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1 `�
�
� Mazur–Ulam �
�� Mazur 
 Ulam [25] ��� Banach ��������, ��

������������ ���!���"������� (�#Æ����$), ���

���#Æ���#Æ���������� (� ) ���.

� 1972 !, Mankiewicz �" [24] %#�$&"�%, '&$�����#Æ���'()
 *+������!�,!(-./��%�"���!�. )", ����#Æ���#0
1���� ���!��,!(-./��%�"���!�,������#Æ���#Æ
����������#01� (� ) ���.

1987 !, Tingley [35] ��$*2��, &���$%.��(-�� Tingley ��.

Tingley +� 3 X 
 Y .����, �4#015. S(X) 
 S(Y ). 6 f : S(X) →
S(Y ) ����!�, 78�&'�"�#Æ�� f̃ : X → Y , 9( f̃ |S(X) = f ):?

;<, �9*,+= Banach �����>?�'��. -��.@/0,%�AB1 -
AB1��
 Banach ����C% Tingley ��, .(/$D����, �01 [10] 2�$&
3�%. 2:4
354 [5] 5�$6 Tingley ��76� Mazur–Ulam Æ8�7E.

9a 1.1 F89 X �#015/� ���� Y �#015�G����!��H*
(-.9 X / Y ��#Æ��, :%���� X 7 Mazur–Ulam Æ8 (MUP).

;:, ��; Banach ���#01������-"�,(-./��I��;#Æ <
<#Æ��. JF,� f(λ1, λ2) = (λ1, λ2)5��!� f : S(C⊕∞C) → S(C⊕∞C). =?, f -,

(-. C⊕∞ C I�;#Æ <<#Æ��. =,&3>), >?K.@�?,� Banach ��.

�@ Mazur–Ulam Æ8�������JA@LB?�
 Banach��, JF c0(Γ), l∞(Γ),

lp(Γ) (1 ≤ p <∞), Lp(μ) (1 ≤ p ≤ ∞), C(Ω) (:" [9, 12, 14, 22, 30, 32]). Kadets 
 Mart́ın �
" [21] %'&$7?=?5+ Banach ���@ Mazur–Ulam Æ8. MAN, BCC
OP�"
[33] %'&$ Mazur–Ulam Æ8QD,$%.RD GL ��� Banach ��, �@E�7 lush

��, SÆ� C(K), L1(μ), L∞(μ) ��. 6, lush ���SF
JA, /0:" [3]. ET, G

"�H"FG
BCC [39] ��$"HDIIK
#015�JKÆ8�4'&LMU.@"
3SV�+=�� (somewhere-flat ��) I� Mazur–Ulam Æ8, '&$+= somewhere-flat

���@ Mazur–Ulam Æ8. Cabello Sánchez [4] )N'&G"�+=OJP*������@
Mazur–Ulam Æ8#�$Q�%.

WK.@��; Banach���#01��� Tingley����LRSTXMM
XYU [42],

Z�5�$D����, .'&$� ; �p(Γ)���#015/; �p(Δ)���#015I�

���!�H*(-. �p(Γ) / �p(Δ) ��#Æ��!�.

ET, [�'\6N��]AIK�#015����(-��, .(/$"^_V��%.

Cueto-Avellaneda 
 Peralta �" [6] %'&$� K . Stonean ���, ; C(K) ���@
Mazur–Ulam Æ8. Z�(/$G�HW� von Neumann IK��@ Mazur–Ulam Æ8&"O
0��8. ;`P_��� c0(Γ)�@Mazur–UlamÆ8Q� Jiménez-Vargas, Morales-Campoy,

Peralta 
 Ramı́rez �" [20] %(/'�. ; Banach �� �∞(Γ) �@ Mazur–Ulam Æ8�
Peralta [27] 5�. " [2, 15–18, 26] 5�$"34Z��]AIK�#015�����(-�
�%.
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G"]9D"3^T_`. R 
 C ]aÆbd�KU
;KU, T bd;K C �#015,

�e(λ) 
 �m(λ) aÆbd;K λ ��D
VD. X �����, S(X) bd X �#015. 6

Γ �"��^,, 1 ≤ p <∞, e�c�W� Γ I�7;XdK x ���e. �p(Γ), �7

‖x‖ =
( ∑

γ∈Γ

|ξγ |p
) 1

p

<∞,

&f, *� γ ∈ Γ, 7 x = {ξγ}γ∈Γ � ξγ ∈ C.

3 eγ = {(ξγ′) | ξγ = 1, ξγ′ = 0, g γ′ 
= γ}, ∀ γ ∈ Γ. x = (ξγ) �Yf,. {γ ∈ Γ | ξγ 
= 0},
e. suppx. 3 x, y ∈ �p(Γ), x ⊥ y Ib supp x ∩ supp y = ∅.

� p = 2 �, �2(Γ) �"� Hilbert ��. �01WK�" [7] %*�� Hilbert ����
� Tingley ��5�$D����. G"H"FG [37] hD�����*Æi]�8#�/$
Hilbert ��6�������O�!�. )", ; Banach �� �2(Γ) �@ Mazur–Ulam Æ8.

G"]'&; Banach �� �p(Γ) �@ Mazur–Ulam Æ8, �9; Banach �� �p(Γ) �#

015/� ; Banach �� X �#015I����!�H*(-.9 �p(Γ) / X I��

#Æ��]A, 4% 1 ≤ p <∞ � p 
= 2.

2 Z Banach [\ �1(Γ) ] Mazur–Ulam ^b
Gg, ]'&; Banach �� �1(Γ) �@ Mazur–Ulam Æ8. WK5�"3_
.

c` 2.1 3 f : S(�1(Γ)) → S(X) �"����!�, :*� n ∈ Γ 
 λ ∈ T, 7
f(−λen) = −f(λen).

da 3 f(x) = −f(λen), ∀m ∈ Γ � n 
= m. ).
‖x− em‖ = ‖f(x) − f(em)‖ = ‖f(λen) + f(em)‖ = 2




‖x+ em‖ = ‖f(x) − f(−em)‖ = ‖f(λen) + f(−em)‖ = 2

):, �* supp (x) = {n}. 3 x = αen, 78

|α− λ| = ‖αen − λen‖ = ‖f(αen) − f(λen)‖ = 2.

)"7 α = −λ, _
'h.

c` 2.2 3 f : S(�1(Γ)) → S(X) �"����!�, &f α ∈ T, γ ∈ Γ. F8 f(x) =

αf(eγ), 787 x ∈ {αeγ , αeγ}.
ij"k, F8*j3 γ ∈ Γ, e�7 f(λeγ) = λf(eγ) (bcl, *j3 λ ∈ T\{±1}, 7

f(λeγ) = λf(eγ)), :*� μ ∈ T, 7 f(μeγ) = μf(eγ) (bcl, f(μeγ) = μf(eγ)).

da 3 x =
∑

i∈Γ αiei, 9( f(x) = αf(eγ) ):. *� � m ∈ Γ, 7
|1 − α| = ‖f(x) − f(em)‖ =

∑
i �=m

|αi| + |1 − αm|




|1 + α| = ‖f(x) + f(em)‖ =
∑
i �=m

|αi| + |1 + αm|.
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3 |αm| = a, ξ = �e(αm) 
 η = �e(α), :7{
(1 − a) +

√
(1 − ξ)2 + a2 − ξ2 =

√
(1 − η)2 + 1 − η2,

(1 − a) +
√

(1 + ξ)2 + a2 − ξ2 =
√

(1 + η)2 + 1 − η2.

)" {
(1 − a)2 + 2(1 − a)

√
(1 − ξ)2 + a2 − ξ2

1
+ 1 + a2 − 2ξ = 2 − 2η,

(1 − a)2 + 2(1 − a)
√

(1 + ξ)2 + a2 − ξ2
1

+ 1 + a2 + 2ξ = 2 + 2η.

]I5���kbm, e�H*(/√
(1 − ξ)2 + a2 − ξ2 +

√
(1 + ξ)2 + a2 − ξ2 = 2a.

3

h(ξ) =
√

(1 − ξ)2 + a2 − ξ2 +
√

(1 + ξ)2 + a2 − ξ2,

� min−a≤ξ≤a h(ξ) = 2 ≥ 2a, e�H*(/ a = 1. )"7 a = α  α ):.

25'&En"k. WKo6*j3 λ ∈ T\{±1} 
 T\R %"�� I μ, 7 f(λeγ) =

λf(eγ) (bcl, f(λeγ) = λf(eγ)) ):. e�Q�'&$ f(μeγ) = μf(eγ)  f(μeγ) = μf(eγ).

25'&H+HH,Æ (bcl, '&H"HH,Æ) �-H,�. o6 f(μeγ) = μf(eγ) (bc
l, f(μeγ) = μf(eγ)). �o6
_
 2.1, e�7

|λ+ μ| = ‖λf(eγ) + μf(eγ)‖ = ‖f(λeγ) + f(μeγ)‖
= ‖f(λeγ) − f(−μeγ)‖ = ‖λeγ + μeγ‖ = |λ+ μ|

(bcl, |λ+ μ| = ‖λf(eγ) + μf(eγ)‖ = ‖f(λeγ) + f(μeγ)‖ = ‖λeγ + μeγ‖ = |λ+ μ|). <5��
 "��k�):����

2 + 2�e(λμ) = |λ|2 + |μ|2 + 2�e(λμ) = |λ+ μ|2 = |λ+ μ|2 = 2 + 2�e(λμ),

�p,
�e(λ)�e(μ) + �m(λ)�m(μ) = �e(λ)�e(μ) − �m(λ)�m(μ).

). λ, μ /∈ R, �*I5��k�-):�. dI, _
'h.

3 f : S(�1(Γ)) → S(X) �"����!�. )", e�6

Γf
1 := {γ ∈ Γ : f(λeγ) = λf(eγ), ∀λ ∈ T}




Γf
2 := {γ ∈ Γ : f(λeγ) = λf(eγ), ∀λ ∈ T}.

�_
 2.2 H*(/
Γ = Γf

1 ∪ Γf
2 
 Γf

1 ∩ Γf
2 = ∅.

5� γ ∈ Γf
1 (bcl, γ ∈ Γf

2 ) 
 α ∈ C, �W σγ(α) = α (bcl, σγ(α) = α). �_
 2.2 e
f(λeγ) = σγ(λ)f(eγ), ∀λ ∈ T, γ ∈ Γ. (2.1)

l;(/ ∀α, β ∈ C, a ∈ R, n ∈ Γ, e�7
σγ(a) = a, σγ(α+ β) = σγ(α) + σγ(β) 
 σγ(aα) = aσγ(α)

):.
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c` 2.3 3 Y �"� Banach ��, � {yi}n
i=1 �#015 S(Y ) �"_I. F8*� 

_`7 θi = ±1 (1 ≤ i ≤ n), ‖∑n
i=1 θiyi‖ = n, 78*� � {ai}n

i=1 ⊂ R, 7∥∥∥∥ n∑
i=1

aiyi

∥∥∥∥ =
n∑

i=1

|ai|.

da 3 {ai}n
i=1 ⊂ R. ).*�7_` θi = ±1 (1 ≤ i ≤ n), 7 {yi}n

i=1 ∈ S(Y ) 


‖∑n
i=1 θiyi‖ = n, � Hahn–Banach �
, '� y∗ ∈ S(Y ∗), 9(

n = y∗
( n∑

i=1

sign(ai)yi

)
=

n∑
i=1

y∗(sign(ai)yi) 
 y∗(sign(ai)yi) = 1, ∀ 1 ≤ i ≤ n

):. �* ∥∥∥∥ n∑
i=1

aiyi

∥∥∥∥ ≥ y∗
( n∑

i=1

|ai|sign(ai)yi

)
=

n∑
i=1

|ai|y∗(sign(ai)yi) =
n∑

i=1

|ai|.

&=l, 7 ∥∥∥∥ n∑
i=1

aiyi

∥∥∥∥ ≤
n∑

i=1

|ai|,

�* ‖∑n
i=1 aiyi‖ =

∑n
i=1 |ai|. 'h.

e 2.4 *� x ∈ �1(Γ) '�"�f?HKA, Γx, 7 {n ∈ Γ : x(n) 
= 0} ⊆ Γx,

x =
∑

n∈Γx
x(n)en, (x(n))n∈Γx . �1(Γ) %�"�P_.

9` 2.5 3 f : S(�1(Γ)) → S(X) �"����!�. 78, *G"� n1, . . . , nk ∈ Γ 
G

"� λ1, . . . , λk ∈ C\{0} � ∑k
j=1 |λj | = 1, e�7

f

( k∑
j=1

λjenj

)
=

k∑
j=1

σnj (λj)f(enj ).

da e�])NqmMC% k. k = 1 �nÆ�=?�. � k = 2 �, )∥∥∥∥f(
λ1

|λ1|en1

)
± f

(
λ2

|λ2|en2

)∥∥∥∥ =
∥∥∥∥ λ1

|λ1|en1 ±
λ2

|λ2|en2

∥∥∥∥ = 2,

�_
 2.3, 7
‖σn1(λ1)f(en1) + σn2(λ2)f(en2)‖ =

∥∥∥∥|λ1|σn1

(
λ1

|λ1|
)
f(en1) + |λ2|σn2

(
λ2

|λ2|
)
f(en2)

∥∥∥∥
= |λ1| + |λ2| = 1.

3 x =
∑∞

i=1 αieni ∈ S(�1(Γ)), 9( f(x) = σn1(λ1)f(en1) + σn2(λ2)f(en2) ):. ).7∥∥∥∥f(x) − σn1

(
λ1

|λ1|
)
f(en1)

∥∥∥∥ =
∥∥∥∥(
σn1

(
λ1

|λ1|
)
− σn1(λ1)

)
f(en1) + σn2(λ2)f(en2)

∥∥∥∥
= 2 − 2|σn1(λ1)|


 ∥∥∥∥f(x) − σn1

(
λ1

|λ1|
)
f(en1)

∥∥∥∥ =
∣∣∣∣ λ1

|λ1| − α1

∣∣∣∣ + 1 − |α1| ≥ 2 − 2|α1|, (2.2)
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�I5��kA(/ |α1| ≥ |λ1|. Agl, e�H*(/ |α2| ≥ |λ2|. h
1 = |λ1| + |λ2| ≤ |α1| + |α2| ≤

∞∑
i=1

|αi| = 1,

�*7 |α1| = |λ1| 
 |α2| = |λ2| ):, .�7∥∥∥∥f(x) − σn1

(
λ1

|λ1|
)
f(en1)

∥∥∥∥ =
∣∣∣∣ λ1

|λ1| − α1

∣∣∣∣ + 1 − |α1| = 2 − 2|α1|, (2.3)

: α1 = λ1. Agl, e�H*(/ α2 = λ2.

o6 k − 1 � k ≥ 3 �nÆ�io�, WK'&∥∥∥∥ k∑
j=1

f

(
λj

|λj |enj

)∥∥∥∥ = k. (2.4)

� ‖∑k−1
j=1 f( λj

(k−1)|λj |enj ) + f( λk

|λk|enk
)‖ = 2 
_
 2.3, He∥∥∥∥ k∑

j=1

f

(
λj

|λj |enj

)∥∥∥∥ =
∥∥∥∥(k − 1)

k−1∑
j=1

f

(
λj

(k − 1)|λj |enj

)
+ f

(
λk

|λk|enk

)∥∥∥∥
=

∥∥∥∥(k − 1)f
( k−1∑

j=1

λj

(k − 1)|λj |enj

)
+ f

(
λk

|λk|enk

)∥∥∥∥ = k.

j"rD_
 2.3, H(/∥∥∥∥ k∑
j=1

σnj (λj)f(enj )
∥∥∥∥ =

∥∥∥∥ k∑
j=1

|λj |σnj

(
λj

|λj |
)
f(enj )

∥∥∥∥ =
∥∥∥∥ k∑

j=1

|λj |f
(
λj

|λj |enj

)∥∥∥∥ =
k∑

j=1

|λj | = 1.

3 x =
∑∞

i=1 αieni ∈ S(�1(Γ)), 9( f(x) =
∑k

j=1 σnj (λj)f(enj ) ):. ).∥∥∥∥f(x) − σn1

(
λ1

|λ1|
)
f(en1)

∥∥∥∥ =
∥∥∥∥(
σn1

(
λ1

|λ1|
)
− σn1(λ1)

)
f(en1) + σn2(λ2)f(en2)

∥∥∥∥
= 2 − 2|σn1(λ1)|


 ∥∥∥∥f(x) − σn1

(
λ1

|λ1|
)
f(en1)

∥∥∥∥ =
∣∣∣∣ λ1

|λ1| − α1

∣∣∣∣ + 1 − |α1| ≥ 2 − 2|α1|, (2.5)

�* |α1| ≥ |λ1|. Agl, e�7 |αi| ≥ |λi| (2 ≤ i ≤ k). h

1 =
k∑

j=1

|λj | ≤
k∑

j=1

|αi| ≤
∞∑

i=1

|αi| = 1,

�* |αi| = |λi| (1 ≤ i ≤ k). e�kH*(/∥∥∥∥f(x) − σn1

(
λ1

|λ1|
)
f(en1)

∥∥∥∥ =
∣∣∣∣ λ1

|λ1| − α1

∣∣∣∣ + 1 − |α1| = 2 − 2|α1|, (2.6)

: α1 = λ1. Agl, e�(/ αi = λi (1 ≤ i ≤ k). 'h.

9` 2.6 ; Banach �� �1(Γ) �@ Mazur–Ulam Æ8, �*� ; Banach �� X 
�

 ���!� f : S(�1(Γ)) → S(X), f H*(-.9 �1(Γ) / X I��#Æ��]A.
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da *� x =
∑

γ∈Γ ξγeγ ∈ �1(Γ), �W"�!� F : �1(Γ) → X,

F (x) :=
∑
γ∈Γ

σγ(ξγ)f(eγ).

WK'& F ��W7l�. *� x ∈ �1(Γ), ). supp x � Γ %�f?HKA,, :7
x =

∑
n∈supp x

ξnen.

D N�W suppx. e�6 (
∑m

1≤n∈supp x σn(ξn)f(en))m."�pq_.*� ε > 0,) x ∈ �1(Γ),

:'� n0 ∈ N, 9(* suppx %�� m > n ≥ n0, 7 ∑m
n0≤n∈supp x |ξn| < ε. ��
 2.5 %B

r�%', e�7 ∥∥∥∥ m∑
n0≤n∈supp x

σn(ξn)f(en)
∥∥∥∥ =

m∑
n0≤n∈supp x

|ξn| < ε.

). (
∑m

1≤n∈supp x σn(ξn)f(en))m �"�pq_� X �"� Banach ��, :!� F ��

W7l�, s���#Æ�. h
‖F (x)‖ =

∥∥∥∥ ∑
γ∈Γ

σγ(ξγ)f(eγ)
∥∥∥∥ ≤

∑
γ∈Γ

|ξγ | = ‖x‖,

:7 F �(m�st�.

�
 2.5 b&*G"� n1, . . . , nk ∈ Γ 
G"� λ1, . . . , λk ∈ C, �
∑k

j=1 |λj | = 1, e�7

f

( k∑
j=1

λjenj

)
=

k∑
j=1

σnj (λj)f(enj ) = F

( k∑
j=1

λjenj

)
.

�,77?Yf�#I,� S(�1(Γ)) %�tu�, e�9&�v�#u� f 
 F �(m�, �

F |S(�1(Γ))= f . 'h.

3 Z Banach [\ �p(Γ) (1 < p < ∞, p �= 2) ] Mazur–Ulam ^b
&"g]'&; Banach �� �p(Γ) (1 < p < ∞, p 
= 2) �@ Mazur–Ulam Æ8. 25_


%�-�k� �p(Γ) %. Clarkson -�k, ]�Gg%9D.

c` 3.1 *� x, y ∈ �p(Γ), 7
(i) ‖x+ y‖p + ‖x− y‖p ≥ 2(‖x‖p + ‖y‖p), � 2 < p <∞ �;

(ii) ‖x+ y‖p + ‖x− y‖p ≤ 2(‖x‖p + ‖y‖p), � 1 < p < 2 �.

F8 (i)  (ii) ��`):���� x ⊥ y.

25�_
���01 [7] 5��, ��.@JP*������� Tingley ��%wnO
0�FD.

c` 3.2 [7] 3 X,Y . Banach ��, f : S(X) → S(Y ) �"����!�. F8 X  

Y �JP*�, : X 
 Y ��JP*��*� x ∈ S(X), y ∈ S(Y ), 7 f(−x) = −f(x),

f−1(−y) = −f−1(y) ):.

c` 3.3 3 X �; Banach ��, f : S(�p(Γ)) → S(X) �"����!�, :*� 
n ∈ Γ, 7 f(ien) ∈ {if(en),−if(en)}.
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da ). f ����!�, :'� x ∈ S(�p(Γ)), 7 f(x) = if(en). 3 x =
∑

γ∈Γ αγeγ ,

_
 3.2 b& ‖f(x) + f(en)‖ = ‖x+ en‖ 
 ‖f(x) − f(en)‖ = ‖x− en‖, v
|1 + i| = (|1 + αn|p + 1 − |αn|p)

1
p , (3.1)

|1 − i| = (|1 − αn|p + 1 − |αn|p)
1
p . (3.2)

�I5���k, H( |1 + αn| = |1 − αn|, �* �e(αn) = 0.

3 |αn| = a ≥ 0, � (3.1) 7 √
2 = [(1 + a2)

p
2 + 1 − ap]

1
p , �

(1 + a2)
p
2 + 1 − ap = 2

p
2 . (3.3)

3 h(t) = (1 + t2)
p
2 + 1 − tp, t ∈ [0, 1], : h′(t) = pt((1 + t2)

p
2−1 − tp−2).

� p > 2 �, 7 h′(t) > 0, �*� t ∈ [0, 1] �, dK h(t) �JPo�. ) a ∈ [0, 1] 


h(1) = 2
p
2 , � (3.3) e�7 a = |αn| = 1, � αn = ±i.

� 1 < p < 2 �, 7 h′(t) < 0, �*� t ∈ [0, 1] �, dK h(t) �JPw�. ) a ∈ [0, 1] 


h(1) = 2
p
2 , � (3.3), e�7 a = |αn| = 1, � αn = ±i.

dI, f(ien) ∈ {if(en),−if(en)}, _
'h.

c` 3.4 3 X �; Banach ��, f : S(�p(Γ)) → S(X) �"����!�, :*� �
α ∈ T, 7 f(αen) ∈ {αf(en), αf(en)} ):.

da ) f ����!�, :'� x ∈ S(�p(Γ)), 9( f(x) = αf(en) ):. 6 x =∑
γ∈Γ αγeγ , e�pq' αn = α  α.

_
 3.2 b& ‖f(x) + f(en)‖ = ‖x+ en‖ 
 ‖f(x) − f(en)‖ = ‖x− en‖, )"
|1 + α| = (|1 + αn|p + 1 − |αn|p) 1

p , (3.4)

|1 − α| = (|1 − αn|p + 1 − |αn|p)
1
p . (3.5)

�_
 3.3 e f(ien) ∈ {if(en),−if(en)}. -x"xÆ, e�o6 f(ien) = if(en). �_
 3.3 7
‖f(x) + f(ien)‖ = ‖αf(en) + if(en)‖ = |i + α|




‖f(x) + f(ien)‖ = ‖x+ ien‖ = (|i + αn|p + 1 − |αn|p)
1
p ,

�*
|i + α| = (|i + αn|p + 1 − |αn|p)

1
p . (3.6)

WK, '& |αn| = 1. g-?, o6 |αn| = a < 1 
 h(t, θ) = [(1 + 2t cos θ + t2)
p
2 + 1 − tp]

1
p ,

&f t ∈ [0, 1], θ ∈ [0, π
2 ].

� p > 2 �, �
∂h

∂θ
(t, θ) = [(1 + 2t cos θ + t2)

p
2 + 1 − tp]

1
p−1(1 + 2t cos θ + t2)

p
2−1(−t sin θ) < 0

He� θ ∈ [0, π
2 ] �, dK h *r� θ Uy�JPw�.

�
∂h

∂t
(t, θ) = [(1 + 2t cos θ + t2)

p
2 + 1 − tp]

1
p−1[(1 + 2t cos θ + t2)

p
2−1(t+ cos θ) − tp−1
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(1 + 2t cos θ + t2)
p
2−1(t+ cos θ) − tp−1

= t[(1 + 2t cos θ + t2)
p
2−1 − (t2)

p
2−1] + cos θ(1 + 2t cos θ + t2)

p
2−1] > 0

He ∂h
∂t (t, θ) > 0, � t ∈ [0, 1] �, dK h *r� t Uy�JPo�.

3 α = eiθ0 
 αn = aeiθ1 . F8 θ0 ∈ (0, π
2 ), � (3.4) He

h(1, θ0) = h(a, θ1).

) a < 1, ∂h
∂t (t, θ) > 0 
 ∂h

∂θ (t, θ) < 0, �*(/ |θ1| < |θ0|.
� (3.6) 7

h

(
1,
π

2
− θ0

)
= h

(
a,
π

2
− θ1

)
.

). a < 1, ∂h
∂t (t, θ) > 0 
 ∂h

∂θ (t, θ) < 0, �*7 |θ1| > |θ0|, :(/zy, � a = 1.

*, θ0 ∈ (π
2 , π), θ0 ∈ (π, 3π

2 ) 
 θ0 ∈ ( 3π
2 , 2π), DbA�'&LMe�H*(/bA��

%. �* a = 1. � (3.4) 
 (3.6), e�He |1 + α| = |1 + αn| 
 |i + α| = |i + αn| ):, �

αn = α. F8 f(ien) = −if(en), Agl, H*(/ αn = α. dI
f(αen) ∈ {αf(en), αf(en)}.

1 < p < 2 �nÆ6 p > 2 �nÆ'&LM�"g�, .��%�io�. 'h.

c` 3.5 3 X �"�; Banach ��, f : S(�p(Γ)) → S(X) �"����!�. F8*

j3 n ∈ Γ, e�7 f(λen) = λf(en) (bcl, *j3 λ ∈ T\{±1}, 7 f(λen) = λf(en)), :*
� μ ∈ T, 7 f(μen) = μf(en) (bcl, f(μen) = μf(en)).

da WK, o6*j3 λ ∈ T\{±1} 
 T\R %"�� I μ, 7 f(λen) = λf(en) (b
cl, f(λen) = λf(en)) ):. �_
 3.4, 7 f(μen) = μf(en)  f(μen) = μf(en). 25]

'&H+HH,Æ (bcl, '&H"HH,Æ) �-H,�. o6 f(μen) = μf(en) (bcl,

f(μen) = μf(en)). �o6
_
 3.2, 7
|λ+ μ| = ‖λf(en) + μf(en)‖ = ‖f(λen) + f(μen)‖

= ‖f(λen) − f(−μen)‖ = ‖λen + μen‖ = |λ+ μ|
(bcl, |λ+ μ| = ‖λf(en) + μf(en)‖ = ‖f(λen) + f(μen)‖ = ‖λen + μen‖ = |λ+ μ|). <5��
 "��k�):����

2 + 2�e(λμ) = |λ|2 + |μ|2 + 2�e(λμ) = |λ+ μ|2 = |λ+ μ|2 = 2 + 2�e(λμ)

�p,
�e(λ)�e(μ) + �m(λ)�m(μ) = �e(λ)�e(μ) − �m(λ)�m(μ),

&�-H,�, ). λ, μ /∈ R. 'h.

3 f : S(�p(Γ)) → S(X) ����!�. )", 6

Γf
1 := {γ ∈ Γ : f(λeγ) = λf(eγ), ∀λ ∈ T} 
 Γf

2 := {γ ∈ Γ : f(λeγ) = λf(eγ), ∀λ ∈ T}.
�_
 3.5 7

Γ = Γf
1 ∪ Γf

2 
 Γf
1 ∩ Γf

2 = ∅
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):. 5� γ ∈ Γf
1 (bcl, γ ∈ Γf

2 ) 
 α ∈ C, �W σγ(α) = α (bcl, σγ(α) = α). 9_
 3.5

He
f(λeγ) = σγ(λ)f(eγ), ∀λ ∈ T, γ ∈ Γ.

l;(/ α, β ∈ C, a ∈ R, n ∈ Γ, 7 σγ(a) = a, σγ(α + β) = σγ(α) + σγ(β) 
 σγ(aα) =

aσγ(α) ):.

25�_
_D" [14], H*zl;ls'&3�8*,;��k):, ve�{|$'&.

c` 3.6 [14] 3 X �; Banach ��, f : S(�p(Γ)) → S(X) �"����!�. *

S(�p(Γ)) %�G*F x 
 y � x ⊥ y 
G*i�K a 
 b � ap + bp = 1, �W
Tx(ax, by) = f−1

(
f(ax+ by) + f(ax− by)

2a

)
,

Ty(ax, by) = f−1

(
f(ax+ by) + f(−ax+ by)

2b

)
.

787
Tx(ax, by) = Tx(bx, ay), Ty(ax, by) = Ty(bx, ay), Tx(ax, by) ⊥ Ty(ax, by)

):.

c` 3.7 [14] 3 X �; Banach ��, f : S(�p(Γ)) → S(X) �"����!�, :*�
 � x ∈ S(�p(Γ)) 
G*i�K a 
 b � ap + bp = 1, *� y ∈ S(�p(Γ \ suppx)), !�
y → Ty(ax, by) �"� 1-Lipschitz !�, �

‖Ty1(ax, by1) − Ty2(ax, by2)‖ ≤ ‖y1 − y2‖, ∀ y1, y2 ∈ S(�p(Γ \ suppx)).

c` 3.8 [14] 3 T : S(�p(Γ)) → S(�p(Δ)) �"� 1-Lipschitz !�, "� 2 < p < ∞ (Γ,Δ

����^,). F8*� � x ∈ S(�p(Γ)), 7 T (−x) = −T (x), 78*� x, y ∈ S(�p(Γ)),

x ⊥ y, 7 T (x) ⊥ T (y).

c` 3.9 [14] 3 X �; Banach ��, f : S(�p(Γ)) → S(X) �"����!�, "�

1 < p < 2, :*� � xi ∈ S(�p(Γ)), i = 0, 1, 2 � xi ⊥ xj , i 
= j, i, j = 0, 1, 2 
 a, b1, b2 > 0 �

ap + bp1 + bp2 = 1, e�7
f−1

(
f(ax0 + b1x1 + b2x2) + f(−ax0 + b1x1 − b2x2)

2b1

)
⊥ f−1

(
f(ax0 − b2x1 + b1x2) + f(−ax0 + b2x1 + b1x2)

2b1

)
.

9` 3.10 3 T : S(�p(Γ)) → S(�p(Δ)) �"� 1-Lipschitz !�, "� 2 < p <∞. F8*

� � x ∈ S(�p(Γ)), 7 T (−x) = −T (x), 78

T (x) =
∑
γ∈Γ

|ξγ |T
(
ξγ
|ξγ |eγ

)
,

4%� x =
∑

γ∈Γ ξγeγ ∈ S(�p(Γ)).

da *� x =
∑

γ∈Γ ξγeγ ∈ S(�p(Γ)), {}_
 3.8,

T

(
ξγ1

|ξγ1 |
eγ1

)
⊥ T

(
ξγ2

|ξγ2 |
eγ2

)
, γ1 
= γ2, γ1, γ2 ∈ Γ,
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�*H*6
T (x) =

∑
γ∈Γ

T (x)
∣∣∣∣
supp T (

ξγ
|ξγ | eγ)

+ y,

&f
y = T (x)|Λ, Λ = Δ \

⋃
γ∈Γ

supp T
(
ξγ
|ξγ |eγ

)
.

*� ξγ1 
= 0, e�7∥∥∥∥x− ξγ1

|ξγ1 |
eγ1

∥∥∥∥p

=
∥∥∥∥ ∑

γ �=γ1

ξγeγ +
(
ξγ1 −

ξγ1

|ξγ1 |
)
eγ1

∥∥∥∥p

= 1 − |ξγ1 |p + (1 − |ξγ1 |)p


 ∥∥∥∥T (x) − T

(
ξγ1

|ξγ1 |
eγ1

)∥∥∥∥p

=
∥∥∥∥ ∑

γ �=γ1

T (x)
∣∣∣∣
supp T (

ξγ
|ξγ | eγ)

+ y +
(
T (x)

∣∣∣∣
supp T (

ξγ1
|ξγ1 | eγ1)

− T

(
ξγ1

|ξγ1 |
eγ1

))∥∥∥∥p

= 1 − ∥∥T (x)|
supp T (

ξγ1
|ξγ1 | eγ1)

∥∥p +
∥∥∥∥T (x)

∣∣∣∣
supp T (

ξγ1
|ξγ1 | eγ1)

− T

(
ξγ1

|ξγ1 |
eγ1

)∥∥∥∥p

≥ 1 − ∥∥T (x)|
supp T (

ξγ1
|ξγ1 | eγ1)

∥∥p +
(
1 − ∥∥T (x)|

supp T (
ξγ1
|ξγ1 | eγ1 )

∥∥)p
. (3.7)

). ∥∥∥∥T (x) − T

(
ξγ1

|ξγ1 |
eγ1

)∥∥∥∥ ≤
∥∥∥∥x− ξγ1

|ξγ1 |
eγ1

∥∥∥∥ ,
�*7 (

1 − ∥∥T (x)|
supp T (

ξγ1
|ξγ1 | eγ1)

∥∥)p − ‖T (x)|
supp T (

ξγ1
|ξγ1 | eγ1 )

‖p ≤ (1 − |ξγ1 |)p − |ξγ1 |p.

dK h(t) = (1 − t)p − tp � t ∈ [0, 1] I�JPw�, &f p ∈ (1,∞). �*
|ξγ1 | ≤

∥∥T (x)|
supp T (

ξγ1
|ξγ1 | eγ1 )

∥∥.
�k ∑

γ∈Γ

|ξγ |p = ‖x‖p = ‖T (x)‖p =
∥∥∥∥ ∑

γ∈Γ

T (x)
∣∣∣∣
supp T (

ξγ1
|ξγ1 | eγ)

∥∥∥∥p

+ ‖y‖p,

b& y = 0 
 |ξγ | = ‖T (x)|
supp T (

ξγ1
|ξγ1 | eγ)

‖ *� γ ∈ Γ �):. )", (3.7) �"��k, &b&∥∥∥∥T (x)
∣∣∣∣
supp T (

ξγ1
|ξγ1 | eγ1 )

− T

(
ξγ1

|ξγ1 |
eγ1

)∥∥∥∥ = 1 − ∥∥T (x)|
supp T (

ξγ1
|ξγ1 | eγ1 )

∥∥.
� �p(Γ) �JP*�, :*� γ1 ∈ Γ, �7

T (x)|
supp T (

ξγ1
|ξγ1 | eγ1 )

= |ξγ1 |T
(
ξγ1

|ξγ1 |
eγ1

)
,
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�

T (x) =
∑
γ∈Γ

|ξγ |T
(
ξγ
|ξγ |eγ

)
, ∀x =

∑
γ∈Γ

ξγeγ ∈ S(�p(Γ)).

'h.

c` 3.11 3 X �; Banach ��, f : S(�p(Γ)) → S(X) �"����!�, "� 1 <

p < 2, :*� x ∈ S(�p(Γ)) 
 γ1, γ2 ∈ Γ, γ1 
= γ2, {γ1, γ2} ∩ suppx = ∅ 
� a, b > 0 �

ap + bp = 1, e�7 Teγ1
(ax, beγ1) ⊥ Teγ2

(ax, beγ2).

da 3_
 3.9 %� x0 = x, x1 = eγ1 
 x2 = eγ2 , :e�H*(/�%pq03 b1 → b


 b2 → 0. 'h.

9` 3.12 3 T : S(�p(Γ)) → S(�p(Δ)) �"� 1-Lipschitz !�, "� 1 < p < 2. F8

T (−x) = −T (x),

4%
x =

∑
γ∈Γ

ξγeγ ∈ S(�p(Γ)), T

(
ξγ1

|ξγ1 |
eγ1

)
⊥ T

(
ξγ2

|ξγ2 |
eγ2

)
, γ1 
= γ2, γ1, γ2 ∈ Γ,

:*� � x =
∑

γ∈Γ ξγeγ ∈ S(�p(Γ)), 7
T (x) =

∑
γ∈Γ

|ξγ |T
(
ξγ
|ξγ |eγ

)
.

da '&LM6�
 3.10 �'&LM"g, �*'&{|.

tu 3.13 3 X �; Banach ��, f : S(�p(Γ)) → S(X) �"����!�, :*� �
x ∈ S(�p(Γ)) 
G*iK a 
 b � ap + bp = 1, 7

Ty(ax, by) =
∑
γ∈Γ

|ξγ |T ξγ
|ξγ | eγ

(
ax, b

ξγ
|ξγ |eγ

)
,

&f y =
∑

γ∈Γ ξγeγ ∈ �p(Γ \ suppx).

c` 3.14 3 X �; Banach ��, f : S(�p(Γ)) → S(X) �"����!�, :*� �
y ∈ S(�p(Γ)) 
G*iK a 
 b � ap + bp = 1, e�7 suppTξeγ′ (aξeγ′ , by) = γ′, ∀ γ′ ∈ Γ �

γ′ /∈ supp y, &f ξ ∈ T.

da WK'& suppTηeγ (aξeγ′ , bηeγ) = γ, &f γ′ 
= γ, η ∈ T. o6 2−
1
p ≤ b, {}

Ty(ax, by) ��W, e�7
‖Tηeγ(aξeγ′ , bηeγ)−ηeγ‖ =

1
2b

‖f(aξeγ′ + bηeγ) + f(−aξeγ′ + bηeγ) − 2bf(ηeγ)‖

≤ 1
2b

[∥∥f(aξeγ′+bηeγ)−f(ηeγ)
∥∥+b

∥∥f(aξeγ′−bηeγ)−f(ηeγ)
∥∥+2(1−b)]

=
1
2b

[2b((1 − b)p + ap)
1
p + 2(1 − b)] =

1
b
− 1 + ((1 − b)p − bp + 1)

1
p

≤ 2
1
p −1 +

((
1− 1

2
1
p

)
−1

2
+ 1

) 1
p

= 2
1
p − 1 +

(
(2

1
p − 1)p

2
− 1

2
+ 1

) 1
p

< 2
1
p − 1 +

(
1
2
− 1

2
+ 1

) 1
p

= 2
1
p (< 2). (3.8)
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dK ϕ(b) = (1 − b)p − bp � [0, 1] �JPw�, ψ(t) = t
1
p �JPo�, "� t ∈ (0,+∞),

1 < p < ∞. )", � (3.8) He γ ∈ suppTηeγ (aξeγ′ , bηeγ). F8-, :7 ‖Tηeγ (aξeγ′ , bηeγ) −
ηeγ‖ = 2

1
p , &6 (3.8) zy. brl, e�H*(/

γ′ ∈ suppTξeγ′ (aξeγ′ , by).

{}_
 3.6, He Tξeγ′ (aξeγ′ , bηeγ) ⊥ Tηeγ (aξeγ′ , bηeγ1) 
 γ′ ∈ suppTξeγ′ (aξeγ′ , bηeγ),

�* γ′ /∈ suppTηeγ (aξeγ′ , bηeγ). -�e�pq'&*� γ1 
= γ, 7
γ1 
∈ suppTξeγ′ (aξeγ′ , bηeγ).

). Tηeγ1
(aξeγ′ , bηeγ1) ⊥ Tηeγ (aξeγ′ , bηeγ)� γ1 
= γ 
= γ′ 
 γ1 ∈ suppTηeγ1

(aξeγ′ , bηeγ1),

:7 γ1 /∈ supp Tηeγ (aξeγ′ , bηeγ). )"H*(/
supp Tηeγ (aξeγ′ , bηeγ) = γ.

*� y =
∑

γ∈Γ ξγeγ ∈ S(�p(Γ \ γ′)), '&
supp Tξeγ′ (aξeγ′ , by) = γ′,

). γ′ ∈ suppTξeγ′ (aξeγ′ , by), e�pq'&*� γ0 
= γ′, 7 γ0 
∈ suppTξeγ′ (aξeγ′ , by). e

�]a�HnvU'&.

wx 1 F87 γ0 
= γ′ 
 γ0 ∈ supp y, 3 ηγ = ξγ

|ξγ | , �#% 3.13, 7

Ty(aξeγ′ , by) =
∑
γ∈Γ

|ξγ |T ξγ
|ξγ | eγ

(
aξeγ′ , b

ξγ
|ξγ |eγ

)
=

∑
γ∈Γ

|ξγ |Tηγeγ (aξeγ′ , bηγeγ).

_
 3.8 
 3.11 b& Tηγ1eγ1
(aξeγ′ , bηγ1eγ1) ⊥ Tηγ2eγ2

(aξeγ′ , bηγ2eγ2) *� γ1, γ2 ∈ Γ,

γ1 
= γ2 
= γ′ �):, )"e�H*(/
suppTy(aξeγ′ , by) = {suppTηγeγ (aξeγ′ , bηγeγ) | γ ∈ supp y}.

h
γ0 ∈ Tηγ0eγ0

(aξeγ′ , bηγ0eγ0) ⊂ {suppTηγeγ (aξeγ′ , bηγeγ) | γ ∈ supp y} = suppTy(aξeγ′ , by)


 Tξeγ′ (aξeγ′ , by) ⊥ Ty(aξeγ′ , by) ):, �* γ0 
∈ suppTξeγ′ (aξeγ′ , by).

wx 2 F8 γ0 
= γ′ 
 γ0 
∈ supp y ):, :#% 3.13 b&,

Tb1y+b2ηeγ0
(aξeγ′ , b(b1y + b2ηeγ0)) = b1Ty(aξeγ′ , by) + b2Tηeγ0

(aξeγ′ , bηeγ0),

&f b1, b2 > 0 � bp1 + bp2 = 1. nv 1 b&

γ0 
∈ supp Tξeγ′ (aξeγ′ , b(b1y + b2ηeγ0)).

3 b1 → 1 : b2 → 0, )" γ0 
∈ suppTξeγ′ (aξeγ′ , by).

dI, suppTξeγ′ (aξeγ′ , by) = γ′ �):�. 'h.

9` 3.15 3 f : S(�p(Γ)) → S(X) �"����!�, 78*� n1, . . . , nk ∈ Γ 
� 
ξ1, . . . , ξk ∈ C\{0}, � ∑k

j=1 |ξj|p = 1, e�7

f

( k∑
j=1

ξjenj

)
=

k∑
j=1

σnj (ξj)f(enj ).
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da �_
 3.5, k = 1 ��%io. � k > 1 �, 3 ηγi = ξγi

|ξγi
| , �_
 3.14, '�

αγ1 , . . . , αγk
∈ T, 7

f

( n∑
i=1

ξγieγi

)

= f

( n∑
i=1

|ξγi |ηγieγi

)

= |ξγ1 | ·
f(|ξγ1 | · ηγ1eγγ1

+
∑n

i=2 |ξγi |ηγieγi) + f(|ξγ1 | · ηγ1eγ1 −
∑n

i=2 |ξγi |ηγieγi)
2|ξγ1 |

+ |ξγ2 |

· f(−|ξγ1 |·ηγ1eγγ1
+|ξγ2 |·ηγ2eγγ2

+
∑n

i=3|ξγi |ηγieγi)+f(|ξγ1 |·ηγ1eγγ1
+|ξγ2|·ηγ2eγγ2

−∑n
i=3|ξγi|ηγieγi)

2|ξγ2|

+ · · · + |ξγn | ·
f(|ξγn | · ηγneγγn

− ∑n−1
i=1 |ξγi |ηγieγi) + f(|ξγn | · ηγneγγn

+
∑n−1

i=1 |ξγi |ηγieγi)
2|ξγn |

=
n∑

i=1

|ξγi |f(αγieγi).

� 1 ≤ i ≤ n �, 3 ξ̃γi = |ξγi |σγi(αγi), : |ξγi | = |ξ̃γi | �=s;:�. 25]'&*� 
1 ≤ i ≤ n, 7 ξ̃γi = σγi(ξγi).

). ‖f(x) + f(eγi)‖ = ‖x+ eγi‖ 
 ‖f(x) − f(eγi)‖ = ‖x− eγi‖, He
|1 + ξ̃γi |p + 1 − |ξ̃γi |p = |1 + ξγi |p + 1 − |ξγi |p, (3.9)

|1 − ξ̃γi |p + 1 − |ξ̃γi |p = |1 − ξγi |p + 1 − |ξγi |p. (3.10)

� (3.9) 
 (3.10), (/

|1 + ξ̃γi |p − |1 − ξ̃γi |p = |1 + ξγi |p − |1 − ξγi |p.
o6 �e(ξ̃γi) = α, �e(ξγi) = β, |ξ̃γi | = |ξγi | = a ≤ 1. � (3.9) 
 (3.10), (/(

1 + 2α+ a2
) p

2 − (
1 − 2α+ a2

) p
2 =

(
1 + 2β + a2

) p
2 − (

1 − 2β + a2
) p

2 .

3 h(t) =
(
1 + 2t+ a2

) p
2 − (

1 − 2t+ a2
) p

2 , 4% t ∈ [−1, 1]. )
h′(t) = p[(1 + 2t+ a2)]

p
2−1 + p[(1 − 2t+ a2)]

p
2−1 > 0,

:dK h(t)� t ∈ [−1, 1]I�JPo�,�* α = β. 9 |ξ̃γi | = |ξγi |,He �m(ξ̃γi) = ±�m(ξγi),

� ξ̃γi = ξγi  ξγi .

) ‖f(x) + σγi(i)f(eγi)‖ = ‖x+ ieγi‖ 
 ‖f(x) − σγi(i)f(eγi)‖ = ‖x− ieγi‖, 7
|σγi(i) + ξ̃γi |p + 1 − |ξ̃γi |p = |i + ξγi |p + 1 − |ξγi |p, (3.11)

|σγi(i) − ξ̃γi |p + 1 − |ξ̃γi |p = |i − ξγi |p + 1 − |ξγi |p. (3.12)

� (3.11) 
 (3.12), (/

|σγi(i) + ξ̃γi |p − |σγi(i) − ξ̃γi |p = |i + ξγi |p − |i − ξγi |p.
e�o6 �m(ξ̃γi) = α, �m(ξγi) = β, |ξ̃γi | = |ξγi | = a ≤ 1.
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F8 σγi(i) = i, :� (3.11) 
 (3.12) He(
1 + 2α+ a2

) p
2 − (

1 − 2α+ a2
) p

2 =
(
1 + 2β + a2

) p
2 − (

1 − 2β + a2
) p

2 .

AI, e�H*(/ α = β.

F8 σγi(i) = −i, :� (3.11) 
 (3.12) He(
1 − 2α+ a2

) p
2 − (

1 + 2α+ a2
) p

2 =
(
1 + 2β + a2

) p
2 − (

1 − 2β + a2
) p

2 .

�* α = −β.

dI, *� 1 ≤ i ≤ n, �7 ξ̃γi = σγi(ξγi) ):. 'h.

9` 3.16 ; Banach �� �p(Γ) (1 < p < ∞, p 
= 2) �@ Mazur–Ulam Æ8, �3 X .

; Banach ��, f : S(�p(Γ)) → S(X) �"����!�, : f H*(-.9 �p(Γ) / X ��

#Æ��.

da *� x =
∑

γ∈Γ ξγeγ ∈ �p(Γ), �W!� F : �p(Γ) → X,

F (x) :=
∑
γ∈Γ

σγ(ξγ)f(eγ).

{}�
 3.15 
 2.6 %bA�'&LM, e�H*(/ F �"��#Æ]A� F |S(�p(Γ))= f ,

�
'h.

fy |z�01}~�~�6�{.

| } ~ �
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