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1990 
, Larson � Sourour [6] �#E����;�$F:  A ��%&'�%��, A !

�"#G$ φ: A → A (%���;, &)*+$� x ∈ A , ,H A ��; θx ('-I x), (

. φ(x) = θx(x); ���;/01�;��J��. 2I�������;)*��	<	3K
H���;�4%�;, 5+ [1, 3, 9]. + [3] L,�H-M%.���6N!O/078���
����;9%�;, 123+�� (0� ≥ 3 2) O/04.�������;���;�5
;; H+ [1] �:;!, + [9] L,�O/08���� Borel ;���6<���;=��;;

�+ [4] L,�� Von Neumann �� M >*7 Banach M - 89�:?;<���;=��
?�;.

=PI���;���, 1997 
, Semrl H+ [7] K@���;$FK�"#>A?B, �@

K� “H:?ÆACO���;” Q�>ADB% “H6<C?ÆAC12O���;”, E��
2- ���;�$F. ( ϕ : A → A (QD ϕ ��$�"#�) % A !� 2- ���;, &)*6

E� x, y ∈ A , ,H�?�; ϕx,y : A → A (QD ϕx,y '-I x � y), (. ϕ(x) = ϕx,y(x) �

ϕ(y)) = ϕx,y(y)). 2- ���;��;���E"#��, �
�>H�1�F;��!�	�
2- ���; [2, 3, 7, 8]. + [2] G,�H/0 Von Neumann ��!�6E 2- ���;9%�;;

+ [3] L,�H-M.���6N! Witt ��!� 2- ���;=��;, F�+��H/0�

�� 2- ���;���;�5;; + [8] �	�-M.��6N!O/0���!� 2- ���

;, ��L,�78���� 2- ���;=��;, F+��0�GI 2 �4.������

;� 2- ���;�5;. + [7] HH"#�;<�H I, L,�J H �H/0/I Hilbert

JK, B (H ) !�6< 2- ���;=��;.

RL/5, *�����;��M@KJ���LÆMN.NO�1), O�*H/0��

��PQ, =2��	1)PR. Q+�H!SMO�	1)�:;!, *O/08���! 2-

���; [5] ��	
R��Æ��S�, �	�HT�N C !O/08���� Loop US,

T���0�;US� 2- ��T#�;: UV+ [10] TO/08���� Loop US.> Loop

��, T���0�;US.>H/0VW���, XUITO/078���YJKIZ, �

�=PH/0����IZW, ��ÆUVYJKIZ��Æ�#V, L,�L[H/0VW�
��!� 2- ��T#�;=��;.

Q+\ 2 �ILÆH/0VW�����WV]M=2$FX:Q�Æ; \ 3 �I�Q+

�<	�), �L,XS���!�:? 2- ��T#�;=��;.

2 YZ[\
 L=Ct[t, t−1] �2I t � Laurent 
YW��, @ÆAQ& P =

∑
k∈Z

cktk (]OO/?
E.Z�). UVS[^, ^ Loop �� g̃ = L⊗Cg, @K g %TO/08 Lie ��, ^%
[JK
\O: {tn ⊗ hi, t

m ⊗ eα; m,n ∈ Z, α ∈ Φ, i = 1, 2, . . . , l}, @K Φ � g �YZ, h1, . . . , hl �=

P� Cartan ;�� η �:. *8YWÆA f(t) ⊗ x, g(t) ⊗ y ∈ g̃, @�_^&I$F:

[f(t) ⊗ x, g(t) ⊗ y] = f(t)g(t) ⊗ [x, y], x, y ∈ g.

 d = t d
dt ��%�� L=C[t, t−1] ��;, FUS%��� g̃ ��;, (.

t
d

dt
(P ⊗ x) = t

dP

dt
⊗ x.
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�W��� ĝ = g̃ ⊕ Cd, \� Z- jk�: ĝ =
⊕

n∈Z
ĝn, @K

ĝn = span {tn ⊗ hi, tn ⊗ eα, α ∈ Φ, i = 1, 2, . . . , l} , n �= 0; ĝ0 = g + Cd.

* tn ⊗ eα + λd, tm ⊗ eβ + μd ∈ ĝ, λ, μ ∈ C, �_^$F%:

[tn ⊗ eα + λd, tm ⊗ eβ + μd] = tn+m ⊗ [eα, eβ ] + λmtm ⊗ eβ − μntn ⊗ eα,

L2, 
[JK ĝ 2I!S_^`F�1T�N!�H/0VW��� [10].

.#;JK ĝ0 = η̂ � ĝ �/l;��, @*7JK% η̂∗, N δ ∈ η̂∗, (. δ(d) = 1, δ|η = 0.

L2, ĝ = η̂⊕∑
a∈Δ̂ ĝa�YJKIZ,@K Δ̂R = {α+nδ; α ∈ Φ, n ∈ Z}, Δ̂I = {nδ; n ∈ Z\{0}}.

m a ∈ Δ̂R 2, dim ĝa = 1, m a ∈ Δ̂I 2, dim ĝa = l. R+ [5] a, H8��� g K, J

α, β, α+β ∈ Φ, b,H��n� Nα,β ∈ Z, (. [eα, eβ ] = Nα,βeα+β , =Po, m a, b, a+ b ∈ Δ̂R

2, O [ea, eb] = Na,bea+b, @K Na,b ∈ Z.

cd 2.1 *6E���� L, $F�?"#G$ D : L → L, &) ∀x, y ∈ L, =O
D([x, y]) = [D(x), y] + [x,D(y)t)], p( D % L ��;.

&)O"#G$ δx : L → L, ( δx(y)) = adx(y)t) = [x, y], b δx %e�;. �fO��;
JKq^ Der(L), fO�e�;JKq% Inn(L), g�;q^ Der(L)/Inn(L).

cd 2.2 *jk��� ĝ, O Derĝ =
⊕

n∈Z
Der(ĝ)n, @K

Der(ĝ)n = {D ∈ Derĝ |D (ĝm) ⊂ ĝn+m; ∀m ∈ Z} .

%��	jk��� ĝ � 2- ��T#�;, hiE�Ij$F:

ef 2.3 * ∀n ∈ Z, (��� ĝ >@gk�G$ (��$�"#�) % 2- �� n #T#

�;, &)*6E� x, y ∈ ĝ =lh> Dx,y ∈ Der(ĝ)n, (. T (x) = Dx,y(x), T (y)) = Dx,y(y)).

RI ĝ �1T�N!�H/0VW���, ĝ ��;=�e�;, �� ĝ � 2- �� n #T

#�; T /mnS%: *6E� x, y ∈ ĝ, r,HÆA ax,y ∈ ĝn ('-I x, y), (.

T (x) = [ax,y, x] , T (y)t) = [ax,y, y] .

3 ijklmnop
o+�Qq�<	�Æ:

ed 3.1  T �H/0��� ĝ � 2- ��T#�;, b,HÆA s ∈ ĝ, (. T = ads.

L,!S$pq	mIs?Ep:

 {hj}1≤j≤l� Cartan;�� η�=*I Φ�8Y3 {αi}1≤i≤l �*7:,t αi (hj) = δij .

r h0 =
∑l

k=1 tk0hk, @KT� t0 �#�GI l ����.

cd 3.2 H ĝ K, ,HÆA ĥ0 = h0 + d ∈ η̂, (.*6E� a ∈ Δ̂, =O a(ĥ0) �= 0.

rs ∀ a ∈ Δ̂R, ,H�tu� r1, . . . , rl, (. a = nδ +
∑l

k=1 rkαk, n ∈ Z,

a(ĥ0) =
(

nδ +
l∑

k=1

rkαk

)
(h0 + d)=

(
nδ +

l∑
k=1

rkαk

)( l∑
s=1

ts0hs + d

)

= n +
l∑

k=1

l∑
s=1

rkts0αk (hs) = n +
l∑

k=1

rktk0 . (3.1)
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v% t0 �#�GI l ����, u a(ĥ0) �= 0; ∀ a ∈ Δ̂I , a = nδ, n ∈ Z\{0}, O
a(ĥ0) = nδ (h0 + d) = n �= 0. (3.2)

R (3.1), (3.2) /a, *6E� a ∈ Δ̂, =O a(ĥ0) �= 0. Lv.

cd 3.3  η̂, ĥ0 ∈ η̂ &XfS, JOÆA x ∈ ĝ, (. [ĥ0, x] = 0, rO x ∈ η̂.

rs ÆA x /ms1QW: x = ĥx +
∑

a∈Δ̂R
kaea +

∑
b∈Δ̂I

kbeb, bO
[ĥ0, x] =

[
ĥ0, ĥx +

∑
a∈Δ̂R

kaea +
∑

b∈Δ̂I

kbeb

]
= [ĥ0, ĥx] +

∑
a∈Δ̂R

ka[ĥ0, ea] +
∑

b∈Δ̂I

kb[ĥ0, eb]

=
∑

a∈Δ̂R

kaa(ĥ0)ea +
∑

b∈Δ̂I

kbb(ĥ0)eb.

RMa>A [ĥ0, x] = 0, /m.>

kaa(ĥ0) = 0, kbb(ĥ0) = 0, ∀ a ∈ Δ̂R, ∀ b ∈ Δ̂I ,

PwEp 3.2 ��Æ, /. a(ĥ0) �= 0, b(ĥ0) �= 0, ��O ka = kb = 0, ∀ a, b ∈ Δ̂. Lv.

r q =
∑l

i=1 (hi ⊗ tn + eαi ⊗ tm) ∈ ĝ, m �= n ∈ Z\{0}.
cd 3.4 &) T ���� ĝ � 2- ��T#�;, tu�$,HÆA s ∈ ĝ, (.

(T − ads) (ĥ0) = 0, (T − ads) (q) = 0.

rs �w �; T �#�% m, Yx 2- ��T#�;�$F, *ÆA ĥ0, q ∈ ĝ, r,H
�; Dĥ0,q ∈ Der(ĝ)m(]� ĥ0, q O2), (. T (ĥ0) = Dĥ0,q(ĥ0), T (q) = Dĥ0,q(q). RI ĝ ��

;=�e�;, x,HÆA s ∈ ĝm, (. Dĥ0,q = ads, I�
(T − ads) (ĥ0) = T (ĥ0) − Dĥ0,q(ĥ0) = 0, (T − ads) (q) = T (q) − Dĥ0,q(q) = 0.

q T1 = T − ads, b T1 3���� ĝ � 2- ��T#�;, � T1(ĥ0) = T1(q) = 0. Lv.

cd 3.5 vy&!, T1 ���� ĝ � 2- �� m #T#�;, � m ∈ Z\{0}, *6E�Æ
A x ∈ ĝ, O T1(x) = 0.

rs r

x =
l∑

i=1

kihi + μd +
∑

a∈Δ̂R

kaea +
∑

b∈Δ̂I

kbeb

=
l∑

i=1

kihi + μd +
∑

αj∈Δ̂R

kαj eα ⊗ tj +
∑
n∈Z

l∑
i=1

ki,nhi ⊗ tn,

QD ki, μ, ka, kb ∈ C, 1 ≤ i ≤ l, αj = jδ + α ∈ Δ̂R, ki,n ∈ C, �]OO/?E.. * x, ĥ0 �w,

,H u1 ∈ ĝm M=P�e�; Dx,ĥ0
= adu1, (

T1(x) = Dx,ĥ0
(x) = [u1, x] , T1(ĥ0) = Dx,ĥ0

(ĥ0) = [u1, ĥ0].

xYxEp 3.3 M 3.4, T1(ĥ0) = 0, � u1 ∈ η̂, QX m �= 0 xy, zE u1 = 0, T1(x) = 0. Lv.

cd 3.6 vy&!, J T1 � ĝ � 2- ��.#�;, *6E a ∈ Δ̂, k ∈ C, O T1(kea) = 0.

rs *ÆA kea, ĥ0 �w, ,H u ∈ ĝ0 M=P��; Dkea,ĥ0
= adu, (.

T1(kea) = (adu) (kea) = [u, kea] , T1(ĥ0) = (adu) (ĥ0) = [u, ĥ0].
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YxEp 3.3 M 3.4, T1(ĥ0) = 0 � u ∈ η̂, I�
T1 (kea) = [u, kea] = ka(u)ea. (3.3)

*ÆA kea, q �w, x,H v ∈ ĝ0, (. T1(kea) = [v, kea], T1(q) = [v, q], YxEp 3.4, O
T1(q) = [v, q] = 0, r v =

∑l
i=1 rihi + λd +

∑
α∈Φ rαeα ⊗ 1, *{W (adv) (q) = [v, q] = 0 C|}

PÆA hi ⊗ tn � eαi ⊗ tm �Z�, /.

ri = λ = 0, 1 ≤ i ≤ l, λ ∈ C.

=Po, O
T1 (kea) = [v, kea] =

[ ∑
α∈Φ

rαeα ⊗ 1, kea

]
. (3.4)

TYx (3.3) M (3.4) W, /m.>IjW;:

ka(u)ea =
[ ∑

α∈Φ

rαeα ⊗ 1, kea

]
. (3.5)

m a ∈ Δ̂R 2, yOz| ea �Z�% 0, �� ka(u)ea = 0, I�, T1 (kea) = ka(u)ea = 0.

m a ∈ Δ̂I 2, r ea = h′ ⊗ tj , j ∈ Z − {0}, b{Wz|%[ ∑
α∈Φ

rαeα ⊗ 1, k
(
h′ ⊗ tj

) ]
=

∑
α∈Φ

k · rα · α(h′)
(
eα ⊗ tj

)
=

∑
n1∈Δ̂R

kn1en1 .

QDZ� kn1 = k · rα · α(h′), �zY n1 Q& jδ + α, ��Yx (3.5), .> ka(u)ea = 0. I�O
T1 (kea) = ka(u)ea = 0.

Lv.

cd 3.7 vy&X, η̂ � ĝ �/l;��, ĥ0 ∈ η̂, T1 ���� ĝ � 2- ��.#T#�;,

�{{ T1(ĥ0) = 0, b T1 /.k η̂, t T1|η̂ ≡ 0.

rs N$6EÆA ĥ ∈ η̂, RI ĝ |Og�;, Yx 2- ��T#�;�$F/a, r,H
ÆA z ∈ ĝ0, (.

T1(ĥ) = [z, ĥ], T1(ĥ0) = [z, ĥ0],

Ma T1(ĥ0) = [z, ĥ0] = 0, TREp 3.3 /. z ∈ η̂, ��O
T1(ĥ) = [z, ĥ] = 0.

Lv.

cd 3.8 vy&!, T1 ���� ĝ � 2- ��.#�;, *6E� x ∈ ĝ, O T1(x) = 0.

rs r

x =
l∑

i=1

kihi + μd +
∑

a∈Δ̂R

kaea +
∑

b∈Δ̂I

kbeb

=
l∑

i=1

kihi + μd +
∑

αj∈Δ̂R

kαj eα ⊗ tj +
∑
n∈Z

l∑
i=1

ki,nhi ⊗ tn,
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QD ki, μ, ka, kb ∈ C, 1 ≤ i ≤ l, αj = jδ + α, ki,n ∈ C, �]OO/?E.. * x, ĥ0 �w, r,

H u1 ∈ ĝ0 M=P�e�; Dx,ĥ0
= adu1, (

T1(x) = Dx,ĥ0
(x) = [u1, x] , T1(ĥ0) = Dx,ĥ0

(ĥ0) = [u1, ĥ0].

xYxEp 3.3 MEp 3.4, T1(ĥ0) = 0, � u1 ∈ η̂, I�O
[u1, x] =

∑
a∈Δ̂R

kaa (u1)ea +
∑

b∈Δ̂I

kbb (u1) eb

=
∑

αj∈Δ̂R

kαj αj (u1) eα ⊗ tj +
∑
n∈Z

l∑
i=1

ki,nnδ (u1)hi ⊗ tn,

* a ∈ Δ̂R, b ∈ Δ̂I , r kaa(u1) = k′
a, kbb(u1) = k′

b, O
T1(x) = [u1, x] =

∑
a∈Δ̂R

k′
aea +

∑
b∈Δ̂I

k′
beb

=
∑

αj∈Δ̂R

k′
αj

eα ⊗ tj +
∑
n∈Z

l∑
i=1

k′
i,nhi ⊗ tn. (3.6)

I}�L,: *6E� a ∈ Δ̂R, b ∈ Δ̂I , O k′
αj

= 0, k′
i,n = 0.

N�~$� αj = jδ + α ∈ Δ̂R, ∀ j ∈ Z, r3%

A = {βi ∈ Δ̂R |α �= β, (β − 2α)i ∈ Δ̂R, ∀ i ∈ Z}.
UV�F, O

[[x, e−α−j
]e−α−j

]

= −2kαj e−α−j
+

∑
i �=j

−2kαie−αi−2j
+

∑
βi∈A

kβiNβi,−α−j
N(β−α)i−j ,−α−j

e(β−2α)i−2j
.

xO
[[T1(x), e−α−j

]e−α−j
]

= −2k′
αj

e−α−j
+

∑
i �=j

−2k′
αi

e−αi−2j
+

∑
βi∈A

k′
βi

Nβi,−α−j
N(β−α)i−j ,−α−j

e(β−2α)i−2j
,

@K e−α−j
(∀ j ∈ Z) �Z�% −2k′

αj
.

~�
}, *ÆA x, e−α−j
�w, ∃ y ∈ ĝ0 M=P�e�; Dx,e−α−j

= ady, (

T1(x) = Dx,e−α−j
(x) = [y, x], T1(e−α−j

) = Dx,e−α−j
(e−α−j

) = [y, e−α−j
].

YxEp 3.6, O T1(e−a−j ) = 0. �w ÆA y Q&:

y = ĥ +
∑
r∈Φ

krer ⊗ 1,

QD ĥ ∈ η̂, kr ∈ C. RI
T1(e−α−j

) =
[
ĥ +

∑
r∈Φ

krer ⊗ 1, e−α−j

]
= 0,

rO αj(ĥ) = 0, �*6E� r ∈ Φ, J r−α−j ∈ Δ̂R, b kr = 0. Tr3%
B = {r ∈ Δ̂R | r �= α, r−αm /∈ Δ̂R},
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I�
y = ĥ +

∑
r∈B

krer ⊗ 1,

UV�F

[T1(x), e−α−j
] = [Dx,e−α−j

(x), e−α−j
]

= Dx,e−α−j
([x, e−α−j

]) − [x,Dx,e−α−j
(e−α−j

)]

= Dx,e−α−j
([x, e−α−j

]),

fm

[[T1(x), e−α−j
], e−α−j

]

= [Dx,e−α−j
([x, e−α−j

]), e−α−j
]

= [Dx,e−α−j
([x, e−α−j

]), e−α−j
] + [[x, e−α−j

],Dx,e−α−j
(e−α−j

)]

= Dx,e−α−j
([[x, e−α−j

], e−α−j
])

= Dx,e−α−j

(
− 2kαj e−α−j

+
∑
i �=j

−2kαie−αi−2j
+

∑
βi∈A

kβiNβi,−α−j N(β−α)i−j ,−α−j
e(β−2α)i−2j

)

=
∑
i �=j

−2kαiDx,e−α−j
(e−αi−2j

) +
∑
βi∈A

kβiNβi,−α−j
N(β−α)i−j ,−α−j

Dx,e−α−j
(e(β−2α)i−2j

).

∀ i ∈ Z,

Dx,e−α−j
(e−αi−2j

) = ady(e−αi−2j
)

=
[
ĥ +

∑
r∈B

krer ⊗ 1, e−αi−2j

]
= −αi−2j(ĥ)e−α

i−2j
,

RI i �= j, Dx,e−α−j
(e−αi−2j

) /∈ ĝ−α−j
.

*6E� βj ∈ A,

Dx,e−α−j
(e(β−2α)i−2j

) = (ady)(e(β−2α)i−2j
)

=
[
ĥ +

∑
r∈B

krer ⊗ 1, e(β−2α)i−2j

]

= βi(ĥ)e(β−2α)i−2j
+

∑
r∈B

kr[er, e(β−2α)i−2j
],

@K (β − 2α)i−2j �= −α−j (4b, βi = α−j , xy). H& [er, e(β−2α)i−2j
] ∈ ĝ−α−j

, b r +

(β − 2α)i−2j = −α−j , b r + (β − 2α)i−2j = −α−j ,  r = n1δ + γ, n1 ∈ Z, γ, β ∈ Φ, tuO
γ + β − 2α = −α, γ − α = −β,

X r ∈ B xy. vL, ∀βi ∈ A, r ∈ B, e−α−j
�Z�9%., I�, *6E� α−j ∈ Δ̂R,

[[T1(x), e−α−j
]e−α−j

] K e−a−j �Z� −2k′
αj
9%..

tu

T1(x) = [u1, x] =
∑

b∈Δ̂I

k′
beb =

∑
n∈Z

l∑
i=1

k′
i,nhi ⊗ tn. (3.7)
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IL*6E� b ∈ Δ̂I , k′
i,n = 0.

* x, q �w, ,H w ∈ ĝ0, (. T1(x) = [v, x], T1(q) = [w, q], YxEp 3.4,

T1(q) = [w, q] = 0.

r w =
∑l

i=1 rihi + μd +
∑

β∈Φ rβeβ ⊗ 1, }P{W (adw) (q) = [w, q] = 0 C|}P hi ⊗ tn �

eαi ⊗ tm �Z�, /. ri = μ = 0, 1 ≤ i ≤ l, μ ∈ C, =Po,

T1(x) =
[ ∑

β∈Φ

rβeβ ⊗ 1, x
]

=
[ ∑

β∈Φ

rβeβ ⊗ 1,
l∑

i=1

kihi + μd +
∑

a∈Δ̂R

kaea +
∑

b∈Δ̂I

kbeb

]

=
[ ∑

β∈Φ

rβeβ ⊗ 1, ĥ +
∑

αj∈Δ̂R

kαj eα ⊗ tj +
∑
n∈Z

l∑
i=1

ki,nhi ⊗ tn
]

=
∑
β∈Φ

rββ(ĥ)eβ +
∑
γ∈Φ

rβkαj eγ ⊗ tj +
∑
n∈Z

l∑
i=1

ki,nβ (hi)eβ ⊗ tn. (3.8)

}P (3.7), (3.8), /. k′
i,n = 0. Lv.

�H+�$p 3.1 �L,. YxEp 3.5 MEp 3.8 ��Æ, *6EÆA x ∈ ĝ, =O
T1(x) = 0.

��O T1 ≡ 0. vL T = ads.
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