJEG, Ĉırstea ' Rădulescu [12], Huang ' Tian [24] NH Mi '

Liu [33] ))+	
 (1.1) ������ ��. ON#�T�IB, ��.L�
J(:

Z\ 1.2 K Ω = R
N (N ≥ 3), f ∈ Γ "R (f1), b "R (b1) '

(b2) &�� k ∈ K '�O λ ∈ (p, (N + p)/2), 0.

0 < b1 := lim inf
|x|→∞

b(x)
|x|−λkp−1(|x|) ≤ b2 := lim sup

|x|→∞

b(x)
|x|−λkp−1(|x|) <∞,

�P K ����� [t0,∞) #� Karamata � k (Q2�RS, k P
M)*:

k(t) := c exp
( ∫ t

t0

y(s)
s
ds

)
, t > t0 > 0,

QL c > 0 
� y ∈ C[t0,∞) "R limt→∞ y(t) = 0, �	
 (1.1) ����� u "R
lim

|x|→∞
u(x)
ψ(|x|) = 1, (1.3)

�P ψ P�
T,	
(+,��:∫ ∞

ψ(t)

Lp−2
f (s)

f̂(s)
ds =

( ∫ ∞

t

s(1−λ)/(p−1)k(s)ds
)p−1

,

�P Lf 	JM�UM ∫ ∞

L (u)

Lp−2
f (s)

f̂(s)
ds = u−p (1.4)



554 � � � � F G H 64�

���VMIJ� , L "R
lim
u→∞

uL ′(u)
Lf (L (u))

= 1. (1.5)

] 1.3 ��E 1.2 P, � λ = p, �RL��
∫ ∞
1

k(s)
s ds <∞.

] 1.4 � t 
→ f(t)t1−p 	��� (0,∞) #��$� , ���JM� [42, �E 1.2] FK

	
 (1.1) �����+,��.

� Ω�N� C4-� �� ���,����	
 (1.1)������� 4�WOSM�

#��T. 	
 (1.1)�� ��#���&��X+,�',O����TP [8, 17, 26, 28, 29,

34, 37, 38, 47, 49] H�YQ�T. ��KZ, ��� �'!�^
�UV��,OSM, R[

����WOSMSUVT�. ���'!�^��������UVUWFN_XL Bandle

' Marcus �� [6], @�T`S))+� Ω 	U�K\��, ��� �&VWX���WO

���UV. .-, @�T"a#&'BS'Y], � Anedda ?< [3, 4], Bandle ?< [5, 7], del

Pino ' Letelier [16], Garćıa-Melián ?< [19], Grillot ?< [21], Guo ' Shang [22]. F�Y�+�

�� �&VWX�� �!�WO�����UV, QbUVRP�Z�WOH�[ #. ^

ZD[, ��\]^W�
G_�K��_\, ���Q`_>B=�!�IG]_>. ECD,

� [19] **+�
 logistic AB���+,�

Δu = b(x)uγ − λu, x ∈ Ω, u|∂Ω = +∞,

�P γ > 1, λ > 0 
� Ω 	� C4- ��. `], F�**: � b ∈ Cα(Ω) (α ∈ (0, 1)) 	��

 ����� 4�"R
b(x) = c0(d(x))β(1 + c1d(x) + o(d(x))),

�P β > 0 
� c0, c1 > 0, �N#AB��!$%� u �� 4�"R

u(x) =
(

(γ + β + 1)(2 + β)
c0(γ − 1)2

)1/(γ−1)

(d(x))(2+β)/(1−γ)(1 + h(x̄(x))d(x) + o(d(x))),

�P
h(x̄) =

(N − 1)(γ − 1)H(x̄) − (γ + β + 1)c1
(γ + 3 + β)(γ − 1)

,


��� x ∈ Ω, x̄(x) ∈ ∂Ω 	^_ x U��_, H(x̄) �� ∂Ω � x̄ >�&VWX. � b ≡ 1 �

f(u) = uγ (γ > 1) �, Alarcón, D́ıaz ' Rey [1] ))+	
 (1.1) ���� 4��aOSM.

	b`P, ��CD,- Karamata � -. K k ∈ C1(0, δ0) ∩L1(0, δ0) 	��� (0, δ0) #

�cd� �"R
lim
t→0+

d

dt

(
K(t)
k(t)

)
:= Dk ∈ [0,∞), K(t) =

∫ t

0

k(s)ds.

K Λ 	N#���,�� (Q2�RS. @RSP��$� UW	P Ĉırstea ' Rădulescu

�� [14] Pa*, �6� �	P Mohammed �� [35] Pa*. P�@� -, �� p = 2 �

.$, Zhang ?< [48, 50], Huang ?< [25], Mi ' Liu [32] 3,3))+��� �&VWX�	


 (1.1) ����� 4�WOSM�UV. U�, Mi [31] ))+	
 (1.1) (p > 1) �����

�� 4��WOSM, e@J(
b�Z*��� �'!�^�� ���UV.
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ACD� Ω	N� C4-� �� ���, ��� ∂Ω�&VWX�	
 (1.1)���

� 4�WO�����UV. ��f Zhang �� [48, �E 1.2] ��Tg p = 2 Y]L p > 1

�.$. ��KZ, � �!��,O� ��
�ca���� �'!�^, h��,O�

�[d (Δp) (p > 1, p �= 2) �Q�����^
�	))�cLdb. e��ca��� '

!�^�WOSM[d, QbP�Q����(e`�cd]f.g,ih. ���cdRP�
Z���
���H (p �= 2),

(p− 2)|∇ · |p−4
N∑

i,j=1

∂ ·
∂xi

∂ ·
∂xj

∂2 ·
∂xi∂xj

(1.6)

���e�#. g#MFNf*, �Qg��� �'!�^������UV�, (Δ) �Q'
(Δp) (p �= 2) �Q�e�#&�T�ji. h,	A, �jQg	
 (1.1) ������� 4

��WOSM[�Qg���'!�^�� ���UV (K Ω �U�), �FNkki\e�

�lmÆj� (1.6) �nle�. JM�&VWX H(x̄) �o H A±(x) ' B±(x) (P�E 1.5

�**) ���e�, ��BZ
(p− 2)A±(x)
(B±(x))2d(x)

→ 0, d(x) → 0. (1.7)

m.e��	, (1.7) 	e���� �&VWX�� ����UV��k. ��l
B��

TfJ�
:

Z\ 1.5 K Ω ⊆ R
N (N ≥ 3) 	N� C4- � �� ��, b "R (b1) '

(b3) &� B0 ∈ R 'm+�$� k ∈ Λ, 
"R
lim
t→0+

t−1

(
d

dt

(
K(t)
k(t)

)
−Dk

)
= ηk ∈ R,

0. b(x) = kp(d(x))(1 +B0d(x) + o(d(x))), d(x) → 0.

f "R (f1).

(f2) &�

γ ∈

⎧⎪⎪⎨
⎪⎪⎩

(p− 1, (p/Dk) + p− 1), p �= 2, Dk �= 0,

(p− 1,∞), Dk = 0,

(p− 1,∞), p = 2

(1.8)

'm+� � ∈ C1[t1,∞) (t1 > 0), 0. f(t) = c0t
γ(1 + �(t)), t ≥ t1, limt→∞ �(t) = 0, �P

� ≡ 0 K'

lim
t→∞

t�′(t)
�(t)

= −υ, υ >
Dk(γ+1−p)

p
,

�	
 (1.1) ��� Ω P�+,� �!� u "R:

u(x) = ξ(K(d(x)))−p/(γ+1−p)(1 + C1d(x) + C2H(x̄(x))d(x) + o(d(x))), d(x) → 0, (1.9)

�P
ξ =

(
(p− 1)((γ + 1−p)Dk + p)

c0(γ + 1−p)
)1/(γ+1−p)(

p

γ + 1 − p

)(p−1)/(γ+1−p)
,

C1 =
p(B0(p+ (γ + 1 − p)Dk) − (γ + 1 − p)ηk)

(2 − p)(γ + 1 − p)2D2
k − p(γ + 1−p)(p+Dk(1 + γ))

,
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�

C2 =
(N − 1)pDk

(p− 1)((2 − p)(γ+1−p)D2
k − p(p+Dk(1 + γ)))

.

] 1.6 JM�E 1.5 FK, � (b3) P� k �n>>IIJ, o Dk = 0, ���� �&V

WX����WOSMp�UV.

] 1.7 � Ω = R
N �, 	
 (1.1) (1� p = 2 �.$) ������445>�WOSM

q4#�J(, 2�rAB.

2 Karamata ghijklmn
�sCD�� Karamata �HIJEG�PpKn, P� [9, 20, 30] ' [39].

Z[ 2.1 �� f 	��� [a,∞) #��to� , ����� ξ > 0 'm+ μ ∈ R, ��

lim
t→∞

f(ξt)
f(t)

= ξμ, (2.1)

�� f �445>NDq μ �HIJ, uT f ∈ RVμ.

� f ∈ RVμ, � L(t) := f(t)/tμ �445>VMIJ.

pEF��n>��HIJ� . �� h 	��� (0, a) #��to� , � t→ h(1/t) ∈
RV−μ, �� h �n>NDq μ �HIJ, uT h ∈ RVZμ.

o> 2.2 (,qrv�E) � f ∈ RVμ, � (2.1) �� ξ ∈ [c1, c2] ,q2
.

o> 2.3 (���E) � L �445>�HIJ��w�

L(t) = ϕ(t)exp
(∫ t

a

y(s)
s
ds

)
, t ≥ a,

�P� ϕ ' y 	to� �� t → ∞ �, y(t) → 0, ϕ(t) → c0, c0 > 0. � ϕ ≡ c0, �

� L �445>qpVMIJ, �� f(t) = tμL(t), t ≥ a, �445>NDq μ qp�HIJ
(uT f ∈ NRVμ).

��m+O a > 0, � f ∈ C1([a,∞)) 2� NRVμ ��w� limt→∞
tf ′(t)
f(t) = μ.

o> 2.4 � h1 ∈ NRVμ1 , h2 ∈ NRVμ2 � limt→∞ h2(t) = ∞, � h1 ◦ h2 ∈ NRVμ1μ2 .

o> 2.5 � h1 ∈ NRVZμ1 , h2 ∈ NRVZμ2 � limt→0+ h2(t) = ∞ (limt→0+ h2(t) = 0), �

h1 ◦ h2 ∈ NRVZμ1μ2 .

o> 2.6 � h1 ∈ NRVμ1 , h2 ∈ NRVμ2 , � h1 · h2 ∈ NRVμ1+μ2 .

o> 2.7 � L,L1 �445>VMIJ, �

(i) ���� μ ∈ R, c1 ≥ 0, c2 ≥ 0 � c1 + c2 > 0, ��� Lμ, c1L + c2L1, L ◦ L1 (�

L1(t) → ∞, t→ ∞) �445>VMIJ;

(ii) ���� μ > 0, � t→ ∞ �, � tμL(t) → ∞ ' t−μL(t) → 0;

(iii) ���� μ ∈ R, � t→ ∞ �, � ln(L(t))/ln t→ 0 ' ln(tμL(t))/ln t→ μ.

o> 2.8 � L, L1 �n>VMIJ, �

(i) ���� μ ∈ R, c1 ≥ 0, c2 ≥ 0 � c1 + c2 > 0, ��� Lμ, c1L + c2L1, L ◦ L1 (�

L1(t) → 0, t→ 0+) �n>VMIJ;

(ii) ��� μ > 0, � t→ 0+ �, � tμL(t) → 0 ' t−μL(t) → ∞;

(iii) ���� μ ∈ R, � t→ 0+ �, � lnL(t)/ ln t→ 0 ' ln(tμL(t))/ ln t→ μ.
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o> 2.9 (����) K L �445>VMIJ� a ≥ 0.

(i)
∫ ∞
t
sμL(s)ds ∼ (−μ− 1)−1t1+μL(t), t→ ∞, μ < −1;

(ii)
∫ t
a
sμL(s)ds ∼ (μ+ 1)−1t1+μL(t), t→ ∞, μ > −1.

3 qrIk
s\ 3.1 P (1.4), (1.5) (���� L "R:

(i) limt→∞
f(L (t))

tpLp−1
f (L (t))

= 1
p ;

(ii) f̂−1 ∈ NRV0 
� (f̂−1)′ ∈ NRV−1;

(iii) f̂ ◦ L ∈ NRVp;

(iv) L ∈ NRV0 
� L ′ ∈ NRV−1, o limt→∞
tL ′′(t)
L ′(t) = −1.

tu (i) JM (1.4), ���
tL ′(t)

Lf (L (t))
=

pf(L (t))
tpLp−1

f (L (t))
. (3.1)

(3.1) JS (1.5) FK (i) 2
.

(ii) JM f̂ ��� (P (1.2)) ��fL f̂ �x f̂−1 	�
T,	


exp
( ∫ f̂−1(t)

B

ds

T (s)

)
= t, t > 0

�+,�. JMyce�FK

lim
t→∞

t(f̂−1(t))′

f̂−1(t)
= lim
t→∞

T (f̂−1(t))
f̂−1(t)

= lim
t→∞ T ′(t) = 0, (3.2)


�

lim
t→∞

t(f̂−1(t))′′

(f̂−1(t))′
= lim
t→∞(T ′(f−1(t)) − 1) = −1. (3.3)

(3.2), (3.3) �* f̂−1 ∈ NRV0, 
� (f̂−1)′ ∈ NRV−1.

(iii) �T,	
 (1.4) PK τ = f̂(s), o.∫ ∞

L (t)

Lp−2
f (s)

f̂(s)
ds =

∫ ∞

f̂(L (t))

Lp−2
f (f̂−1(τ))(f̂−1(τ))′

τ
dτ =

1
tp
, t > 0. (3.4)

��

A (t) =
∫ ∞

t

Lp−2
f (f̂−1(τ))(f̂−1(τ))′

τ
dτ.

P� Lf ∈ NRV0, f̂−1 ∈ NRV0 
� (f̂−1)′ ∈ NRV−1, hJMzB 2.4 ' 2.6 FK

(Lp−2
f ◦ f̂−1)(f̂−1)′ ∈ NRV−1.

s`, &�m+O a > 0 '� L ∈ NRV0, 0.

Lp−2
f (f̂−1(t))(f̂−1(t))′ = t−1L(t), t > a.

JMzB 2.9 (i), o.

lim
t→∞

tA ′(t)
A (t)

= −1,
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o A ∈ NRV−1. tJS (3.4) F. A ◦ f̂ ◦ L ∈ NRV−p. K A −1 �� A �r� , � A −1 P

�
T,	
+,��∫ ∞

A −1(t)

Lp−2
f (f̂−1(τ))(f̂−1(τ))′

τ
dτ =

∫ ∞

A −1(t)

τ−2L(τ)dτ = t.

JMzB 2.9 (i) .

lim
t→∞

t(A −1(t))′

A −1(t)
= −1,

o A −1 ∈ NRV−1. JMzB 2.4 . f̂ ◦ L = A −1 ◦ A ◦ f̂ ◦ L ∈ NRVp.

(iv) JS (ii), (iii) 'zB 2.4 FK L = f̂−1 ◦ (f̂ ◦ L ) ∈ NRV0. JMule�FK

L ′′(t)Lp−2
f (L(t)) + (p− 2)(L ′(t))2Lp−3

f (L (t))L′
f(L (t))

= −p(p+ 1)t−p−2f̂(L (t)) + pt−p−1(f̂(L (t)))′.

s`, JM Lf ∈ NRV0, L ∈ NRV0, (3.1) ' (iii), ���

lim
t→∞

tL ′′(t)
L ′(t)

=− lim
t→∞

L′
f (L (t))L (t)
Lf (L (t))

· tL
′(t)

L (t)
−p−1+ lim

t→∞
pt−p−1f̂(L (t))
Lp−2
f (L (t))L ′(t)

· f̂
′(L (t))t

f̂(L (t))
=−1.

*s.

s\ 3.2 (� [10, eE 2.4]) K k ∈ K , �

lim
t→∞

k(t)∫ t
t0

k(s)
s ds

= 0.

�
∫ ∞
t0

k(s)
s ds <∞, �

lim
t→∞

k(t)∫ ∞
t

k(s)
s ds

= 0.

s\ 3.3 (� [47, eE 2.1]) K k ∈ Λ 	��� (0, δ0) #��$� , �

(i) Dk ∈ [0, 1], limt→0+
K(t)
k(t) = 0 
� limt→0+

K(t)k′(t)
k2(t) = 1 −Dk;

(ii) � Dk > 0 �, k ∈ NRVZ(1−Dk)/Dk
;

(iii) � Dk = 0 �, ����� m > 0, limt→0+ t−mK(t) = 0.

s\ 3.4 K � "R�E 1.5 P���, 
� k ∈ Λ, �

lim
t→0+

t−1
�(ξ(K(t))−p/(γ+1−p)) = 0. (3.5)

tu � � ≡ 0 �, J(fR. 
AÆ**� � "R
lim
t→∞

t�′(t)
�(t)

= −υ, υ > Dk(γ+1−p)/p

�.$
, (3.5) 2
.

� Dk = 0, �JMeE 3.3 (iii) 'zB 2.7 (ii), o.

lim
t→0+

t−1
�(ξ(K(t))−p/(γ+1−p)) = lim

t→0+
ξ−υ/2t−1(K(t))pυ/2(γ+1−p)

× lim
t→0+

(ξ(K(t))−p/(γ+1−p))−υ/2L(ξ(K(t))−p/(γ+1−p))

= 0, L ∈ RV0.
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� Dk > 0, �JMeE 3.3 (ii) FK K ∈ NRVZ1/Dk
. zB 2.5 �*

� ◦ (ξK)−p/(γ+1−p) ∈ NRVZpυ/Dk(γ+1−p).

P� pυ/Dk(γ+1−p) > 1, hJMzB 2.8 (ii) F. (3.5) 2
. *s.

s\ 3.5 (�t@vE) K Ω �� ��, G : Ω× R → R 	��� Ω× R #�� , ��

�uW+I{�6
to. K u, w ∈W 1, p(Ω) ,C"R�?M∫
Ω

|∇u|p−2∇u · ∇ϕdx ≤
∫

Ω

G(x, u)ϕdx, ϕ ∈W 1, p
0 (Ω),∫

Ω

|∇w|p−2∇w · ∇ϕdx ≥
∫

Ω

G(x,w)ϕdx, ϕ ∈W 1, p
0 (Ω), (3.6)

� u(x) ≤ w(x), x ∈ ∂Ω, � u(x) ≤ w(x), x ∈ Ω.

4 vk 1.2 wxy
tu K ε ∈ (0, b1p/2) 
��� τ1 := (ξp1 − εξp1/(b1p))

1/p, τ2 := (ξp2 + εξp2/(b2p))
1/p. JM

yce�FK (1/2)1/pξ1 < τ1 < τ2 < (3/2)1/pξ2, �P ξi = ( bip
p

(N+p−2λ)(p−1)p−1 )1/p, i = 1, 2. KO

 R > t0 (t0 JM K ���)*), 
�� ΩR := {x ∈ R
N : |x| > R}.

JM (b1), (b2), (1.4), zB 2.9 (i), eE 3.1 ' 3.2 FK, ,C&�N,C'N,��O 

δε > 0 ' Rε > 0, 0.���� (x, r) ∈ ΩRε × (0, 2δε), �
M2
:

L ′(1/r) > 0,
L ′(1/r)

(1/r)L ′′(1/r)
< 0, (4.1)

−
(
p− 1
p

|x|(p−λ)/(p−1)k(|x|)∫ ∞
|x| s

(1−λ)/(p−1)k(s)ds
+1−λ+(p− 1)

|x|k′(|x|)
k(|x|) +N − 1

)

× L ′(1/r)
(1/r)L ′′(1/r)

> 0, (4.2)

Ji(x, r) :=
∣∣∣∣ −

(
τi(p− 1)

p

)p
(p− 1)

( |x|(p−λ)/(p−1)k(|x|)∫ ∞
|x| s

(1−λ)/(p−1)k(s)ds
− p− λ

p− 1

)

−
(
2
(
τi(p− 1)

p

)p
(p−1)

L ′(1/r)
(1/r)L ′′(1/r)

|x|(p−λ)/(p−1)k(|x|)∫ ∞
|x|s

(p−λ)/(p−1)k(s)ds

)

+2
(
τi(p− 1)

p

)p
(p−λ) −

(
τpi

(
p− 1
p

)p−1(
p− 1
p

|x|(p−λ)/(p−1)k(|x|)∫ ∞
|x| s

(1−λ)/(p−1)k(s)ds

+1−λ+(p−1)
|x|k′(|x|)
k(|x|) +N−1

)
L ′(1/r)

(1/r)L ′′(1/r)
+τpi

(
p−1
p

)p−1
p−λ+p(N−λ)

p

)∣∣∣∣
<
ε

2
, i = 1, 2, (4.3)

−pb2 − ε

2
<

b(x)
|x|−λkp−1(|x|)

(
Lf (L (1/r))
(1/r)L ′(1/r)

)p−1
L ′(1/r)

(1/r)L ′′(1/r)

× f(L (1/r))
(1/r)pLp−1

f (L (1/r))
< −pb1 +

ε

2
. (4.4)

K σ ∈ (0, δε) �"R σ < (1/2)1/pξ1(
∫ ∞
Rε
s(1−λ)/(p−1)k(s)ds)

p−1
p . K u 		
 (1.1) �����

��. ��

Dσ
− := ΩRε \ Ωσ−, Dσ

+ = ΩRε \ Ωσ+,
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�P

Ωσ− :=
{
x ∈ ΩRε : τ1

( ∫ ∞

|x|
s(1−λ)/(p−1)k(s)ds

) p−1
p

≤ σ

}
,

Ωσ+ :=
{
x ∈ ΩRε+r0 : L

((
τ2

( ∫ ∞

|x|
s(1−λ)/(p−1)k(s)ds

) p−1
p

+ σ

)−1)
≤ u(x)

}
. (4.5)

� (4.5) P, r0 	,+N,��O , 0. Ωσ+ 	N Rε + r0 �vi�Nv_�Pw�U�]�
��. JM Ωσ∓ ���FK Dσ

∓ V�\�.

�w� (3/2)
p−1

p ξ2(
∫ ∞
|x| s

(1−λ)/(p−1)k(s)ds)
p−1

p < δε, x ∈ ΩRε , 
���

uε = L (1/(r1 − σ)), x ∈ Dσ
−, uε = L (1/(r2 + σ)), x ∈ Dσ

+,

�P
ri = τi

( ∫ ∞

|x|
s(1−λ)/(p−1)k(s)ds

) p−1
p

, i = 1, 2.

JM (4.1)–(4.4) 'ule�FK, ���� x ∈ Dσ
−, ���

Δpuε − b(x)f(uε)

= (L ′(1/(r1 − σ)))p−2L ′′(1/(r1 − σ))(1/(r1 − σ)2p)|x|−λkp−1(|x|)

×
[
(τ1(p−1)/p)p(p−1)

|x|(p−λ)/(p−1)k(|x|)∫ ∞
|x|s

(1−λ)/(p−1)k(s)ds
+2(τ1(p−1)/p)p(p−1)

L ′(1/(r1−σ))
(1/(r1−σ))L ′′(1/(r1−σ))

× |x|(p−λ)/(p−1)k(|x|)∫ ∞
|x| s

(1−λ)/(p−1)k(s)ds
+ τp1

(
p− 1
p

)p−1(
p−)
p

|x|(p−λ)/(p−1)k(|x|)∫ ∞
|x| s

(1−λ)/(p−1)k(s)ds
+ 1 − λ

+ (p− 1)
|x|k′(|x|)
k(|x|) +N − 1

)
L ′(1/(r1 − σ))

(1/(r1 − σ))L ′′(1/(r1 − σ))
r − σ

r

− b(x)
|x|−λk(|x|)

f(L (1/(r1 − σ)))
(L ′(1/(r1 − σ)))p−2L ′′(1/(r1 − σ))(1/(r1 − σ)2p)

]

≤−(L ′(1/(r1 − σ)))p−2L ′′(1/(r1 − σ))(1/(r1 − σ)2p)|x|−λkp−1(|x|)

×
[(
τ1
p− 1
p

)p
(p− λ) + τp1

(
p− 1
p

)p−1
p− λ+ p(N − λ)

p

−
(
τ1
p− 1
p

)p
(p− 1)

( |x|(p−λ)/(p−1)k(|x|)∫ ∞
|x| s

(1−λ)/(p−1)k(s)ds
− p− λ

p− 1

)

−
(
2(τ1(p−1)/p)p(p−1)

L ′(1/(r1−σ))
(1/(r1−σ))L ′′(1/(r1−σ))

|x|(p−λ)/(p−1)k(|x|)∫ ∞
|x|s

(1−λ)/(p−1)k(s)ds)

+ 2(τ1(p−1)/p)p(p−λ) −
(
τp1

(
p− 1
p

)p−1(
p− 1
p

|x|(p−λ)/(p−1)k(|x|)∫ ∞
|x| s

(1−λ)/(p−1)k(s)ds
+ 1 − λ+ (p− 1)

× |x|k′(|x|)
k(|x|) +N − 1

)
L ′(1/(r1 − σ))

(1/(r1 − σ))L ′′(1/(r1 − σ))
+ τp1

(
p− 1
p

)p−1
p− λ+ p(N − λ)

p

)

+
b(x)

|x|−λk(|x|)
(

Lf (L (1/(r1 − σ)))
(1/(r1 − σ))L (1/(r1 − σ))

)p−1
L ′(1/(r1 − σ))

(1/(r1 − σ))L ′′(1/(r1 − σ))

× f(L (1/(r1 − σ)))
(1/(r1 − σ))pLp−1

f (L (1/(r1 − σ)))
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= −(L ′(1/(r1 − σ)))p−2L ′′(1/(r1 − σ))(1/(r1 − σ)2p)|x|−λkp−1(|x|)

×
[
J1(x, r1−σ) +

b(x)
|x|−λk(|x|)

(
Lf (L (1/(r1−σ)))

(1/(r1−σ))L ′(1/(r1−σ))

)p−1
L ′(1/(r1−σ))

(1/(r1−σ))L ′′(1/(r1−σ))

× f(L (1/(r1−σ)))
(1/(r1−σ))pLp−1

f (L (1/(r1−σ)))
+ pb1 + τp1

(
p− 1
p

)p−1

(N + p− 2λ)−pb1
]
≤ 0,

o uε 		
 (1.1) � Dσ− P�#�. JM#x�e�FK, uε 		
 (1.1) � D+
σ P�
�. �

�xd, &��ca� σ �O M , 0.
M2
:

u(x) ≤ uε(x) +M, x ∈ Dσ
−, (4.6)

uε(x) ≤ u(x) +M, x ∈ ΩRε . (4.7)

yz#, f&��ca� σ ��O M , 0.

u(x) ≤ uε(x) +M, uε(x) ≤ u(x) +M, x ∈ {x ∈ R
N : |x| = Rε}. (4.8)

`], s�

u(x) < uε(x) = ∞, x ∈
{
x ∈ R

N : τ1

( ∫ ∞

|x|
s(1−λ)/(p−1)k(s)ds

) p−1
p

= σ

}
.

h��fFN{|,+N,C��O ρ, 0.

sup
x∈Dσ

−
u(x) ≤ uε(x), x ∈ Dσ

− \ D̃σ
−, (4.9)

�P D̃σ
− = ΩRε \ Ωσ(1+ρ)

− . JS (4.8) ' (4.9) F. u(x) ≤ uε(x) + M, x ∈ ∂(D̃σ
−). `], JS

(4.8) ' Ω+
σ ��� (P� (4.5)), � uε(x) ≤ u(x) +M, x ∈ ∂(Dσ

+). s� u ' uε ,C� D̃σ− '

Dσ
+ P"R (3.6). JM (f1) FK uε +M ' u+M ,C��� D̃σ− ' Dσ

+ P�v	
�#�.

JMeE 3.6 o.

u(x) ≤ uε(x) +M, x ∈ D̃σ
−, uε(x) ≤ u(x) +M, x ∈ Dσ

+. (4.10)

JS (4.10), (4.9) ' (4.5), o. (4.6), (4.7) 2
. s`, K σ → 0 F., ���� x ∈ ΩRε , �
u(x)

L (τ1(
∫ ∞
|x| s

(1−λ)/(p−1)k(s)ds)(1−p)/p)
≤ 1 +

M

L (τ1(
∫ ∞
|x| s

(1−λ)/(p−1)k(s)ds)(1−p)/p)
;

u(x)
L (τ2(

∫ ∞
|x| s

(1−λ)/(p−1)k(s)ds)(1−p)/p)
≥ 1 − M

L (τ2(
∫ ∞
|x| s

(1−λ)/(p−1)k(s)ds)(1−p)/p)
.

h

lim sup
|x|→∞

u(x)
L(τ1(

∫ ∞
|x|s

(1−λ)/(p−1)k(s)ds)(1−p)/p)
≤1, lim inf

|x|→∞
u(x)

L(τ2(
∫ ∞
|x|s

(1−λ)/(p−1)k(s)ds)(1−p)/p)
≥1.

3,3�

lim
|x|→∞

u(x)
L ((

∫ ∞
|x| s

(1−λ)/(1−p)k(s)ds)(1−p)/p)
= 1.

}s� ψ(|x|) = φ((
∫ ∞
|x| s

(1−λ)/(p−1)k(s)ds)
p−1

p ), L (1/t) = φ(t), �P φ 	T,	
��:
∫ ∞

φ(t)

Lp−2
f (s)

f̂(s)
ds = tp.

h (1.3) 2
. *s.
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5 vk 1.5 wxy
tu �1 δ > 0, �� Dδ = {x ∈ Ω : 0 < d(x) < δ}. P� Ω N� C4- /0� , h&�

δ1 > 0, 0. d ∈ C4(Dδ1), 
� |∇d(x)| = 1, Δd(x) = −(N − 1)H(x̄(x)) + o(1), x ∈ Dδ1 . 	b

`P, �� x̄ := x̄(x), x ∈ Dδ1 . ��y�� ε > 0, K

w±(x, d(x)) = ξ(K(d(x)))−p/(γ+1−p)(1 + (C1 ± ε)d(x) + C2H(x̄)d(x)), x ∈ Dδ1 ,

o.

f(w±(x, d(x))) = c0ξ
γ(K(d(x)))−γp/(γ+1−p)(1 + �(w±(x, d(x))))(1 + γ(C1 ± ε)d(x)

+ γC2H(x̄)d(x)), x ∈ Dδ1 .

K r = d(x), JMule���BZ�
yz:

Δpw±(x, r)

= div(|∇w±|p−2∇w±)

= (p− 2)|∇w±|p−4
N∑

i,j=1

∂w±
∂xi

∂w±
∂xj

∂2w±
∂xj∂xi

+ |∇w±|p−2Δw±

= |∇w±|p−2

(
(p−2)

∂2w±
∂2r

+(p−2)
(

(γ+1−p)Dk+p
γ + 1

)3/(γ+1−p)((p−1)(γ+1)
c0(γ+1−p)

)3/(γ+1−p)

×
(

p

γ+1−p
)3p/(γ+1−p)

γ + 1
γ+1−p(K(r))(p−(4(γ+1)))/(γ+1−p) · k4(r)A±(x)/|∇w±|2+Δw±

)

= |∇w±|p−2

(
(γ+1−p)Dk + p

γ + 1

)1/(γ+1−p)((p− 1)(γ + 1)
c0(γ+1−p)

)1/(γ+1−p)
k2(r)r

[
(p− 2)
r

×
(
− γ+1−p

γ + 1
· k

′(r)K(r)
k2(r)

+1
)

+(p− 2)
(
− γ+1−p

γ + 1
· k

′(r)K(r)
k2(r)

+1
)

(C1 ± ε+C2H(x̄))

− 2(p− 2)(γ+1−p)
(γ + 1)

· K(r)
rk(r)

(C1 ± ε+ C2H(x̄))

+
(p− 2)A±(x)
(B±(x))2r

+
(

(γ+1−p)Dk + p

γ + 1

)−1/(γ+1−p)((p− 1)(γ + 1)
c0(γ+1−p)

)−1/(γ+1−p)

×
(

p

γ+1−p
)−p/(γ+1−p)

γ+1−p
γ + 1

(K(r))(2(γ+1)−p)/(γ+1−p) · Δw±
k2(r)r

]
,

�P
A±(x) =

(
γ+1−p

p

)2(
K(r)
k(r)

)2(
− γ+1−p

γ + 1
· K(r)k′(r)

k2(r)
+ 1

)
(1 + (C1 ± ε

+ C2H(x̄))r)
[
C2

2r
2

( N∑
i,j

∂H(x̄)
∂xi

∂H(x̄)
∂xj

− |∇H(x̄)|2
)]

− 2(γ+1−p)3
p2γ + 1

(
K(r)
k(r)

)3

×
[
(C2r)2(C1 ± ε+ C2H(x̄))

( N∑
i,j=1

∂H(x̄)
∂xi

∂H(x̄)
∂xj

− |∇H(x̄)|2
)]

+
4r(γ+1−p)2
p(γ + 1)

(
K(r)
k(r)

)2

(C2(C1 ± ε+C2H(x̄))∇H(x̄)∇d(x))−2C2r(γ+1−p)
γ + 1

K(r)
k(r)
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×(1+(C1 ± ε+C2H(x̄))r)2∇H(x̄)∇d(x)+(γ+1−p)2
p(γ+1)

(
K(r)
k(r)

)2(
2C2∇H(x̄)∇d(x)+C2r

×
N∑

i,j=1

∂2H(x̄)
∂xj∂xi

∂d

∂xj

∂d

xi

)(
γ+1−p

p

)2(
K(r)
k(r)

)3

(1+(C1 ± ε+ C2H(x̄))r)2−2(γ+1−p)
γ+1

× (C1± ε+C2H(x̄))
(

2C2∇H(x̄)∇d(x)+C2r

N∑
i,j

∂2H(x̄)
∂xj∂xi

∂d

∂xj

∂d

xi

)
− (γ+1−p)3
p2(γ+1)

(
K(r)
k(r)

)3

×
[
(1 + (C1 ± ε+ C2H(x̄))r)(C2r)2

N∑
i,j=1

H(x̄)
∂xi

H(x̄)
∂xj

∂2d

∂xj∂xi

]
+

(γ+1−p)4
p3(γ + 1)

(
K(r)
k(r)

)4

× (C1 ± ε+C2H(x̄))(C2r)2
N∑
i,j

∂H(x̄)
∂xi

∂H(x̄)
∂xj

∂2d

∂xj∂xi
+

(γ+1−p)2
p(γ + 1)

(
K(r)
k(r)

)2

×
(
r−γ+1−p

p
· K(r)
k(r)

)
C2

2r(1+(C1 ± ε+C2H(x̄))r)(2|∇H(x̄)|2+2(∇H(x̄)∇d(x))2)

− (γ+1−p)3
p2(γ + 1)

(
K(r)
k(r)

)3

2(C2r)2
[ N∑
i,j

∂2H(x̄)
∂xj∂xi

∂H(x̄)
∂xj

∂d

∂xi
(1 + (C1 ± ε+ C2H(x̄))r)

+ (C1 ± ε+ C2H(x̄))(|∇H(x̄)|2 + (∇H(x̄)∇d(x))2) + C2r|∇H(x̄)|2∇H(x̄)∇d(x)
]

+
(γ+1−p)4
p3(γ + 1)

(
K(r)
k(r)

)4[
C2

2r(C1 ± ε+ C2H(x̄))(2|∇H(x̄)|2 + 2∇H(x̄)∇d(x))2

+ 2C3
2r

2|∇H(x̄)|2∇H(x̄)∇d(x) +2(C2r)2(C1 ± ε+C2H(x̄))
N∑
i,j

∂2H(x̄)
∂xj∂xi

∂H(x̄)
∂xj

∂d

∂xi

+(C2r)3
N∑
i,j

∂H(x̄)
∂xi

∂H(x̄)
∂xj

∂2H(x̄)
∂xj∂xi

]
+

4(γ+1−p)2
p(γ + 1)

(
K(r)
k(r)

)2

C2r
2(C1 ± ε+C2H(x̄))2

×∇H(x̄)∇d(x) − 2(γ+1−p)3
p2(γ + 1)

(
K(r)
k(r)

)3

(C1 ± ε+ C2H(x̄))2
(

3C2r∇H(x̄)∇d(x)

+ C2r
2

N∑
i,j=1

∂2H(x̄)
∂xj∂xi

∂d

∂xj

∂d

∂xi

)
+

(γ+1−p)4
p3(γ + 1)

(
K(r)
k(r)

)4

(C1 ± ε+ C2H(x̄))2

×
(

2C2∇H(x̄)∇d(x) + C2r

N∑
i,j

∂2H(x̄)
∂xj∂xi

∂d

∂xj

∂d

∂xi

)
;

B±(x) = (1 + J±(x))1/2,

QL

J±(x) = 2(C1 ± ε+ C2H(x̄))
(
r − γ+1−p

p
· K(r)
k(r)

)
+ �±(x),


�

�±(x)=
(
−C2(γ+1−p)

p
· rK(r)
k(r)

)2∣∣∣∣∇H(x̄)|2+(C1 ± ε+ C2H(x̄))2
(
r−γ+1−p

p
· K(r)
k(r)

)2

+2
[
1+(C1 ± ε+C2H(x̄))

(
r−γ+1−p

p
· K(r)
k(r)

)](
−C2(γ+1−p)

p

)
rK(r)
k(r)

· ∇H(x̄)∇d(x).
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JM|k Taylor zM, .

(B±(x))2−p =
n∑
i=0

(
�

i

)
Ji±(x) +

(
�

n+ 1

)
(1 + μ±J±(x))�−(n+1)Jn+1

± (x),

�P
� =

2 − p

2
, μ± ∈ (0, 1).

��

I1±(x) =
p−1
r

(B±(x))2−p
[
1−γ+1−p

γ + 1
· K(r)k′(r)

k2(r)
− (γ+1−p)Dk + p

γ + 1
· (1+�(w±(x, r)))

]
;

I2±(x) = (C1 ± ε)(p−1)
[
1−γ+1−p

γ + 1

(
K(r)k′(r)
k2(r)

+
2K(r)
rk(r)

)

+ (p− 2)
(

1 − γ+1−p
γ + 1

· K(r)k′(r)
k2(r)

)(
1 − γ+1−p

p
· K(r)
rk(r)

)

− ((γ+1−p)Dk + p)γ
γ + 1

(1 + �(w±(x, r)))(B±(x))2−p
]

− (B0 ∓ a0ε)(p− 1)
(γ+1−p)Dk + p

γ + 1
(1 + �(w±(x, r)))(B±(x))2−p;

I3±(x) = H(x̄)
[
C2(p− 1)

(
1 − γ+1−p

γ + 1

(
K(r)k′(r)
k2(r)

+
2K(r)
rk(r)

)

+ (p− 2)
(

1 − γ+1−p
γ + 1

· K(r)k′(r)
k2(r)

)(
1 − γ+1−p

p
· K(r)
rk(r)

)

− ((γ+1−p)Dk + p)γ
γ + 1

(1 + �(w±(x, r)))(B±(x))2−p
)

+
γ+1−p
γ + 1

· (N − 1)K(r)
rk(r)

]
+ o(1);

I4±(x) =
(p− 2)D±(x)
(B±(x))2r

− γ+1−p
γ + 1

· K(r)
k(r)

[
(C1 ± ε+ C2H(x̄))Δd(x) + 2C2∇H(x̄)∇d(x)

]

+
(γ+1−p)2
(γ + 1)p

K(r)
rk(r)

K(r)
k(r)

[
(C1 ± ε+ C2H(x̄))Δd(x)

+ 2C2∇H(x̄)∇d(x) + C2rΔH(x̄)
]
− (p− 1)(B0 ∓ a0ε)

((γ+1−p)Dk + p)γ
γ + 1

× (1 + �(w±(x, r)))(B±(x))2−p((C1 ± ε)r + C2H(x̄)r + o(1))

+
1
r

(
1 − γ+1−p

γ + 1
· K(r)k′(r)

k2(r)

)[ n∑
i=2

(
�

i

)
Ji±(x)

+
(

�

n+ 1

)
(1 + μ±J±(x))�−(n+1)Jn+1

± (x) + �±(x)
]
,

�P
a0 ∈ (0,min{1, (γ+1−p)(p(p+ (γ + 1)Dk) − (2 − p)(γ+1−p)D2

k)/(γ + 1)2}),


� � = 2−p
2 , μ± ∈ (0, 1).

JMeE 3.3, eE 3.4 NH ξ, C1 ' C2 ��� (P�E 1.5), ����
eE:
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s\ 5.1 ��E 1.5 �//
, 
M2
:

(i) limd(x)→0 I1±(x) = (γ+1−p)(p−1)ηk

γ+1 ;

(ii) limd(x)→0 I2±(x) = (p− 1)[(C1 ± ε)(γ+1−p)((2 − p)(γ+1−p)D2
k

−p(p+ (γ + 1)Dk))/(p(γ + 1)) − (B0 ∓ a0ε)(p+ (γ+1−p)Dk)/(γ + 1)];

(iii) limd(x)→0 I3±(x) = limd(x)→0 I4±(x) = 0.

JM (b1), (b3) 'eE 5.1 FK, &�N,C� δ1ε ∈ (0,min{1, δ1/2}), 0.
(i) kp(d(x))(1 + (B0 − a0ε)d(x)) ≤ b(x) ≤ kp(d(x))(1 + (B0 + a0ε)d(x)), x ∈ D2δ1ε ;

(ii) I1+(x) + I2+(x) + I3+(x) + I4+(x) ≤ 0, x ∈ D2δ1ε ;

(iii) I1−(x) + I2−(x) + I3−(x) + I4−(x) ≥ 0, x ∈ D2δ1ε .

��

Dσ
− := D2δ1ε \ D̄σ, Dσ

+ := D2δ1ε−σ

'

d1(x) := d(x) − σ, x ∈ Dσ
−, d2(x) := d(x) + σ, x ∈ Dσ

+.

K uε(x, d1(x)) := ξ(K(d1(x)))−p/(γ+1−p)(1 + (C1 + ε)d1(x) + C2H(x̄)d1(x)), x ∈ Dσ
−, �

f(uε(x, d1(x))) = c0ξ
γ(K(d1(x)))−γp/(γ+1−p)(1 + �(uε(x, d1(x))))(1 + γ(C1 + ε)d1(x)

+ γC2H(x̄)d1(x) + o(d1(x))), x ∈ Dσ
−.

JMule�FK, ���� x ∈ Dσ
−, ���

Δuε(x, d1(x))

=
(

(p− 1)((γ+1−p)Dk + p)
c0(γ+1−p)

)1/(γ+1−p)[(
p

γ+1−p
)p/(γ+1−p)

γ + 1
γ+1−p

× (K(d1(x)))−(2(γ+1)−p)/(γ+1−p)k2(d1(x))(1 + (C1 + ε)d1(x) + C2H(x̄)d1(x))

−
(

p

γ+1−p
)p/(γ+1−p)

(K(d1(x)))−(γ+1)/(γ+1−p)k′(d1(x))(1+(C1+ε)d1(x) + C2H(x̄)d1(x))

−
(

p

γ+1−p
)p/(γ+1−p)

(K(d1(x)))−(γ+1)/(γ+1−p)k(d1(x))(1+(C1+ε)d1(x)+C2H(x̄)d1(x))

× Δd(x) − 2
(

p

γ+1−p
)p/(γ+1−p)

(K(d1(x)))−(γ+1)/(γ+1−p)k(d1(x))(C1 + ε+ C2H(x̄)

+ C2d1(x)∇H(x̄)∇d(x)) +
(

p

γ+1−p
)(p−1)/(γ+1−p)

(K(d1(x)))−p/(γ+1−p)(2C2∇H(x̄)∇d(x)

+ (C1 + ε+ C2H(x̄))Δd(x) + C2d1(x)ΔH(x̄))
]
.

s`, ���� x ∈ Dσ
− ' r = d1(x), ���

Δpuε(x, r) − kp(r)(1 + (B0 − a0ε)r)f(uε(x, r))

≤ |∇uε(x, r)|p−2

(
(p− 1)((γ+1−p)Dk + p)

c0(γ+1−p)
)1/(γ+1−p)(

p

γ+1−p
)p/(γ+1−p)

γ + 1
γ+1−p

× (K(r))−(2(γ+1)−p)/(γ+1−p)k2(r)r(I1+(x) + I2+(x) + I3+(x) + I4+(x)) ≤ 0,
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o uε(x, r) 		
 (1.1) � Dσ− P�#�. JM-x�e�FK

uε(x, d2(x)) := ξ(K(d2(x)))−p/(γ+1−p)(1 + (C1 − ε)d2(x) + C2H(x̄)d2(x)), x ∈ Dσ
+

		
 (1.1) � Dσ
+ P�
�.

K u 		
 (1.1) ���� �!�. ��Qg�
}b.~:

(I) (p > 1, p �= 2) ~�E 1.2 �**-x, &�O M > 0, 0.

u(x) ≤ uε(x, d1(x)) +M, x ∈ Dσ
−, uε(x, d2(x)) ≤ u(x) +M, x ∈ Dσ

+.

s`, K σ → 0, ���� x ∈ Ω2δ1ε , ���

C1 + ε+ C2H(x̄) +
M

ξd(x)(K(d(x)))−p/(γ+1−p) ≥ (d(x))−1

(
u(x)

ξ(K(d(x)))−p/(γ+1−p) − 1
)
,

C1 − ε+ C2H(x̄) − M

ξd(x)(K(d(x)))−p/(γ+1−p) ≤ (d(x))−1

(
u(x)

ξ(K(d(x)))−p/(γ+1−p) − 1
)
.


A**

lim
d(x)→0

M

ξd(x)(K(d(x)))−p/(γ+1−p) = 0. (5.1)

� Dk = 0, �JMeE 3.3 (iii) o. (5.1) 2
.

� Dk > 0, �JMeE 3.3 (ii), (1.8) 'zB 2.8 (ii) F. (5.1) 2
. s`, ���

C1 + ε+ C2H(x̄) ≥ lim sup
d(x)→0

(d(x))−1

(
u(x)

ξ(K(d(x)))−p/(γ+1−p) − 1
)
,

C1 − ε+ C2H(x̄) ≤ lim inf
d(x)→0

(d(x))−1

(
u(x)

ξ(K(d(x)))−p/(γ+1−p) − 1
)
.

(5.2)

(II) (p = 2) JM-x�lmFK, &�N,��O M > 0, 0.

u(x) ≤ uε(x, d1(x)) +MV 1(x), x ∈ D−
σ , uε(x, d2(x)) ≤ u(x) +MV 1(x), x ∈ D+

σ ,

�P V 1 ∈ C2, α(Ω) ∩ C1(Ω̄) 	�
AB�+,�:

−Δv = 1, v > 0, x ∈ Ω, v|∂Ω = 0.

JM Höpf {�mvE [23] K

∇V 1(x) �= 0, ∀x ∈ ∂Ω, 
� c2d(x) < V 1(x) < c1d(x), (5.3)

�P c1, c2 	�O .

hK σ → 0, ���� x ∈ Ω2δ1ε , ���

C1 + ε+ C2H(x̄) +
MV 1(x)

ξd(x)(K(d(x)))−p/(γ+1−p) ≥ (d(x))−1

(
u(x)

ξ(K(d(x)))−p/(γ+1−p) − 1
)
,

C1 − ε+ C2H(x̄) − MV 1(x)
ξd(x)(K(d(x)))−p/(γ+1−p) ≤ (d(x))−1

(
u(x)

ξ(K(d(x)))−p/(γ+1−p) − 1
)
.

JM (5.3) o.

lim
d(x)→0

MV 1(x)
ξd(x)(K(d(x)))−p/(γ+1−p) = 0.

s`, ��� (5.2). K ε→ 0 o. (1.9) 2
. *s.

z{ |��}<���(a*��O~���P.



4� 7788: 9596V:7:;<=>;<=8:9:Æ;?@ 567

| } ~ �
[1] Alarcón S., Dı́az G., Rey J. M., The influence of sources terms on the boundary behavior of the large solutions

of quasilinear elliptic equations, Z. Angew. Math. Phys., 2013, 64(3): 659–677.

[2] Alves C. O., Santos C. A., Zhou J., Existence and non-existence of blow-up solutions for a non-autonomous

problem with indefinite and gradient terms, Z. Angew. Math. Phys., 2015, 66(3): 891–918.

[3] Anedda C., Porru G., Second order estimates for boundary blow-up solutions of elliptic equations, Discrete

Contin. Dyn. Syst. (Suppl.), 2007, (2007): 54–63.

[4] Anedda C., Porru G., Boundary behaviour for solutions of boundary blow-up problems in a borderline case,

J. Math. Anal. Appl., 2009, 352(1): 35–47

[5] Bandle C., Asymptotic behaviour of large solutions of quasilinear elliptic problems, Z. Angew. Math. Phys.,

2003, 54(5): 731–738.

[6] Bandle C., Marcus M., On second-order effects in the boundary behaviour of large solutions of semilinear

elliptic problems, Differential Integral Equations, 1998, 11(1): 23–34.

[7] Bandle C., Marcus M., Dependence of blowup rate of large solutions of semilinear elliptic equations, on the

curvature of the boundary, Complex Var., 2004, 49(7–9): 555–570.

[8] Bieberbach L., Δu = eu und die automorphen Funktionen, Math. Ann., 1916, 77(2): 173–212.

[9] Bingham N. H., Goldie C. M., Teugels J. L., Regular Variation, Encyclopedia Math. Appl., Vol. 27, Cam-

bridge University Press, Cambridge, 1987.
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[12] Ĉırstea F., Elliptic equations with competing rapidly varying nonlinearities and boundary blow-up, Adv.

Differential Equations, 2007, 12(9): 995–1030.
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