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� Lebesgue ��������, L∞ �	�	

������������. �� Hardy �

� H2 �� L2 ������������� ��, H∞ �	��		
���������.

� P �� L2 � H2 
�!�"#� .  f ∈ L∞, � H2 � H2 
�!"� f � Toeplitz

� Tf � Hankel � Hf �Æ���:

Tfx = P (fx), ∀x ∈ H2, Hfx = P (Ufx), ∀x ∈ H2,

$ , U : L2 → L2 �%� , !���

Uh(w) = w̄h̃(w), ∀h ∈ L2,

#$, h̃(w) = h(w̄). "%
, U & H2 ����&#� (H2)⊥ �, ! U $�'%()��*:

UP = (I − P )U.

'	+,�-
H∗

f = Hf∗ ,

$ , f∗(w) = f̄(w̄).

&.-(, 
%��� Hankel � � Hardy ���/0)1!�* {1, z, z2, . . . , zn, . . . }

�'2��(/+ Hankel '2, ,)3* -�
�4+.5/�'2. Hankel � ���

��01Æ/, ,/623� Hankel � Ĥf ���� H2 � (H2)⊥ !�'�45:

Ĥfx = (I − P )(fx), ∀x ∈ H2.

-67.7��-/80� Ĥ∗
f : (H2)⊥ → H2 �

Ĥ∗
f y = P (f̄y), ∀ y ∈ (H2)⊥.

.-
%1���26 Hankel � 8��3'99:

Hf = UĤf ,

�: H∗
f = Hf∗ = Ĥ∗

fU.

�� 4 Toeplitz � Sf : (H2)⊥ → (H2)⊥ �

Sfy = (I − P )(fy), ∀ y ∈ (H2)⊥.

: L2 
�;<� Mf ��� L2 = H2 ⊕ (H2)⊥ '�;���3'�'2:

Mf =
(

Tf Ĥ ∗̄
f

Ĥf Sf

)
.

�< Mfg = MfMg, =5�='%� :

Tfg = TfTg + Ĥ ∗̄
f Ĥg, (1.1)

Ĥfg = ĤfTg + Sf Ĥg, (1.2)

Ĥ∗
fg

= Tf Ĥ
∗
ḡ + Ĥ ∗̄

fSg, (1.3)

Sfg = SfSg + Ĥf Ĥ
∗
ḡ . (1.4)

>627 Hankel � 8��89;?/� (1.1) > (1.2) �=:

Tfg = TfTg +Hf̃Hg, (1.5)

Hfg = HfTg + Tf̃Hg. (1.6)
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3D g ∈ H∞, �< Hg = 0, �:/� (1.6) 45:

Tg̃Hf = Hfg = HfTg. (1.7)

� Hardy ��
, �EF� Toeplitz � G�<� [17]. 1964 =, Brown � Halmos [5]

,>?: 2+��!"� Toeplitz � �;��<, @A/�/+ Toeplitz � /��<� .

H#, EIB�/+JK(: �E�+ Toeplitz � �;��<, (FG!CG/�LD�/+

Toeplitz � �<� ? $(ME� Toeplitz � �<�JK, HJK�N5I� 40 �= /

7(+J�JK, 7� 2009 =K Aleman � Vukotić [2] O��F. P545?G��LM0N

>O,>?HHI. Toeplitz � ;���EFJK� Toeplitz � �<�JK(JK59�.

PLQ [13] � 1996 =,>? 5 + Toeplitz � �<�JK, 0!PR5ST��<�;,>:

5 + Toeplitz � �;�(�EF� , :/�LD�/+ Toeplitz � �<� . U=/N�

(, 2000 =, Gu [12] VW?PLQ�HD, G�OLM? 6 + Toeplitz � �<�JK.

X�> Toeplitz � JK59�/7� , Hankel � ��EF�*?/;���EFJ

KM�?YZ5�QR9[. S( Hankel � ?/;���EFNO� Toeplitz � �N\R

15S. Kronecker �P [14] O�QT?�EF� Hankel � .

de 1.1 (Kronecker �P) R f ∈ L∞, : Hf (�EF� G!CGU�S+����

h(z) ��P�� r(z), T= f = h+ r.

HHD�>U�RU�V<��EF� Hankel � . � f = f+ +f−, $ , f+ = Pf, f− =

(I − P )f . "%
, Kronecker �P'%\��/W�P]-2K^�:

de 1.2 [14] � f ∈ L∞, : Hf (�EF� �X)3Y(U�V<������ p(z),

T= pf− (����.

� f1, f2, f3 ∈ L∞.  <2+ Hankel� �;�, Axler, Chang� Sarason [1] =�: Hf̃1
Hf2

(�EF�G!CG Hf̃1
ZZ Hf2 (�EF�. Xia � Zheng �� [16] �45? Hf1 ,Hf2 ,Hf3

V1(<� , S( Hf1Hf2Hf3 = 0 �W , :![,>? Hfσ(1)Hfσ(2)Hfσ(3) = 0 G!CG)

A Hf1 = 0, )A Hf2 = 0, )A Hf3 = 0, $ σ ��\] {1, 2, 3} �X_`^. aÆ, Ding

� Sang [8] =�: Hf1Hf2Hf3 = 0 �X)3Y(U�2� λ, T= (f∗2− − λ)f1− , (f∗2− − λ)f3−

� (f∗2− − λ)f1−f3− V(����, $ fi− = (I − P )fi, i = 1, 2, 3. Xia � Zheng [16] > Ding

� Sang [8] �HD�>: Y+ Hankel � X__b�;���*>S+Zb;���*QTR

15S. 1999 =, Gu [11] c[?Y+ Hankel � X__b�;�V��EF�JK, =�?:

Hfσ(1)Hfσ(2)Hfσ(3)  X_�`^ σ .(�EF� �X)3Y()A Hf1 , )A Hf2 , )A Hf3

��EF� . S(9<S6_b�Y+ Hankel � �;�(�EF�QT, L\](�`. M

�
%c[�^a, ��d)c[?Y+ Hankel � 4�_b�;�(�EF�JK, 45?

Hf̄HḡHū (�EF�/eX��b)3Y, $ f, g, u ∈ ⋂
q>1H

q, 0�Æ_52+1�c�W

 d;`>���d)HD. :!,  <Y+ Hankel � ;���EF�*, =545?/�Q

Tae Toeplitz � ��EF�*
�f^. �<��!"� Hankel � g(<� , H#, �

�Gh9[!"�fi����� Hankel � .

� A,B,F V�S/ Hilbert ��
������ , ��^

A = B mod (F )

b�� A−B (�EF� .
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2 fghij
Hilbert ��
��EF� (/7V2()�� , W3: ����g�(F/� ; ��

��� (�EF� �cQE; d� (�EF� �h�QE; :!1��EF� ���

( B(H) �/+eiPj, $ , B(H) ( H 
����� ���. �?jZ�k, �fg_

? Hilbert ��
��EF� �/e2^�*��*�l�k-HD. hl, �EF� ��

�3':

dk 2.1 � H (/+ Hilbert ��, A ( H 
�/+����� , 3D A �Um AH

(�En�, :m A (�EF� .

'�Ln�EF� ��*���, $eHIk�Ro1i-, So5��p���pqj

<k, =5�#9qOg5b. r�9<�EF� �l&�sr� [6, 10]. hl, F/� ��

�3':

dk 2.2 � x, y ( H ��2+V<sU,  X_� h ∈ H, ��

(x⊗ y)(h) = 〈h, y〉 x,
: x⊗ y ( H 
�F/� .

lZ 2.3 x⊗ y mt3'��*:

(1) ‖x⊗ y‖ = ‖x‖ ‖y‖;
(2) (x⊗ y)∗ = y ⊗ x;

(3) � B ( H 
������ , : B(x⊗ y) = (Bx) ⊗ y, (x⊗ y)B = x⊗B∗y;

(4) � x1, x2, y1, y2 ∈ H, a, b (��, : (ax1 + bx2) ⊗ y1 = a(x1 ⊗ y1) + b(x2 ⊗ y2), x1 ⊗
(ay1 + by2) = ā(x1 ⊗ y1) + b̄(x1 ⊗ y2).

lZ 2.4 � A ( H 
�F n � , :� H �� n +��u9�sU {x1, x2, . . . , xn} ?
n +��u9�sU {y1, y2, . . . , yn}, T=

A = x1 ⊗ y1 + x2 ⊗ y2 + · · · + xn ⊗ yn.

mn 2.5 � A (F n � , : A∗ ](F n � .

mn 2.6 � A( H
�F n�"#� ,:U� n+t5!��	�sU {e1, e2, . . . , en},
T= A = e1 ⊗ e1 + e2 ⊗ e2 + · · · + en ⊗ en.

'%9<�EF� ��*����d)HD��v()f^.

lZ 2.7 [9] � A � H2 
������ , p(z) � q(z) �V<������, : T ∗
pATq

(�EF�G!CG A (�EF�.

r/uO, =5�'%HI:

lZ 2.8 � g, h ∈ Hp ! g, h �lwH �����lH V��E Blaschke �, $ 

p > 1. R A � H2 
������ , : T ∗
gATh (�EF�G!CG A (�EF�.

op X��xB, v=5G,b)�. � h(z) = B(z)F (z),$ B(z)(�E Blaschke �,

F (z) (w��. n M = T ∗
gAThH

2, �< T ∗
gATh (�EF�, v M ( H2 ��En ��. y

H� F (z) (w��, �w����* [10] -:

spanTFH2 = H2,

$ , spanTFH2 ��� TFH
2 ������ ��. H#

T ∗
gATBH

2 = spanT ∗
gATBTFH2 = M,
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�:�= T ∗
gATB (�EF�, :!

T ∗
gA = T ∗

gATB̄TB = T ∗
gATBTB̄ mod (F ).

v T ∗
gA (�EF�. o^
%5S�wp, �,= A∗ (�EF�, �: A (�EF�, b)�

=,.

3 qr Hankel ijsfghtu
�f45?Y+ Hankel � �;�(/+�EF� �X)3Y. �fd)HD�,>�

h)^����xyXZ� [7] ��/eHD, �?jZ�k, ��z^/�P3'.

ve 3.1 [7] � f, g, h ∈ L∞, : HfTg = Hh mod (F ) G!CG)A Hf � Hh V��E

F� , )A Hg � Hfg−h V��EF� .

ve 3.2 [7] � f1, f2, g1, g2, h ∈ L∞ ! Hf1 ,Hf2 ,Hg1 � Hg2 V1(�EF� , :

Hf1Tg1 +Hf2Tg2 = Hh mod (F )

G!CG'%3Y�q:

(1) U�V<������ Ai, Bi (i = 1, 2), T= A1f1 + A2f2 ∈ H∞ ! B1g1 + B2g2 =

h1 ∈ H∞;

(2) A1B1 + A2B2 = 0 ? HA2f2h1+A1B1h = 0 mod (F ).

�f�d)HD3':

de 3.3 � f, g, u ∈ ⋂
q>1H

q ($ H∞ ⊂ ⋂
q>1H

q), : Hf̄HḡHū (�EF�G!CG

'g3Y8/�q:

(1) Hf̄ ,Hḡ > Hū �LD�/+(�EF� ;

(2) Hf̄Tg∗ū > Hf̄g∗Tū V(�EF�;

(3) U�V<������ Ai, Bi (i = 1, 2), T=

(A1 −A2g
∗)f̄ ∈ H∞ ! (B1g

∗ +B2)ū ∈ H∞,

0!, A1B1 + A2B2 = 0 ? HA2f̄g∗ū(B1g∗+B2) (�EF� .

op l,b)�. 3D Hf̄HḡHū (�EF� , �<

Hf̄HḡHū = Hf̄Hg̃∗Hū = Hf̄ (Tg∗ū − Tg∗Tū) = Hf̄Tg∗ū −Hf̄g∗Tū = 0 mod (F ), (3.1)

z�3Y (1) 1�q, , Hf̄ ,Hḡ,Hū V1(�EF� , ',bB�3Y (2) Z (3) �q. >6

/� (3.1) �-: R Hf̄HḡHū (�EF�, :�;'26NO�q:

〈1〉 Hf̄Tg∗ū > Hf̄g∗Tū �LD�/+(�EF�;

〈2〉 Hf̄Tg∗ū > Hf̄g∗Tū V1(�EF�.

r"
, 3DN\ 〈1〉 �q, @A, R Hf̄Tg∗ū (�EF�, �/� (3.1) ? Hf̄HḡHū (�E

F��-: Hf̄g∗Tū /�](�EF�; SP, R Hf̄g∗Tū (�EF�, : Hf̄Tg∗ū /�](�E

F�. H#, >6N\ 〈1〉, =5�;=�3Y (2) �q.

3DN\ 〈2〉 �q, ,N\ 〈1〉 1�q, :=5e{: Hg∗ū > Hf̄g∗ .1(�EF� . F:,

z� Hf̄g∗ (�EF�, @A Hf̄g∗Tū (�EF�, $> 〈2〉 �NO5s{, v Hf̄g∗ 1(�EF
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� . STO, f^|,<, 3D Hg∗ū (�EF�, >6 Kronecker �P, :U�V<����

�� a(z), T= ag∗ū ∈ H∞, �:, � (3.1) ��=:

Hf̄Tg∗ūa −Hf̄g∗Tūa = 0 mod (F ),

,

Hf̄g∗ūa = Hf̄g∗Tūa mod (F ).

�zP 3.1 ;? Hū 1(�EF� �-: Hf̄g∗ūa � Hf̄g∗ V(�EF�, �: Hf̄g∗Tū (�E

F�. :$> 〈2〉 �NO5s{, H#, Hg∗ū 1(�EF�. $T, � (1) � (2) .1�q�NO

', Hf̄ ,Hū,Hg∗ū > Hf̄g∗ .1(�EF�, >6zP 3.2, �<

Hf̄Tg∗ū +H−f̄g∗Tū = 0 mod (F ),

�:U�V<������ Ai, Bi (i = 1, 2), T=

A1f̄ + A2(−f̄g∗) = (A1 −A2g
∗)f̄ ∈ H∞ ! B1g

∗ū+B2ū = (B1g
∗ +B2)ū ∈ H∞,

[mt A1B1 +A2B2 = 0? HA2(−f̄g∗)(B1g∗+B2)ū = 0 mod (F ), , HA2f̄g∗ū(B1g∗+B2) (�EF

�. �:3D Hf̄HḡHū (�EF�!3Y (1) � (2) .1�q, :b��3Y (3) �q. �:,

=b)�.

',X��. xB3Y (1) �|5 Hf̄HḡHū ��EF�. 3D3Y (1) 1�q, S3Y (2)

�q, @A�<

Hf̄HḡHū = Hf̄Tg∗ū −Hf̄g∗Tū,

: Hf̄HḡHū (�EF�.zR3Y (1)�3Y (2)V1�q,S3Y (3)�q,� (B1g
∗+B2)ū =

h1 ∈ H∞, :

T
Ã1

(Hf̄Tg∗ū −Hf̄g∗Tū)TB1 = HA1f̄Tg∗ūB1 −HA1f̄g∗TūB1

= HA2f̄g∗Tg∗ūB1 −HA1f̄g∗TūB1

= HA2f̄g∗Th1−ūB2 −HA1f̄g∗TūB1

= Hf̄g∗(TA2Th1 − TA2TūB2) −Hf̄g∗TA1TūB1

= −Hf̄g∗(TA2TūB2 + TA1TūB1) +Hf̄g∗TA2Th1 .

>63Y (3) - HA2f̄g∗ū(B1g∗+B2) = Hf̄g∗A2h1
(�EF� , ! TAiTūBi = TAiBiū mod (F ),

$ i = 1, 2, v

T
Ã1

(Hf̄Tg∗ū −Hf̄g∗Tū)TB1 = −Hf̄g∗T(A2B2+A1B1)ū mod (F ).

y�< A1B1 +A2B2 = 0, 1;

T
Ã1

(Hf̄Tg∗ū −Hf̄g∗Tū)TB1 = 0 mod (F ).

�tK 2.7 -

Hf̄Tg∗ū −Hf̄g∗Tū = 0 mod (F ),

v: Hf̄HḡHū(= Hf̄Tg∗ū −Hf̄g∗Tū) ��EF�. 1;, 3D3Y (1), (2) � (3) ��X/3�

q, g� Hf̄HḡHū (�EF�. X��=,.



3� 9?:@: Hankel ;@ABCABCD;@ 499

Gu�� [11]�,>? Hardy��
Y+ Hankel� X__b�;�.(�EF�G!C

GY+ Hankel � �b�/+(�EF�. '��W �>: U�Y+V1(�EF� Hankel

� Hf̄ ,Hḡ,Hū, So5�;� Hf̄HḡHū (�EF�.

w 3.4 � f � u (uE Blaschke �,  X_�V<�� θ ∈ H∞, n g = f∗u∗θ, : g∗ū =

fθ∗, f̄g∗ = uθ∗, f̄g∗ū = θ∗, 1; Hg∗ū = 0, Hf̄g∗ = 0, Hf̄g∗ū = 0, �: Hf̄Tg∗ū = Hf̄g∗ū = 0,

Hf̄g∗Tū = 0. H# Hf̄HḡHū(= 0) (�EF� , SxB Hf̄ ,Hḡ,Hū .1(�EF�.

'��W `>?U�1mt
%�P��3Y (1) �3Y (2) �Y+ Hankel � , So

5�;�(�EF� . �?�kjZ, $ z^ Ding � Sang [8] 9<Y+ Hankel � �;�

/< 0 �QT3':

ve 3.5 [8] � f, g, u ∈ H2 V�V2U��, : Hf̄HḡHū = 0 �X)3Y(U�2U λ,

T= (g∗ − λ)f̄ , (g∗ − λ)f̄ � (g∗ − λ)f̄ ū Vu< H2.

w 3.6 � ϕ,ψ (uE Blaschke �, θ ∈ H∞ �V<��, α �V<��! |α| < 1. n

f = ϕ, u = ψ, g∗ = θϕψ + α, :xB� Hf̄ ,Hḡ,Hū .1(�EF�. y�<

(g∗ − α)f̄ = θψ ∈ H∞, (g∗ − α)ū = θϕ ∈ H∞, (g∗ − α)f̄ ū = θ ∈ H∞,

1; Hg∗f̄ = αHf̄ ;? Hg∗ū = αHū V1(�EF� , �: Hf̄Tg∗ū > Hf̄g∗Tū V1(�EF

�, ,�W1mt�P 3.3 ��3Y (1) �3Y (2).

'�, =5+,�Wmt�P 3.3 ��3Y (3). n

A1 = −α, A2 = −1, B1 = 1, B2 = −α,
:xB� A1B1 + A2B2 = 0, !

(A1 −A2g
∗)f̄ = (g∗ − α)f̄ = θψ ∈ H∞

;?

(B1g
∗ +B2)ū = (g∗ − α)ū = θϕ ∈ H∞,

0!

HA2f̄g∗ū(B1g∗+B2) = −Hf̄g∗ū(g∗−α) = −Hg∗θ = 0,

, HA2f̄g∗ū(B1g∗+B2) ��EF�. 1;, �Wmt�P 3.3 ��3Y (3), v Hf̄HḡHū (�EF

�, :!>6zP 3.5 -: Hf̄HḡHū = 0.

4 xyz{s|}
�fvwx}��
�ae Toeplitz � , 45�EF�ae Toeplitz � �QT.

� θ (/+V2U�l��, K2
θ = H2�θH2 �x}��. 
 Pθ �� L2 � K2

θ 
�!�"

#� . 2007 =, Sarason [15] zy?x}��
�ae Toeplitz � , /��3':  f ∈ L∞,

Aθ
fx = Pθ(fx), ∀x ∈ K2

θ .

:!, Sarason [15] 45?1�F 1 �ae Toeplitz � �QT, 0}~5?/7�EF�ae

Toeplitz � . 2014 =, Bessonov [4] ,>? Sarason 1}~��EF�ae Toeplitz � z{

?1���EF�ae Toeplitz � . =5o^
f�d)HD, 45�EF�ae Toeplitz �

 1S\��QT.
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ae Toeplitz � > Hardy ��
-~� Toeplitz � � Hankel � JK59, '%t

K(� Baranov /| [3] 45�, }�?ae Toeplitz � > Hardy ��
� Hankel � 8�

�99, 0��f�HD�a�?()X^.

lZ 4.1 [3] H ∗̄
θ
Hθ̄fH

∗̄
θ
U : (H2)⊥ → H2 ��� (H2)⊥ = θ̄K2

θ ⊕θ̄(H2)⊥>H2 = K2
θ ⊕θH2

'�'2���

H ∗̄
θHθ̄fH

∗̄
θU =

(
Aθ

fMθ 0
0 0

)
,

$ Mθ �;<� , U : L2 → L2 �%� !���

Uh(w) = w̄h̃(w), ∀h ∈ L2.

H]
%tK��P 3.3, =5=�'%9<ae Toeplitz � ��EF�QT:

de 4.2 � f ∈ L∞, ḡ = (I − P )(θ̄f), : Aθ
f (�EF� G!CG'%3Y8/�q:

(1) Hḡ > Hθ̃ �LD�/+(�EF� ;

(2) Hθ̃Tg∗θ̃ > Hg∗θ̃Tθ̃ V(�EF�;

(3) U�V<������ Ai, Bi (i = 1, 2), T=

(A1 −A2g
∗)θ̃ ∈ H∞ ! (B1g

∗ +B2)θ̃ = h ∈ H∞,

0! A1B1 + A2B2 = 0 ? HA2θ̃g∗h (�EF� .

op H]�P 3.3 ?tK 4.1 ,�=, v,>~�.
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