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1 BC
� q ≥ 2 �D�, χ �� q ��������E, Æ���D� m, ����� G(m,χ; q)

���

G(m,χ; q) =
q∑
a=1

χ(a)e
(
ma

q

)
,

�F e(y) = e2πiy.

� χ �� q �G�E�H (m, q) = 1 �, ÆI
G(m,χ; q) =

q∑
a=1

χ(a)e
(
ma

q

)
= χ(m)

q∑
a=1

χ(a)e
(
a

q

)
= χ(m) · τ(χ).

I���������J !K�"� ��!#�$"# [1, 9, 14]. %&, I������
��'$%�&( [2–18]. )*, L(+�'(M [18] � Berndt � Evans [4] N,-".$$:

� p �/�0 p ≡ 1 mod 3, Æ��� 3 )�E λ mod p, I*+1
τ3(λ) + τ3

(
λ
)

= dp,

�F d O 4p = d2 + 27b2 � d ≡ 1 mod 3 2�3�.

,PQ�L(+ [7] 4-- 4 )�E ψ mod p, .N,-�R��/� p 5S p ≡ 1 mod 4,

"/�� 4 )�E ψ mod p, I*+1

τ2(ψ) + τ2(ψ) = 2
√
p

p−1
2∑

a=1

(
a+ a

p

)
,

�F ( ∗p ) 06� p �17234, 0 aa ≡ 1 mod p.

,8 [5] 9$- 6 )�E μ mod p, .56-�R μ �����*+1, &T7 1.

:( [5, 7] / [18] �;8, <=> ?9:U�VR� p � 12 )� 24 )�E�;1?

@<4-, <=8A=>W��)�EBICDEF�$%, ?GI��EHX@. � p �

p ≡ 1 mod 12 �/�, ψ �� p � 12 )�E. ���D� k ≥ 0, A

Uk(ψ, p) =
τ6k(ψ)
τ6k(ψ5)

+
τ6k(ψ5)
τ6k(ψ)

=
τ6k(ψ)
τ6k(ψ5)

+
τ6k(ψ)

τ6k(ψ
5
)
;

Vk(ψ, p) = τ6k(ψ)τ6k(ψ
5
) + τ6k(ψ)τ6k(ψ5).

�R p ≡ 1 mod 24 �/� p, � ψ �� p � 24 )�E, 0

Wk(ψ, p) =
τ6k(ψ7) · τ6k(ψ)
τ6k(ψ11) · τ6k(ψ5)

+
τ6k(ψ11) · τ6k(ψ5)
τ6k(ψ7) · τ6k(ψ)

.

UW�A4., <=�"N,�BIJ {Uk(ψ, p)}, {Vk(ψ, p)}, {Wk(ψ, p)} 5S��C)K
!DL;1, EI".MF$$:

YZ 1 � p �5S p ≡ 1 mod 12 �N/�, ψ �� p ��� 12 )�E, Æ���D�
k ≥ 2, <=IC)K!DL;1

Uk(ψ, p) =
( (

2 − d2

p

)2

− 2
)
· Uk−1(ψ, p) − Uk−2(ψ, p), k ≥ 2 ���D�,

�FG[� U0(ψ, p) = 2, U1(ψ, p) = (2− d2

p )2−2, d O 4p = d2 +27b2 � d ≡ 1 mod 32�3�.
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YZ 2 � p �5S p ≡ 1 mod 12 �N/�, ψ �� p ��� 12 )�E, Æ���D�
k ≥ 2, IC)K!DL;1

Vk(ψ, p) = p6 ·
( (

2 − d2

p

)2

− 2
)
· Vk−1(ψ, p) − p12 · Vk−2(ψ, p), k ≥ 2 ���D�,

�FG[� V0(ψ, p) = 2, V1(ψ, p) = p6 · [(2 − d2

p )2 − 2].

YZ 3 � p �5S p ≡ 1 mod 24 �N/�, ψ �� p ��� 24 )�E, Æ���D�
k ≥ 2, IC)K!DL;1

Wk(ψ, p) =
( (

2 − d2

p

)2

− 2
)
·Wk−1(ψ, p) −Wk−2(ψ, p), k ≥ 2 ���D�,

�FG[� W0(ψ, p) = 2, W1(ψ, p) = (2 − d2

p )2 − 2.

] 1 �R� p � 3 · 2k )�E ψ /�EV���� τ(ψ), YIEV�$%, ??� k S
PQ�, �$%RST^, UUV_9$.

2 `abcdBe
N,J $%Z ".MFT7. WÆXf6���!#�$g[, �&( [1–8]� [14–18].

hZ 1 � p �5S p ≡ 1 mod 6 �/�, Æ�� p ���\)�E ψ, I*+1

τ3(ψ) + τ3(ψ) =

{
p

1
2 · (d2 − 2p

)
, ] p ≡ 1 mod 12;

−i · p 1
2 · (d2 − 2p

)
, ] p ≡ 7 mod 12,

�F i2 = −1, d O 4p = d2 + 27b2 � d ≡ 1 mod 3 2�3�.

ij &,8�( [5, T7 3].

hZ 2 � p �5S p ≡ 1 mod 12 �N/�, Æ�� p ��� 12 )�E ψ, I*+1
τ6(ψ)
τ6(ψ5)

+
τ6(ψ5)
τ6(ψ)

=
τ6(ψ)
τ6(ψ5)

+
τ6

(
ψ

)
τ6(ψ

5
)

=
(

2 − d2

p

)2

− 2

/

τ6(ψ
5
) · τ6(ψ) + τ6(ψ5) · τ6(ψ) = p6

[(
2 − d2

p

)2

− 2
]
.

ij � λ � χ4 XY�� p ��� 3 )� 4 )�E, Æ ψ = χ4λ Z�� p � 12 )�E.

%�[^, �R� p ��� 12 )�E ψ, Z:U� p ��F 3 )�E λ ��F 4 )�E χ4, _

5 ψ = χ4λ. `U, Va�\!, ]b ψ = χ4λ, k� ψ
2

= χ2λ
2

= χ2λ, O����!K�5
p−1∑
a=0

ψ
(
a2 − 1

)
=

p−1∑
a=0

ψ
(
(a+ 1)2 − 1

)
=

p−1∑
a=1

ψ
(
a2 + 2a

)

=
p−1∑
a=1

ψ(a)ψ (a+ 2) =
1

τ(ψ)

p−1∑
b=1

ψ(b)
p−1∑
a=1

ψ(a)e
(
b(a+ 2)

p

)

=
τ(ψ)
τ(ψ)

p−1∑
b=1

ψ
2
(b)e

(
2b
p

)
= χ2(2)λ(2) · τ(ψ)τ(χ2λ)

τ(ψ)
. (2.1)
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O*+1 τ(χ2) =
√
p "/17234�!K, �5

p−1∑
a=0

ψ
(
a2 − 1

)
= ψ(−1) +

p−1∑
a=1

(1 + χ2(a))ψ (a− 1) =
p−1∑
a=0

ψ (a− 1) +
p−1∑
a=1

χ2(a)ψ (a− 1)

=
1

τ(ψ)

p−1∑
b=1

ψ(b)
p−1∑
a=1

χ2(a)e
(
b(a− 1)

p

)
=

√
p

τ(ψ)

p−1∑
b=1

ψ(b)χ2(b)e
(−b
p

)

=
√
p

τ(ψ)

p−1∑
b=1

χ4(b)λ(b)e
(−b
p

)
= χ4(−1) ·

√
p · τ(χ4λ)
τ(ψ)

. (2.2)

$^ (2.1) � (2.2) �5*+1

χ4(−4)λ(2)τ (χ2λ) =
√
p · τ(χ4λ)

τ(χ4λ)
. (2.3)

O (2.3) �5

τ6 (χ2λ) = p3 · τ
6(χ4λ)
τ6(χ4λ)

= p3 · τ
6
(
χ4λ

)
τ6 (χ4λ)

(2.4)

�

τ6
(
χ2λ

)
= p3 · τ

6(χ4λ)
τ6(χ4λ)

= p3 · τ
6 (χ4λ)
τ6

(
χ4λ

) . (2.5)

_` (2.4), (2.5) /T7 1, �5

τ6(χ4λ)
τ6(χ4λ)

+
τ6(χ4λ)
τ6(χ4λ)

=
1
p3

· (τ6 (χ2λ) + τ6
(
χ2λ

))
=

1
p3

·
[(
τ3 (χ2λ) + τ3

(
χ2λ

))2 − 2τ3 (χ2λ) τ3
(
χ2λ

)]

=
1
p3

·
[
p · (2p− d2

)2 − 2p3
]

=
(

2 − d2

p

)2

− 2; (2.6)

τ6 (χ4λ)
τ6

(
χ4λ

) +
τ6(χ4λ)
τ6(χ4λ)

=
1
p3

· (τ6 (χ2λ) + τ6
(
χ2λ

))
=

(
2 − d2

p

)2

− 2,

�

τ6 (χ4λ) · τ6(χ4λ) + τ6(χ4λ) · τ6
(
χ4λ

)
= p6

[(
2 − d2

p

)2

− 2
]
. (2.7)

.0 ψ = χ4λ, ψ5 = χ4λ. O (2.6) � (2.7) �5T7 2.

hZ 3 � p �5S p ≡ 1 mod 24 �N/�, Æ�� p ��� 24 )�E ψ, I*+1
τ6(ψ7) · τ6(ψ)
τ6(ψ11) · τ6(ψ5)

+
τ6(ψ11) · τ6(ψ5)
τ6(ψ7) · τ6(ψ)

=
(

2 − d2

p

)2

− 2.

ij � χ8 ��Fa)�E, λ �� p ��FM)�E0 ψ = χ8λ. O (2.1) � (2.2) �N
,[b�5

p−1∑
a=0

ψ
(
a2 − 1

)
= χ4(2)λ(2) · τ(ψ)τ(χ4λ)

τ(ψ)
(2.8)
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�
p−1∑
a=0

ψ
(
a2 − 1

)
= χ8(−1) ·

√
p · τ (

χ3
8λ

)
τ(ψ)

. (2.9)

k� ψ11 = χ3
8λ, O (2.8) � (2.9) I*+1

τ6 (χ4λ) = p3 · τ
6(ψ11)
τ6(ψ)

� τ6
(
χ4λ

)
= p3 · τ

6(ψ7)
τ6(ψ5)

�

τ6
(
χ4λ

)
τ6 (χ4λ)

=
τ6(ψ7) · τ6(ψ)
τ6(ψ11) · τ6(ψ5)

(2.10)

0 μ = χ4λ �� p � 12 )�E, μ5 = χ4λ, O (2.10) �T7 2 �5*+1

τ6(ψ7) · τ6(ψ)
τ6(ψ11) · τ6(ψ5)

+
τ6(ψ11) · τ6(ψ5)
τ6(ψ7) · τ6(ψ)

=
τ6(χ4λ)
τ6(χ4λ)

+
τ6(χ4λ)
τ6(χ4λ)

=
τ6(μ5)
τ6(μ)

+
τ6(μ)
τ6(μ5)

=
(
2−d

2

p

)2

−2,

ENT7 3.

3 lmneopqr
cdN,�7 1. ���D� k ≥ 0, � ψ �� p ��� 12 )�E0 Uk(ψ, p) = τ6k(ψ)

τ6k(ψ5)
+

τ6k(ψ5)
τ6k(ψ)

, k = 0, 1, 2, . . . , Æ�eID� k ≥ 2, OT7 2 I

Uk(ψ, p) · U1(ψ, p) =
(
τ6k(ψ)
τ6k(ψ5)

+
τ6k(ψ5)
τ6k(ψ)

)
·
(
τ6(ψ)
τ6(ψ5)

+
τ6(ψ5)
τ6(ψ)

)

=
τ6(k+1)(ψ)
τ6(k+1)(ψ5)

+
τ6(k+1)(ψ5)
τ6(k+1)(ψ)

+
τ6(k−1)(ψ)
τ6(k−1)(ψ5)

+
τ6(k−1)(ψ5)
τ6(k−1)(ψ)

= Uk+1(ψ, p) + Uk−1(ψ, p)

�

Uk(ψ, p) =
( (

2 − d2

p

)2

− 2
)
· Uk−1(ψ, p) − Uk−2(ψ, p), k ≥ 2 ���D�,

�FG[� U0(ψ, p) = 2, U1(ψ, p) = (2 − d2

p )2 − 2, EN�7 1.

cHd, ���D� k ≥ 0, � Vk(ψ, p) = τ6k(ψ)τ6k(ψ
5
) + τ6k(ψ)τ6k(ψ5), ÆOT7 2 "/

�7 1 �N,[b�5
Vk(ψ, p) = p6 ·

( (
2 − d2

p

)2

− 2
)
· Vk−1(ψ, p) − p12 · Vk−2(ψ, p), k ≥ 2 ���D�,

�FG[� V0(ψ, p) = 2, V1(ψ, p) = p6 · [(2 − d2

p )2 − 2].

AU<=N,�7 3. � p �5S p ≡ 1 mod 24 �N/�, ψ �� p ��� 24 )�E. �

��D� k ≥ 0, � Wk(ψ, p) = τ6k(ψ7)·τ6k(ψ)
τ6k(ψ11)·τ6k(ψ5)

+ τ6k(ψ11)·τ6k(ψ5)
τ6k(ψ7)·τ6k(ψ)

. k�*+1
Wk(ψ, p) ·W1(ψ, p) = Wk+1(ψ, p) +Wk−1(ψ, p), k ≥ 1.

OT7 3 /�7 1 �N,[b�5C)K!DL;1
Wk(ψ, p) =

( (
2 − d2

p

)2

− 2
)
·Wk−1(ψ, p) −Wk−2(ψ, p), k ≥ 2 ���D�,
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�FG[� W0(ψ, p) = 2, W1(ψ, p) = (2 − d2

p )2 − 2.

WeCf-eI$%�N,.

4 st
W(�J $%?MF�7. �7 1 � 2 56-�/� p ≡ 1 mod 12 �, u� p � 12 )

�E ψ I��f��B����gFC)K!DL;1. �7 3 gh-�/� p ≡ 1 mod 24

�, u� p � 24 )�E ψ I��fv�B����*+1. _�Vf, <=iLj-u� p �

24 )�E ψ E������C)K!DL;1. W�$%Vkl6-f��h���[Xm�
nÆ!, o0�E�iw�4-p_jq-��k�>l�[b. �R� p � 3 · 2k )�E ψ

(k ≥ 4) /EV���� τ(ψ), mnVroI�F�V�$%. ??� k SPQ�, Ucpqs

t5RST^, `UW(BIu�v9$. _��F;w�pqrgIst�xH.

xy �uyvjh�z{�&�|w06zx�}y. F�, UW(�zq"/Cf<~
F56-j{L(+"|�}~���{j, UU06zx�}y.
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