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i, 1 ≤ i < �

2 , ) d�+1−i ≥ i + 1, > G �?/�@A�BC�. DEF1, GHIJ
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Abstract A non-increasing sequence π = (d1, . . . , dn) of nonnegative integers is said
to be graphic if it is realizable by a simple graph G on n vertices. A graphic sequence
π = (d1, . . . , dn) is said to be potentially 3C�-graphic if there is a realization of π

containing cycles of every length r, 3 ≤ r ≤ �. It is well-known that if the non-
increasing degree sequence (d1, . . . , d�) of a graph G on � vertices satisfies the Pósa
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condition that d�+1−i ≥ i + 1 for every i with 1 ≤ i < �
2 , then G is either pancyclic

or bipartite. In this paper, we obtain a Pósa-type condition of potentially 3C�-graphic
sequences, that is, we prove that if � ≥ 5 is an integer, n ≥ � and π = (d1, . . . , dn) is a
graphic sequence with d�+1−i ≥ i + 1 for every i with 1 ≤ i < �

2 , then π is potentially
3C�-graphic. We show that this result is an asymptotic solution to a problem due to
Li et al. [Adv. Math. (China), 2004, 33(3): 273–283]. As an application, we also show
that this result completely implies the value σ(C�, n) for � ≥ 5 and n ≥ � due to Lai
[J. Combin. Math. Combin. Comput., 2004, 49: 57–64].
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1 /0
1���2����3�, ������. 1��3�4��5�����67 [1]. 8��

9����:� π = (d1, . . . , dn) (�Æ ��;�) � !�"��, #!$�%" n "#��

�� G �$:�. 1<&'(, G =� !� π �>")*. 8+3��9�:� (d1, . . . , dn)

%3 d1 ≥ · · · ≥ dn � d1 ≤ n − 1 ���&'�? NSn. ( NSn 2+3�"�:����&
'�? GSn. )7>"��9�:� π = (d1, . . . , dn), ,-� σ(π) = d1 + · · · + dn. >":�
π ∈ GSn � !�@* C�- "��, #! π 3>")*+* C� ?!A�, .2 C� �,! � �

/. -0, >":� π ∈ GSn � !�@* 3C�- "��, #! π 3>")*+*1>",! r

�/, 3 ≤ r ≤ �. Li � Yin 2.3Æ"45#(.

B" 1.1 [7] /.@* C�- "�:��>"6�, .2 � ≥ 3.

B" 1.2 [7] /.@* 3C�- "�:��>"6�, .2 � ≥ 4.

C� [10] 2, Yin 7801345 1.1. 92:D;3�<E, 45 1.2 =>�?45%3@
FG. >�6$A, B7C-)7@* 3C�- "�:�+HÆ�D8IJEF.

KL 1.3 G π = (d1 . . . , dn) ∈ GSn.

(i) [11] #! n ≥ 5, d5 ≥ 2 � d4 ≥ 3, M π �@* 3C5- "��.

(ii) [2] #! n ≥ 6, d6 ≥ 2 � d5 ≥ 3, M π �@* 3C6- "��.

(iii) [12] #! � ≥ 7, n ≥ � � d� ≥ � �
2�, M π �@* 3C�- "��.

N+OI, #!>" � "#�� G ��;$:� (d1, . . . , d�) HP Pósa D8, 9)7 1 ≤
i < �

2 , 3 d�+1−i ≥ i + 1, M G �:/�;Q�<=� [9]. I1">!��J 1.3 �K?, ,-

@A3@* 3C�- "�:��>" Pósa- RD8, .2 � ≥ 5.

KL 1.4 #! � ≥ 5 �>"9�, n ≥ � � π = (d1, . . . , dn) ∈ GSn HP)71>"
1 ≤ i < �

2 (9 i = 1, . . . , � �
2� − 1), 3 d�+1−i ≥ i + 1, M π �@* 3C�- "��.

�J 1.4 C%<S4A�TB"L�, C#)1>" i = 1, . . . , � �
2� − 1, D8 d�+1−i ≥ i + 1

�L� d�+1−i ≥ i +MD, U!) � = 2m, ((n − 1)i, (2m − i − 1)m−i,mm−i, in−2m+i) �)

� = 2m + 1, ((n− 1)i, (2m− i)m−i+1, (m + 1)m−i, in−2m+i−1) ��"��, .2C>":�2�
E xy DÆ y "NV�O x, F� ((n − 1)i, (2m − i − 1)m−i, mm−i, in−2m+i) ��@* 3C2m-
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"��, ((n− 1)i, (2m− i)m−i+1, (m + 1)m−i, in−2m+i−1) =��@* 3C2m+1- "��. 1Z[
�J 1.4 �45 1.2 �>"PQ0.

C� [6] 2, Lai YR\]3>"S7@* C�- "�:��TZ45#(: ^�>"T[�
\_� σ(C�, n), `@)71>"HP σ(π) ≥ σ(C�, n) �:� π ∈ GSn �@* C�- "��. ,

- σ(C�, n) ! C� �@*�. U! σ(π) � π �aU)*�V��ÆW, 1"45"]b!�
C� � Turán ��>"@*$:�cX. Lai [6] ^[3) m ≥ 2 � n ≥ 3m, 3 σ(C2m+1, n) =

m(2n−m− 1) + 2, Y�) m ≥ 2 � n ≥ 5m− 2, 3 σ(C2m+2, n) = m(2n−m− 1) + 4. ?!>
"_`, �J 1.4 78+*3Z � ≥ 5 � n ≥ � ;, σ(C�, n) JZ.

KL 1.5 G m ≥ 2, MZ n ≥ 2m + 1 ;, 3 σ(C2m+1, n) = max{2n + 4m2 − 6m,m(2n −
m−1)}+2; Z n ≥ 2m+2;,3 σ(C2m+2, n) = max{2n+4m2−2m−2,m(2n−m−1)+2}+2.

2 ab 1.4 c 1.5 def
,-de[f>g3`�hI�J�iJ.

G π = (d1, . . . , dn) ∈ NSn, Y�G k �>"HP 1 ≤ k ≤ n �9�. ,-�4 π′
k !>"�

;�:�, `@ π′
k �8 π B\g] dk, Y^ d1, . . . , dk−1, dk+1, . . . , dn 2� dk "T_O1>O

` 1 a2@A�:�. ,- π′
k �B\ π gh dk a@A�ij:�.

KL 2.1 [5] π ∈ GSn Z�bZ π′
k ∈ GSn−1.

KL 2.2 [3] G π = (d1, . . . , dn) ∈ NSn, .2 σ(π) �_�, M π ∈ GSn Z�bZ)7aS
1 ≤ t ≤ n − 1, 3 ∑t

i=1 di ≤ t(t − 1) +
∑n

i=t+1 min{t, di}.
ek Nash-Williams [8] ^[: !Z[ π = (d1, . . . , dn) ∈ NSn �"��, lHÆ)HP

dt > dt+1 � t �m^ ∑t
i=1 di ≤ t(t − 1) +

∑n
i=t+1 min{t, di} 9". -0, �j^[: !Z[

π = (d1, . . . , dn) ∈ NSn �"��, lH)HP 1 ≤ t ≤ f(π) � t �m^ ∑t
i=1 di ≤ t(t − 1) +

∑n
i=t+1 min{t, di} 9", .2 f(π) = max{i | di ≥ i}.
KL 2.3 [4] #! π = (d1, . . . , dn) ∈ GSn 3>")* G +* H ?!A�, M>�cC π

�>")* G′ +* H `@ H kClg$! d1, . . . , d|V (H)| �d#A.

nL 2.4 [12] #! � ≥ 3 � π = (d1, . . . , d�) ∈ GS� HP)1" 1 ≤ i < �
2 (9 i =

1, . . . , � �
2� − 1), 3 d�+1−i ≥ i + 1, M π 3>":/)*, =e�Z, π 3>")*+*+3,$

! 3 A � �/.

nL 2.5 [12] #! m ≥ 4, n ≥ 2m � π = (d1, . . . , dn) ∈ GSn HP d2m ≥ m, M π 3>"
)*+* C3, . . . , C2m Clg$! d1, . . . , d2m �d#A.

,-fHÆ>m�iJ#(.

nL 2.6 G m ≥ 5, n ≥ 2m + 1 � π = (d1, . . . , dn) ∈ GSn HP m − 1 ≥ dn ≥ 1,

ddn−1 ≥ m + 1, ddn = · · · = dm+1 = m �) 1 ≤ i ≤ m − 1 3 d2m+1−i ≥ i + 1. #!

n ≥ 2m + 2, n ω = (d1 − 1, . . . , ddn−1 − 1, ddn , . . . , dn−2, dn−1 − 1) (=e�Z, ω �8 π @

A�, B\g] dn Y�)1>" i ∈ {1, . . . , dn − 1, n − 1} ^ di ` 1), Y#! n = 2m + 1

�cC>"9� k, 1 ≤ k ≤ m − 2, HP d2m+1−k ≥ k + 2 (1�,-opT[�l" k), G

ω = (d1 − 1, . . . , ddn−1 − 1, ddn , . . . , d2m−k, d2m+1−k − 1, d2m+2−k, . . . , dn−1), M ω �"��.

qr � ω = (ρ1, . . . , ρn−1). o9, ) 1 ≤ i ≤ dn−1, 3 ρi = di−1, ρdn = · · · = ρm+2 = m
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� ρn−1 ≥ dn − 1. )7 1 ≤ t ≤ dn − 1, ,-3
t∑

i=1

ρi ≤ t(n − 2) = t(t − 1) + t(n − 1 − t) ≤ t(t − 1) +
n−1∑

i=t+1

min{t, ρi}.

-0, ) t = m + 2, ,-=3
t∑

i=1

ρi ≤ (n − 2)(dn − 1) + m(m + 3 − dn) ≤ (m + 2)(m + 1) + (dn − 1)(n − t − 1)

≤ t(t − 1) +
n−1∑

i=t+1

min{t, ρi}.

U-, gh f(ρ) = m < m + 2 ��J 2.2, ω �"��.

nL 2.7 G m ≥ 5, n ≥ 2m + 1 � π = (d1, . . . , dn) ∈ GSn HP m − 1 ≥ dn ≥ 1,

ddn−1 = ddn = · · · = dm+2 = m � dm+3 = · · · = d2m+1 = m − 1. � p = max{i | di ≥
m + 1}. Z p = 0 � n ≥ 2m + 3 ;, n ρ = (d1, . . . , dm+3, dm+4 − 1, . . . , d2m − 1, d2m+2 −
1, d2m+3 − 1, d2m+4, . . . , dn) (=e�Z, ρ �8 π @A�, B\g] d2m+1 = m − 1 9a)7
1>" i ∈ {m + 4, . . . , 2m, 2m + 2, 2m + 3} ^ di ` 1). Z p = 1 � n ≥ 2m + 2 ;, n

ρ = (d1 − 1, d2, . . . , dm+3, dm+4 − 1, . . . , d2m − 1, d2m+2 − 1, d2m+3, . . . , dn). Z p = 2 ;, n

ρ = (d1 − 1, d2 − 1, d3, . . . , dm+3, dm+4 − 1, . . . , d2m − 1, d2m+2, . . . , dn). Z p ≥ 3 ;, n ρ =

(d1 − 1, . . . , dp − 1, dp+1, . . . , dm+3, dm+4 − 1, . . . , d2m+2−p − 1, d2m+3−p, . . . , d2m, d2m+2, . . . , dn),

M ρ �"��.

qr G ρ′ = (ρ1, . . . , ρn−1) � ρ �>"�;sp. o9, ρi = di − 1, .2 1 ≤ i ≤ p;

ρi = di = m, .2 p + 1 ≤ i ≤ m + 2, � ρn−1 ≥ dn − 1. )7 1 ≤ t ≤ p, gh p ≤ dn − 2, ,-3
t∑

i=1

ρi ≤ t(n − 2) = t(t − 1) + t(n − 1 − t) = t(t − 1) +
n−1∑

i=t+1

min{t, ρi}.

-0, ) t = m + 2, ,-=3
t∑

i=1

ρi ≤ p(n − 2) + (t − p)m ≤ t(t − 1) + (n − 1 − t)p ≤ t(t − 1) +
n−1∑

i=t+1

min{t, ρi}.

U-, gh f(ρ′) = m < m + 2 ��J 2.2, ρ′ �"��, =e�Z, ρ �"��.

nL 2.8 G m ≥ 5, n ≥ 2m+1� π = (d1, . . . , dn) ∈ GSn HP m−1 ≥ d2m ≥ d2m+1 ≥ 1,

ddn−1 = ddn = · · · = dm+1 = m � d2m+1−i ≥ i + 1, .2 1 ≤ i ≤ m − 1. � p = max{i | di ≥
m + 1}. o9, d2m ≥ p + 2. n ω1 = (d1 − 1, . . . , dm − 1, dm+1, dm+3, . . . , dn) (=e�Z, ω1 �

8 π @A�, B\gh dm+2 = m, 9a)1>" i ∈ {1, . . . ,m} ^ di ` 1). )iA, ω1 (�j

��;�) � π B\gh dm+2 = m +@A�ij:�. #! p ≥ 1 ; d2m ≤ m − 2, n ω2 =

(d1 − 2, . . . , dp − 2, dp+1 − 1, . . . , dm+1 − 1, dm+3 − 1, . . . , dr − 1, dr+1, . . . , d2m−1, d2m+1, . . . , dn),

.2 r = m + 1 + d2m − p. #! p = 0 � d2m = m − 1, n ω2 = (d1 − 2, . . . , dp − 2, dp+1 −
1, . . . , dm+1 − 1, dm+3 − 1, . . . , d2m−1 − 1, d2m+1 − 1, d2m+2, . . . , dn), M ω2 �"��.

qr #! dr = m, M ω2 (�j��;�) �B\ ω1 gh d2m +@A�ij:�. gh�

J 2.1, ω1 � ω2 ��"��. kG dr ≤ m−1. n ρ = (ρ1, . . . , ρn−2)� ω2 ��;sp. o9, )

1 ≤ k ≤ p, 3 ρk = dk − 2, ) p + 1 ≤ k ≤ m + 1 3 ρk = m− 1, � ρn−2 ≥ dn − 1. ) 1 ≤ t ≤ p,



3� PGQH: WIRSJKT C3, . . . , C� UVXWXYLMNO 447

gh p ≤ dn − 1, ,-3
t∑

i=1

ρi =
t∑

i=1

(di − 2) ≤ t(n − 3) = t(t − 1) + t(n − 2 − t) ≤ t(t − 1) +
n−2∑

i=t+1

min{t, ρi}.

-0, )7 t = m + 1, ,-=3
t∑

i=1

ρi ≤ p(n − 3) + (t − p)(m − 1) ≤ t(t − 1) + p(n − 2 − t) ≤ t(t − 1) +
n−2∑

i=t+1

min{t, ρi}.

U-, gh f(ρ) = m − 1 < m + 1 ��J 2.2, "I ρ �"��, =e�Z ω2 �"��.

nL 2.9 G m ≥ 5 � π = (d1, . . . , d2m+1) ∈ GS2m+1 HP) 2 ≤ i ≤ m + 2 3 di = m �

) 1 ≤ i ≤ m − 2 3 d2m+1−i = i + 1. #! d2m+1 = 2 � d1 ≥ m + 1, ;Q#! d2m+1 = 1 �

d1 = m, M π 3>")*+* C3, . . . , C2m Clg$! d1, . . . , d2m �d#A.

qr de,kG d2m+1 = 2� d1 ≥ m+2. lq-; π = (d1,m
m+1,m−1,m−2, . . . , 2, 2).

n ω0 = π. n ω1 = (d′1, . . . , d′2m) !B\ π gh d2m+1 = 2 +@A�ij:�, M ω1 =

(d1 − 1,mm,m− 1,m− 1,m− 2, . . . , 2). n ω2 = (d′′1 , . . . , d′′2m−1) !B\ ω1 gh d′m+3 = m− 1

+@A�ij:�,M ω2 = (d1−2,m2, (m−1)m−1,m−2, . . . , 2). n ω3 = (d′′′1 , . . . , d′′′2m−2)!B

\ ω2gh d′′2m−2 = 3+@A�ij:�,M ω3 = (d1−3, (m−1)m+1,m−2, . . . , 2). gh�J 2.1

�iJ 2.4, ω3 3>":/)* G3. )7 i tlm7 2, 1, 0, n Gi 8 Gi+1 rn>"u�# ui

@A, .2 ui vlgo ωi pA ωi+1 ;$`F3 1�#sN, M G0 � π �>")*�+* G3.

n C = x1x2 . . . x2m−2x1 ! G3 �>" Hamilton /, M V (G0) = {x1, . . . , x2m−2, u0, u1, u2},
dG0(u0) = d2m+1 = 2, dG0(u1) = dm+3 = m−1� dG0(u2) = d2m−1 = 3. U-, C kClg$!
d1, . . . , dm+2, dm+4, . . . , d2m−2, d2m �d#A. !3qr, n {i1, . . . , im+1} ⊆ {1, 2, . . . , 2m − 2},
o2) 1 ≤ j ≤ m + 1 3 dG0(xij ) = dj . o9, u2xi1 , u2xi2 , u2xi3 ∈ E(G0), Y�) j = 1 � 4 ≤
j ≤ m+1, 3 u1xij ∈ E(G0). -0, wIcCt"�u�\9� p1, p2, p3, p4 ∈ {i1, . . . , im+1}H
P xp1xp2 , xp3xp4 ∈ E(C). ,-*CZ[ π 3>")*+* C3, . . . , C2m Clg$! d1, . . . , d2m

�d#A. �v>sG, ,-lH\](wÆ<&'.

xy 1 xi1 �= xp1 , xp2 , xp3 , xp4 .

#! xi2 = xp1 � xi3 = xp2 , M u2xp1 , u2xp2 , u1xp3 , u1xp4 ∈ E(G0), 1Z[ G0 +*

C3, . . . , C2m Clg$! d1, . . . , d2m �d#A. #! xi2 = xp1 � xi3 �= xp2 , n G1 = G0 −
{u2xi3 , u1xp2}+{u2xp2 , u1xi3},M G1 � π�)*Y�3 u2xp1 , u2xp2 , u1xp3 , u1xp4 ∈ E(G1). U
- G1 +* C3, . . . , C2m Clg$! d1, . . . , d2m �d#A. #! xi2 �= xp1 , xp2 � xi3 �= xp1 , xp2 ,

n G1 = G0 −{u2xi2 , u2xi3 , u1xp1 , u1xp2}+ {u2xp1 , u2xp2 , u1xi2 , u1xi3}, M G1 � π �>")*
Y�+* C3, . . . , C2m Clg$! d1, . . . , d2m �d#A.

xy 2 xi1 = xp1 .

#! xi2 = xp3 � xi3 = xp4 , M u2xp3 , u2xp4 , u1xp1 , u1xp2 ∈ E(G0) � G0 +* C3, . . . ,C2m

Clg$! d1, . . . , d2m �d#A. #! xi2 = xp3 � xi3 �= xp4 , n G1 = G0 − {u2xi3 , u1xp4}+

{u2xp4 , u1xi3}, M G1 � π �>")*, Y�+* C3, . . . , C2m Clg$! d1, . . . , d2m �d

#A. #! xi2 �= xp3 , xp4 � xi3 �= xp3 , xp4 , n G1 = G0 − {u2xi2 , u2xi3 , u1xp3 , u1xp4}+

{u2xp3 , u2xp4 , u1xi2 , u1xi3},MG1� π�>")*Y�+* C3, . . . , C2mClg$! d1, . . . , d2m

�d#A.
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*CkG d2m+1 = 2� d1 = m+1,;QkG d2m+1 = 1� d1 = m,M π = (d1,m
m+1,m−1,

m−2, . . . , 2, d2m+1). n ω1 = (mm+1, (m−1)2,m−2, . . . , 2), ω2 = (m2, (m−1)m,m−2, . . . , 2)�

ω3 = ((m−1)m+2,m−2, . . . , 3). o9, ω1 �B\ π ghO d2m+1 +@A�ij:�, ω2 �B\

ω1 ghO m− 1 +@A�ij:�, ω3 �B\ ω2 ghO 2+@A�ij:�. gh�J 2.1 �

iJ 2.4, ω3 3>":/)* G3. )7 i tlm7 2, 1, 0, n Gi B\8 Gi+1 rn>"# ui @

A, .2 ui vlgo ωi pA ωi+1 ;$`F3 1�#sN, M G0 � π �>")*Y�+* G3.

n C = x1x2 . . . x2m−2x1 ! G3 �>" Hamilton /, M V (G0) = {x1, . . . , x2m−2, u0, u1, u2},
dG0(u0) = d2m+1, dG0(u1) = dm+3 = m−1 � dG0(u2) = d2m = 2. U-, C kClg$!
d1, . . . , dm+2, dm+4, . . . , d2m−1 �d#A. qr>t, n {i1, . . . , im+1} ⊆ {1, 2, . . . , 2m − 2} HP
) 1 ≤ j ≤ m + 1, 3 dG0(xij ) = dj . o9 u2xi1 , u2xi2 ∈ E(G0) �) 3 ≤ j ≤ m + 1, 3 u1xij ∈
E(G0). -0, cCt"�u�\9� p1, p2, p3, p4 ∈ {i1, . . . , im+1} HP xp1xp2 , xp3xp4 ∈ E(C).

�v>sG, #! xi1 = xp1 � xi2 = xp2 , M u2xp1 , u2xp2 , u1xp3 , u1xp4 ∈ E(G0), U- G0 +

* C3, . . . , C2m Clg$! x1, . . . , x2m−2, u1, u2 �d#A. uvwZ, G0 +* C3, . . . , C2m C
lg$! d1, . . . , d2m �d#A. #! xi1 = xp1 � xi2 �= xp2 , n G1 = G0 − {u2xi2 , u1xp2} +

{u2xp2 , u1xi2}, M G1 � π �>")*Y� u2xp1 , u2xp2 , u1xp3 , u1xp4 ∈ E(G1), 1Z[ G1 +

* C3, . . . , C2m Clg$! d1, . . . , d2m �d#A. #! xi1 �= xp1 , xp2 � xi2 �= xp1 , xp2 , n

G1 = G0−{u2xi1 , u2xi2 , u1xp1 , u1xp2}+{u2xp1 , u2xp2 , u1xi1 , u1xi2},M G1 � π�>")*Y�
u2xp1 , u2xp2 , u1xp3 , u1xp4 ∈ E(G1). U- G1 +* C3, . . . , C2m Clg$! d1, . . . , d2m�d#A.

nL 2.10 G � ∈ {7, 8}, n ≥ � � π = (d1, . . . , dn) ∈ GSn HP d�−2 ≥ 4, d�−1 ≥ 3 �

d� ≥ 2, M π 3>")*+* C3, . . . , C� Clg$! d1, . . . , d� �d#A.

qr de\] � = 8 �&'. ghiJ 2.4 I, Z n = 8 ;iJ 2.10 �x. kG n ≥ 9. #

! d8 ≥ 4, ghiJ 2.5, M π 3>")*+* C3, . . . , C8 Clg$! d1, . . . , d8 �d#A. k

G d8 ≤ 3. #! ddn ≥ 5, MB\ π gh dn +@A�ij:� π′
n = (d′1, . . . , d

′
n−1) HP d′6 ≥ 4,

d′7 ≥ 3 � d′8 ≥ 2. ghxykG, π′
n 3>")*+* C3, . . . , C8 Clg$! d′1, . . . , d

′
8 �d#

A, U- π 3>")*+* C3, . . . , C8 Clg$! d1, . . . , d8 �d#A. kG ddn = · · · = d6 = 4

� dn ≥ 1. � p = max{i | di ≥ 5}.
xy 1 dn = 1.

-; p = 0. #! n ≥ 10, n π′ = (d1, . . . , dn−2, dn−1 − 1), #! n = 9 � d8 ≥ 3, n

π′ = (d1, . . . , d7, d8 − 1), #! n = 9, d8 = 2 � d7 = 4, n π′ = (d1, . . . , d6, d7 − 1, d8). wI
π′ ∈ GSn−1. � π′ = (d′1, . . . , d

′
n−1). o9, π′ HP d6 ≥ 4, d7 ≥ 3 � d8 ≥ 2. ghxyk

GI, π′ 3>")*+* C3, . . . , C8 Clg$! d′1, . . . , d
′
8 �d#A, U-, π 3>")*+*

C3, . . . , C8 Clg$! d1, . . . , d8 �d#A. U-,-"]kG n = 9, d8 = 2 � d7 = 3, =e�
Z π = (46, 3, 2, 1). n π′ = (46, 32), o9$�B\ π gh d9 = 1 Y�^ d8 ` 1 @A�. � 1 Æ

[ π′ 3>":/)*, 1Z[ π 3>")*+* C3, . . . , C8 Clg$! d1, . . . , d8 �d#A.

xy 2 dn = 2.

-; p ≤ 1. #! p = 1 � n ≥ 10, ;Q#! p = 1, n = 9 � d8 ≥ 3, n π′ = (d1 −
1, d2, . . . , dn−2, dn−1 − 1). #! p = 1, n = 9, d8 = 2 � d7 = 4, n π′ = (d1 − 1, d2, . . . , d6, d7 −
1, d8). #! p = 0 � n ≥ 11, ;Q#! p = 0, n = 10 � d8 ≥ 3, n π′ = (d1, . . . , dn−3, dn−2 −
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1, dn−1 − 1). #! p = 0, n = 10, d8 = 2 � d7=4, n π′ = (d1, . . . , d6, d7 − 1, d8, d9 − 1). wI
π′ ∈ GSn−1. � π′ = (d′1, . . . , d

′
n−1). o9, π′ HP d6 ≥ 4, d7 ≥ 3 � d8 ≥ 2. ghxykG, π′

3>")*+* C3, . . . , C8 Clg$! d′1, . . . , d
′
8 �d#A, U- π 3>")*+* C3, . . . , C8

Clg$! d1, . . . , d8 �d#A. U-, ,-"]kG p = 1, n = 9, d8 = 2 � d7 = 3, ;QkG
p = 0, n = 10, d8 = 2� d7 = 3, ;QkG p = 0� n = 9. #! p = 0, n = 10, d8 = 2 � d7 = 3,

lq π = (46, 3, 23), -; σ(π) !z�, 1o9��"L�. #! p = 1, n = 9, d8 = 2 � d7 = 3,

lq π = (5, 45, 3, 22) ;Q (7, 45, 3, 22). #! π = (5, 45, 3, 22) (s_�, π = (7, 45, 3, 22)), n

π′ = (46, 22) (s_�, π′ = (6, 45, 22)), $�B\ π gh d9 = 2 Y�^ d1 � d7 �` 1 @A

�. � 1 (s_�, � 2) Æ[ π′ 3>":/)*. U- π 3>")*+* C3, . . . , C8 Clg$!
d1, . . . , d8 �d#A. #! p = 0 � n = 9, lq π = (47, 22) ;Q (46, 32, 2). #! π = (47, 22)

(s_�, π = (46, 32, 2)), n π′ = (45, 32, 2) (s_�, π′ = (46, 22))), $�B\ π gh d9 = 2 Y

�^ d6 � d7 ` 1 (s_�, ^ d7 � d8 ` 1) @A�. � 3 (s_�, � 1) Æ[ π′ 3>":/)
*. U- π 3>")*+* C3, . . . , C8 Clg$! d1, . . . , d8 �d#A.

�x1

�x2 �x3

�x4 �x5

�

x7
�

x6
�

x8

V 1 π = (46, 22) LyTRS

C3 = x4x5x6x4

C4 = x1x4x6x5x1

C5 = x1x4x3x2x5x1

C6 = x1x2x7x6x8x3x1

C7 = x4x5x2x7x6x8x3x4

C8 = x2x5x1x4x3x8x6x7x2

�x2

�x3 �x4

�x5 �x6

�

x1

�x7
�x8

V 2 π = (6, 45, 22) LyTRS

C3 = x1x2x3x1

C4 = x1x8x5x6x1

C5 = x2x5x4x3x6x2

C6 = x4x3x6x5x8x1x4

C7 = x4x3x6x5x8x1x7x4

C8 = x5x2x6x3x4x7x1x8x5

xy 3 dn = 3.

-; p ≤ 2. #! p = 2,n π′ = (d1−1, d2−1, d3, . . . , dn−2, dn−1−1). #! p = 1� n ≥ 10,

;Q#! p = 1, n = 9� d7 = 4, n π′ = (d1−1, d2, . . . , dn−3, dn−2−1, dn−1−1). #! p = 0�
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n ≥ 11, ;Q#! p = 0, n = 10 � d7 = 4, n π′ = (d1, . . . , dn−4, dn−3 − 1, dn−2 − 1, dn−1 − 1).

wI π′ ∈ GSn−1. � π′ = (d′1, . . . , d
′
n−1). o9, π′ HP d6 ≥ 4, d7 ≥ 3 � d8 ≥ 2. ghxy

kG, π′ 3>")*+* C3, . . . , C8 Clg$! d′1, . . . , d
′
8 �d#A, U- π 3>")*+*

C3, . . . , C8 Clg$! d1, . . . , d8 �d#A. U-, ,-"]kG p = 1, n = 9 � d7 = 3, ;Q
kG p = 0, n = 10 � d7 = 3, ;QkG p = 0 � n = 9. #! p = 1, n = 9 � d7 = 3, M
π = (5, 45, 33) ;Q (7, 45, 33). #! π = (5, 45, 33) (s_�, (7, 45, 33)), n π′ = (46, 22) (s_
�, π′ = (6, 45, 22)), $�B\ π gh d9 = 3 9a^ d1, d7 � d8 �` 1 @A�. � 1 (s_�,

� 2) Æ[ π′ 3>":/)*. U- π 3>")*+* C3, . . . , C8 Clg$! d1, . . . , d8 �d

#A. #! p = 0, n = 10 � d7 = 3, M π = (46, 34). n π′ = (d′1, . . . , d
′
9) = (46, 23), $�B

\ π gh d10 = 3 Y�^ d7, d8 � d9 �` 1 @A�, 9an π′′ = (44, 32, 22), $�B\ π′ g

h d′9 = 2, Y�^ d′5 � d′6 �`h 1 @A�. � 4 Æ[ π′′ 3>":/)*, 1Z[ π 3>")
*+* C3, . . . , C8 Clg$! d1, . . . , d8 �d#A. #! p = 0 � n = 9, lq π = (47, 32). n

π′ = (45, 32, 2), $�B\ π gh d9 = 3, Y�^ d6, d7 � d8 �` 1 @A�. � 3 Æ[ π′ 3>
":/)*, 1Z[ π 3>")*+* C3, . . . , C8 Clg$! d1, . . . , d8 �d#A.

� = 7 �&'�^[�s?�, 1�,-{|$.
�x1

�x2 �x3

�x4 �x5

�

x6

�

x7

�

x8

V 3 π = (45, 32, 2) LyTRS

C3 = x1x2x3x1

C4 = x4x5x7x6x4

C5 = x1x5x2x3x4x1

C6 = x1x4x6x7x8x3x1

C7 = x1x4x3x8x7x6x2x1

C8 = x3x2x5x1x4x6x7x8x3

�x5

�x1 �x2

�x7 �x8

�x3
�x4

�x6

�
�
�
�
�

�
�

�
�

�

�
��

�
��

�
��

�
��

�
�

�
�

�

�
�
�
�
�

�
�

�
�

�

�
�

�
�

�

V 4 π = (44, 32, 22) LyTRS

C3 = x1x5x2x1

C4 = x1x7x3x2x1

C5 = x1x7x3x2x5x1

C6 = x1x2x8x4x3x7x1

C7 = x1x7x3x4x8x2x5x1

C8 = x1x7x3x6x4x8x2x5x1
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nL 2.11 G m ≥ 4, n ≥ 2m � π = (d1, . . . , dn) ∈ GSn HP) 1 ≤ i ≤ m − 1 3
d2m+1−i ≥ i + 1, M π 3>")*+* C3, . . . , C2m Clg$! d1, . . . , d2m �d#A.

qr ghiJ 2.10 wIiJ 2.11 C m = 4 ;�x. kG m ≥ 5. ghiJ 2.4 wIiJ
2.11 C n = 2m ;�x. ,-z>{kG n ≥ 2m + 1 � dn ≥ 1. #! d2m ≥ m, ghiJ 2.5,

M π 3>")*+* C3, . . . , C2m Clg$! d1, . . . , d2m �d#A. kG d2m ≤ m − 1.

#! ddn ≥ m + 1, MB\ π gh dn +@A�ij:� π′
n = (d′1, . . . , d

′
n−1) HP) 1 ≤

i ≤ m − 1 3 d′2m+1−i ≥ i + 1. ghxykG, π′
n 3>")*+* C3, . . . , C2m Clg$!

d′1, . . . , d
′
2m �d#A, 1Z[ π 3>")*+* C3, . . . , C2m Clg$! d1, . . . , d2m �d#A.

U-"]kG ddn = · · · = dm+2 = m. � p = max{i | di ≥ m + 1}.
#! ddn−1 ≥ m+1� n ≥ 2m+2,n ω = (d1−1, . . . , ddn−1−1, ddn , . . . , dn−2, dn−1−1),Y

�#! ddn−1 ≥ m+1, n = 2m+1�cC>"9� k, 1 ≤ k ≤ m−2,HP d2m+1−k ≥ k+2 (,-

opT[� k),n ω = (d1−1, . . . , ddn−1−1, ddn , . . . , d2m−k, d2m+1−k−1, d2m+2−k, . . . , dn−1). g

hiJ 2.6, ω ∈ GSn−1. � ω = (ρ1, . . . , ρn−1). o9, ω HP) 1 ≤ i ≤ m−13 ρ2m+1−i ≥ i+1.

ghxykG ω 3>")*+* C3, . . . , C2m Clg$! ρ1, . . . , ρ2m �d#A, U- π 3>"
)*+* C3, . . . , C2m Clg$! d1, . . . , d2m �d#A. #! ddn−1 ≥ m + 1, n = 2m + 1 �

) 1 ≤ i ≤ m − 2 3 d2m+1−i = i + 1, gh 1 ≤ d2m+1 ≤ 2 �iJ 2.9, M π 3>")*+*
C3, . . . , C2m Clg$! d1, . . . , d2m �d#A. U-"]z>{kG ddn−1 = m.

#! dm+3 = · · · = d2m+1 = m−1,Z p = 0� n ≥ 2m+3;,n ρ = (d1, . . . , dm+3, dm+4−
1, . . . , d2m − 1, d2m+2 − 1, d2m+3 − 1, d2m+4, . . . , dn); Z p = 1 � n ≥ 2m + 2 ;, n ρ =

(d1 − 1, d2, . . . , dm+3, dm+4 − 1, . . . , d2m − 1, d2m+2 − 1, d2m+3, . . . , dn); Z p = 2 ;, n ρ =

(d1 − 1, d2 − 1, d3, . . . , dm+3, dm+4 − 1, . . . , d2m − 1, d2m+2, . . . , dn); Z p ≥ 3 ;, n ρ = (d1 −
1, . . . , dp − 1, dp+1, . . . , dm+3, dm+4 − 1, . . . , d2m+2−p − 1, d2m+3−p, . . . , d2m, d2m+2, . . . , dn). gh

iJ 2.7 I ρ �"��. n ρ′ = (ρ1, . . . , ρn−1) � ρ ��;sp. o9, ρ′ HP) 1 ≤ i ≤ m − 1

3 ρ2m+1−i ≥ i + 1. ghxykG, ρ′ 3>")* G′ +* C3, . . . , C2m Clg$! ρ1, . . . , ρ2m

�d#A. π �>")* G "]8 G′ B\rn>"u�#@A, .21"#�lg8 π p!

ρ′ ;$` 1 3�#sN. n H � G′ 28$! ρ1, . . . , ρ2m �#+z|�A�. o9, H � G

�>"A�Y��:/�. gh�J 2.3, π 3>")*+* H (U-+* C3, . . . , C2m) Clg
$! d1, . . . , d2m �d#A. U-*C"]z>{kG dm+3 = m, ;QkG dm+3 = m − 1 �

d2m+1 ≤ m − 2, ;QkG dm+3 = · · · = d2m+1 = m − 1 �) p ∈ {0, 1} 3 n ≤ 2m + 2 − p.

o9, d2m ≥ p + 2. n ω1 = (d1 − 1, . . . , dm − 1, dm+1, dm+3, . . . , dn). #! p ≥ 1 ; d2m ≤
m− 2, n ω2 = (d1 − 2, . . . , dp − 2, dp+1 − 1, . . . , dm+1 − 1, dm+3 − 1, . . . , dr − 1, dr+1, . . . , d2m−1,

d2m+1, . . . , dn), .2 r = m + 1 + d2m − p. #! p = 0 � d2m = m − 1, n ω2 = (d1 −
2, . . . , dp − 2, dp+1 − 1, . . . , dm+1 − 1, dm+3 − 1, . . . , d2m−1 − 1, d2m+1 − 1, d2m+2, . . . , dn). gh

iJ 2.8, ω2 �"��. n ρ = (ρ1, . . . , ρn−2) ! ω2 ��;sp. o9, ) 1 ≤ i ≤ m − 2 3
ρ2m−1−i ≥ i + 1, Y� {d1 − 2, . . . , dp − 2, dp+1 − 1, . . . , dm+1 − 1} ⊆ {ρ1, . . . , ρ2m−2}. -0, w
I dm+3 − 1 ∈ {ρ1, . . . , ρ2m−2}. ghxykG, ρ 3>")* G2 +* C3, . . . , C2m−2 Clg$
! ρ1, . . . , ρ2m−2 �d#A. )7 i tlm7 1, 0, n Gi !8 Gi+1 rn>"u�# ui +@A�

�, .2 ui �lg8 ωi pA ωi+1 ;$` 1 �#sN, .2 ω0 = π. lq G0 � π �>")*
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Y�+* G2. n C = x1x2 · · · x2m−2x1 ! G2 2� C2m−2. lq C +* m + 2 "#, ,-^1
g#��! xi1 , . . . , xim+2 , o2HP) 1 ≤ j ≤ m + 1, 3 dG0(xij ) = dj � dG0(xim+2) = dm+3.

-03 dG0(u0) = dm+2 = m � dG0(u1) = d2m. o9, u1xim+1 , u1xim+2 ∈ E(G0), ) 1 ≤ j ≤ p

3 u1xij ∈ E(G0), �) 1 ≤ j ≤ m 3 u0xij ∈ E(G0). cCt"�u�\9� p1, p2, p3, p4 ∈
{i1, . . . , im+2} HP xp1xp2, xp3xp4 ∈ E(C). ,-*CZ[ π 3>")* G +* C3, . . . , C2m C
# x1, . . . , x2m−2, u0, u1 A.

�v>sG, lHÆ\]}<&'.

xy 1 xp1 , xp2 ∈ {xip+1 , . . . , xim+2}.
#! xp1 = xim+1 � xp2 = xim+2 , M u1xp1 , u1xp2 , u0xp3 , u0xp4 ∈ E(G0), 1Z[ G0 +

* C3, . . . , C2m C# x1, . . . , x2m−2, u0, u1 A. #! xp1 = xim+1 � xp2 �= xim+2 , n G1 =

G0−{u0xip2
, u1xim+2}+{u0xxim+2

, u1xp2},M G1 � π �>")*, u1xp1 , u1xp2 , u0xp3 , u0xp4 ∈
E(G1), Y� G1 +* C3, . . . , C2m C# x1, . . . , x2m−2, u0, u1 A. #! xp1 �= xim+1 , xim+2 �

xp2 �= xim+1 , xim+2 , n

G1 = G0 − {u0xp1 , u0xp2 , u1xim+1 , u1xim+2} + {u0xim+1 , u0xim+2 , u1xp1 , u1xp2},
M u1xp1 , u1xp2 , u0xp3 , u0xp4 ∈ E(G1), G1 � π �>")*Y�+* C3, . . . , C2m C# x1, . . . ,

x2m−2, u0, u1 A.

xy 2 xp1 , xp2 ∈ {xi1 , . . . , xip}.
#! xp3 �= xim+1 , xim+2 � xp4 �= xim+1 , xim+2 , M u1xp1 , u1xp2 , u0xp3 , u0xp4 ∈ E(G0) Y

� G0 +* C3, . . . , C2m C# x1, . . . , x2m−2, u0, u1 A. #! xp3 �= xim+1 , xim+2 � xp4 = xim+1 ,

gh p ≤ m − 3, n G1 = G0 − {u0xim , u1xp4} + {u0xp4 , u1xim}, M G1 � π �>")*Y�
u1xp1 , u1xp2 , u0xp3 , u0xp4 ∈ E(G1). U- G1 +* C3, . . . , C2m C# x1, . . . , x2m−2, u0, u1 A. #

! xp3 = xim+1 � xp4 = xim+2 , M u1xp3 , u1xp4 , u0xp1 , u0xp2 ∈ E(G0)Y� G0 +* C3, . . . , C2m

C# x1, . . . , x2m−2, u0, u1 A.

xy 3 xp1 ∈ {xi1 , . . . , xip} � xp2 ∈ {xip+1 , . . . , xim+2}.
#! xp2 = xim+1 � xp3 , xp4 �= xim+2 , M u1xp1 , u1xp2 , u0xp3 , u0xp4 ∈ E(G0) � G0 +

* C3, . . . , C2m C# x1, . . . , x2m−2, u0, u1 A. #! xp2 = xim+1 � xp3 = xim+2 , Z xp4 �=
xim ;, n G1 = G0 − {u0xim , u1xp3} + {u0xp3 , u1xim}; Z xp4 = xim ;, n G1 = G0 −
{u0xim−1 , u1xp3} + {u0xp3 , u1xim−1}, M3 u1xp1 , u1xp2 , u0xp3 , u0xp4 ∈ E(G1), G1 � π �>
")*Y�+* C3, . . . , C2m C# x1, . . . , x2m−2, u0, u1 A. #! xp2 �= xim+1 , xim+2 , xp3 =

xim+1 � xp4 = xim+2 , M3 u0xp1 , u0xp2 , u1xp3 , u1xp4 ∈ E(G0), Y� G0 +* C3, . . . , C2m

C# x1, . . . , x2m−2, u0, u1 A. #! xp2 �= xim+1 , xim+2 , xp3 = xim+1 � xp4 �= xim+2 , n G1 =

G0 − {u1xp3 , u0xp2} + {u1xp2 , u0xp3}, M3 u1xp1 , u1xp2 , u0xp3 , u0xp4 ∈ E(G1), G1 � π �

>")*Y�+* C3, . . . , C2m C# x1, . . . , x2m−2, u0, u1 A. #! xp2 �= xim+1 , xim+2 , xp3 �=
xim+1 , xim+2 � xp4 �= xim+1 , xim+2 , n G1 = G0 − {u1xim+1 , u0xp2} + {u1xp2 , u0xim+1}, M
3 u1xp1 , u1xp2 , u0xp3 , u0xp4 ∈ E(G1), G1 � π �>")*Y�+* C3, . . . , C2m C# x1, . . .,

x2m−2, u0, u1 A.

n H � {x1, . . . , x2m−2, u0, u1} C G 2�z|A�. o9, H �:/�. gh�J 2.3, π 3
>")*+* H (=e+*3 C3, . . . , C2m) Clg$! d1, . . . , d2m �d#A.
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nL 2.12 G m ≥ 4, n ≥ 2m + 1 � π = (d1, . . . , dn) ∈ GSn HP) 1 ≤ i ≤ m, 3
d2m+2−i ≥ i + 1, M π �@* 3C2m+1- "��.

qr ghiJ 2.4 wIiJ 2.12 C n = 2m + 1 ;�x. kG n ≥ 2m + 2. #!

d2m+1 ≥ m + 1, gh�J 1.3 (iii), M π �@* 3C2m+1- "��. kG d2m+1 ≤ m. #!

ddn ≥ m + 2, M8 π gh dn +@A�ij:� π′
n = (d′1, . . . , d

′
n−1) HP) 1 ≤ i ≤ m 3

d′2m+2−i ≥ i + 1. ghxykG, π′
n �@* 3C2m+1- "��, 1Z[ π �@* 3C2m+1- "�

�. kG ddn = · · · = dm+2 = m + 1. o9, 8 π B\gh dm+2 = m + 1 +@�ij:�
π′

m+2 = (d′1, . . . , d
′
n−1) HP) 1 ≤ i ≤ m − 1, 3 d′2m+1−i ≥ i + 1. ghiJ 2.11, π′

m+2 3>"
)* G′ +* C3, . . . , C2m Clg$! d′1, . . . , d′2m �d#A. π �>")* G "]B\8 G′ r

n>"u# u @A, .2 u �lgo π pA π′
m+2 ;$` 1 �d#sN. gh d2m+1 ≤ m, ,-

"]I} C2m kC$! d1, . . . , dm+1, dm+3, . . . , d2m+1 �lgd#A, Y� u � C2m � m + 1

"d#sN. U- G +* C2m+1. =e�Z π �@* 3C2m+1- "��.

KL 1.4 {qr gh�J 1.3 (i), (ii) �iJ 2.10–2.12, �J 1.4 "]x~@A^[.

?!�J 1.4 �>"_`, ,-*C/.�J 1.5 �^[.

KL 1.5 {qr #! � ≥ 5, n π = (n − 1, (� − 2)�−2, 1n−�+1), M π ��@* C�- "�

�, U- σ(C�, n) ≥ σ(π) + 2 = 2n + �2 − 5� + 6. -0, ) m ≥ 2, gh π = ((n − 1)m,mn−m)

(s_�, π = ((n− 1)m, (m + 1)2,mn−m−2)) ��@* C2m+1 (s_�, C2m+2)- "��, ,-3
σ(C2m+1, n) ≥ σ(π)+2 = m(2n−m−1)+2 (s_�, σ(C2m+2, n) ≥ σ(π)+2 = m(2n−m−1)+4).

U-3
σ(C2m+1, n) ≥ max{2n + (2m + 1)2 − 5(2m + 1) + 6,m(2n − m − 1) + 2}

= max{2n + 4m2 − 6m,m(2n − m − 1)} + 2

�

σ(C2m+2, n) ≥ max{2n + (2m + 2)2 − 5(2m + 2) + 6,m(2n − m − 1) + 4}
= max{2n + 4m2 − 2m − 2,m(2n − m − 1) + 2} + 2.

!3^[) n ≥ 2m + 1, 3 σ(C2m+1, n) ≤ max{2n + 4m2 − 6m,m(2n − m − 1)} + 2, ,

-lHÆ^[, #! n ≥ 2m + 1 � π = (d1, . . . , dn) ∈ GSn, HP σ(π) ≥ max{2n + 4m2 −
6m,m(2n − m − 1)} + 2, M π �@* C2m+1- "��. ) 1 ≤ i ≤ m, #! d2m+2−i ≥ i + 1, g

h�J 1.4 "I π �@* C2m+1- "��. kGcC>" k, 1 ≤ k ≤ m, HP d2m+2−k ≤ k. �

f(k) = 3k2 + (2n − 8m − 3)k + 4m2 + 2m, M
σ(π) = (d1 + · · · + d2m+1−k) + d2m+2−k + · · · + dn

≤ (2m + 1 − k)(2m − k) +
n∑

i=2m+2−k

min{2m + 1 − k, di} + d2m+2−k + · · · + dn

= (2m + 1 − k)(2m − k) + 2(d2m+2−k + · · · + dn)

≤ (2m + 1 − k)(2m − k) + 2k(n − 2m − 1 + k) = f(k) ≤ max{f(1), f(m)}
= max{2n + 4m2 − 6m,m(2n − m − 1)} < σ(π).

�~.
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s?�,!3^[) n ≥ 2m+2,3 σ(C2m+2, n) ≤ max{2n+4m2−2m−2,m(2n−m−1)+

2}+2,,-n n ≥ 2m+2� π = (d1, . . . , dn) ∈ GSn,HP σ(π) ≥ max{2n+4m2−2m−2,m(2n−
m−1)+2}+2. #!) 1 ≤ i ≤ m,3 d2m+3−i ≥ i+1,gh�J 1.4,M π �@* C2m+2-"��.

kGcC>" k, 1 ≤ k ≤ m, HP d2m+3−k ≤ k. � g(k) = 3k2 +(2n−8m−7)k +4m2 +6m+2,

M
σ(π) = (d1 + · · · + d2m+2−k) + d2m+3−k + · · · + dn

≤ (2m + 2 − k)(2m + 1 − k) +
n∑

i=2m+3−k

min{2m + 2 − k, di} + d2m+3−k + · · · + dn

= (2m + 2 − k)(2m + 1 − k) + 2(d2m+3−k + · · · + dn)

≤ (2m + 2 − k)(2m + 1 − k) + 2k(n − 2m − 2 + k) = g(k)

≤ max{g(1), g(m)} = max{2n + 4m2 − 2m − 2,m(2n − m − 1) + 2} < σ(π).

�~.
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