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Abstract This paper is devoted to studing Bergman spaces induced by regular-weight
Ap

ω1,2
(M) (1 < p < ∞) on annular and positive Toeplitz operators on these spaces. The

dual spaces of Bergman spaces induced by regular-weight are characterized. We also
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obtain equivalent conditions for boundedness and compactness of positive Toeplitz
operators between these regular-weighted Bergman spaces.
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1 _`
��� D 
���� C �����, � M = D − roD ���, �����, � M1 =

{z | 1+r0
2 < |z| < 1}, M2 = {z | r0 < |z| ≤ 1+r0

2 }, �� 0 < r0 < 1. H (M) � M �� ���
�����. � 0 < p < ∞, ω1(z), ω2(z) � D �������, �

ω1,2(z) = ω1(z)χ{z∈D | 1+r0
2 <|z|<1} + ω2

(
r0

z

)
χ{z∈D | r0<|z|≤ 1+r0

2 }, z ∈ M.

�! Lp
ω1,2

(M) � "#!
‖f‖p

p =
∫

M

|f(z)|pω1,2(z)dA(z) < ∞ (1.1)

����� f $��"�, �� dA(z) = dxdy
π �%�� Lebesgue ��� .

&'! 1 ≤ p < ∞ #, Lp
ω1,2

(M) � Banach "�, " L2
ω1,2

(M) � Hilbert "�, �$��
〈f, g〉 =

∫
M

f(z)g(z)ω1,2(z)dA(z).

! 0 < p < 1 #, Lp
ω1,2

(M) � Frechet "�. #% Bergman "��!� Ap
ω1,2

(M) = Lp
ω1,2

(M) ∩
H (M).

�&��, � f � g 
�$()%'*&�'� C > 0, (( f ≤ Cg, " f 	 g 
� f � g

) g � f +#�).

� ω̂(t) =
∫ 1

t ω(s)ds, 0 ≤ t < 1.�*,%�� ω  ")�#! ω̂(t) ≤ Cω̂( t+1
2 ), �� C > 0

�'�, �*� ω ∈ D̂ . +"� ω ∈ D̂  "#!
ω(t) 	

∫ 1

t
ω(s)ds

1 − t
, 0 ≤ t < 1,

�+ ω �%�%��, 
�� ω ∈ R. - [1, (4.4)–(4.6) ,] ,-�%��-�%�%.

� ω1, ω2 -� D �*,��, �&'.#*,% Bergman "� A2
ω1,2

(M), /0�./�

�(1( M �0.��/0./, 1� A2
ω1,2

(M) � L2
ω1,2

(M) �2."�. 3 L2
ω1,2

(M) 1

A2
ω(M) �%123 Pω1,2 �/4�52., 43

Pω1,2f(z) =
∫

M

f(w)Bω1,2
z (w)ω1,2(w)dA(w),

�� B
ω1,2
z (w) +� A2

ω1,2
(M) �546.

7-567623 Pω1,2 78��52. —Toeplitz 2.. � μ � M ��� Borel � ,

� μ �9:� Toeplitz 2.�!�
Tμf(z) =

∫
M

f(w)Bω1,2
z (w)dμ(w).
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� dμ(w) = φ(w)dA, �� φ �����, � Tμ = Tφ, E Tφf = Pω1,2(φf). 3�<F 70 =G>

?, Hardy"�HBergman "�HDirichlet"�IJ<� ��"�� Toeplitz 2.=@KL'
�>MNO?A, 4�&PB@A�C7, BD-C [3, 5, 12]. Luecking �EDE?A� 9:
Toeplitz 2., - [7] �FQ& Toeplitz 2.� Schatten–p GFG. RHHII�JJKS)�
HHIIKBLT+, �� Bergman "��KSLUT+, 1��� Toeplitz 2.FGULM
%�, ��/NM1NO�&O, P=K&/PKQ�KV [2, 4, 6].

2 Bergman abQRcdefghijkQSkTlmUTl
7R,--�V�1�/P%��W�X7FG, �W546���0�YZ[\YZ.

��ST/P]�U(��*:. � I � T = ∂D ��/^_, �! Carleson �U S(I) �
S(I) = {reiθ ∈ D | eiθ ∈ I, 1 − m(I) ≤ r < 1},

�� m(I) � I �%�� Lebesgue � . ! a ∈ D − {0}, �!_ Ia = {eiθ ∈ T | |arg(aeiθ)| ≤
1−|a|

2 }, `* S(Ia) � S(a). W� ωdA � D ���� Borel � , a� ω(S(I)) 
� S(I) ��

 X, � ω(S(I)) =
∫

S(I)
ωdA.

Y�Z', ρ(a, z) = |φa(z)| = | z−a
1−az | �����$V\ a, z M��WXY ',

Δ(a, r) = {z ∈ D | ρ(a, z) < r}

� ' ρ �� a �[ r �b*���, �� a ∈ D, r ∈ (0, 1).

 ")�#! D̂ �%��FG5U(]����Rc(�, ���\CZ]d[-C [8].

\^] ω̂(t) > 0, �� 0 ≤ t < 1, e� Ap
ω(D) U_�� H (D).

no 2.1 ] ω �*,%��, ���#!If:

(1) ω ∈ D̂ ;

(2) $('� C = C(ω) > 0 ) β = β(ω) > 0, ((

ω̂(t) ≤ C

(
1 − t

1 − r

)β

ω̂(r), 0 ≤ t ≤ r < 1;

(3) $('� C = C(ω) > 0 ) γ = γ(ω) > 0, ((∫ t

0

(
1 − t

1 − s

)γ

ω(s)ds ≤ Cω̂(t), 0 ≤ t < 1;

(4) ^_I,
∫ 1

0
sxω(s)ds 	 ω̂(1 − 1

x), x ∈ [1,∞) �);

(5) * ω∗(z) =
∫ 1

|z| ω(s)log s
|z|sds, z ∈ D − {0}, � ω∗(z) 	 ω̂(z)(1 − |z|), |z| → 1−;

(6) $('� λ = λ(ω) ≥ 0, ((∫
D

ω(z)
|1 − zw|λ+1

	 ω̂(w)
|1 − |w| |λ , w ∈ D;

(7) $('� C = C(ω) > 0, (( ωn =
∫ 1

0 rnω(r)dr  " ωn ≤ Cω2n.

%�%��G "`ghiF, P&'� ω ∈ R, �.a` s ∈ [0, 1), $('� C(ω, s) > 1,

((

C−1ω(t) ≤ ω(r) ≤ Cω(t), 0 ≤ r ≤ t ≤ r + s(1 − r) < 1.
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Wj
ω(S(z)) 	 ω̂(z)(1 − |z|) 	 ω(z)(1 − |z|)2 	 ω(Δ(z)), z ∈ D,

��D]/4 	 .a�'�) ω, r -K&.

* A2
ω(D) �546� Kω

z (w), �K3�K7 [11].

bo 2.2 ] ω, ν ∈ D̂ , 0 < p < ∞, n ∈ N∗, �
‖(Kω

z (w))(n)‖p
Ap

ν(D)
	

∫ |z|

0

ν̂(t)
ω̂(t)p(1 − t)p(n+1)

dt, |z| → 1−.

bkl, � 1 < p < ∞, ω ∈ R P r ∈ (0, 1), �
‖Kω

z (w)‖p
Ap

ω(D)
	 1

ω(S(z))p−1
	 1

ω(Δ(z, r))p−1
.

]�?A�cc�, ÆO-m] ω1, ω2 ∈ R. �&?A�� M �� Toeplitz 2., dVY
Z546� p 0�, edV. A2

ω1,2
(M) �546 B

ω1,2
z (w) f/4n5, 1�K���\C.

no 2.3 . r0 < r2 < 1+r0
2 < r1 < 1, * U2 = {z ∈ C | r0 < |z| < r2} ) U1 = {z ∈

C | r1 < |z| < 1}. �! (z, w) ∈ (M × Ui) ∪ (Ui × M) #, |Bω1,2
w (z)| � |Kωi

w (z)| + C(ri), i = 1, 2.

pq W B
ω1,2
w (z) ( M &1 z � , &1 w og� , ��

Bω1,2
w (z) =

∞∑
k=0

Ak(zw)k +
∞∑

j=1

Bj

(
r2
0

zw

)j

, (z, w) ∈ M × M,

��
Ak =

∫ 1

1+r0
2

t2k+1ω1(t)dt +
∫ 1+r0

2

r0

t2k+1ω2

(
r0

t

)
dt,

Bj = r0

∫ 1

1+r0
2

(
r0

t

)2j−1

ω1(t)dt + r0

∫ 1+r0
2

r0

(
r0

t

)2j−1

ω2

(
r0

t

)
dt.

+CK
Kω1

w (z) =
∞∑

k=0

c1
k(zw)k, (z, w) ∈ D × D, Kω2

w (z) =
∞∑

j=0

c2
j(zw)j , (z, w) ∈ D × D,

��
c1
k =

∫ 1

0

t2k+1ω1(t)dt, c2
j =

∫ 1

0

t2j+1ω2(t)dt.

W∫ 1+r0
2

r0

t2k+1ω2

(
r0

t

)
dt ≤

(
1+r0

2

)2k+1∫ 1

2r0
1+r0

ω2(s)
ds

s2
≤

(
1+r0

2

)2k+1( 2r0

1+r0

)−2

ω̂2

(
2r0

1+r0

)
,

P ∫ 1

1+r0
2

t2k+1ω1(t)dt ≥
(

1 + r0

2

)2k+1

ω̂1

(
1 + r0

2

)
,

a

c1
k =

∫ 1

0

t2k+1ω1(t)dt ≥
∫ 1

1+r0
2

t2k+1ω1(t)dt �
∫ 1+r0

2

r0

t2k+1ω2

(
r0

t

)
dt.



3� ;8<=: 9>?@:A8 Bergman 9B::CD Toeplitz ;; 357

1�
c1
k =

∫ 1

0

t2k+1ω1(t)dt �
∫ 1

1+r0
2

t2k+1ω1(t)dt +
∫ 1+r0

2

r0

t2k+1ω2

(
r0

t

)
dt = Ak.

hW∫ 1+r0
2

0

t2k+1ω1(t)dt ≤
(

1+r0

2

)2k+1

ω̂1(0) �
(

1+r0

2

)2k+1

ω̂1

(
1+r0

2

)
≤

∫ 1

1+r0
2

t2k+1ω1(t)dt,

��
c1
k =

∫ 1

0

t2k+1ω1(t)dt �
∫ 1

1+r0
2

t2k+1ω1(t)dt +
∫ 1+r0

2

r0

t2k+1ω2

(
r0

t

)
dt = Ak.

61 ∑∞
j=1 Bj(

r2
0

zw )j ( {z ∈ C | |z| > r0}× {z ∈ C | |z| > r0} �&1 z � , w og� , �

�! (z, w) ∈ (M × U1) ∪ (U1 × M) #,∣∣∣∣
∞∑

j=1

Bj

(
r2
0

zw

)j∣∣∣∣ ≤ C(r1).

1�K7�).

+CK, ! (z, w) ∈ (M × U2) ∪ (U2 × M) #, |Bω1,2
w (z)| � |Kω2

w (z)| + C(r2). �p.

bo 2.4 � 1 < p < ∞, � Pω1,2 �3 Lp
ω1,2

(M) 1 Ap
ω1,2

(M) �Kd2..

pq \^��.a` f ∈ Lp
ω1,2

(M), Pω1,2(f)(z) ∈ H (M). O`1,.a`q�� w ∈ M ,

F (z, w) = Bω1,2(z, w)f(w)ω1,2(w) � M �&1 z �� ��, PW M �Hi��( Lp
ω1,2

(M)

�re. +#, 6- [11] ', Ts%"� Lp
ω1,2

(M), f!tj ω1, ω2 �Hi��, 1��(.a
`q� z ∈ M , F (z, w) � M �&1 w �Hi��. 1�kd��.a` z0 ∈ M , F (z0, w) ∈
L1(M, dA).

O`1 Bω1,2(z0, w) ∈ L∞(M), a∫
M

|F (z0, w)|dA(w) ≤ C(z0)
∫

M

|f(w)|ω1,2(w)dA(w)

� C(z0)
(∫

M

|f(w)|pω1,2(w)dA(w)
) 1

p

< ∞.

l�� Pω1,2 �KdF, � f ∈ Lp
ω1,2

(M), �∫
M

∣∣∣∣
∫

M

Bω1,2(z, w)f(w)ω1,2(w)dA(w)
∣∣∣∣pω1,2(z)dA(z)

�
∫

U1

∣∣∣∣
∫

M

Bω1,2(z, w)f(w)ω1,2(w)dA(w)
∣∣∣∣pω1,2(z)dA(z)

+
∫

M

∣∣∣∣
∫

U1

Bω1,2(z, w)f(w)ω1,2(w)dA(w)
∣∣∣∣pω1,2(z)dA(z)

+
∫

M

∣∣∣∣
∫

U2

Bω1,2(z, w)f(w)ω1,2(w)dA(w)
∣∣∣∣pω1,2(z)dA(z)

+
∫

U2

∣∣∣∣
∫

M

Bω1,2(z, w)f(w)ω1,2(w)dA(w)
∣∣∣∣pω1,2(z)dA(z)

+
∫

M−U2−U1

∣∣∣∣
∫

M−U1−U2

Bω1,2(z, w)f(w)ω1,2(w)dA(w)
∣∣∣∣pω1,2(z)dA(z),
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�� U1, U2 Z]1\C 2.3. 6\C 2.3 '∫
U1

∣∣∣∣
∫

M

Bω1,2(z, w)f(w)ω1,2(w)dA(w)
∣∣∣∣pω1,2(z)dA(z)

�
∫

U1

∣∣∣∣
∫

M

(Kω1(z, w) + M(r1))f(w)ω1,2(w)dA(w)
∣∣∣∣pω1(z)dA(z)

�
∫

U1

∣∣∣∣
∫

M

Kω1(z, w)f(w)ω1,2(w)dA(w)
∣∣∣∣pω1(z)dA(z)

+
∫

U1

∣∣∣∣
∫

M

M(r1)f(w)ω1,2(w)dA(w)
∣∣∣∣pω1(z)dA(z)

�
∫

U1

∣∣∣∣
∫

D

Kω1(z, w)f(w)χ{z∈D| 1+r0
2 ≤|z|<1}ω1(w)dA(w)

∣∣∣∣pω1(z)dA(z)

+
∫

U1

∣∣∣∣
∫
{z∈D | r0<|z|< 1+r0

2 }
Kω1(z, w)f(w)ω2(w)dA(w)

∣∣∣∣pω1(z)dA(z)

+ M(r1)ω̂1(r1)‖f‖p
Lp

ω1,2(M)

� ‖fχ{z∈D| 1+r0
2 ≤|z|<1}‖p

Lp
ω1(D)

+ M(r1)ω̂1(r1)‖f‖p
Lp

ω1,2(M)

+ Max
(z,w)∈{r0<|z|< 1+r0

2 }×U1

|Kω1(z, w) | ω̂1(r1)‖f(w)χ{z∈D | r0<|z|< 1+r0
2 }‖p

Lp
ω2(D)

� ‖f‖p
Lp

ω1,2(M)
.

+C�' ∫
M

(∫
U1

Bω1,2(z, w)f(w)ω1,2(w)dA(w)
)p

ω1,2(z)dA(z) � ‖f‖p
Lp

ω1,2(M)
,∫

M

(∫
U2

Bω1,2(z, w)f(w)ω1,2(w)dA(w)
)p

ω1,2(z)dA(z) � ‖f‖p
Lp

ω1,2(M)
,∫

U2

( ∫
M

Bω1,2(z, w)f(w)ω1,2(w)dA(w)
)p

ω1,2(z)dA(z) � ‖f‖p
Lp

ω1,2(M)
.

W Bω1,2(z, w) ( (M − U2 − U1) × (M − U2 − U1) �Kd, aK∫
M−U2−U1

∣∣∣∣
∫

M−U1−U2

Bω1,2(z, w)f(w)ω1,2(w)dA(w)
∣∣∣∣pω1,2(z)dA(z) � ‖f‖p

Lp
ω1,2(M)

,

�� ∫
M

∣∣∣∣
∫

M

Bω1,2(z, w)f(w)ω1,2(w)dA(w)
∣∣∣∣p ω1,2(z)dA(z) � ‖f‖p

Lp
ω1,2(M)

.

a Pω1,2 Kd. �p.

rs 2.5 � 1 < p < ∞, q � p �.gmÆ, �.a` f ∈ Lp
ω1,2

(M), g ∈ Lq
ω1,2

(M), K
〈Pω1,2f, g〉 = 〈f, Pω1,2g〉.

no 2.6 � 1 < p < ∞, � ⋂
p Ap

ω1,2
(M) ( Ap

ω1,2
(M) �re.

pq .a` f ∈ Ap
ω1,2

(M), �Kn, f(z) =
∑∞

n=0 anzn +
∑∞

k=1 bk
rk
0

zk . . 0 < r < 1, �

�� fr(z) =
∑∞

n=0 anrnzn +
∑∞

k=1 bk
rk
0rk

zk . ! r → 1 #, &' fr(z) ( M �$2/0./1



3� ;8<=: 9>?@:A8 Bergman 9B::CD Toeplitz ;; 359

f(z). hW fr(z) ( M Kd, a fr(z) ∈ ⋂
p Ap

ω1,2
(M). O`1

‖f − fr‖p
p =

( ∫
M

|f(z)− fr(z)|pω1,2(z)dA(z)
) 1

p

≤
( ∫

r1≤|z|≤r2

|f(z) − fr(z)|pω1,2(z)dA(z)
) 1

p

+
( ∫

{r2<|z|<1}∪{r0<|z|<r1}
|f(z)|pω1,2(z)dA

) 1
p

+
( ∫

{r2<|z|<1}∪{r0<|z|<r1}
|fr(z)|pω1,2(z)dA

) 1
p

.

W ∑∞
n=0 anzn −∑∞

n=0 anrnzn ( D � ,
∑∞

k=1 bk
rk
0

zk −∑∞
k=1 bk

rk
0 rk

zk ( |z| > r0 � , ��( ∫
r1≤|z|≤r2

|f(z) − fr(z)|pω1,2(z)dA(z)
) 1

p

≤
( ∫

r1≤|z|≤r2

∣∣∣∣
∞∑

n=0

anzn −
∞∑

n=0

anrnzn

∣∣∣∣pω1,2(z)dA(z)
) 1

p

+
( ∫

r1≤|z|≤r2

∣∣∣∣
∞∑

k=1

bk
rk
0

zk
−

∞∑
k=1

bk
rk
0rk

zk

∣∣∣∣pω1,2(z)dA(z)
) 1

p

=
( ∫ r2

r1

ω1,2(s)sds

∫ 2π

0

∣∣∣∣
∞∑

n=0

ansneint −
∞∑

n=0

anrnsneint

∣∣∣∣pdt

) 1
p

+
( ∫ r2

r1

ω1,2(s)sds

∫ 2π

0

∣∣∣∣
∞∑

n=0

bk
rk
0

skeikt
−

∞∑
n=0

bk
rk
0rk

skeikt

∣∣∣∣pdt

) 1
p

≤
( ∫ r2

r1

ω1,2(s)sds

∫ 2π

0

∣∣∣∣
∞∑

n=0

anrn
2 eint −

∞∑
n=0

anrn
2 rneint

∣∣∣∣pdt

) 1
p

+
( ∫ r2

r1

ω1,2(s)sds

∫ 2π

0

∣∣∣∣
∞∑

n=0

bk
rk
0

rk
1eikt

−
∞∑

n=0

bk
rk
0rk

rk
1eikt

∣∣∣∣pdt

) 1
p

.

W r → 1 #,
∑∞

n=0 anrn
2 eint − ∑∞

n=0 anrn
2 rneint → 0 P

∑∞
n=0 bk

rk
0

rk
1 eikt −

∑∞
n=0 bk

rk
0 rk

rk
1eikt → 0, a( ∫

r1≤|z|≤r2

|f(z) − fr(z)|pω1,2(z)dA(z)
) 1

p

→ 0.

6/0./F', ! r → 1 #, (
∫

r1≤|z|≤r2
|f(z) − fr(z)|ω1,2(z)dA(z))

1
p → 0. 6 f, fr ∈

Ap
ω1,2

(M) )�5h.HiF, �iu5j^ r0 ) 1 � r1 ) r2, ((.a` ε > 0, K( ∫
{r2<|z|<1}∪{r0<|z|<r1}

|f(z)|pω1,2(z)dA

) 1
p

+
( ∫

{r2<|z|<1}∪{r0<|z|<r1}
|fr(z)|pω1,2(z)dA

) 1
p

< ε.

1�K7�). �p.

bo 2.7 � 1 < p < ∞, �.a` f ∈ Lp
ω1,2

(M), K
Pω1,2f = f.
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pq 6\C 2.6 ',
⋂

p Ap
ω1,2

(M) ( Ap
ω1,2

(M) �re, a.a` f ∈ Ap
ω1,2

(M), $(
fn ∈ A2

ω1,2
(M), ((! n → ∞ #,

‖fn − f‖p → 0.

hW Pω1,2 ( Lp
ω1,2

(M) �Kd, ��! n → ∞ #, ‖Pω1,2fn − Pω1,2f‖p → 0. 1�
Pω1,2f(z) = lim

n→∞ Pω1,2fn(z) = lim
n→∞ fn(z) = f(z).

�p.

�kKVl� Pω1,2 � Lp
ω1,2

(M) 1 Ap
ω1,2

(M) ��Kd23, 1��(���vX�C.

bo 2.8 � 1 < p0 < p1 < ∞, 0 ≤ θ ≤ 1, �
[Lp0

ω1,2
(M), Lp1

ω1,2
(M)]θ = Lp

ω1,2
(M), [Ap0

ω1,2
(M), Ap1

ω1,2
(M)]θ = Ap

ω1,2
(M),

�� p  " 1
p = 1−θ

p + θ
p .

pq 6�vXC7' [Lp0
ω1,2

(M), Lp1
ω1,2

(M)]θ = Lp
ω1,2

(M) om�). W Pω1,2 � Lp
ω1,2

(M)

1 Ap
ω1,2

(M) ��Kd23, a(0�If�`!�, K
[Ap0

ω1,2
(M), Ap1

ω1,2
(M)]θ = [Pω1,2L

p0
ω1,2

(M), Pω1,2L
p1
ω1,2

(M)]θ

= Pω1,2([L
p0
ω1,2

(M), Lp1
ω1,2

(M)]θ) = Pω1,2L
p
ω1,2

(M)

= Ap
ω1,2

(M).

! 1 < p < ∞ #, � q > 1  " 1
p + 1

q = 1, � q +� p �ogmÆ, Lp ogC7l�(n
.�5

〈f, g〉 =
∫

M

f(z)g(z)ω1,2(z)dA(z)

`!�, Lp
ω1,2

(M) �.g"�� Lq
ω1,2

(M). �p.

1�6 Pω1,2 �KdF�(1�� Ap
ω1,2

(M) �.gC7.

bo 2.9 � 1 < p < ∞, q� p�ogmÆ,�(n.�5 〈f, g〉 =
∫

Mf(z)g(z)ω1,2(z)dA(z)

`!�
(Ap

ω1,2
(M))∗ ∼= Aq

ω1,2
(M).

pq &'a` g ∈ Aq
ω1,2

(M) ( 〈f, g〉 `!�78 Ap
ω1,2

(M) �KdpFO� Sg, P "
‖Sg‖ ≤ ‖g‖q.

� S ∈ (Ap
ω1,2

(M))∗, 6 Hahn–Banach �C' S ��w0qJ1 Lp
ω1,2

(M) �, E(1

Lp
ω1,2

(M) �KdpFO� S′  " S′|Ap
ω1,2 (M) = S P ‖S′‖ = ‖S‖. Wj$( G ∈ Lq

ω1,2
(M), (

( S′
G = S′. W.a` f ∈ Ap

ω1,2
(M), K Pω1,2f = f P Pω1,2 ( Lp

ω1,2
(M) �Kd, �

S(f) = S′(f) = S′
G(f) = 〈f, G〉 = 〈Pω1,2f, G〉 = 〈f, Pω1,2G〉,

�� g = Pω1,2G ∈ Aq
ω1,2

(M) P ‖g‖q � ‖G‖q = ‖S′‖ = ‖S‖. �p.

�&,- A2
ω1,2

(M) �546 B
ω1,2
z (w) �\YZ)0�YZ, ^ST���C, jKVZ]

1- [9, �C 1].
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bo 2.10 � ν, ω ∈ D̂ , 0 < p < ∞ P n ∈ N∗, �
‖(Kω

z (w))(n)‖p
Ap

ν
	

∫ |z|

0

ν̂(t)
ω̂(t)p(1 − t)p(n+1)

dt, |z| → 1−.

bkl, � 1 < p < ∞, ω ∈ R P 0 < r < 1, �
‖Kω

z (w)‖p
Ap

ω
	 1

ω(S(z))p−1
	 1

ω(Δ(z, r))p−1
.

o�����C, 5d[\C 2.3 ���(1��&1 B
ω1,2
z (w) �0�YZ.

bo 2.11 � ω1, ω2 ∈ R, 1 < p < ∞ P 0 < r < 1, �
‖Bω1,2

w (z)‖p
p 	 1

ω1(S(w))p−1
	 1

ω1(Δ(w, r))p−1
, |w| → 1−,

P

‖Bω1,2
w (z)‖p

p 	 1
ω2(S( r0

w ))p−1
	 1

ω2(Δ( r0
w , r))p−1

, |w| → r+
0 .

pq �

Bω1,2
w (z) =

∞∑
k=0

Ak(zw)k +
∞∑

j=1

Bj

(
r2
0

zw

)j

, (z, w) ∈ M × M,

Kω1
w (z) =

∞∑
k=0

c1
k(zw)k, Kω2

w (z) =
∞∑

k=0

c2
k(zw)k,

�6\C 2.3 ���' Ak 	 c1
k P Bk 	 c2

k. 1�K
|Bω1,2

w (z)| 	
∣∣∣∣Kω1

w (z) + Kω2
r0
w

(
r0

z

)
− c2

0

∣∣∣∣, (z, w) ∈ M × M,

��
‖Bω1,2

z (w)‖p
p =

∫
M

|Bω1,2
w (z)|pω1,2(z)dA(z)

=
∫

r0<|z|≤ 1+r0
2

|Bω1,2
w (z)|pω2

(
r0

z

)
dA(z) +

∫
1+r0

2 <|z|<1

|Bω1,2
w (z)|pω2(z)dA(z)

�
∫

r0<|z|≤ 1+r0
2

|Kω1
w (z)|pω2

(
r0

z

)
dA(z) +

∫
r0<|z|≤ 1+r0

2

∣∣∣∣Kω2
r0
w

(
r0

z

)∣∣∣∣pω2

(
r0

z

)
dA(z)

+
∫

1+r0
2 <|z|<1

|Kω1
w (z)|pω1(z)dA(z) +

∫
1+r0

2 <|z|<1

∣∣∣∣Kω2
r0
w

(
r0

z

)∣∣∣∣pω1(z)dA(z)

� ‖Kω1
w ‖p

p + ‖Kω2
r0
w

‖p
p + Max

1+r0
2 <|z|<1, w∈M

∣∣∣∣Kω2
r0
w

(
r0

z

)∣∣∣∣ω̂1(r0)

+ Max
r0<|z|≤ 1+r0

2 , w∈M

|Kω1
w (z)|ω̂2

(
2r0

1 + r0

)
.

pq�, �,��
Max

1+r0
2 <|z|<1, w∈M

∣∣∣∣Kω2
r0
w

(
r0

z

)∣∣∣∣ω̂1(r0) + Max
r0<|z|≤ 1+r0

2 , w∈M

|Kω1
w (z)|ω̂2

(
2r0

1 + r0

)

�'�.
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r/��, 6
‖Kω1

w ‖p
p + ‖Kω2

r0
w

‖p
p ≤ ‖Bω1,2

z (w)‖p
p + Max

1+r0
2 <|z|<1, w∈M

∣∣∣∣Kω2
r0
w

(
r0

z

)∣∣∣∣ω̂1(r0)

+ Max
r0<|z|≤ 1+r0

2 , w∈M

|Kω1
w (z)|ω̂2

(
2r0

1 + r0

)

+
∫
|z|≤ r0+1

2

|Kω1
w (z)|pω1(z)dA(z)+

∫
r0+1

2 <|z|<1

∣∣∣∣Kω2
r0
w

(
r0

z

)∣∣∣∣pω2

(
r0

z

)
dA(z),

&' ∫
|z|≤ r0+1

2
|Kω1

w (z)|pω1(z)dA(z) +
∫

r0+1
2 <|z|<1

|Kω2
r0
w

( r0
z )|pω2( r0

z )dA(z) �'�.

O`1, ! |w| → 1− #, ‖Kω2
r0
w

‖p
p Kd, a

‖Bω1,2
w (z)‖p

p 	 1
ω1(S(w))p−1

	 1
ω1(Δ(w, r))p−1

.

+C, ! |w| → r+
0 #,

‖Bω1,2
w (z)‖p

p 	 1
ω2(S( r0

w ))p−1
	 1

ω2(Δ( r0
w , r))p−1

, |w| → r+
0 .

�p.

no 2.12 ] ω1, ω2 ∈ D̂ , �$( r = r(ω1,2) ∈ (0, 1), ((

|Bω1,2
w (z)| 	 Bω1,2

z (z), z ∈ M, w ∈ M ∩ Δ(z, r) P
r0

w
∈ M ∩ Δ

(
r0

z
, r

)
.

pq 6 Cauchy–Schwarz TI,)- [11, \C 8] ', z ∈ M, w ∈ M ∩ Δ(z, r) P r0
w ∈

M ∩ Δ( r0
z , r) #, K
|Bω1,2

w (z)| � |Kω1
w (z)| +

∣∣∣∣Kω2
r0
w

(
r0

z

)
− c2

0

∣∣∣∣ 	 Kω1
z (z) + Kω2

r0
z

(
r0

z

)
− c2

0 = Bω1,2
z (z).

xyZ, . r ∈ (0, 1)

|Bω1,2
w (z)| 	

∣∣∣∣Kω1
w (z) + Kω2

r0
w

(
r0

z

)
− c2

0

∣∣∣∣
≥ Bω1,2

z (z) − Max
ζ∈[z,w]

|(Kω1
w )′(ζ)| |z − w| − Max

ζ∈[
r0
z ,

r0
w ]

∣∣∣∣(Kω2
r0
w

)′
(

r0

ζ

)∣∣∣∣
∣∣∣∣r0

z
− r0

w

∣∣∣∣
≥ Bω1,2

z (z)− Max
ζ∈[z,w]

|(Kω1
w )′(ζ)|rC| |z|−1|− Max

ζ∈[
r0
z ,

r0
w ]

∣∣∣∣(Kω2
r0
w

)′
(

r0

ζ

)∣∣∣∣rC
∣∣∣∣ r0

|z|−1
∣∣∣∣,

�� C = C(r) > 0�'�, ".s4,�'� 1 > a > 0,! 0 < r < a < 1#, C(r) < M <∞.

r� Cauchy �5z,)- [11, \C 8], (

Max
ζ∈[z,w]

|(Kω1
w )′(ζ)| � Kω1

z (z)
1 − |z| , P Max

ζ∈[
r0
z ,

r0
w ]

∣∣∣∣(Kω2
r0
w

)′
(

r0

ζ

)∣∣∣∣ �
Kω2

r0
z

( r0
z )

| r0
|z| − 1| .

1�
|Bω1,2

w (z)| 	 Bω1,2
z (z), z ∈ M, w ∈ M ∩ Δ(z, r), P

r0

w
∈ M ∩ Δ

(
r0

z
, r

)
.

�p.
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no 2.13 ] 0 < p < ∞, ω1, ω2 ∈ D̂ . � f ∈ Ap
ω1,2

, �! z → 1− #, |f(z)| =

o( 1

ω̂1(z)(1−|z|)
1
p
); ! z → r+

0 #, |f(z)| = o( 1

ω̂2(
r0
z )(1−| r0

z |)
1
p
).

pq W� f ∈ Ap
ω1,2

, a6tun,

f(z) =
∞∑

k=0

hkzk +
∞∑

n=1

h−n
rn
0

zn
,

&' ∑∞
k=0 hkzk ( D $2/0./. +C ∑∞

n=1 h−n
rn
0

zn ( {z ∈ C | |z| > r0} $2/0./, 1
��� f1(z) =

∑∞
k=0 hkzk, f2( r0

z ) =
∑∞

n=1 h−n
rn
0

zn . O`1
‖f1‖p

Ap
ω1

=
∫

1+r0
2 <|z|<1

|f1(z)|pω1(z)dA(z) +
∫
|z|≤ 1+r0

2

|f1(z)|pω1(z)dA(z)

≤
∫
|z|≤ 1+r0

2

|f1(z)|pω1(z)dA(z) + ‖f(z)‖p
Ap

ω12
+

∫
1+r0

2 <|z|<1

∣∣∣∣f2

(
r0

z

)∣∣∣∣pω1(z)dA(z)

≤ M

(
1 + r0

2
, |f1|p

) ∫ 1

1+r0
2

ω1(t)tdt + ‖f(z)‖p
Ap

ω12

+ M

(
2r0

1 + r0
, |f2|p

) ∫ 2r0
1+r0

r0

ω1

(
r0

t

)
r2
0

t3
dt + ‖f(z)‖p

Ap
ω12

,

W� f1(z) ( D $� , f2( r0
z ) ( {z ∈ C | |z| > r0} $� , a M(1+r0

2 , |f1|p) �Ks'�,

M( 2r0
1+r0

, |f2|p) �Ks'�. �� ‖f1‖p
Ap

ω1
< ∞, E f1 ∈ Ap

ω1
. +C, f2( r0

z ) ∈ Ap
ω2

. 6- [11,

\C 9] '
|f(z)| = o

(
1

ω̂1(z)(1 − |z|) 1
p

)
;

! z → r+
0 #,

|f(z)| = o

(
1

ω̂2( r0
z )(1 − | r0

z |) 1
p

)
.

�p.
no 2.14 ] 1 < p < ∞, ω1, ω2 ∈ R, �! |w| → 1− { |w| → r+

0 #, K
bω1,2
p,w =

B
ω1,2
w

‖Bω1,2
w ‖p

w−→ 0.

pq � 1 < p < ∞, ω1, ω2 ∈ R, �.a` g ∈ Ap′
ω1,2

(M) (�� p′  " 1
p + 1

p′ = 1), K
|〈bω1,2

p,w , g〉| =
g(w)

‖Bω1,2
w ‖p

.

6�C 2.11 '
‖Bω1,2

w (z)‖p 	 1

ω1(S(w))
1
p′

	 1

ω1(Δ(w, r))
1
p′

, |w| → 1−,

P ‖Bω1,2
w (z)‖p 	 1

ω2(S( r0
w ))

1
p′

	 1

ω2(Δ( r0
w , r))

1
p′

, |w| → r+
0 .

K�\C 2.1 (7) )\C 2.13, (
g(w)

‖Bω1,2
w ‖p

→ 0, |w| → r+
0 { |w| → 1−.

�p.
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3 tuvÆ Toeplitz wx
7RtV673 Bergman "� Ap

ω1,2
(M) 1 Aq

ω1,2
(M) �Kd)0 Toeplitz 2., o�

Berezin %|[-X��,- Toeplitz 2.�Kd)0�IfFQ.

no 3.1 ] μ � M �Ks% Borel � . � f(z) =
∑∞

k=0 fkzk +
∑∞

n=1 f−n
rn
0

zn ) g(z) =∑∞
k=0 gkzk +

∑∞
n=1 g−n

rn
0

zn  " f ∈ H∞(M), g(z) =
∑∞

k=0 |gk| +
∑∞

n=1 |g−n| < ∞, �
〈Tμf, g〉 =

∫
M

f(ζ)g(ζ)dμ(ζ).

pq
〈Tμf, g〉 = lim

r1→1, r2→r0

∫
r2<|z|<r1

( ∫
M

f(w)Bω1,2
z (w)dμ(w)

)
g(z)ω1,2(z)dA(z)

= lim
r1→1, r2→r0

∫
M

f(w)
( ∫

r2<|z|<r1

g(z)Bω1,2
z (w)ω1,2(z)dA(z)

)
dμ(w)

=
∫

M

f(w)g(w)dμ(w).

* b
ω1,2
w = b

ω1,2
2,w = B

ω1,2
w

‖B
ω1,2
w ‖2

, �!Ks% Borel � μ � Berezin %|�

μ̃(w) = T̃μ(w) = 〈Tμbω1,2
w , bω1,2

w 〉 =
‖Bω1,2

w ‖2
L2(M,dμ)

‖Bω1,2
w ‖2

2

.

6�C 2.11 ': ! |w| → 1− #,

μ̃(w) 	 ‖Bω1,2
w ‖2

L2(M,dμ)ω1(S(w));

! |w| → r+
0 #,

μ̃(w) 	 ‖Bω1,2
w ‖2

L2(M,dμ)ω1

(
S

(
r0

w

))
.

�p.

! 1 ≤ p, q < ∞ #, .a` f ∈ Ap
ω1,2

(M), �� Borel � μ  "TI,( ∫
M

|f(z)|qdμ(z)
) 1

q

≤ ‖f‖p,

�+ μ � (p, q)-Carleson � , e`uv}Iwv
Iμ : Ap

ω1,2
→ Lq(M, dμ)

�Kdwv.

� {fn} ⊂Ap
ω1,2

(M)�Kdxw, P( M �a`0.��! n→∞ #, fn/0./1 0,K∫
M

|fn(z)|qdμ(z) → 0,

�+ μ � (p, q)- yx Carleson � , e`uv}Iwv
Iμ : Ap

ω1,2
→ Lq(M, dμ)

�0.

o�� ��y�ct[FG, ��(1���\YZ.



3� ;8<=: 9>?@:A8 Bergman 9B::CD Toeplitz ;; 365

no 3.2 ��� f ( M �� , ω ∈ R P 0 < p < ∞, r > 0, �

|f(z)| �
(

1
ω1(Δ(z, r))

∫
Δ(z,r)

|f(w)|pω1(w)dA(w)
) 1

p

, z ∈ M1,

P

|f(z)| �
(

1
ω1(Δ( r0

z , r))

∫
Δ(

r0
z ,r)

|f(w)|pω2

(
r0

w

)
dA(w)

) 1
p

, z ∈ M2.

pq ! z ∈ M1, o� |f(z)|p �ct[FG, �(

|f(z)| �
(

1
|Δ(z, r)|

∫
Δ(z,r)

|f(w)|pdA(w)
) 1

p

	
(

1
(1 − |z|)2

∫
Δ(z,r)

|f(w)|pdA(w)
) 1

p

.

6- [11, (2.2)] ( ω1(Δ(z, r)) 	 ω1(z)(1 − |z|)2, hW! w ∈ Δ(z, r) #, ω1(z) 	 ω1(w), 1�K

|f(z)| �
(

1
ω1(Δ(z, r))

∫
Δ(z,r)

|f(w)|pω1(w)dA(w)
) 1

p

.

+C�(r/4TI,. �p.

��5?A6Ks% Borel � 78� Toeplitz 2.�KdF.

bo 3.3 � 1 < p ≤ q < ∞ P μ � M �Ks% Borel � , ���#!If:

(1) Tμ : Ap
ω1,2

→ Aq
ω1,2
Kd;

(2) T̃μ(w)

ω1(S(w))
1
p

+ 1
q′ −1

∈ L∞(M1),
T̃μ(w)

ω2(S(
r0
w ))

1
p

+ 1
q′ −1

∈ L∞(M2), �� q′ � q �og�;

(3) . 0 < s < ∞ �s4 (�g�) s, μ �"� As
ω1,2
� s(p+q′)

pq′ -Carleson � ;

(4) μ(S(w))

ω1(S(w))
(p+q′)

pq′
∈ L∞(M1),

μ(S(
r0
w ))

ω2(S(
r0
w ))

(p+q′)
pq′

∈ L∞(M2).

+/~, K
‖Tμ‖ 	

∥∥∥∥ T̃μ(w)

ω1(S(w))
1
p + 1

q′ −1

∥∥∥∥
L∞(M1)

+
∥∥∥∥ T̃μ(w)

ω2(S( r0
w ))

1
p + 1

q′ −1

∥∥∥∥
L∞(M2)

	 ‖I‖s p+q′
pq′

As
ω1,2

→L
s(p+q′)

pq′ (M,dμ)

	
∥∥∥∥ μ(S(w))

ω1(S(w))
(p+q′)

pq′

∥∥∥∥
L∞(M1)

+
∥∥∥∥ μ(S( r0

w ))

ω1(S( r0
w ))

(p+q′)
pq′

∥∥∥∥
L∞(M2)

.

pq \^�� (3) ��z- (4). ! s > 0, .a` f ∈ As
ω1

(D), � M2 = {z | r0 < |z| ≤
1+r0

2 }, M1 = {z | 1+r0
2 < |z| < 1}, Mp(f, r) =

∫ 2π

0
|f(reit)|pdt, �om f ∈ As

ω1,2
(M). W μ ��

qJ� D �� , (({�� M , ��(∫
D

|f |s p+q′
pq′ dμ

) pq′
s(p+q′)

≤
(∫

M

|f |s p+q′
pq′ dμ

) pq′
s(p+q′)

�
(∫

M

|f |sω1,2dA

) 1
s

�
(∫

M1

|f |sω1dA

) 1
s

+
(

Ms(f,
1 + r0

2
)ω̂2(r0)

) 1
s

�
(∫

M1

|f |sω1dA

) 1
s

+
(

ω̂2(r0)
ω̂1(r0)

) 1
s

(∫
M

|f |sω1dA

) 1
s

�
(∫

D

|f |sω1dA

) 1
s

.
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6- [11, �C 1] '
μ(S(w))

ω1(S(w))
(p+q′)

pq′
∈ L∞(M1) P

∥∥∥∥ μ(S(w))

ω1(S(w))
(p+q′)

pq′

∥∥∥∥
L∞(M1)

� ‖I‖s p+q′
pq′

As
ω1,2

→L
s(p+q′)

pq′ (M,dμ)

.

+C�(
μ(S( r0

w ))

ω1(S( r0
w ))

(p+q′)
pq′

∈ L∞(M2) P
∥∥∥∥ μ(S( r0

w ))

ω1(S( r0
w ))

(p+q′)
pq′

∥∥∥∥
L∞(M2)

� ‖I‖s p+q′
pq′

As
ω1,2

→L
s(p+q′)

pq′ (M,dμ)

.

���� (4) ⇒ (3). � (4) �), ] {ak} � M1 � Bergman  ' ρ(z, w) � r- �\, { r0
bk
}

� M2 � Bergman  ' ρ( r0
z , r0

w ) � r- �\, �(∫
M

|f |s p+q′
pq′ dμ

) pq′
s(p+q′)

=
( ∫

M1

|f |s p+q′
pq′ dμ

) pq′
s(p+q′)

+
( ∫

M2

|f |s p+q′
pq′ dμ

) pq′
s(p+q′)

�
( ∞∑

k=1

∫
Δ(ak,r)

|f |s p+q′
pq′ dμ

) pq′
s(p+q′)

+
( ∞∑

k=1

∫
Δ(

r0
bk

,r)

|f |s p+q′
pq′ dμ

) pq′
s(p+q′)

�
( ∞∑

k=1

sup
z∈Δ(ak,r)

|f(z)|s p+q′
pq′ μ(Δ(ak, r))

) pq′
s(p+q′)

+
( ∞∑

k=1

sup
z∈Δ(

r0
bk

,r)

|f(z)|s p+q′
pq′ μ

(
Δ

(
r0

bk
, r

))) pq′
s(p+q′)

�
( ∞∑

k=1

μ(Δ(ak, r))

ω1(Δ(ak, r))
p+q′
pq′

( ∫
Δ(ak,3r)

|f(z)|sω1(z)dA(z)
) p+q′

pq′
) pq′

s(p+q′)

+
( ∞∑

k=1

μ(Δ( r0
bk

, r))

ω2(Δ( r0
bk

, r))
p+q′
pq′

( ∫
Δ(

r0
bk

,3r)

|f(z)|sω2

(
r0

z

)
dA(z)

) p+q′
pq′

) pq′
s(p+q′)

�
∥∥∥∥ μ(Δ(·, r))

ω1(Δ(·, r)) (p+q′)
pq′

∥∥∥∥
pq′

s(p+q′)

L∞(M1)

( ∞∑
k=1

∫
Δ(ak,3r)

|f(z)|sω1(z)dA(z)
) 1

s

+
∥∥∥∥ μ(Δ( r0

· , r))

ω2(Δ( r0
· , r))

(p+q′)
pq′

∥∥∥∥
pq′

s(p+q′)

L∞(M2)

( ∞∑
k=1

∫
Δ(

r0
bk

,3r)

|f(z)|sω2

(
r0

z

)
dA(z)

) 1
s

�
(∥∥∥∥ μ(Δ(·, r))

ω1(Δ(·, r)) (p+q′ )
pq′

∥∥∥∥
pq′

s(p+q′)

L∞(M1)

+
∥∥∥∥ μ(Δ( r0

· , r))

ω2(Δ( r0
· , r))

(p+q′)
pq′

∥∥∥∥
pq′

s(p+q′)

L∞(M2)

)
‖f‖s.

a. 0 < s < ∞, μ �"� As
ω1,2
� s(p+q′)

pq′ -Carleson � , P

‖I‖s p+q′
pq′

As
ω1,2

→L
s(p+q′)

pq′ (M,dμ)

	
∥∥∥∥ μ(Δ(·, r))

ω1(Δ(·, r)) (p+q′)
pq′

∥∥∥∥
L∞(M1)

+
∥∥∥∥ μ(Δ( r0

· , r))

ω2(Δ( r0
· , r))

(p+q′)
pq′

∥∥∥∥
L∞(M2)

.

l(�� (1) ⇒ (2). � Tμ : Ap
ω1,2

→ Aq
ω1,2
Kd, �! w ∈ M1 #,

T̃μ(w)

ω1(S(w))
1
p + 1

q′ −1
=

∫
M

|bω1,2
w (z)|2dμ(z)

1

ω1(S(w))
1
p + 1

q′ −1

=
∫

M

bω1,2
p,w (z)Bω1,2

z (w)dμ(z)‖Bω1,2
w ‖−2

2 ‖Bω1,2
w ‖p

1

ω1(S(w))
1
p + 1

q′ −1
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� |Tμbω1,2
p,w (w)|ω1(S(w))

1
q

�
(

1
ω1(S(w))

∫
Δ(w,r)

|Tμbω1,2
p,w (ξ)|qω1(ξ)dA(ξ)

) 1
q

ω1(S(w))
1
q

� ‖Tμ‖ ‖bω1,2
p,w ‖p 	 ‖Tμ‖.

+C, ! w ∈ M2 #,
T̃μ(w)

ω1(S( r0
w ))

1
p + 1

q′ −1
� ‖Tμ‖.

� T̃μ(w)

ω1(S(w))
1
p

+ 1
q′ −1

∈ L∞(M1), �kd� μ(S(w))

ω1(S(w))
(p+q′)

pq′
∈ L∞(M1). ! w ∈ M1, r > 0 #,

μ(S(w))

ω1(S(w))
(p+q′)

pq′
� 1

ω1(S(w))
(p+q′)

pq′ −1

∫
Δ(w,r)

|Bω1,2
w (z)|dμ(z)

� 1

ω1(S(w))
(p+q′)

pq′ −1

∫
Δ(w,r)

|bω1,2
w (z)|2dμ(z)

� T̃μ(w)

ω1(S(w))
(p+q′)

pq′ −1
.

+C�(, � T̃μ(
r0
w )

ω1(S(
r0
w ))

1
p

+ 1
q′ −1

∈ L∞(M2), � μ(S(
r0
w ))

ω1(S(
r0
w ))

(p+q′)
pq′

∈ L∞(M2). 1� (2) ��z- (4).

�� (4) ⇒ (1). NjZ2(∫
M

|f(z)|pdμ =
∫

M1

|f(z)|pdμ(z) +
∫

M2

|f(z)|pdμ(z)

�
∫

M1

dμ(z)
1

ω1(Δ(z, r))

∫
Δ(z,r)

|f(ξ)|pω1(ξ)dA(ξ)

+
∫

M2

dμ(z)
1

ω2(Δ( r0
z , r))

∫
Δ(

r0
z ,r)

|f(ξ)|pω2(
r0

ξ
)dA(ξ)

�
∫

M1

|f(ξ)|pω1(ξ)dA(ξ)
1

ω1(Δ(ξ, r))

∫
Δ(ξ,2r)

dμ(z)

+
∫

M2

|f(ξ)|pω2

(
r0

ξ

)
dA(ξ)

1
ω2(Δ( r0

ξ , r))

∫
Δ(

r0
ξ ,2r)

dμ(z)

�
∫

M1

|f(ξ)|pω1(ξ)
μ(Δ(ξ, 2r))
ω1(Δ(ξ, 2r))

dA(ξ)

+
∫

M2

|f(ξ)|pω2

(
Δ

(
r0

ξ
, 2r

))
μ(Δ( r0

ξ , 2r))

ω2(Δ( r0
ξ , 2r))

dA(ξ).

a

|Tμf(z)|qω1,2(z)�
(∫

M

|f(w)Bω1,2
w (z)|dμ(w)

)q

ω1,2(z)

�
( ∫

M1

|f(w)Bω1,2
w (z)| μ(Δ(w, r))

ω1(Δ(w, r))
ω1(w)dA(w)

+
∫

M2

|f(w)Bω1,2
w (z)| μ(Δ( r0

w , r))
ω2(Δ( r0

w , r))
ω2

(
r0

w

)
dA(w)

)q

ω1,2(z)
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�
∫

M1

∣∣∣∣f(w)
μ(Δ(w, r))
ω1(Δ(w, r))

∣∣∣∣qω1(w)dA(w)
(∫

M1

|Bω1,2
w (z)|q′

ω1(w)dA(w)
) q

q′
ω1,2(z)

+
∫

M2

∣∣∣∣f(w)
μ(Δ( r0

w , r))
ω1(Δ( r0

w , r))

∣∣∣∣qω2

(
r0

w

)
dA(w)

(∫
M2

|Bω1,2
w (z)|q′

ω2

(
r0

w

)
dA(w)

) q

q′
ω1,2(z)

�
( ∫

M1

∣∣∣∣f(w)
μ(Δ(w, r))
ω1(Δ(w, r))

∣∣∣∣qω1(w)dA(w)

+
∫

M2

∣∣∣∣f(w)
μ(Δ( r0

w , r))
ω1(Δ( r0

w , r))

∣∣∣∣qω2

(
r0

w

)
dA(w)

)
‖Bω1,2

z ‖ q
q′ ω1,2(z).

6\C 3.2, �C 2.11, (4) W Fubini �C, (∫
M

|Tμf(z)|qω1,2(z)dA(z) �
∫

M

( ∫
M1

∣∣∣∣f(w)
μ(Δ(w, r))
ω1(Δ(w, r))

∣∣∣∣qω1(w)dA(w)

+
∫

M2

∣∣∣∣f(w)
μ(Δ( r0

w , r))
ω1(Δ( r0

w , r))

∣∣∣∣qω2

(
r0

w

)
dA(w)

)
‖Bω1,2

z ‖q
q′ω1,2(z)dA(z)

�
( ∫

M1

∣∣∣∣f(w)
μ(Δ(w, r))
ω1(Δ(w, r))

∣∣∣∣qω1(w)dA(w)

+
∫

M2

∣∣∣∣f(w)
μ(Δ( r0

w , r))
ω1(Δ( r0

w , r))

∣∣∣∣qω2

(
r0

w

)
dA(w)

)∫
M

‖Bω1,2
z ‖q

q′ω1,2(z)dA(z)

�
( ∫

M1

∣∣∣∣f(w)
μ(Δ(w, r))
ω1(Δ(w, r))

∣∣∣∣qω1(w)dA(w)

+
∫

M2

∣∣∣∣f(w)
μ(Δ( r0

w , r))
ω1(Δ( r0

w , r))

∣∣∣∣qω2

(
r0

w

)
dA(w)

)

×
( ∫

M1

1
ω1(z)

ω1,2(z)dA(z) +
∫

M2

1
ω2( r0

z )
ω1,2(z)dA(z)

)

� ‖f‖q−p
p

( ∫
M1

|f(w)|p
∣∣∣∣ μ(Δ(w, r))

ω1(Δ(w, r))
p+q′
pq′

∣∣∣∣qω1(w)dA(w)

+
∫

M2

|f(w)|p
∣∣∣∣ μ(Δ( r0

w , r))

ω1(Δ( r0
w , r))

p+q′
pq′

∣∣∣∣qω2

(
r0

w

)
dA(w)

)

� ‖f‖q
p

(∥∥∥∥ μ(Δ(w, r))

ω1(Δ(w, r))
p+q′
pq′

∥∥∥∥
L∞(M1)

+
∥∥∥∥ μ(Δ( r0

w , r))

ω1(Δ( r0
w , r))

p+q′
pq′

∥∥∥∥
L∞(M2)

)q

,

1� Tμ KdP ‖Tμ‖ � ‖ μ(Δ(w,r))

ω1(Δ(w,r))
p+q′
pq′

‖L∞(M1) + ‖ μ(Δ(
r0
w ,r))

ω1(Δ(
r0
w ,r))

p+q′
pq′

‖L∞(M2).

D]�� (2) ��z- (4). 6�C 2.11 )\C 2.12, . r > 0, w ∈ M1, (

μ(S(w))

ω1(S(w))
(p+q′)

pq′
�

∫
Δ(w,r) |b

ω1,2
w (z)|2ω1dA(z)

ω1(Δ(w, r))
(p+q′ )

pq′ −1
� T̃μ(w)

ω1(Δ(w, r))
(p+q′ )

pq′ −1
.

+C. r > 0, w ∈ M2, (

μ(S( r0
w ))

ω2(S( r0
w ))

(p+q′)
pq′

�
∫
Δ(

r0
w ,r) |b

ω1,2
w (z)|2ω2( r0

z )dA(z)

ω2(Δ( r0
w , r))

(p+q′)
pq′ −1

� T̃μ(w)

ω2(Δ( r0
w , r))

(p+q′)
pq′ −1

.

�p.
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G_l, ��(1 Toeplitz 2.0F�IfFQ.

bo 3.4 � 1 < p ≤ q < ∞, ω1, ω2 ∈ R P μ�M �Ks% Borel � , ���#!If:

(1) Tμ : Ap
ω1,2

→ Aq
ω1,2
0;

(2) ! |w| → 1−, T̃μ(w)

ω1(S(w))
1
p

+ 1
q′ −1

→ 0, P! |w| → r+
0 , T̃μ(w)

ω2(S(
r0
w ))

1
p

+ 1
q′ −1

→ 0, �� q′ � q �

og�;

(3) . 0 < s < ∞ �s4 (�g�) s, μ �"� As
ω1,2
� s(p+q′)

pq′ - yx Carleson � ;

(4) ! |w| → 1−, μ(S(w))

ω1(S(w))
(p+q′)

pq′
→ 0, P! |w| → r+

0 , μ(S(
r0
w ))

ω2(S(
r0
w ))

(p+q′)
pq′

→ 0.

pq \^�� (3) z- (4). ! s > 0, � {fn} ⊂ As
ω1

(D) KdP fn ( D �$2/0./
1 0, � {fn} ⊂ As

ω1,2
(M) KdP fn ( M �$2/0./1 0. W� μ ��qJ� D ���

 , (({�� M , ��( ∫
D

|fn|s
p+q′
pq′ dμ

) pq′
s(p+q′)

≤
( ∫

M

|fn|s
p+q′
pq′ dμ

) pq′
s(p+q′)

→ 0.

6- [11, �C 1] ', ! |w| → 1−, μ(S(w))

ω1(S(w))
(p+q′)

pq′
→ 0. +C, ! |w| → r+

0 , μ(S(
r0
w ))

ω1(S(
r0
w ))

(p+q′)
pq′

→ 0.

���� (4) ⇒ (3). � {fn} ⊂ As
ω1,2

(M) Kd, fn ( M �$2/0./1 0, P (4) �).

] {ak} � M1 � Bergman  ' ρ(z, w) � r- �\, { r0
bk
} � M2 � Bergman  ' ρ( r0

z , r0
w ) �

r- �\, �.a` ε > 0, $( K ∈ Z+, ((! k > K #, K
μ(Δ(ak, r))

ω1(Δ(ak, r))
p+q′
pq′

< ε P
μ(Δ( r0

bk
, r))

ω2(Δ( r0
bk

, r))
p+q′
pq′

< ε,

(∫
M

|fn|s
p+q′
pq′ dμ

) pq′
s(p+q′)

� ε
pq′

s(p+q′) ‖fn‖s +
∥∥∥∥ μ(Δ(·, r))

ω1(Δ(·, r)) (p+q′ )
pq′

∥∥∥∥
pq′

s(p+q′)

L∞(M1)

( K∑
k=1

∫
Δ(ak,3r)

|fn(z)|sω1(z)dA(z)
) 1

s

+ ε
pq′

s(p+q′) ‖fn‖s+
∥∥∥∥ μ(Δ( r0

· , r))

ω1(Δ( r0
· , r))

(p+q′)
pq′

∥∥∥∥
pq′

s(p+q′)

L∞(M2)

( K∑
k=1

∫
Δ(

r0
bk

,3r)

|fn(z)|sω2

(
r0

z

)
dA(z)

) 1
s

.

6 fn ( M �$2/0./1 0 '(∫
M

|fn|s
p+q′
pq′ dμ

) pq′
s(p+q′)

→ 0.

l(Z�� (1) ⇒ (2). � Tμ : Ap
ω1,2

→ Aq
ω1,2
0, ! |w| → 1− #, W b

ω1,2
p,w ( Ap

ω1,2
(M) �

z./1 0, o��C 3.3 �+|�5 (
T̃μ(w)

ω1(S(w))
1
p + 1

q′ −1
�

(
1

ω1(S(w))

∫
Δ(w,r)

|Tμbω1,2
p,w (ξ)|qω1(ξ)dA(ξ)

) 1
q

ω1(S(w))
1
q

� ‖Tμbω1,2
p,w ‖q → 0.

+C�(, ! |w| → r+
0 #,

T̃μ(w)

ω2(S( r0
w ))

1
p + 1

q′ −1
→ 0.
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�� (4) ⇒ (1). ] {fn} ⊂ Ap
ω1,2

(M)( Ap
ω1,2

(M)�z./1 0,� fn KdP(M �$2

/0./1 0. 6 (4)�)'.a` ε > 0,$( r1, r2, ((! r0 < |w| < r1 #, μ(S(
r0
w ))

ω2(S(
r0
w ))

(p+q′)
pq′

<

ε P! 1 > |w| > r2 #, μ(S(w))

ω1(S(w))
(p+q′)

pq′
< ε. 6�C 3.3 ���(

∫
M

|Tμfn(z)|qω1,2(z)dA(z) � ‖fn‖q−p
p εq

∫
M1

|fn(w)|pω1,2(w)dA(w)

+‖fn‖q−p
p

(∥∥∥∥ μ(Δ(w, r))

ω1(Δ(w, r))
p+q′
pq′

∥∥∥∥
L∞(M1)

+
∥∥∥∥ μ(Δ( r0

w , r))

ω1(Δ( r0
w , r))

p+q′
pq′

∥∥∥∥
L∞(M2)

)q

×
∫

r1<|w|<r2

|fn|pω1,2(w)dA(w),

1�! n → ∞ #,
∫

M
|Tμfn(z)|qω1,2(z)dA(z) → 0, a Tμ �02..

D], 6�C 3.3 '� (2) �), � (4) om�). �p.

{�67& Toeplitz 2.3}mÆ p 1LmÆ q "��KdF)0F, |}! p > q #U

K~|�~4�? ��ÆO5U67e4cc. (jM{dV��/4\C.

no 3.5 ] {ak} � M1 � Bergman  ' ρ(z, w) �s4 (a`) r- �\, { r0
bk
} � M2 �

Bergman ' ρ( r0
z , r0

w )�s4 (a`) r-�\. � 1 ≤ p ≤ ∞P {αk}, {βk} ∈ lp,�! z ∈ M1#,

f(z) =
∞∑

k=1

αkbω1,2
p,ak

(z) ∈ Ap
ω1,2

P ‖f‖p � ‖{αk}‖lp ;

! z ∈ M2 #,

g(z) =
∞∑

k=1

βkb
ω1,2

p,
r0
bk

(
r0

z

)
∈ Ap

ω1,2
P ‖g‖p � ‖{βk}‖lp ,

�� 1 < p < ∞.

pq . r0 < r1 < |z| < r2 < 1, K∣∣∣∣
∞∑

k=1

αkbω1,2
p,ak

(z)
∣∣∣∣ � ‖{αk}‖lp

( ∞∑
k=1

ω1(Δ(ak, r))|Bω1,2
ak

(z)|p′
) 1

p′
,

�� p′ � p �.gmÆ, a f(z) ( M �� .

.a` h ∈ Aq
ω1,2

, o� Hölder TI,) |h| �ct[��, (∣∣∣∣
∫

M

h(z)f(z)ω1,2dA(z)
∣∣∣∣ =

∣∣∣∣
∞∑

k=1

αk
h(ak)

‖Bω1,2
ak ‖p

∣∣∣∣
� ‖{αk}‖lp

( ∞∑
k=1

ω1(Δ(ak, r))|h(ak)|p′
) 1

p′

� ‖{αk}‖lp

( ∞∑
k=1

∫
Δ(ak,r)

|h(z)|p′
ω1(z)dA(z)

) 1
p′

� ‖{αk}‖lp‖h‖p′ .

a f ∈ Ap
ω1,2
P ‖f‖p � ‖{αk}‖lp .

+C�( g ∈ Ap
ω1,2
P ‖g‖p � ‖{βk}‖lp . �p.
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bo 3.6 � 1 < q < p < ∞, ω1, ω2 ∈ R P μ � M�Ks% Borel � , ���#!If:

(1) Tμ : Ap
ω1,2

→ Aq
ω1,2
Kd;

(2) Tμ : Ap
ω1,2

→ Aq
ω1,2
0;

(3) μ(Δ(·,r))
ω1(Δ(·,r)) ∈ L

pq
p−q
ω1 (M1) P

μ(Δ(
r0
· ,r))

ω2(Δ(
r0
· ,r))

∈ L
pq

p−q
ω2 (M2);

(4) ] {ak}�M1 � Bergman ' ρ(z, w)�s4 (a`) r- �\, { r0
bk
}� M2 � Bergman

 ' ρ( r0
z , r0

w ) �s4 (a`) r- �\, �{
μ(Δ(ak, r))
ω1(Δ(ak, r))

ω1(Δ(ak, r))
1
q − 1

p

}
∈ l

pq
p−q P

{
μ(Δ( r0

bk
, r))

ω1(Δ( r0
bk

, r))
(1 − |ak|2)

q
p−1

}
∈ l

pq
p−q ;

(5) T̃μ(·) ∈ L
pq

p−q
ω1 (M1) P T̃μ(·) ∈ L

pq
p−q
ω2 (M2).

pq 6�C 2.11 )\C 2.12 �', . w ∈ M1, r > 0, K
μ(Δ(w, r))
ω1(Δ(w, r))

�
∫
Δ(w,r)

dμ(z)

ω1(Δ(w, r))
�

∫
Δ(w,r)

|bω1,2
w (z)|2dμ(z) � T̃μ(w).

+C, . w ∈ M2, r > 0, K
μ(Δ( r0

w , r))
ω2(Δ( r0

w , r))
� T̃μ(w).

a� (5) �), � (3) �).

. f ∈ L1
ω1

(M1), 6 Fubini �C(

‖f̃‖L1
ω1

(M1) =
∫

M1

ω1(w)dA(w)
∣∣∣∣
∫

M1

|bω1,2
w (z)|2f(z)ω1(z)dA(z)

∣∣∣∣
≤

∫
M1

|f(z)|ω1(z)dA(z)
∫

M1

|bω1,2
w (z)|2ω1(w)dA(w)

≤
∫

M1

|f(z)|ω1(z)dA(z),

PomK
‖f̃‖L∞

ω1
(M1) � ‖f‖L∞

ω1
(M1).

1�6vXC7'. 1 ≤ t ≤ ∞,K ‖f̃‖Lt
ω1

(M1) � ‖f‖Lt
ω1

(M1).+CK ‖f̃‖Lt
ω2

(M2) � ‖f‖Lt
ω2

(M2).

6�C 3.3 ��', . w ∈ M1, r > 0, K
T̃μ(w) =

∫
M

|bω1,2
w (z)|2dμ(z)

≤
∫

M1

|bω1,2
w (z)|2 μ(Δ(z, r))

ω1(Δ(z, r))
ω1(z)dA(z)

∫
M2

|bω1,2
w (z)|2dμ(z)

≤
˜(

μ(Δ(·, r))
ω1(Δ(·, r))

)
(w) + sup

z∈M2, w∈M1

|bω1,2
w (z)|2μ(M2)

≤
˜(

μ(Δ(·, r))
ω1(Δ(·, r))

)
(w) + C.

��D]/4TI,�W� supz∈M2, w∈M1
|bω1,2

w (z)|2 < ∞ ) μ(M2) �'�.
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1�� (3) �), �

‖T̃μ(∗)‖
L

pq
p−q
ω1 (M1)

≤
∥∥∥∥ ˜(

μ(Δ(·, r))
ω1(Δ(·, r))

)
(∗)

∥∥∥∥
L

pq
p−q
ω1 (M1)

+ C

≤
∥∥∥∥ μ(Δ(∗, r))

ω1(Δ(∗, r))
∥∥∥∥

L
pq

p−q
ω1 (M1)

+ C < ∞.

+C
‖T̃μ(∗)‖

L
pq

p−q
ω2 (M2)

≤
∥∥∥∥ μ(Δ( r0

∗ , r))
ω1(Δ( r0

∗ , r))

∥∥∥∥
L

pq
p−q
ω2 (M2)

+ C < ∞.

3" (5) �).

�� (3) ⇒ (2). W μ(Δ(w,r))
ω1(Δ(w,r)) ∈ L

pq
p−q
ω1 (M1) P

μ(Δ(
r0
w ,r))

ω1(Δ(
r0
w ,r))

L
pq

p−q
ω2 (M2), a.a` ε > 0, $(

r0 < r1, r2 < 1, ((∫
r0<|w|<r1

∣∣∣∣ μ(Δ( r0
w , r))

ω1(Δ( r0
w , r))

∣∣∣∣
pq

p−q

ω2

(
r0

w

)
dA(w) < ε P

∫
r2<|w|<1

∣∣∣∣ μ(Δ(w, r))
ω1(Δ(w, r))

∣∣∣∣
pq

p−q

ω1(w)dA(w) < ε.

� {fm} ⊂ Ap
ω1,2

(M) KdP( Ap
ω1,2

(M) z./1 0, � fm ( M �$2/0./1 0. 6
�C 3.3 ����(, . r > 0 K
‖Tμfm‖q

q =
∫

M

|Tμfm(w)|qω1,2(w)dA(w)

�
∫

M1

∣∣∣∣fm(w)
μ(Δ(w, r))
ω1(Δ(w, r))

∣∣∣∣qω1(w)dA(w)+
∫

M2

∣∣∣∣fm(w)
μ(Δ( r0

w , r))
ω1(Δ( r0

w , r))

∣∣∣∣qω2

(
r0

w

)
dA(w)

�
∥∥∥∥ μ(Δ(w, r))

ω1(Δ(w, r))

∥∥∥∥q

L
pq

p−q
ω1 (M1)

( ∫
1+r0

2 <|w|≤r1

|fm(w)|pω1(w)dA(w)
) q

p

+ ‖fm‖q
p

( ∫
r1<|w|<1

∣∣∣∣ μ(Δ(w, r))
ω1(Δ(w, r))

∣∣∣∣
pq

p−q

ω1(w)dA(w)
) p−q

p

+
∥∥∥∥ μ(Δ( r0

w , r))
ω2(Δ( r0

w , r))

∥∥∥∥q

L
pq

p−q
ω2 (M2)

( ∫
r1<|w|≤ 1+r0

2

|fm(w)|pω2

(
r0

w

)
dA(w)

) q
p

+ ‖fm‖q
p

( ∫
r0<|w|<r1

∣∣∣∣ μ(Δ( r0
w , r))

ω2(Δ( r0
w , r))

∣∣∣∣
pq

p−q

ω2

(
r0

w

)
dA(w)

) p−q
p

,

1�! n → ∞ #, ‖Tμfm‖q → 0, a Tμ �02..

. r > 0, { μ(Δ(ak,r))
ω1(Δ(ak,r))ω1(Δ(ak, r))

1
q − 1

p } ∈ l
pq

p−q , K∫
M1

(
μ(Δ(w, r))
ω1(Δ(w, r))

) pq
p−q

ω1(w)dA(w)

�
∞∑

k=1

∫
Δ(ak,r)

(
μ(Δ(w, r))
ω1(Δ(w, r))

) pq
p−q

ω1(w)dA(w)

�
∞∑

k=1

ω1(Δ(ak, r))
(

ω1(Δ(ak, 2r))
ω1(Δ(ak, r))

) pq
p−q

(
μ(Δ(ak, 2r))
ω1(Δ(ak, 2r))

) pq
p−q

�
∞∑

k=1

ω1(Δ(ak, r))
(

μ(Δ(ak, 2r))
ω1(Δ(ak, 2r))

) pq
p−q

< ∞.
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+C∫
M2

(
μ(Δ( r0

w , r))
ω2(Δ( r0

w , r))

) pq
p−q

ω2

(
r0

w

)
dA(w) �

∞∑
k=1

ω2

(
Δ

(
r0

bk
, r

))(
μ(Δ( r0

bk
, 2r))

ω2(Δ( r0
bk

, 2r))

) pq
p−q

< ∞.

1� (4) ⇒ (3).

. r > 0, � μ(Δ(w,r))
ω1(Δ(w,r)) ∈ L

pq
p−q
ω1 (M1), �

∞∑
k=1

ω1(Δ(ak, r))
(

ω1(Δ(ak, r))
ω1(Δ(ak, r))

) pq
p−q

�
∞∑

k=1

∫
Δ(ak,r)

(
ω1(Δ(ak, r))
ω1(Δ(ak, r))

) pq
p−q

ω1(w)dA(w)

�
∞∑

k=1

∫
Δ(ak,2r)

(
ω1(Δ(w, 2r))
ω1(Δ(w, 2r))

) pq
p−q

ω1(w)dA(w)

�
∫

M1

(
ω1(Δ(w, 2r))
ω1(Δ(w, 2r))

) pq
p−q

ω1(w)dA(w) < ∞.

+C
∞∑

k=1

ω2

(
Δ

(
r0

bk
, r

))(
ω2(Δ( r0

bk
, r))

ω2(Δ( r0
bk

, r))

) pq
p−q

�
∫

M1

(
ω2(Δ( r0

w , 2r))
ω2(Δ( r0

w , 2r))

) pq
p−q

ω2

(
r0

w

)
dA(w) < ∞.

a (3) ⇒ (4).

���� (1) ⇒ (4). � Tμ Kd, 6\C 3.5 ', . M1 ��\ {ak}, ! {αk} ∈ lp #,∥∥∥∥Tμ

( ∞∑
k=1

αkbω1,2
p,ak

(z)
)∥∥∥∥q

q

� ‖Tμ‖q
Ap

ω1,2→Aq
ω1,2

‖{αk}‖q
lp .

1�, 6 Khintchine TI,�', . r > 0 K
‖Tμ‖q

Ap
ω1,2→Aq

ω1,2
‖{αk}‖q

lp �
∫

M

( ∞∑
k=1

|αk|2|Tμbω1,2
p,ak

(z)|2
) q

2

ω1,2(z)dA(z)

�
∞∑

k=1

|αk|q
∫

Δ(ak,r)

|Tμbω1,2
p,ak

(z)|qω1(z)dA(z).

+/~l, o� |Tμb
ω1,2
p,ak(z)|q �ct[FG�(∫

Δ(ak,r)

|Tμbω1,2
p,ak

(z)|qω1(z)dA(z) � ω1(Δ(ak, r))|Tμbω1,2
p,ak

(ak)|q

� ω1(Δ(ak, r))
‖Bω1,2

ak ‖q
p

( ∫
M

|Bω1,2
ak

(ζ)|2dμ

)q

� ω1(Δ(ak, r))
‖Bω1,2

ak ‖q
p

( ∫
Δ(ak,r)

|Bω1,2
ak

(ζ)|2dμ

)q

� ω1(Δ(ak, r))
‖Bω1,2

ak ‖q
p

μ(Δ(ak, r))q |Bω1,2
ak

(ak)|2q

	
(

μ(Δ(ak, r))

ω1(Δ(ak, r))1+
1
p− 1

q

)q

,

1�K
∞∑

k=1

|αk|q
(

μ(Δ(ak, r))

ω1(Δ(ak, r))1+
1
p− 1

q

)q

� ‖Tμ‖Ap
ω1,2→Aq

ω1,2
‖{αk}‖q

lp .
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a6.gC7�(
μ(Δ(ak, r))

ω1(Δ(ak, r))1+
1
p− 1

q

∈ l
pq

p−q ,

3"
∞∑

k=1

(
μ(Δ(ak, r))
ω1(Δ(ak, r))

) pq
p−q

ω1(Δ(ak, r))

=
∞∑

k=1

(
μ(Δ(ak, r))

ω1(Δ(ak, r))1+
1
p− 1

q

) pq
p−q

� ‖Tμ‖
pq

p−q

Ap
ω1,2→Aq

ω1,2
.

+C
∞∑

k=1

(
μ(Δ( r0

bk
, r))

ω2(Δ( r0
bk

, r))

) pq
p−q

ω2

(
Δ

(
r0

bk
, r

))
� ‖Tμ‖

pq
p−q

Ap
ω1,2→Aq

ω1,2
.

�p.
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