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Abstract Image registration is fundamental to image processing. The vector field
regularization model performs relatively well among a large number of registration
methods. However, it still can’t correspond to all interested regions across images cor-
rectly. Therefore, we hope to study the theory of the vector field regularization model to
see whether there are some problems with the design of the model. Moreover, as there
are two unknowns which are related by an initial value problem in the regularization
model, it is novel in mathematics. The vector field regularization model takes the form
minv {α‖v‖2

H + ρ(T (yv(τ)), S)}, where T is a template image, S is a reference image,
yv(τ) : x �→ yv(τ ; 0, x) is a transformation determined by the solution yv(s; 0, x) of the
initial value problem dy

ds = v(s, y), y(0) = x, ρ is a similarity functional, α > 0 is a regu-
larization parameter and H is a Hilbert space. In this paper, we firstly show the vector
field regularization model has stable solutions and then demonstrate its convergence.
The above results can be obtained by the standard arguments of regularized problems
together with the convergence relation of yv(τ) and v. However, the requirements for
ρ, S and T are relatively strong under the existing regularization theory. We give rela-
tively weak conditions for ρ, S and T by taking full advantage of the good properties of
yv(τ). In addition, we verify that three commonly used similarity functionals in image
registration satisfy the given conditions.
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#, 7��B	$& !48*,C��	D", �	5� “��	” ��� [25]. .(, ��


��	��9&-�78 “��	” E.���	
, �& 9/!:�;6�*�F7. :<

.#�	������
8�:�/�/! [13, 29, 30] ��G�$ [24, 26] .�	
, =>4�	

�9������?. ��9�9@�� SyN (Symmetric Normalization) [2] 	$����/!

- 	Æ:HI;/!. SyN 	$��	D"��A;����
����<4������B	

$ [35, 37], 
�, =<=2�>J
���B� ANTS (Advanced Neuroimaging Tools) [3, 4] ?

� SyN 	$9>K>?�. (+, 9 Klein ��� [25] ��C@�&0 SyN �A;D". D

# SyN 	$ �L>.�	Æ:��A�	�	Æ- [8], @$.�	Æ:�A(�=, ��*

B�9��)+E�BF. ' , ��CD�	�	Æ-, ��M�N�	Æ:�		$ [5].

�
, E
CFG�	��DHI;/!��	�	Æ:HI;/!.

1.1 @GHIJKLMNO

��	& G�A H9: B*E�
� S �&O,�/-
� T ,P4���2�,Æ

I<,ÆP�H�/-
� T �E�
� S I&-!J. JCA, "#E�
��/-
� 

K����@�3�LM, N�3�5�Q.�FR, ' O�SPQO,H�/-
��E�


��3#G��. 9��KHL, �I
�& M����TR, NE
�*U
 Ω ⊂ R
n �

���J x��4$J��SG. ��, .9���2�,Æ�K-LMTV�NW-�"
�

N -, ' NMN���U
�V,Æ. O�O, O,/-
��E�
�3��W�PH&

  ��3-�Q ρ HP. ##, �"&! �/�QX;�� minϕ ρ(T (ϕ), S)+P,Æ, (F

LY,Æ�RR����U
�V, '
S@��HI�Q R +LY,Æ��%-N. .(, �

	MZS 9/�HI;QX��

min
ϕ

{αR(ϕ) + ρ(T (ϕ), S)}, (1.1)

��, α > 0 �TT R(ϕ) � ρ(T (ϕ), S) �X��HI;E�. �� (1.1) �U9
��	�H

I;/!.

1.2 @GHIJQRSKLMNO
	Æ:HI;/!����O� (1.1) �QX;��, ##, "#	Æ:O,,Æ� �[

U���	Æ:*U�, ' QX;���.#	Æ:#G,Æ�. 9YV,Æ �	Æ:*U

Z? .99�9@M, S
	Æ:0VRR, "N*U�,Æ?�U
�V. O�O, 	Æ:�W

X\O,Z? O]AL, B*��/- T ���O,,Æ ϕ, O,H�/- T (ϕ) & 7]��

" T ���W���NW,O<4�, ��NW,O�XY�=#B;A��TV^. "	Æ

:�TV^�.[_, B*��TV^�����	Æ:, #B*��	Æ:�& Z*��T

V^, .(, 1#A, & �	Æ:[\TV^. ]MA, B*��	Æ: v : [0, τ ] × Ω → R
n, �

� Ω � R
n ���^Y_, τ > 0 �Z�, O�& "�HU
	P<4��TV^

dy

ds
= v(s, y).

O�O, �\C� x ∈ Ω, ��[G��⎧⎨
⎩

dy

ds
= v(s, y),

y(0) = x.
(1.2)
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`� " `, = v(s, y) .# s &a, .# y Lipschitz NW�, (1.2) �]�� Carathéodory

� yv(s; 0, x). #�TV yv(s; 0, x) & M��9 x J;?�ba, � v �X\�, MZ4!

yv(τ ; 0, x) J$��PO��XY, XY@�J yv(t; 0, x) �ba� t �[�((. .(, �\C

� t ∈ [0, τ ], & ��ba� t �[�((*U�� Ω @�,Æ, c

yv(t) : x �→ yv(t; 0, x).

JCA, �"E<
;4�O,�/- T (ϕ) M��/- T NW,O4 τ �[� ", dV,

Æ yv(τ) ?�E T ,� T (ϕ) �O,,Æ. (+, �b [14] �Y`A, �\C� t ∈ [0, τ ], �"

v ∈ L1([0, τ ], C1
0 (Ω)), I yv(t) � Ω @�U
�V. .(, 
��	�	Æ:HI;/!9

min
v

{α‖v‖2
H + ρ(T (yv(τ)), S)}, (1.3)

�� H &^ L2([0, τ ],W [ n
2 ]+2,2

0 (Ω)), v �HI-"� H- \��c-LY.

&0, 9/!�:�@L, 	Æ:HI;/!_d �/�HI;/! (1.3) <4���2

�	Æ: v0, #H �/�"	Æ: v0 0*�[G�� (1.2) <4O,,Æ. dV, �9@, �

�HI;/! (1.3) P�	,Æ�]��Z? !�+, E�� �e�����:

5�-. _d'
0L�#B*��f T, S  �E� α, HI;/! (1.3) ��.

`*-. ��G/� (1.3) �, "�fga, b>�)+��GcF��KI<4����d

g�9�E�, �?�e, (1.3) ���KNW[U�f (T, S).

fh-..9" (1.3)��Z*��	,Æ�DS��	E�� (eP��U
�V,Æ ϕ0,

I< ρ(T (ϕ0), S) ≤ ρ(T (ϕ), S), �� ϕ �U
�V) �J3�, $iPQ-^4�2�HI;E

�, IJ3�I&-A!JE����.

.#HI;����2*-�fh-��`�(�, @HI;�� (1.3) ���fg�HI

;��. .9, ^j Z���HI;���
� Tikhonov !HI;�� [34], c

min
ϕ

{αR(ϕ) + ρ(F (ϕ), ψ)}, (1.4)

��, R, ρ g
C�HI�Q��3�Q, F �B*��a�Q�, ψ �B*�Q�, α �HI;

E�. �
��	�hO�, F � ψ 
C�B*�/-
��E�
�, i_P ϕ ?�
P��

	,Æ. h#, � (1.4) � ϕ �]��i_P. ##, � (1.3) �, �Q Z*,Æ�	Æ: (#G

,Æ) 9i_P, 9#, ��
�&!,P v � v  �[G�� (1.2) Z*��!,P yv(τ). '

 , (1.3) ���fg�HI;��.

fO�'_, HI;�� (1.3) �`��9�
� Dupuis �* [14] Y`A ρ ^Æ	 L2 \,

S, T �^� T ek��NW�, (1.3) ��. ����A�D��3-�Q ρ,  �� ρ ;;�

2�l:��, ��� yv(τ) 4 v �fh.[<4A (1.3) ��5�-, `*- �fh- 9.

D#�� yv(τ) 4 v �fh.[,  � Tikhonov HI;����_�9 [19] �& <4 ρ, S �

T 
,0���, @"(<4����j. ��`
��A yv(τ) �mN-N, <4A��k�

��. O�O,  �iY�	�Z�� 3 ��3�Q,0';���, e`A';���2�-.

2 TUVWXYZ[\]^_
�T��HI;/! (1.3) ��5�-�`*-��, �� H = L2([0, τ ],W [ n

2 ]+2,2
0 (Ω)), ρ :

Lp(Ω)×Lp(Ω)→R (1 ≤ p ≤ +∞) ��^, Ω ⊂ R
n ��^Y_. (+ ρ )���.�l:��:
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(1) : {ϕk} � ϕ � Ω @�U
�V, {|det(Dϕ−1
k )|} �,�^. \^ f, g ∈ Lp(Ω), l

ϕk(x) → ϕ(x) (k → +∞), ∀x ∈ Ω, I

ρ(f ◦ ϕ, g) ≤ lim inf
k→+∞

ρ(f ◦ ϕk, g).

(2) : {ϕk} � ϕ � Ω @�U
�V, {|det(Dϕ−1
k )|} �,�^. l fk

Lp(Ω)−→ f, gk
Lp(Ω)−→

g (k → +∞) � ϕk(x) → ϕ(x) (k → +∞), ∀x ∈ Ω, I

ρ(fk ◦ ϕk, gk) −→ ρ(f ◦ ϕ, g) (k → +∞).

l: (1)LYAHI;/! (1.3)��,l: (2)O�OLYA��`*-.j_,= 1 ≤ p <

+∞�, �"��DHI;���Z���� “ρ�aNW”�#, l: (1)+�#, ' l: (1)

���k���. �3A, = 1 ≤ p < +∞ �, Z��� “ρ NW” �#�, l: (2) ��*�#.

` 2.1 `_,= v(s, y).# s&a�.# y LipschitzNW�, (1.2)�]�� Carathéodory

� yv(s; 0, x). O�O, & Y`= v(s, y) ∈ L([0, τ ], C1
0 (Ω)) �, �\C^*� s ∈ [0, τ ], �

yv(s; 0, x) ∈ C1(Ω). .(, 9ALY,Æ yv(τ ; 0, x) �RR-, O�^ H 9 L1([0, τ ], C1
0 (Ω)) �

a$� L2([0, τ ],W [ n
2 ]+2,2

0 (Ω)). �"& <4.#[G�� (1.2) � Carathéodory ��bk�

 ", �$�)& bk. $��O�H������3�.

2.1 abc
de 2.2 l.# ρ �l:�� (1) �#, I�\C� S, T ∈ Lp(Ω) � α > 0, HI;/!

(1.3) �$� H ���.

9AY`*� 2.2, O�'
�HL�. L� 2.3  `HI;/!��CU�. L� 2.4 B;

A v � yv(τ) �fh.[. L� 2.5 <4A det(Dxy
v(s; t, x)) .# v ���c�, N� ρ �l:

������3�.

fe 2.3 l f ∈ Lp(Ω), 1 ≤ p ≤ +∞ � ϕ � Ω @�U
�V, I f ◦ ϕ ∈ Lp(Ω).

Y`�Zd�, $iDm.

fe 2.4 l {vk} � H �����^kn, I5� {vk} ���fhan {vkj} ���k
Qc v̄ ∈ H, I< vkj

H
⇀ v̄ (j → +∞), �

yvkj (τ ; 0, x) → yv̄(τ ; 0, x) (j → +∞), ∀x ∈ Ω,

�� yvkj (τ ; 0, x) � yv̄(τ ; 0, x) 
C� yvkj (s; 0, x) � yv̄(s; 0, x) � τ �[�G, yvkj (s; 0, x) �

yv̄(s; 0, x) 
C�" vkj � v̄ *U�[G�� (1.2) ��.

O�EDmlT, SB;Y`�7$.

.9 H � Hilbert $�, � {vk} � H ���^kn, " Eberlein–Schmulyan *� [36]

_, 5� {vk} �kfhan {vkj} �kQc v̄ ∈ H, I< vkj

H
⇀ v̄ (j → +∞). O�O, .#

yvkj (τ ; 0, x) → yv̄(τ ; 0, x) (j → +∞), ∀x ∈ Ω �Y`&E��b [14].

fe 2.5 l v ∈ H, yv(s; t, x) �[G�� (1.2) �]��, ��[n��� t, I�\C�

x ∈ Ω � s, t ∈ [0, τ ], �

|Dxy
v(s; t, x)| ≤ n exp

{∫ τ

0

∣∣∣∣∂v∂y (s, yv(s; t, x))
∣∣∣∣ ds

}
,

�

|det (Dxy
v(s; t, x))| ≤ exp

{∫ τ

0

∣∣∣∣∂v∂y (s, yv(s; t, x))
∣∣∣∣ ds

}
≤ exp{C(n, τ,Ω)‖v‖H},
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�� C(n, τ,Ω) �[U# n, τ � Ω �Z�.

gh .9 Dxy
v(s; t, x) ,0[G��⎧⎨

⎩
dξ

ds
=
∂v

∂y
(s, yv(s; t, x))ξ,

ξ(t) = I,

I

Dxy
v(s; t, x) = I +

∫ s

t

∂v

∂y
(r, yv(r; t, x))Dxy

v(r; t, x)dr,

�

|Dxy
v(s; t, x)| ≤ |I| +

∣∣∣∣
∫ s

t

∣∣∣∣∂v∂y (r, yv(r; t, x))Dxy
v(r; t, x)

∣∣∣∣ dr
∣∣∣∣ .

" Gronwall ��o [16] _

|Dxy
v(s; t, x)| ≤ |I| exp

{∣∣∣∣
∫ s

t

∣∣∣∣∂v∂y (r, yv(r; t, x))
∣∣∣∣ dr

∣∣∣∣
}

≤ |I| exp
{∫ τ

0

∣∣∣∣∂v∂y (s, yv(s; t, x))
∣∣∣∣ ds

}

= n exp
{∫ τ

0

∣∣∣∣∂v∂y (s, yv(s; t, x))
∣∣∣∣ ds

}
.

m.9 ∂yv

∂xk
(s; t, x) (k = 1, 2, . . . , n) ,0[G��⎧⎨

⎩
dξ

ds
=
∂v

∂y
(s, yv(s; t, x))ξ,

ξ(t) = ek,

� x �→ yv(s; t, x) � Ω @�U
�V, ' Dxy
v(s; t, x) �V-	Pn

dξ

ds
=
∂v

∂y
(s, yv(s; t, x))ξ

���oo�Dxy
v(t; t, x)= I. 9#"�n Dxy

v(s; t, x)� Wronsky 2no�ppefo [1] _

det(Dxy
v(s; t, x)) = det(Dxy

v(t; t, x)) exp
{∫ s

t

tr
(
∂v

∂y
(r, yv(r; t, x))

)
dr

}

= det(I) exp
{∫ s

t

tr
(
∂v

∂y
(r, yv(r; t, x))

)
dr

}

= exp
{∫ s

t

tr
(
∂v

∂y
(r, yv(r; t, x))

)
dr

}
,

�

|det(Dxy
v(s; t, x))| ≤ exp

{∫ τ

0

∣∣∣∣tr
(
∂v

∂y
(s, yv(s; t, x))

)∣∣∣∣ ds
}

≤ exp
{∫ τ

0

∣∣∣∣∂v∂y (s, yv(s; t, x))
∣∣∣∣ ds

}

≤ exp
{∫ τ

0

∥∥∥∥∂v∂y (s, ·)
∥∥∥∥
∞
ds

}

≤ exp {C(n, τ,Ω)‖v‖H} ,
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��, gh���o�4A.[ |tr(A)| ≤ |A|, |A| � n qoo A � 1- \�. YÆ.

�
Y`*� 2.2.

% J(v) = α‖v‖2
H +ρ(T (yv(τ)), S)..9 ρ��^� ‖v‖2

H ≥ 0, ' 5�QX;kn {vk} ⊂
H, I<

J(vk) → inf
v∈H

J(v) (k → +∞).

m.9 J(v) j\, ' {vk} �^. "L� 2.4 _, 5� {vk} �kfhan, �ig%P {vk} �
kQc v̄ ∈ H, I<

vk
H
⇀ v̄ � yvk(τ ; 0, x) → yv̄(τ ; 0, x) (k → +∞), ∀x ∈ Ω.

�
Y`kQc v̄ ?� J(v) �QXp, c J(v̄) = infv∈H J(v). h# J(v̄) ≥ infv∈H J(v), S'

Y` J(v̄) ≤ infv∈H J(v). qC4 ‖ · ‖2
H k�aNW, c

‖v̄‖2
H ≤ lim inf

k→+∞
‖vk‖2

H ,

S'
�� ρ(T (yvk(τ)), S) �fhhr. �\C� k ∈ N+, .9 vk ∈ H, ' yvk(τ) � Ω

@�U
�V��q,Æ z �→ yvk(0; τ, z) �� Ω @�U
�V, �� yvk(0; τ, z) �[G��

dy/ds = vk(s, y), y(τ) = z �� yvk(s; τ, z) � s = 0 �[�G.

"L� 2.5 _

|det (Dzy
vk(0; τ, z))| ≤ exp {C(n, τ,Ω)‖vk‖H} ,

.9 {vk} � H ���^kn, ' {det(Dyvk(τ)−1)} = {det (Dzy
vk(0; τ, z))} �,�^. r

@, {yvk(τ)} � yv̄(τ) � Ω @�U
�V, yvk(τ ; 0, x) → yv̄(τ ; 0, x) (k → +∞), ∀x ∈ Ω �

{det(Dyvk(τ)−1)} �,�^, ".# ρ �l:�� (1) _

ρ(T (yv̄(τ)), S) ≤ lim inf
k→+∞

ρ(T (yvk(τ)), S),

c

J(v̄) ≤ lim inf
k→+∞

J(vk) = inf
v∈H

J(v).

&0, �Q J(v) �QXp?���^QX;kn�kQc.

` 2.6 `_, l�Q J(v) = α‖v‖2
H + ρ(T (yv(τ)), S) .# v sjr, (1.3) �]��. ##,

cI ρ �r�, k(FLY ρ(T (yv(τ)), S) .# v r, ' ��)i<4 (1.3) ��]�-. �E

+�lP�, O�PQmt��
ae`���]��.

2.2 idc
O�`�Y`A, = ρ ,0l:�� (1) �, B* (S, T ) ∈ Lp(Ω)×Lp(Ω), HI;/! (1.3)

�� v ∈ H. 9#, 1#& *U�� Lp(Ω) × Lp(Ω) → H ���a R : (S, T ) �→ v. �XTE

O�OY`= ρ ,0l:�� (2) �, ��a R NW.

de 2.7 : ρ ,0l:�� (2), ��\C^*� α > 0, % vk (k ∈ N) �

min
v

{
α‖v‖2

H + ρ(Tk(yv(τ)), Sk)
}

��. l Sk
Lp(Ω)−→ S, Tk

Lp(Ω)−→ T (k → +∞), I5� {vk}�fhan
{
vkj

}
, ,0 vkj

H−→ v̄ (j →
+∞), �

v̄ = arg min
v

{α‖v‖2
H + ρ(T (yv(τ)), S)}.



392 	 � � � A B C 64�

gh .9 vk = arg minv

{
α‖v‖2

H + ρ(Tk(yv(τ)), Sk)
}
, ' 

α‖vk‖2
H + ρ(Tk(yvk(τ)), Sk) ≤ α‖v‖2

H + ρ(Tk(yv(τ)), Sk), ∀ v ∈ H.

^* ṽ ∈ H, I<

α‖ṽ‖2
H + ρ(T (yṽ(τ)), S) < +∞. (2.1)

"
∣∣det(Dyṽ(τ)−1)

∣∣ =
∣∣det

(
Dzy

ṽ(0; τ, z)
)∣∣ ≤ exp {C(n, τ,Ω)‖ṽ‖H}_ {det(Dyṽ(τ)−1)}�^. .

9 yṽ(τ) � Ω @�U
�V, {det(Dyṽ(τ)−1)} �^, � Sk
Lp(Ω)−→ S, Tk

Lp(Ω)−→ T (k → +∞), ".

# ρ �l:�� (2) _

ρ(Tk(yṽ(τ)), Sk) → ρ(T (yṽ(τ)), S) (k → +∞). (2.2)

 � (2.1) � (2.2) _
{
α‖ṽ‖2

H + ρ(Tk(yṽ(τ)), Sk)
}
�^. O�O, " vk �*U_

α‖vk‖2
H + ρ(Tk(yvk(τ)), Sk) ≤ α‖ṽ‖2

H + ρ(Tk(yṽ(τ)), Sk),

9# {‖vk‖H} �^. .9 H �1n� Banach $�, � ‖vk‖H �^, ' , 5� {vk} �kfh
an, O�g%P {vk}, � vk

H
⇀ v̄ (k → +∞).

�
Y` v̄ � minv

{
α‖v‖2

H + ρ(T (yv(τ)), S)
}
��. " ‖ · ‖2

H �k�aNW-_

‖v̄‖2
H ≤ lim inf

k→+∞
‖vk‖2

H .

(+, .9 {yvk(τ)} � yv̄(τ) � Ω @�U
�V, yvk(τ ; 0, x) → yv̄(τ ; 0, x) (k → +∞), ∀x ∈ Ω

� {det(Dyvk(τ)−1)} �,�^, ' 

lim
k→+∞

ρ(Tk(yvk(τ)), Sk) = ρ(T (yv̄(τ)), S).

u" α‖vk‖2
H + ρ(Tk(yvk(τ)), Sk) ≤ α‖v‖2

H + ρ(Tk(yv(τ)), Sk), ∀ v ∈ H, &<

α‖v̄‖2
H + ρ(T (yv̄(τ)), S) ≤ lim inf

k→+∞
α ‖vk‖2

H + ρ(Tk(yvk(τ)), Sk)

≤ lim inf
k→+∞

α‖v‖2
H + ρ(Tk(yv(τ)), Sk)

= α‖v‖2
H + ρ(T (yv(τ)), S), ∀ v ∈ H,

' v̄ � minv

{
α‖v‖2

H + ρ(T (yv(τ)), S)
}
��.

MH, O�Y` vk � H �jfh4 v̄, c

lim
k→+∞

‖vk − v̄‖H = 0.

.9

α ‖vk‖2
H + ρ(Tk(yvk(τ)), Sk) ≤ α‖v̄‖2

H + ρ(Tk(yv̄(τ)), Sk),

' 

‖vk‖2
H ≤ ‖v̄‖2

H +
1
α

(
ρ(Tk(yv̄(τ)), Sk) − ρ(Tk(yvk(τ)), Sk)

)
,

�

lim sup
k→+∞

‖vk‖2
H ≤ ‖v̄‖2

H +
1
α

lim sup
k→+∞

(
ρ(Tk(yv̄(τ)), Sk) − ρ(Tk(yvk(τ)), Sk)

)

= ‖v̄‖2
H +

1
α

(
ρ(T (yv̄(τ)), S) − ρ(T (yv̄(τ)), S)

)
= ‖v̄‖2

H .
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"@o� ‖ · ‖2
H �k�aNW-&_

‖v̄‖2
H ≤ lim inf

k→+∞
‖vk‖2

H ≤ lim sup
k→+∞

‖vk‖2
H ≤ ‖v̄‖2

H ,

c

lim
k→+∞

‖vk‖2
H = ‖v̄‖2

H .

m.9 vk
H
⇀ v̄ (j → +∞), ' 

〈vk, v̄〉 → 〈v̄, v̄〉 = ‖v̄‖2
H (k → +∞),

�

lim
k→+∞

‖vk − v̄‖2
H = lim

k→+∞
(‖vk‖2

H + ‖v̄‖2
H − 2〈vk, v̄〉H) = 0.

YÆ.

3 TUVWXYZ[\jk_
<
;4, �	E���
P��	Æ: v0 ∈ L1([0, τ ], C1

0 (Ω)), I<" v0 Z*�,Æ ϕ0

,0

ρ(T (ϕ0), S) ≤ ρ(T (yv(τ)), S), ∀ v ∈ L1([0, τ ], C1
0 (Ω)).

s.@, 9ALY v0 �-N, ��� yv0(τ) �-N, �	��S 9d/�HI;�� (1.3)

min
v

{
α‖v‖2

H + ρ(T (yv(τ)), S)
}

P��J3�	Æ: vα, #H �/�" vα *U�[G�� (1.2) <4�	�,Æ yvα

(τ). O

�_o, "(<4�,Æ yvα

(τ) ek�&-��	��E�
P�,Æ. ##, �" (1.3) fh,

c, �B*� S, T , -V^4�n {αk}, I<"�kn {vαk} Z*�,Ækn {yvαk (τ)} & f
h4�	E������, dV �vw�2�HI;E�, ?& LYHI;����-Vf

h4E������.

�B;@Hfh-

3<, O�dp`	Æ:�	E����*U.

dl 3.1 ,Æ ϕ0 : Ω → Ω U9	Æ:�	E����, �":

(1) 5�	Æ: v ∈ H, I< ϕ0 4" v Z*�U
�V,Æ^ {yv(s) : x �→ yv(s; 0, x) | s ∈
[0, τ ]} �qJ,Æ yv(τ) �t�, c ϕ0 = yv(τ);

(2) ρ(T (ϕ0), S) ≤ ρ(T (yv(τ)), S), ∀ v ∈ H.

de 3.2 : ρ ,0l:�� (1), ϕ0 �	Æ:�	E������, � ∀ k ∈ N, %

vαk = arg min
v

{
αk‖v‖2

H + ρ(T (yv(τ)), S)
}
.

l αk → 0 (k → +∞), I {vαk} �fhan (�ig%P {vαk}), c vαk
H−→ v̄ (k → +∞), �

yv̄(τ) �	Æ:�	E������.

gh .9 ϕ0 �	Æ:�	E������, "*U 3.1 _, 5�	Æ: v0 ∈ H, I<

ϕ0 = yv0(τ), �

ρ(T (yv0(τ)), S) ≤ ρ(T (yv(τ)), S), ∀ v ∈ H. (3.1)
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#" vαk �*U_

αk ‖vαk‖2
H + ρ(T (yvαk (τ)), S) ≤ αk‖v0‖2

H + ρ(T (yv0(τ)), S), (3.2)

9#

αk‖vαk‖2
H ≤ αk‖v0‖2

H + ρ(T (yv0(τ)), S) − ρ(T (yvαk (τ)), S).

.9" (3.1) `_ ρ(T (yv0(τ)), S) ≤ ρ(T (yvαk (τ)), S), ∀ k ∈ N+, ' αk‖vαk‖2
H ≤ αk‖v0‖2

H ,c

‖vαk‖H ≤ ‖v0‖H , ∀ k ∈ N+.

&0kn {‖vαk‖H} �^, "L� 2.4 _, 5� {vαk} �kfhan (g%P {vαk}) ,0 vαk
H
⇀

v̄ (k → +∞), � yvαk (τ ; 0, x) → yv̄(τ ; 0, x) (k → +∞), ∀x ∈ Ω.

�
dY` yv̄(τ) ��	E������. h# yv̄(τ) �"	Æ: v̄ ∈ H Z*�,Æ, ' 


Y` yv̄(τ) �	Æ:�	E����, S'
Y` ρ(T (yv̄(τ)), S) ≤ ρ(T (yv(τ)), S), ∀ v ∈ H.

O�E �Y`

ρ(T (yv̄(τ)), S) = ρ(T (ϕ0), S)

<4@o. g" (3.2) _

ρ(T (yvαk (τ)), S) − ρ(T (ϕ0), S) ≤ αk‖v0‖2
H ,

9#

lim sup
k→+∞

(ρ(T (yvαk (τ)), S) − ρ(T (ϕ0), S)) ≤ lim sup
k→+∞

αk‖v0‖2
H = 0.

(+, ".# ρ �l:�� (1) _

lim sup
k→+∞

(ρ(T (yvαk (τ)), S) − ρ(T (ϕ0), S)) = lim
k→+∞

ρ(T (yvαk (τ)), S) − ρ(T (ϕ0), S)

= ρ(T (yv̄(τ)), S) − ρ(T (ϕ0), S) ≥ 0.

.(

0 ≤ ρ(T (yv̄(τ)), S) − ρ(T (ϕ0), S) = lim sup
k→+∞

ρ(T (yvαk (τ)), S) ≤ 0,

�

ρ(T (yv̄(τ)), S) = ρ(T (ϕ0), S).

MHY`

vαk
H−→ v̄ (k → +∞).

.9

αk‖vαk‖2
H + ρ(T (yvαk (τ)), S) ≤ αk‖v̄‖2

H + ρ(T (yv̄(τ)), S),

� ρ(T (yv̄(τ)), S) ≤ ρ(T (yvαk (τ)), S), ∀ k ∈ N+, ' 

‖vαk‖2
H ≤ ‖v̄‖2

H , � lim sup
k→+∞

‖vαk‖2
H ≤ ‖v̄‖2

H .

u" ‖ · ‖2
H �k�aNW-_

‖v̄‖2
H ≤ lim inf

k→+∞
‖vαk‖2

H ≤ lim sup
k→+∞

‖vαk‖2
H ≤ ‖v̄‖2

H ,
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c

lim
k→+∞

‖vαk‖2
H = ‖v̄‖2

H .

m.9 vαk
H
⇀ v̄ (k → +∞), ' 

lim
k→+∞

‖vαk − v̄‖2
H = lim

k→+∞
(‖vαk‖2

H + ‖v̄‖2
H − 2〈vαk , v̄〉H

)
= 0,

9# {vαk} jfh4 v̄. YÆ.

O�`�Y`, =HI;E�u# 0 �, J3� yvα

(τ) & fh4	Æ:�	E����

��, @���_ofh�st, s.@, <4fhvH)�(�+
�. ##, rx�_�c�

fhvH�	$(F<4HI;/! (1.3) ��fhvH. �
O��c�fhvH�5���

�m�Je`. �c� Tikhonov !HI;��

min
ϕ

{αR(ϕ) + ρ(F (ϕ), ψ)}

��fhvH�, '

/�a F  �E�� F (ϕ) = ψ �� ϕ0 ,0�*�sS��, c'w

�J��l: [7, 15] �,
��ol: [18, 21]. �J��l:�M�����?� F � Fréchet

&U�, ��,
��o�#�`
���,  Z�'
/ F � Gâteaux &7�. ##, "#

(1.3) �
��!,P yv(τ), c T �!P�� v @, � v  �ZU[G��Z* yv(τ), 9#<

�4�a v �→ yv(τ) �&U-, ' &$;;LY T (yv(τ)) .# v &U��2��. .(, :<

)<�4 yvα

(τ) fhvH�c�. dV, �"d^ ρ 9Æ	 L2 \, -]y� (1.3) �JJ,  �

;;�N�l:����t����	$c� yvα

(τ) �fhvH, )�uO�O��.

4 nopq
�TY`
��	�Z��x��3-�Qu,0g 2 T��� (1) � (2). $x��3-

�Q
C�Æ	 L2 \,v�.�Q� Kullback–LeiblerdF�Q. h#,ll:�� (2)�#,l

:�� (1)+�#,' O�SiYv^��Q,0l:�� (2). JCA,�#Æ	 L2\�v�

.�Q,O�&!Y`N��NW�..9<
O�`;4,�" ρ� Lp(Ω)×Lp(Ω), 1 ≤ p < +∞
@�NW�Q, Il:�� (2) +�#. 9Ae`$� 9, S'
�HL�.

fe 4.1 : Ω ⊂ R
n ��^Y_, f ∈ Lp(Ω), 1 ≤ p < +∞, {ϕk} � ϕ � Ω @�U
�

V, � {|det(Dϕ−1
k )|} �,�^. l fk

Lp(Ω)−→ f � ϕk(x) → ϕ(x) (k → +∞), ∀x ∈ Ω, I

fk ◦ ϕk
Lp(Ω)−→ f ◦ ϕ (k → +∞).

gh 8 |det(Dϕ−1
k (z))| ≤ M1, ∀ z ∈ Ω, k ∈ N+, � ‖det(Dϕ−1)‖∞ = M2, �� M1 �

M2 �Z�. .9 f ∈ Lp(Ω), ' , �\C� ε > 0, 5� f̃ ∈ C∞
0 (Ω), I<

‖f − f̃‖p <
ε

3max{M
1
p

1 ,M
1
p

2 }
.

"xK��o_

‖fk ◦ ϕk − f ◦ ϕ‖p = ‖(fk ◦ ϕk − f ◦ ϕk) + (f ◦ ϕk − f ◦ ϕ)‖p

≤ ‖fk ◦ ϕk − f ◦ ϕk‖p + ‖f ◦ ϕk − f ◦ ϕ‖p,
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�

‖f ◦ ϕk − f ◦ ϕ‖p ≤ ‖f ◦ ϕk − f̃ ◦ ϕk‖p + ‖f̃ ◦ ϕk − f̃ ◦ ϕ‖p + ‖f̃ ◦ ϕ− f ◦ ϕ‖p.

�
dY` ‖f ◦ ϕk − f ◦ ϕ‖p → 0 (k → +∞). B* k ∈ N+, 8 z = ϕk(x), I

‖f ◦ ϕk − f̃ ◦ ϕk‖p
p =

∫
Ω

|f(ϕk(x)) − f̃(ϕk(x))|pdx,

=
∫

Ω

|f(z) − f̃(z)|p|det(Dzϕ
−1
k (z))|dz

≤M1‖f − f̃‖p
p,

c�\C� k ∈ N+,

‖f ◦ ϕk − f̃ ◦ ϕk‖p ≤M
1
p

1 ‖f − f̃‖p <
ε

3
.

�3A, O�& <4

‖f ◦ ϕ− f̃ ◦ ϕ‖p
p =

∫
Ω

|f(z) − f̃(z)|p|det(Dzϕ
−1(z))|dz ≤M2‖f − f̃‖p

p,

c

‖f ◦ ϕ− f̃ ◦ ϕ‖p ≤M
1
p

2 ‖f − f̃‖p <
ε

3
.

(+,.9 f̃ ∈ C∞
0 (Ω)� ϕk(x) → ϕ(x) (k → +∞), ∀x ∈ Ω,� f̃(ϕk(x)) → f̃(ϕ(x)) (k → +∞).

" Lebesgue X\fh*�_ ‖f̃ ◦ ϕk − f̃ ◦ ϕ‖p → 0 (k → +∞), c�@H ε > 0 5� N > 0, I

<�\C� k > N , �

‖f̃ ◦ ϕk − f̃ ◦ ϕ‖p <
ε

3
,

9#

f ◦ ϕk
Lp(Ω)−→ f ◦ ϕ (k → +∞).

!�Y` ‖fk ◦ ϕk − f ◦ ϕk‖p → 0 (k → +∞). �6A, B* k ∈ N+, �

‖fk ◦ ϕk − f ◦ ϕk‖p
p =

∫
Ω

|fk(z) − f(z)|p|det(Dzϕ
−1
k (z))|dz ≤M1‖fk − f‖p

p,

.9 fk
Lp(Ω)−→ f , ' 

‖fk ◦ ϕk − f ◦ ϕk‖p → 0 (k → +∞).

r@

‖fk ◦ ϕk − f ◦ ϕ‖p → 0 (k → +∞).

YÆ.

4.1 rQ L2 s
dl 4.2 : Ω � R

n ���^"
, U L2(Ω) × L2(Ω) @��Q

ρL2(f, g) =
∫

Ω

|f(x) − g(x)|2dx, ∀ f, g ∈ L2(Ω)

9Æ	 L2 \.

h#, ρL2 �Gv�, O�O, O�EY`N� L2(Ω) × L2(Ω) @NW.
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de 4.3 : Ω � R
n ���^"
. l fk

L2(Ω)−→ f � gk
L2(Ω)−→ g (k → +∞), I

ρL2(fk, gk) → ρL2(f, g) (k → +∞).

gh "xK��o� fk
Lp(Ω)−→ f, gk

Lp(Ω)−→ g (k → +∞) _

‖(fk − gk) − (f − g)‖2 ≤ ‖fk − f‖2 + ‖gk − g‖2 → 0 (k → +∞),

c ‖fk − gk‖2 → ‖f − g‖2 (k → +∞), � ρL2 NW. YÆ.

` 4.4 "*� 2.2 _, = ρ = ρL2 �, S
 S, T ∈ L2(Ω), HI;/! (1.3) ��. ##, �

[14] ��5�-*�
/ T � Ω @ek��NW��^Q�, � S �^.

` 4.5 j_, *� 4.3 � ρLp (1 ≤ p ≤ ∞) ��#. @.9 ρL2 �
��	�MZ���

3-�Q3�, ' �� N9
.

4.2 tu8vw
dl 4.6 : Ω � R

n ���^"
, U L2(Ω) × L2(Ω) @��Q

ρCC(f, g) = −
∫

Ω

〈f − μ1(x), g − μ2(x)〉2U(x)

‖f − μ1(x)‖2
L2(U(x)) ‖g − μ2(x)‖2

L2(U(x)) + ε
dx, ∀ f, g ∈ L2(Ω) (4.1)

9v�.�Q, �� ε > 0 �B*�Z�, U(x) � x 9K�	
, �

μ1(x) =
1

|U(x)|
∫

U(x)

f(z)dz, μ2(x) =
1

|U(x)|
∫

U(x)

g(z)dz,

‖f − μ1(x)‖2
L2(U(x)) =

∫
U(x)

|f(z) − μ1(x)|2dz,

‖g − μ2(x)‖2
L2(U(x)) =

∫
U(x)

|g(z) − μ2(x)|2dz,

〈f − μ1(x), g − μ2(x)〉U(x) =
∫

U(x)

(f(z) − μ1(x)) × (g(z) − μ2(x))dz.

` 4.7 �5��Ev�.�QP9LQz��		$ [2] �, k�&!*Uv�.�Q9

−
∫

Ω

〈f − μ1(x), g − μ2(x)〉2U(x)

‖f − μ1(x)‖2
L2(U(x)) ‖g − μ2(x)‖2

L2(U(x))

dx,

�7�`0F;= f � g �w
 U(x)@ek��^ZG�, �Q ρCC �W*U. ##,�" f, g

�
�Q�, ZZ*;5 f � g �xw
y^ZG�hr, �?�e f = μ1(x) � g = μ2(x) $

Bhr��&wy�. .(, ���@H*UzmA{x, *UAO� (4.1) o�v�.�Q. (

+, �� (4.1) o���aQ�, qC4

lim
ε→0

〈f − μ1(x), g − μ2(x)〉2U(x)

‖f − μ1(x)‖2
L2(U(x)) ‖g − μ2(x)‖2

L2(U(x)) + ε

=

⎧⎪⎨
⎪⎩

0, ‖f−μ1(x)‖L2(U(x))=0� ‖g−μ2(x)‖L2(U(x)) = 0
〈f−μ1(x), g−μ2(x)〉2U(x)

‖f−μ1(x)‖2
L2(U(x))‖g−μ2(x)‖2

L2(U(x))

, ��

= rU(x)(f, g)2,
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��, rU(x)(f, g) � f � g (�w
 U(x) @) ��.[�. @�, �"*Uv�.�Q9

−
∫

Ω

rU(x)(f, g)2dx,

dV, = f � g �w
 U(x) @ek��^ZG�, rU(x)(f, g) �$6� f � g ��NW. 9A

e`@H��, & M$6��
a: �i��*U�"
 U @�.�uG9 0 �Q� ξ, η. :

ξ, η ∈ L2(U), � ξ � U @ek��^ZG, I ‖ξ‖L2(U) = 0, "�.[��*U_ rU(ξ, η) = 0.

l^kn ξk = 1
kη, h# ξk

L2(U)−−−−→ ξ (k → +∞), @

rU(ξk, η) =
〈ξk, η〉

‖ξk‖L2(U)‖η‖L2(U)
→ 1 �= rU(ξ, η) (k → +∞),

c rU(ξ, η) � ξ ��NW. s.@, & ^4���an {ξk}, I< limk→+∞ rU(ξk, η) ∈ [−1, 1],

' 7�y$���0*�GP9QcG, I< rU(ξ, η) � ξ � η ek��^ZG�A	NW.

.(, O��7�vw − ∫
Ω
rU(x)(f, g)2dx $B*U	o.

` 4.8 �9@, U(x) S
��� x 9K,  0*��9az�w
c&. ##, �.-

�
��	�,  Zv^ U(x) � x 9K, n 9az�		
, c'w� nD z, �� D �
�

�p�, n �D^ 5 [2].

{W

 ρCC. � ρCC(f, g) ���aQ�|� Hölder ��o, �∣∣∣∣ 〈f − μ1(x), g − μ2(x)〉2
‖f − μ1(x)‖2‖g − μ2(x)‖2 + ε

∣∣∣∣ < 1,

c ρCC � L2(Ω) × L2(Ω) @���^�Q.  ��
�fh- ", c&Y` ρCC � L2(Ω) ×
L2(Ω) @NW.

fe 4.9 : Ω ⊂ R
n ��^"
, \^ x ∈ Ω, 8 μ1(x), μ2(x), μ1

k(x), μ2
k(x) 
C K

f, g, fk, gk �	
 U(x) @�uG. l fk
L2(Ω)−−−−→ f, gk

L2(Ω)−−−−→ g (k → +∞), I

‖fk−μ1
k(x)‖L2(U(x)) → ‖f−μ1(x)‖L2(U(x)), ‖gk−μ2

k(x)‖L2(U(x)) → ‖g−μ2(x)‖L2(U(x)),

� ∫
U(x)

(fk(z) − μ1
k(x))(gk(z)−μ2

k(x))dz →
∫

U(x)

(f(z)−μ1(x))(g(z)−μ2(x))dz.

gh .9

|μ1
k(x) − μ1(x)| =

∣∣∣∣ 1
|U(x)|

∫
U(x)

(fk(z) − f(z))dz
∣∣∣∣ ≤ 1

|U(x)|
∫

U(x)

|fk(z) − f(z)|dz
Hölder≤ 1√|U(x)| ‖fk − f‖L2(Ω),

�� U(x) �^*�	
, � ‖fk − f‖L2(Ω) → 0 (k → +∞), ' μ1
k(x) → μ1(x) (k → +∞). 9

#

‖(fk−μ1
k(x))−(f−μ1(x))‖L2(U(x)) ≤ ‖fk − f‖L2(U(x)) + |μ1

k(x) − μ1(x)|
√
|U(x)|

≤ ‖fk − f‖L2(Ω) + |μ1
k(x) − μ1(x)|

√
|Ω| → 0 (k →+∞),

c

‖fk − μ1
k(x)‖L2(U(x)) → ‖f − μ1(x)‖L2(U(x)) (k → +∞).
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��&<

μ2
k(x) → μ2(x) (k → +∞),

� ∥∥gk − μ2
k(x)

∥∥
L2(U(x))

→ ∥∥g − μ2(x)
∥∥

L2(U(x))
(k → +∞).

m.9∣∣∣∣
∫

U(x)

(fk(z)gk(z)−f(z)g(z))dz
∣∣∣∣ ≤

∫
U(x)

|fk(z)(gk(z)−g(z))|dz+
∫

U(x)

|(fk(z)−f (z))g(z)|dz
Hölder≤ ‖fk‖L2(Ω)‖gk − g‖L2(Ω) + ‖g‖L2(Ω)‖fk − f‖L2(Ω),

�" {fk} fh_ ‖fk‖L2(Ω) �^, ' ∫
U(x)

fk(z)gk(z)dz →
∫

U(x)

f (z)g(z)dz (k → +∞).

(+, "# ∣∣∣∣
∫

U(x)

(fk(z)μ2
k(x) − f (z)μ2(x))dz

∣∣∣∣
=

∣∣∣∣
∫

U(x)

(fk(z) − f (z))μ2(x)dz +
∫

U(x)

fk(z)(μ2
k(x) − μ2(x))dz

∣∣∣∣
≤

√
|Ω|(‖fk − f‖L2(Ω)|μ2(x)| + ‖fk‖L2(Ω)|μ2

k(x) − μ2(x)|),
' ∫

U(x)

fk(z)μ2
k(x)dz →

∫
U(x)

f (z)μ2(x)dz → 0 (k → +∞).

�� ∫
U(x)

gk(z)μ1
k(x)dz →

∫
U(x)

g(z)μ1(x)dz → 0 (k → +∞).

r@&<∫
U(x)

(fk(z) − μ1
k(x))(gk(z) − μ2

k(x))dz →
∫

U(x)

(f(z) − μ1(x))(g(z) − μ2(x))dz.

YÆ.

de 4.10 : Ω ⊂ R
n ��^"
. l fk

L2(Ω)−−−−→ f, gk
L2(Ω)−−−−→ g (k → +∞), I

ρCC(fk, gk) → ρCC(f, g) (k → +∞).

"L� 4.9 � "� Lebesgue X\fh*�_

lim
k→+∞

ρCC(fk, gk) =−
∫

Ω

lim
k→+∞

( ∫
U(x)

(fk(z)−μ1
k(x))(gk(z)−μ2

k(x))dz
)2

(∫
U(x)

|fk(z)−μ1
k(x)|2dz)(∫

U(x)
|gk(z)−μ2

k(x)|2dz)+ε dx

= −
∫

Ω

( ∫
U(x)

(f (z) − μ1(x))(g(z) − μ2(x))dz
)2

( ∫
U(x)

|f (z) − μ1(x)|2dz)( ∫
U(x)

|g(z) − μ2(x)|2dz) + ε
dx

= ρCC(f, g),
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.( ρCC NW�,0.# ρ �l:�� (2). YÆ.

4.3 Kullback–Leibler xyvw
dl 4.11 : f, g ��^"
 Ω ⊂ R

n @�Q�, *U� Kullback–Leibler dF9

ρKLD(f, g) =
∫

R2
pf,g(i, j) log

pf,g(i, j)
p(i, j)

didj,

��, pf,g(i, j) �" f � g �^G0*�|�}HQ�, p(i, j) �B*�}HQ�.

JCA, �" f, g ∈ L∞(Ω), �i% M = max{‖f‖∞, ‖g‖∞}, ��r�H	o*U}HQ�
pf,g(i, j), c

pf,g(i, j) =

⎧⎪⎨
⎪⎩

p̃f,g(i, j)∫ M

−M

∫ M

−M
p̃f,g(i, j)didj

, (i, j) ∈ [−M,M ] × [−M,M ],

0, (i, j) /∈ [−M,M ] × [−M,M ],

��

p̃f,g(i, j) =
1
|Ω|

∫
Ω

G(f (x) − i, g(x) − j)dx > 0,

G(·, ·) �uG9 0, 	F9 σ �hp{{Q�. 9#

ρKLD(f, g) =
∫ M

−M

∫ M

−M

pf,g(i, j) log
pf,g(i, j)
p(i, j)

didj.

Z0�c�}HQ��	$�&	
	$� Parzen z}Hc�	$ [9], ��|�rH�c

�}HQ�.

.9� [10] �`Y` ρKLD(f, g) ≥ 0, ' ρKLD � L∞(Ω) × L∞(Ω) @���^�Q. O�

O, O�EY` ρKLD ,0.# ρ �l:�� (2).

de 4.12 : Ω ⊂ R
n ��^"
, {ϕk} � ϕ � Ω @�U
�V, � {|det(Dϕ−1

k )|} �,
�^. l fk

L∞(Ω)−−−−→ f, gk
L∞(Ω)−−−−→ g (k → +∞) � ϕk(x) → ϕ(x) (k → +∞), I

ρKLD(fk ◦ ϕk, gk) → ρKLD(f ◦ ϕ, g) (k → +∞).

�
dY` {fk ◦ ϕk} � {gk} ek���,�^.

fe 4.13 : Ω ⊂ R
n ��^"
, {ϕk} � Ω @�U
�V. l fk

L∞(Ω)−−−−→ f, gk
L∞(Ω)−−−−→

g (k → +∞), I {fk ◦ ϕk} � {gk} ek���,�^.

gh .9 ‖fk−f‖∞ → 0 (k → +∞),' 5�N > 0,I<�\C� k > N , ‖fk−f‖∞<1,

�

‖fk‖∞ ≤ ‖fk − f‖∞ + ‖f‖∞ ≤ 1 + ‖f‖∞, ∀ k > N.

O�O, " ‖fk‖∞ = infE⊂Ω, |E|=0 supx∈Ω\E |fk(x)| _, 5�_� Ek ⊂ Ω � |Ek| = 0, I<

|fk(x)| ≤ sup
x∈Ω\Ek

|fk(x)| ≤ ‖fk‖∞ + 1, ∀x ∈ Ω \ Ek.

"@
.���o&<

|fk(x)| ≤ ‖f‖∞ + 2, ∀x /∈ E
.=

⋃
k

Ek, ∀ k > N,
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c {fk} ek���,�^. ��&< {gk} ek���,�^. (+, .9 ϕk � Ω @�U
�

V, ' ϕ−1
k (E) �~|_, �

|fk(ϕk(x))| ≤ ‖f‖∞ + 2, ∀x /∈
⋃
k

ϕ−1
k (E), ∀ k > N,

��
⋃

k ϕ
−1
k (E) ��~|_, .(, {fk ◦ ϕk} ek���,�^. YÆ.

�
Y`*� 4.12.

8 M = max{‖f‖∞, ‖g‖∞}, Mk = max{‖fk‖∞, ‖gk‖∞}, mk = min{Mk,M}, � pk(i, j) =

pfk◦ϕk,gk
(i, j), p0(i, j) = pf◦ϕ,g(i, j), I�

ρKLD(fk ◦ ϕk, gk) − ρKLD(f ◦ ϕ, g)

=
∫ Mk

−Mk

∫ Mk

−Mk

pk(i, j) log
pk(i, j)
p(i, j)

didj −
∫ M

−M

∫ M

−M

p0(i, j) log
p0(i, j)
p(i, j)

didj

=
∫ mk

−mk

∫ mk

−mk

(
pk(i, j) log

pk(i, j)
p(i, j)

− p0(i, j) log
p0(i, j)
p(i, j)

)
didj

+

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∫ Mk

−Mk

[( ∫ −M

−Mk

+
∫ Mk

M

)
+

( ∫ −M

−Mk

+
∫ Mk

M

)]∫ M

−M

pk(i, j) log
pk(i, j)
p(i, j)

didj, Mk≥M,

−
∫ M

−M

[(∫ −Mk

−M

+
∫ M

Mk

)
+

(∫ −Mk

−M

+
∫ M

Mk

)]∫ Mk

−Mk

p0(i, j) log
p0(i, j)
p(i, j)

didj, Mk≤M. (4.2)

O�dY`∫ mk

−mk

∫ mk

−mk

pk(i, j) log
pk(i, j)
p(i, j)

− p0(i, j) log
p0(i, j)
p(i, j)

didj → 0 (k → +∞).

.9 ‖fk‖∞ → ‖f‖∞ � ‖gk‖∞ → ‖g‖∞, I mk → M (k → +∞), c�\C� ε > 0 5�

N1 > 0, I< M − ε < mk < M + ε, ∀ k > N1. O�O& Y`, � R
2 ��\C�^Y"�@

k� p̃fk◦ϕk,gk
(i, j) ⇒ p̃f◦ϕ,g(i, j) (k → +∞), u � log(i, j) ��^Y"�@��,NW-_,

�\C� (i, j) ∈ [−(M − ε),M − ε]2,

pk(i, j) log pk(i, j) ⇒ p0(i, j) log p0(i, j) (k → +∞),

c�@H ε > 0, 5� N2 > 0, �\C� k > N2 � (i, j) ∈ [−(M − ε),M − ε]2, �

|pk(i, j) log pk(i, j) − p0(i, j) log p0(i, j)| < ε

4M2
,

9# ∫ M−ε

−(M−ε)

∫ M−ε

−(M−ε)

|pk(i, j) log pk(i, j) − p0(i, j) log p0(i, j)| didj < ε. (4.3)

8 M̃ 9 {fk ◦ ϕk} � {gk} ��,�^, I�\C� (i, j) ∈ [−mk,mk]2 � k ∈ N+, �

1
2πσ2

exp
{
− 4M̃2

σ2

}
≤ p̃fk◦ϕk,gk

(i, j) ≤ 1
2πσ2

,

�

pk(i, j) ≤ 1
4M̃2

exp
{

4M̃2

σ2

}
. (4.4)
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m.9

|pk(i, j) log pk(i, j)| =

⎧⎨
⎩

pk(i, j) log
1

pk(i, j)
, pk(i, j) < 1,

pk(i, j) log pk(i, j), pk(i, j) ≥ 1.

= pk(i, j) < 1 �, " x log 1
x (x > 0) �M^G� 1

e _

pk(i, j) log
1

pk(i, j)
≤ 1

e
.

= pk(i, j) ≥ 1 �, " (4.4) _

pk(i, j) log pk(i, j) ≤ e
4M̃2

σ2

4M̃2
log

e
4M̃2

σ2

4M̃2
.

9#

|pk(i, j) log pk(i, j)| ≤ B
.= max

{
1
e
,
e

4M̃2

σ2

4M̃2
log

e
4M̃2

σ2

4M̃2

}
.

��&_

|p0(i, j) log p0(i, j)| ≤ B.

' ∫ mk

−mk

∫ mk

−mk

|pk(i, j) log pk(i, j) − p0(i, j) log p0(i, j)|didj

−
∫ M−ε

−(M−ε)

∫ M−ε

−(M−ε)

|pk(i, j) log pk(i, j) − p0(i, j) log p0(i, j)|didj

≤ 2B × [(2mk)2 − (2(M − ε))2] ≤ 32BMε. (4.5)

" (4.3) � (4.5) _∫ mk

−mk

∫ mk

−mk

(pk(i, j) log pk(i, j) − p0(i, j) log p0(i, j))didj → 0 (k → +∞).

�3A, & Y`∫ mk

−mk

∫ mk

−mk

(pk(i, j) log p(i, j) − p0(i, j) log p(i, j))didj → 0 (k → +∞),

9# ∫ mk

−mk

∫ mk

−mk

(
pk(i, j) log

pk(i, j)
p(i, j)

− p0(i, j) log
p0(i, j)
p(i, j)

)
didj → 0 (k → +∞),

c= k → +∞ �, (4.2) ��g�zfh4 0.

!�+S
Y`, l Mk ≥M , I∫ Mk

−Mk

∫ Mk

M

(
pk(i, j) log

pk(i, j)
p(i, j)

)
didj → 0 (k → +∞)

c&, .9r�6�	$& Y` (4.2) ��}}z��fh4 0 �.

" ∫ Mk

−Mk

∫ Mk

M

|pk(i, j) log pk(i, j)| didj ≤ 2BMk(Mk −M)
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� Mk →M (k → +∞) _∫ Mk

−Mk

∫ Mk

M

pk(i, j) log pk(i, j)didj → 0 (k → +∞).

(+,.9 log p(i, j)� R
2 �\C�^Y"�@k&a,"a
���NW-_,�\C� ε > 0,

5� δ > 0, I<�\C� F ⊂ E � |F | < δ, �
∫

F
|log p(i, j)| didj < ε. O�O, m.9

2Mk(Mk − M) → 0 (k → +∞), ' , �@H� δ > 0, 5� N > 0, I<= k > N �, �

2Mk(Mk −M) < δ , 9# ∫ Mk

−Mk

∫ Mk

M

|log p(i, j)| didj < ε.

" pfk◦ϕk,gk
(i, j) ��^-�@o_

∫ Mk

−Mk

∫ Mk

M

|pk(i, j) log p(i, j)| didj ≤ e
4M̃2

σ2

4M̃2
ε,

c ∫ Mk

−Mk

∫ Mk

M

pk(i, j) log p(i, j)didj → 0 (k → +∞),

9# ∫ Mk

−Mk

∫ Mk

M

pk(i, j) log
pk(i, j)
p(i, j)

didj → 0 (k → +∞).

r@&<

ρKLD(fk ◦ ϕk, gk) → ρKLD(f ◦ ϕ, g) (k → +∞).

YÆ.
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