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Abstract Let A be a C∗-algebra with the unit I, Φ : A → A be a surjective
map. We show that Φ preserves strong k-skew commutativity, that is, Φ satisfies
∗[Φ(A),Φ(B)]k =∗ [A,B]k, ∀A,B ∈ A if and only if Φ(A) = Φ(I)A, ∀A ∈ A , where
Φ(I) ∈ Z (A ) with Φ(I)∗ = Φ(I) and Φ(I)k+1 = I, Z (A ) is the center of A . In
particular, if Z (A ) = CI, then Φ : A → A preservers strong k-skew commutativity
if and only if Φ(A) = A, ∀A ∈ A or Φ(A) = −A, ∀A ∈ A . The latter case does not
occur if k is even.
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1 YZ
� A � ∗- �, A,B ∈ A . A,B � skew-Lie ��� ∗[A,B] = AB − BA∗. Skew-Lie ��

������������ ! [1, 3, 4]. �", �� B ∈ A , �#��$% δ : A → A , δ(A) =

AB −BA∗, ∀A ∈ A , & δ(A2) = Aδ(A) + δ(A)A∗, ∀A ∈ A , δ � Jordan ∗- �' [4]. (�)*
+,���� skew � -�$%, ! Φ : A → A ". ∗[Φ(A),Φ(B)] =∗ [A,B], ∀A,B ∈ A .

�/ [1] 0, Cui # Park 1$%2' von Neumann &3 A 4�'5-"% Φ �� skew � 

-(6)( Φ(A) = Ψ(A) + h(A)I, ∀A ∈ A , *0 Ψ : A → A ��� skew � -�5-7%,

h : A → R �". h(0) = 0 �'5-+,. �/ [3] 0, 8,1$%-'./01239#4:
9� ∗- � A 4�'5-"% Φ �� skew � -(6)( Φ(A) = ZA + f(A), ∀A ∈ A , *0
Z �". Z2 = I �0;019, f �0;019<$%. 0=>3 k ≥ 1, 567�/ [6] 0?
@% k-skew � '�89. 0 A,B ∈ A , A,B � k-skew � ' ∗[A,B]k :A�#�

∗[A,B]0 = B, ∗[A,B]1 =∗ [A,B] = AB − BA∗, ∗[A,B]k =∗ [A,∗ [A,B]k−1],

∗[A,B]k =
k∑

i=0

(−1)iCi
kAk−iB(A∗)i,

*0 Ci
k = k(k−1)···(k−i+1)

i! . 1$% Φ : A → A �� k-skew � -, B
∗[Φ(A),Φ(B)] =∗ [A,B]k, ∀A,B ∈ A .

CD, B k = 1, �� k-skew � -$%��� skew � -$%. �/ [6] 0, 8,1$%-�
'./01239� ∗- E� A 4�"% Φ �� 2-skew � -�;<=�F>�?� A �

@G0;019 λ ∈ CS , HA λ3 = I 6 Φ(A) = λA, ∀A ∈ A . �/ [2] 0, 8,1$%IB
CJK'&3 A 4�<�D-L�)MNO�$% Φ : A → A �� k-skew � -(6)(
Φ(A) = A, ∀A ∈ A E Φ(A) = −A, ∀A ∈ A . F/GH-4:9 I � C∗- &34�� k-skew

� -�"% (k ≥ 2),I/ [2]0�JKALM-4:9 I � C∗-&34.PQM,/ [1–3, 6]0
�� k-skew� -$%�GHRNS�E&3�E-,M)NO�-TUOP$%�Q, R C∗-

&3)SÆ�E&3, VÆ)�-M)NO, 2T/ [1–3, 6] 0�UVÆW!S C∗- &3. �%
GH C∗- &34�� k-skew � -�$%, =XYZ[�\W#UV.

� A �-4:9 I � C∗- &3, X Z (A ) = {T ∈ A , TA = AT, ∀A ∈ A } � A �0
;, Zs(A ) = {A ∈ Z (A ), A∗ = A}. X H �Y Hilbert Z[, B(H) \] H 4�L��]5
-K'^_^_�&3. D-4:K' I � C∗ '&3 A ⊆ B(H) � von Neumann &3, B
A ′′ = A , *0 A ′ = {T ∈ B(H), TA = AT, ∀A ∈ A }, A ′′ = {A ′}′. B Z(A) = CI, &1 A

�2' von Neumann &3.

2 [\]^_`aÆ
F`GH-4:9 I � C∗- &34�� k-skew � -�"%. `a�F/�a�JK.

bb 2.1 � A �-4:9 I � C∗- &3, Φ : A → A �"%, & Φ �� k-shew � -,

!

∗[Φ(A),Φ(B)]k =∗ [A,B]k, ∀A,B ∈ A (2.1)

(6)( Φ(A) = Φ(I)A, ∀A ∈ A , Φ(I) ∈ Z (A ), Φ(I)∗ = Φ(I), Φ(I)k+1 = I.
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�1$�Q 2.1, gkh�`l?Q.

cb 2.2 � A � C∗- &3,

(1) B A ∈ A , A∗ = −A, & ∗[A,B]k = (A ◦ B)k, *0 A ◦ B = AB + BA, (A ◦ B)k =

(A ◦ (A ◦ B)k−1) =
∑k

i=0 Ci
kAk−iBAi, ∀B ∈ A .

(2) B A ∈ A , A∗ = −A, & ∗[A,B]k = (−1)k[B,A]k, *0 [B,A] = BA − AB, [B,A]k =

[[B,A]k−1, A] =
∑k

i=0(−1)iCi
kAiBAk−i, ∀B ∈ A .

(3) B A,B ∈ A , A∗ = A, B∗ = B, &
[B,A]∗k =

{
[B,A]k, k = 2m, m ∈ N;
[B,A]k, k = 2m − 1, m ∈ N.

(4) ∗[ZA,B]k = Zk∗[A,B]k, ∀Z ∈ Zs(A ).

(5) B Z ∈ Zs(A ), & ∗[ZA,ZB]k = Zk+1∗[A,B]k, ∀A,B ∈ A .

(6) 0 A,B ∈ A #iQ=>3 k,

∗[B,A∗]k = (−1)k
∗[B,A]∗k =

{
∗[B,A]∗k, k = 2m, m ∈ N;
−∗[B,A]∗k, k = 2m − 1, m ∈ N.

(7) � S ∈ A , ∗[X,S]k = 0, ∀X ∈ A (6)( S = 0.

de (1)–(4) CD_m, `1 (5)–(7).

(5) B Z ∈ Zs(A ), 0iQ� A,B ∈ A ,

∗[ZA,ZB]k =
k∑

i=0

(−1)iCi
k(ZA)k−i(ZB)((ZA)∗)i

=
k∑

i=0

(−1)iCi
kZk+1Ak−iB(A∗)i = Zk+1∗[A,B]k.

(6) 0iQ� A,B ∈ A , j

∗[B,A∗]k =
k∑

i=0

(−1)iCi
kBk−iA∗(B∗)i =

[ k∑
i=0

(−1)iCi
kBiA(B∗)k−i

]∗

= (−1)k

[ k∑
i=0

(−1)k−iCi
kBiA(B∗)k−i

]∗
t=k−i======(−1)k

[ k∑
i=0

(−1)tCt
kBk−tA(B∗)t

]∗

= (−1)k
∗[B,A]∗k.

(7) ;<-CD, `1=�-. � X = λI, λ 	= λ, &
0 =∗ [λI, S]k =

k∑
i=0

(−1)iCi
k(λI)k−iS((λI)∗)i = S

k∑
i=0

(−1)iCi
kλk−i(λ)iI = (λ − λ)kS,

& (λ − λ)kSS∗ = 0. 2� λ 	= λ, LU SS∗ = 0, S = 0. 1n.

`a?Q�/ [5, �Q 1].

cb 2.3 � A �-4:9 I � C∗-&3, Y,Z ∈A , Y ∗= −Y, Z∗= −Z,B [[Z, Y ], Y ] = 0,

& [Z, Y ] = 0.

cb 2.4 � A �-4:9 I � C∗- &3, Y ∈ A , Y ∗ = Y .

(1) B Z ∈ A , Z∗ = Z, 6 [[Z, Y ], Y ] = 0, & [Z, Y ] = 0.

(2) B Z ∈ A , Z∗ = −Z, 6 [[Z, Y ], Y ] = 0, & [Z, Y ] = 0.
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de (1) 2� (iY )∗ = −iY, (iZ)∗ = −iZ, j [[iZ, iY ], iY ] = −i[[Z, Y ], Y ] #?Q 2.3 k, B
[[Z, Y ], Y ] = 0, & [[iZ, iY ], iY ] = 0. LU [iZ, iY ] = −[Z, Y ] = 0, [Z, Y ] = 0.

(2) 2� (iY )∗ = −iY , j [[Z, iY ], iY ] = −[[Z, Y ], Y ], ?Q 2.3 O4lomnpkJp_m.

1n.

cb 2.5 � A �-4:9 I � C∗- &3, Y,Z ∈ A , Y ∗ = Y, Z∗ = Z, B [Z, Y ]k = 0, &
[Z, Y ] = 0.

de ( k = 2 o, &j?Q 2.4 (1) kJp_m.

q�Jp0 k = n − 1 _m, & k = n o, B n �r3, &j
([Z, Y ]n−2)∗ = [Z, Y ]n−2, [Z, Y ]n = [[[Z, Y ]n−2, Y ], Y ] = 0

O?Q 2.2 (3) k [[Z, Y ]n−2, Y ], Y ] = [Z, Y ]n−1 = 0, jstq�k [Z, Y ] = 0. B n �u3, j
?Q 2.2 (3) k ([Z, Y ]n−2)∗ = −[Z, Y ]n−2, pj?Q 2.4 (2),

[Z, Y ]n = [[[Z, Y ]n−2, Y ], Y ] = 0

Ostq�kJp_m. 1n.

cb 2.6 � A �-4:9 I � C∗-&3. B S ∈ A , S∗ = S,HA ∗[S,X]k = 0, ∀X ∈A ,

X∗ = X, & S ∈ Z (A ).

de j?Q 2.2 (2) O?Q 2.5 k
∗[S,X]k = (−1)k[X,S]k = 0, [X,S]k = 0.

LU [X,S] = 0, ∀X ∈ A , X∗ = X. 2T S ∈ Z (A ). 1n.

bb 2.1 qde ;<-CD. `1=�-, <vwxr1s.

tf 1 Φ �7%.

uh�1$ Φ �4%.

B A,B ∈ A , HA Φ(A) = Φ(B), &
∗[Φ(X),Φ(A)]k =∗ [Φ(X),Φ(B)]k, ∀X ∈ A .

2T ∗[X,A]k =∗ [X,B]k, ∀X ∈ A . j?Q 2.2 (7) A A = B.

tf 2 Φ(A + B) = Φ(A) + Φ(B), ∀A,B ∈ A .

� A,B ∈ A , ∀C ∈ A , j ∗[C,A + B]k =∗ [C,A]k +∗ [C,B]k O (2.1), A

∗[Φ(C),Φ(A + B) − Φ(A) − Φ(B)]k

=∗ [Φ(C),Φ(A + B)]k −∗ [Φ(C),Φ(A)]k −∗ [Φ(C),Φ(B)]k

=∗ [C,A + B]k −∗ [C,A]k −∗ [C,B]k = 0.

j Φ �"%-#?Q 2.2 (7) A Φ(A + B) = Φ(A) + Φ(B), ∀A,B ∈ A .

tf 3 (1) Φ(A∗) = Φ(A)∗, ∀A ∈ A ;

(2) B A ∈ A , & A∗ = A (6)( Φ(A)∗ = Φ(A);

(3) B A ∈ A , & A∗ = −A (6)( Φ(A)∗ = −Φ(A).

v1 (1). � A ∈ A , 0iQ� B ∈ A , j?Q 2.2 (6) A

∗[Φ(B),Φ(A∗)]k =∗ [B,A∗]k = (−1)k
∗[Φ(B),Φ(A)]∗k =∗ [Φ(B),Φ(A)∗]k.



4� bccd: C∗- e�dfg k-skew hiejfÆ 549

j Φ �"%-#?Q 2.2 (7) A Φ(A∗) = Φ(A)∗.

(2), (3) jxr 1, xr 2 # (1) �kJp_m.

tf 4 Φ(I) ∈ Zs(A ).

� A ∈ A , A∗ = A, &jxr 3 k Φ(A)∗ = Φ(A), 2 ∗[Φ(I),Φ(A)]k =∗ [I,A]k = 0, ∀A ∈
A , A∗ = A O?Q 2.6 A Φ(I) ∈ Zs(A ).

tf 5 Φ(iI)k+1 = (iI)k+1.

PQM Φ(iI)∗ = −Φ(iI), &j ∗[Φ(iI),Φ(iI)]k = 2kΦ(iI)k+1, ∗[iI, iI]k = 2k(iI)k+1 O (2.1)

A Φ(iI)k+1 = (iI)k+1.

tf 6 Φ(iI) ∈ Z (A ), Φ(I)k+1 = I.

j Φ(iI)∗ = −Φ(iI) #xr 4 A

∗[Φ(iI)∗,Φ(I)]k =
k∑

i=1

(−1)iCi
kΦ(iI)k−iΦ(I)Φ((iI)∗)i = 2kΦ(iI)kΦ(I). (2.2)

2T, j (2.1), (2.2) # ∗[iI, I]k = 2k(iI)k k Φ(iI)kΦ(I) = (iI)k, w� Φ(iI) 6jxr 5 �A

Φ(iI) = iΦ(I) ∈ Z (A ). (2.3)

yR ik+1Φ(I)k+1 = Φ(iI)k+1 = (iI)k+1, Φ(I)k+1 = I.

tf 7 Φ(A) = Φ(I)A, ∀A ∈ A .

�# Ψ(A) = Φ(I)kΦ(A), ∀A ∈ A . jxr 4 #xr 6 A

∗[Ψ(A),Ψ(B)]k =∗ [Φ(I)kΦ(A),Φ(I)kΦ(B)]k

= Φ(I)k(k+1)
∗[Φ(A),Φ(B)]k

=∗ [A,B]k,

! Ψ ��� k-skew � -"%. 2T, jxr 3 xxr 6 A

Ψ(I) = I, Ψ(iI)∗ = −Ψ(iI), Ψ(iI) ∈ Z (A ). (2.4)

PQM0iQ� A ∈ A ,

∗[Ψ(iI),Ψ(A)]k =
k∑

i=1

(−1)iCi
kΨ(iI)k−iΨ(A)(Φ(iI)∗)i = 2kΨ(iI)kΨ(A), (2.5)

∗[Ψ(iI),Ψ(A)]k =∗ [(iI), (A)]k = 2k(iI)kA. 2T, j (2.4) x (2.5) k Ψ(iI)kΨ(A) = (iI)kA. j
(2.3) x (2.4) A

Ψ(iI) = iΨ(I) = iI, Ψ(iI)k = (iI)k.

LU Ψ(A) = A, ∀A ∈ A . 2T Φ(A) = Φ(I)A, ∀A ∈ A .

yz{, B Z (A ) = CI, &j�Q 2.1 A Φ(I) = λI, λk+1 = 1, λ ∈ R. 2T
gh 2.7 � A �-4:9 I � C∗-&36 Z (A ) = CI,&"% Φ : A → A �� k-skew

� -, ! ∗[Φ(A),Φ(B)]k =∗ [A,B]k, ∀A,B ∈ A (6)(
(1) B k �u3, Φ(A) = A, ∀A ∈ A E Φ(A) = −A, ∀A ∈ A ;

(2) B k �r3, Φ(A) = A, ∀A ∈ A .

CD von Neumann &3�-4:9 I � C∗- &3, j�Q 2.1 #Ap 2.7 �I/ [1] �a
�JKALMiQ von Neumann &3.
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gh 2.8 � A � von Neumann &3, Φ : A → A �"%, & Φ �� k-skew � 

-, ! ∗[Φ(A),Φ(B)]k =∗ [A,B]k, ∀A,B ∈ A (6)( Φ(A) = Φ(I)A, ∀A ∈ A , Φ(I) ∈
Z (A ), Φ(I)∗ = Φ(I), Φ(I)k+1 = I. yz{, B A �2' von Neumann &3, &"% Φ : A →
A �� k-skew � -(6)(:

(1) B k �u3, Φ(A) = A, ∀A ∈ A E Φ(A) = −A, ∀A ∈ A ;

(2) B k �r3, Φ(A) = A, ∀A ∈ A .

PQM B(H) �IBCJK'&3 A �-4:9 I � C∗- &36 Z (A ) = CI. 2T, j
Ap 2.7 �A/ [2, �Q 2.1].

gh 2.9 � A � B(H) �IBCJK'&3, Φ : A → A 6 Φ �<�D-L�)MN
O, & Φ �� k-skew � -, !

∗[Φ(A),Φ(B)]k =∗ [A,B]k, ∀A,B ∈ A

(6)(
(1) ( k �u3, Φ(A) = A, ∀A ∈ A E Φ(A) = −A, ∀A ∈ A ;

(2) ( k �r3, Φ(A) = A, ∀A ∈ A .

ij z;|{|}}�Q~#�~.
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