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1 '(
Duffin 
 Schaeffer [12] )*���
 Fourier �
���+�� Hilbert �������

�. Daubechies, Grossmann 
 Meyer [11] ���,���� L2(R) -��
.����/�0
1� .���
, 2!3�+������. 45 "�#6�$����%�7,��+�
&� !8�"#
'9, ($$)*+*�
:%�.. & H ' Hilbert ��, I ';�,. H

-�()< {xi}i∈I -* H ����, +./)0
 0 < A ≤ B < ∞, �$1,= x ∈ H, >

A‖x‖ ≤
(∑

i∈I

|〈x, xi〉|2
) 1

2

≤ B‖x‖.

+2����34)
!Æ?>*+�7,, 5$)7,
!�6-7!
#8!9Æ?@
>3A7, [3, 5, 8, 9, 15, 16]. .B������., 5/!8: Hilbert ��������0*)

Banach ���, �*�����5;��3A<C [1, 4, 10, 14, 17], �- Aldroubi, Sun 
 Tang

�1 [1] ) Banach ��-+� p- �����, 4' Banach ���D=>/ Hilbert ����

��5;��. & X ' Banach ��, 1 < p < ∞. X �12�� X∗ -�()< {fi}i∈I -*

X �� p- ��, +./)0
 0 < A ≤ B < ∞, �$1,= x ∈ X, >

A‖x‖ ≤
(∑

i∈I

|〈x, fi〉|p
) 1

p

≤ B‖x‖.

?@�A
B�, 3AC5/
BEDE@�FFEG4@�, H! Casazza, Kutyniok 


Fornasier 95 [6, 7, 13] )*�,DE��3G6D���+�� fusion �� (I����) �

��. Fusion ��'���0*. & H ' Hilbert ��, {Xi}i∈I ' H �HI��<, ui > 0,

πXi ' H ) Xi ��1�7Æ, i ∈ I. - {(Xi, ui)}i∈I * H �� fusion ��, +./)0

0 < A ≤ B < ∞, �$1,= x ∈ H, >

A‖x‖ ≤
( ∑

i∈I

u2
i ‖πXix‖2

) 1
2

≤ B‖x‖.

?�8399-�;
 2 I� p (1 < p < ∞) �, Bachoc 
 Ehler [2] ) Hilbert ���+��
p-fusion ���JJ.

K1) Banach ���LM p- ��K fusion ���N:0*, +� p-fusion Bessel ;<�p-

fusion ��
 q-fusion Riesz  �JJ, (7,<=-I
O�-I>�?@�9PA8.

BCD5/QR. & X ' Banach ��, �12��Q* X∗. L B(X) SE X �>TF�
-I64. 1 T ∈ B(X), , ker T := {x ∈ X : Tx = 0}K ran T := {Tx : x ∈ X}<ÆSE T �

G��KM?. - P ∈ B(X) ' X ��7Æ-I, H P 2 = P . , P (X) SE X �7Æ-I6
4. & A ' X �I,, L span A, A 
 A⊥ := {f ∈ X∗ : 〈x, f〉 = 0 1,= x ∈ A �I } <ÆS
E A �F�N, HU
�GVI. & B ' X∗ �I,, , Bw∗ 
 B⊥ := {x ∈ X : 〈x, f〉 = 0 1

,= f ∈ B �I } <ÆSE B � w∗ HU
JGVI. & Xi ' Banach ��, i ∈ I. Q Banach

�� (⊕
i∈I

Xi

)
p

:=
{
{xi}i∈I : xi ∈ Xi, ‖{xi}i∈I‖ =

(∑
i∈I

‖xi‖p

) 1
p

< +∞
}

.
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2 p-fusion OPQ p- OPRST
�BLM p-fusion Bessel ;<
 p-fusion ���JJ.

UV 2.1 & X ' Banach ��, 1 < p < ∞, vi > 0, Pi ∈ P (X∗), i ∈ I. {(Pi, vi)}i∈I -*

X �� p-fusion ��, +./)0
 0 < C ≤ D < ∞, �$1,= x ∈ X, >

C‖x‖ ≤
(∑

i∈I

vp
i ‖P ∗

i x‖p

) 1
p

≤ D‖x‖.

- C 
 D * p-fusion ��T. +.4>W_399�I, X- {(Pi, vi)}i∈I * p-fusion Bessel

;<$> p-fusion Bessel T D.

Y 2.2 H/K1- Banach ��� p-fusion ��'6* p- ��K fusion ���N:0*

5RM, 5 Banach �� X �� p- ��DZ�JJ'S�12�� X∗ -�()< {fi}i∈I . 2
!, K1- Banach �� X �� p-fusion ��@S�12�� X∗ -�7Æ-I< {Pi}i∈I , 5

3'S X ��7Æ-I<. !�4/7Æ-I Pi 3T1 X -�[U x 6,, VL`W�N\
-I P ∗

i 1 x 6,.

JXCD p-fusion ��
 p- ��>aYZ[.

U] 2.3 & X ' Banach ��, 1 < p < ∞. 1\; i ∈ I, & vi > 0, {fij}j∈Ji ⊆ X∗, �

- Ji ';�,. ] Yi = span{fij : j ∈ Ji} ⊆ X∗. b& Yi ) X∗ -�c, & Pi ∈ B(X∗) ' X∗

��7Æ-I^^ ran Pi = Yi. H/) 0 < Ai ≤ Bi < ∞ ^^
0 < A = inf

i∈I
Ai ≤ B = sup

i∈I
Bi < +∞,

�$1,= x ∈ X, >

Ai‖P ∗
i x‖ ≤

(∑
j∈Ji

|〈P ∗
i x, fij〉|p

) 1
p

≤ Bi‖P ∗
i x‖,

X+J9P:

(1) {vifij}j∈Ji,i∈I ' X �� p- ��;

(2) {(Pi, vi)}i∈I ' X �� p-fusion ��.

_` 1,= x ∈ X, >∑
i∈I

∑
j∈Ji

|〈P ∗
i (vix), fij〉|p =

∑
i∈I

∑
j∈Ji

|〈x, Pi(vifij)〉|p =
∑
i∈I

∑
j∈Ji

|〈x, vifij〉|p,

X

A

(∑
i∈I

vp
i ‖P ∗

i x‖p

) 1
p

≤
(∑

i∈I

Ap
i v

p
i ‖P ∗

i x‖p

) 1
p

≤
(∑

i∈I

∑
j∈Ji

|〈P ∗
i (vix), fij〉|p

) 1
p

=
(∑

i∈I

∑
j∈Ji

|〈x, vifij〉|p
) 1

p

≤
(∑

i∈I

Bp
i vp

i ‖P ∗
i x‖p

) 1
p

≤ B

(∑
i∈I

vp
i ‖P ∗

i x‖p

) 1
p

.
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(1)⇒(2) H {vifij}j∈Ji,i∈I ' X �� p- ��, > p- ��T C,D, X1,= x ∈ X, >
C

B
‖x‖ ≤ 1

B

(∑
i∈I

∑
j∈Ji

|〈x, vifij〉|p
) 1

p

≤
(∑

i∈I

vp
i ‖P ∗

i x‖p

) 1
p

≤ 1
A

(∑
i∈I

∑
j∈Ji

|〈x, vifij〉|p
) 1

p

≤ D

A
‖x‖,

d {(Pi, vi)}i∈I ' X �� p-fusion ��, > p-fusion ��T C
B , D

A .

(2)⇒(1) H {(Pi, vi)}i∈I ' X �� p-fusion ��, > p-fusion ��T C,D, X1,=
x∈X,>

AC‖x‖ ≤ A

(∑
i∈I

vp
i ‖P ∗

i x‖p

) 1
p

≤
(∑

i∈I

∑
j∈Ji

|〈x, vifij〉|p
) 1

p

≤ B

(∑
i∈I

vp
i ‖P ∗

i x‖p

) 1
p

≤ BD‖x‖,

d {vifij}j∈Ji,i∈I ' X �� p- ��, > p- ��T AC,BD. ae.

=J_CD p-fusion ��' w∗ `f�.

UV 2.4 & X ' Banach ��, Pi ∈ P (X∗), i ∈ I. {Pi}i∈I -*' w∗ `f�, H

X∗ = span{Pi(X∗) : i ∈ I}w∗ .

b� 2.5 & X ' Banach ��, 1 < p < ∞, vi > 0, Pi ∈ P (X∗), i ∈ I. H {(Pi, vi)}i∈I '

X �� p-fusion ��, X {Pi}i∈I ' w∗ `f�.

_` b& {Pi}i∈I 3' w∗ `f�, g

span{Pi(X∗) : i ∈ I}w∗ 
= X∗.

H/ X∗ hc w∗ ab'�<c�$�12��i' X, X/) 0 
= x ∈ X, �$1,= f ∈
span{Pi(X∗) : i ∈ I}w∗ , > 〈x, f〉 = 0. dÆj, 1V>� i ∈ I %V>� g ∈ X∗, > 0 =

〈x, Pig〉 = 〈Pig, x〉 = 〈g, P ∗
i x〉, d P ∗

i x = 0. 25∑
i∈I

vp
i ‖P ∗

i x‖p = 0,

4K {(Pi, vi)}i∈I ' X �� p-fusion ��ek. 2! {Pi}i∈I ' w∗ `f�. ae.

3 p-fusion Bessel deQ p-fusion OPRfghi
Kl7,<=-I
O�-ILM p-fusion Bessel ;<
 p-fusion ���9PA8. BL

M<=-I�JJ%��j.

b� 3.1 & X ' Banach ��, 1 < p < ∞, vi > 0, Pi ∈ P (X∗), i ∈ I. ]

U : X →
(⊕

i∈I

ran P ∗
i

)
p

: Ux = {viP
∗
i x}i∈I .

U -*<=-I, >
(1) {(Pi, vi)}i∈I ' X �� p-fusion Bessel ;<$> p-fusion Bessel T D ⇔ U 'fJ�>

TF�-I$ ‖U‖ ≤ D;

(2) {(Pi, vi)}i∈I ' X �� p-fusion �� ⇔ U 'fJ�>TF�-I$ U 'J>T�.
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_` �B Ugh'F��. 1,= x ∈ X, > ‖Ux‖ = ‖{viP
∗
i x}i∈I‖ =(

∑
i∈Iv

p
i ‖P ∗

i x‖p)
1
p .

(1) {(Pi, vi)}i∈I ' X �� p-fusion Bessel ;<$> p-fusion Bessel T D

⇔ 1,= x ∈ X, > (
∑

i∈Iv
p
i ‖P ∗

i x‖p)
1
p ≤ D‖x‖

⇔ 1,= x ∈ X, > Ux ∈ (
⊕

i∈IranP ∗
i )p $ ‖Ux‖ ≤ D‖x‖

⇔ U 'fJ�>TF�-I$ ‖U‖ ≤ D.

(2) {(Pi, vi)}i∈I ' X �� p-fusion ��

⇔/)0
 0 < C ≤ D < ∞,�$1,= x ∈ X,> C‖x‖ ≤ (
∑

i∈Iv
p
i ‖P ∗

i x‖p)
1
p ≤ D‖x‖

⇔ /)0
 0 < C ≤ D < ∞, �$1,= x ∈ X, > Ux ∈ (
⊕

i∈Iran P ∗
i )p $ C‖x‖ ≤

‖Ux‖ ≤ D‖x‖
⇔ U 'fJ�>TF�-I$ U 'J>T�. ae.

kl 3.2 & X ' Banach ��, 1 < p < ∞, vi > 0, Pi ∈ P (X∗), i ∈ I. H {(Pi, vi)}i∈I '

X �� p-fusion ��, X X 'mm�?$4?1\; i ∈ I, ran P ∗
i 'mm�.

_` H X 'mm�,X X∗∗'mm�.H/ ran P ∗
i ' X∗∗�HI��,X ran P ∗

i 'mm�.

H ran P ∗
i 'mm�, X (ranP ∗

i )∗∗ = ran P ∗
i . d((⊕

i∈I

ran P ∗
i

)
p

)∗∗
=

((⊕
i∈I

(ranP ∗
i )∗

)
q

)∗
=

(⊕
i∈I

(ranP ∗
i )∗∗

)
p

=
(⊕

i∈I

ran P ∗
i

)
p

,

�- 1
p + 1

q = 1. 25 (
⊕

i∈Iran P ∗
i )p 'mm�. Hij 3.1 (2) �n ran U ' (

⊕
i∈Iran P ∗

i )p �

HI��$ ran U K X :G, d ran U 'mm�, 2! X 'mm�. ae.

JXLMO�-I�JJ%��j.

b� 3.3 & X ' Banach ��, 1 < p < ∞, vi > 0, Pi ∈ P (X∗), i ∈ I. & 1
p + 1

q = 1. ]

T :
(⊕

i∈I

(ran P ∗
i )∗

)
q

→ X∗ : T{fi}i∈I =
∑
i∈I

vi(fi ◦ P ∗
i |X), fi ∈ (ran P ∗

i )∗.

T -*O�-I, X {(Pi, vi)}i∈I ' X �� p-fusion Bessel ;<$> p-fusion Bessel T D ?$

4? T 'fJ�>TF�-I$ ‖T‖ ≤ D.

_` �B T gh'F��$1,= fi ∈ (ran P ∗
i )∗, > fi ◦ P ∗

i |X ∈ X∗.

H {(Pi, vi)}i∈I ' X �� p-fusion Bessel;<$> p-fusion BesselT D,X1,= {fi}i∈I ∈
(
⊕

i∈I(ranP ∗
i )∗)q, 1 I �,=I, J,K, & J ⊆ K, >∥∥∥∥

∑
i∈K

vi(fi◦P ∗
i |X)−

∑
i∈J

vi(fi◦P ∗
i |X)

∥∥∥∥ =
∥∥∥∥

∑
i∈K\J

vi(fi ◦ P ∗
i |X)

∥∥∥∥ = sup
x∈X, ‖x‖≤1

∣∣∣∣
〈
x,

∑
i∈K\J

vi(fi ◦ P ∗
i |X)

〉∣∣∣∣
= sup

x∈X, ‖x‖≤1

∣∣∣∣
∑

i∈K\J

vi〈P ∗
i x, fi〉

∣∣∣∣ ≤ sup
x∈X, ‖x‖≤1

∑
i∈K\J

vi‖fi‖ ‖P ∗
i x‖

≤ sup
x∈X, ‖x‖≤1

( ∑
i∈K\J

‖fi‖q

) 1
q
( ∑

i∈K\J

vp
i ‖P ∗

i x‖p

) 1
p

≤
( ∑

i∈K\J

‖fi‖q

) 1
q

sup
x∈X, ‖x‖≤1

(∑
i∈I

vp
i ‖P ∗

i x‖p

) 1
p

≤
( ∑

i∈K\J

‖fi‖q

) 1
q

sup
x∈X, ‖x‖≤1

D‖x‖ = D

( ∑
i∈K\J

‖fi‖q

) 1
q

.



306 � � � � 9 % & 64�

2! ∑
i∈Ivi(fi ◦ P ∗

i |X) ) X∗ -'kl�$ T 'fJ�. 1,= {fi}i∈I ∈ (
⊕

i∈I(ranP ∗
i )∗)q,

���a$

‖T{fi}i∈I‖ =
∥∥∥∥
∑
i∈I

vi(fi ◦ P ∗
i |X)

∥∥∥∥ ≤ D

(∑
i∈I

‖fi‖q

) 1
q

= D‖{fi}i∈I‖,

X T 'fJ�>TF�-I$ ‖T‖ ≤ D.

mo, H T 'fJ�>TF�-I$ ‖T‖ ≤ D. &

x ∈ X.

1,= {fi}i∈I ∈ (
⊕

i∈I(ran P ∗
i )∗)q, ]

Φx({fi}i∈I) = 〈x, T{fi}i∈I〉 =
〈

x,
∑
i∈I

vi(fi ◦ P ∗
i |X)

〉
=

∑
i∈I

〈viP
∗
i x, fi〉,

X
|Φx({fi}i∈I)| = |〈x, T{fi}i∈I〉| ≤ ‖T{fi}i∈I‖ ‖x‖ ≤ ‖T‖ ‖{fi}i∈I‖ ‖x‖,

d Φx ∈ ((
⊕

i∈I(ranP ∗
i )∗)q)∗ = (

⊕
i∈I(ran P ∗

i )∗∗)p $

‖Φx‖ ≤ ‖T‖ ‖x‖ ≤ D‖x‖.
& J 'n ((

⊕
i∈I(ran P ∗

i )∗)q)∗ ) (
⊕

i∈I(ranP ∗
i )∗∗)p �oX9p:G, X {viP

∗
i x}i∈I = J(Φx)

$ ( ∑
i∈I

vp
i ‖P ∗

i x‖p

) 1
p

= ‖{viP
∗
i x}i∈I‖ = ‖Φx‖ ≤ D‖x‖.

2! {(Pi, vi)}i∈I ' X �� p-fusion Bessel ;<$> p-fusion Bessel T D. ae.

H {(Pi, vi)}i∈I ' X �� p-fusion Bessel ;<, X1,= {fi}i∈I ∈ (
⊕

i∈I(ranP ∗
i )∗)q, H

ij 3.3 �aDq8�n�
 ∑
i∈Ivi(fi ◦ P ∗

i |X) ) X∗ -'mnrkl�.

p] 3.4 & X ' Banach ��, 1 < p < ∞, vi > 0, Pi ∈ P (X∗), i ∈ I. & {(Pi, vi)}i∈I '

X �� p-fusion Bessel ;<, U 
 T 'o7�<=-I
O�-I, X
(1) U∗ = T ;

(2) T ∗ ' U �qa. H X 'mm�, X T ∗ = U .

_` (1) & {fi}i∈I ∈ (
⊕

i∈I(ran P ∗
i )∗)q. 1,= x ∈ X, >

〈x,U∗{fi}i∈I〉 = 〈Ux, {fi}i∈I〉 = 〈{viP
∗
i x}i∈I , {fi}i∈I〉

=
∑
i∈I

〈viP
∗
i x, fi〉 = 〈x, T{fi}i∈I〉,

X U∗{fi}i∈I = T{fi}i∈I . d U∗ = T .

(2) H (1), T ∗ = U∗∗ ' U �qa. H X 'mm�, X T ∗ = U∗∗ = U . ae.

b� 3.5 & X ' Banach ��, 1 < p < ∞, vi > 0, Pi ∈ P (X∗), i ∈ I, X {(Pi, vi)}i∈I '

X �� p-fusion ��?$4?O�-I T 'fJ�>TF�-I$ T '^p.

_` H {(Pi, vi)}i∈I ' X �� p-fusion ��, Hij 3.1 (2) �$ U 'fJ�>TF�
-I$ U 'J>T�. Hij 3.3, T 'fJ�>TF�-I. rH+� 3.4 �$ U∗ = T . H/
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U 'sp$ ranU ' (
⊕

i∈Iran P ∗
i )p �HI,, X ran U∗ ' X∗ �HI,, $ ran T = ran U∗ =

(ker U)⊥ = X∗, g T '^p.

H T 'fJ�>TF�-I$ T '^p,Hij 3.3, {(Pi, vi)}i∈I ' X �� p-fusion Bessel

;<. Hij 3.1 (1) �$ U 'fJ�>TF�-I. rH+� 3.4 �$ U∗ = T . H/ ran T =

X∗, mh'H�, X ranU ' (
⊕

i∈Iran P ∗
i )p �HI,$ ker U = (ran U∗)⊥ = (ranT )⊥ = {0},

g U 'sp,2! U 'J>T�.Hij 3.1 (2)�$ {(Pi, vi)}i∈I 'X �� p-fusion ��. ae.

H {(Pi, vi)}i∈I ' X �� p-fusion ��, ij 3.5 CD

X∗ =
{∑

i∈I

vi(fi ◦ P ∗
i |X) : {fi}i∈I ∈

(⊕
i∈I

(ran P ∗
i )∗

)
q

}
.

tOij 3.1, 3.3 
 3.5 �$Kl�sAt�.

U] 3.6 & X ' Banach ��, 1 < p < ∞, vi > 0, Pi ∈ P (X∗), i ∈ I, X
(1) {(Pi, vi)}i∈I ' X �� p-fusion Bessel ;<$> p-fusion Bessel T D

⇔ <=-I U 'fJ�>TF�-I$ ‖U‖ ≤ D

⇔ O�-I T 'fJ�>TF�-I$ ‖T‖ ≤ D.

(2) {(Pi, vi)}i∈I ' X �� p-fusion ��

⇔ <=-I U 'fJ�>TF�-I$ U 'J>T�
⇔ O�-I T 'fJ�>TF�-I$ T '^p.

4 q-fusion Riesz tRfghi
6* q-Riesz  �0*, JXLM q-fusion Riesz  �JJ.

UV 4.1 & X ' Banach ��, 1 < q < ∞, vi > 0, Pi ∈ P (X∗), i ∈ I. {(Pi, vi)}i∈I -*

X∗ �� q-fusion Riesz  , H

X∗ =
{ ∑

i∈J

vi(fi ◦ P ∗
i |X) : fi ∈ (ran P ∗

i )∗, i ∈ J, J ' I �>qI,
}

(4.1)

$/)0
 0 < C ≤ D < ∞, �$1 I �,=>qI, J L%1,= fi ∈ (ran P ∗
i )∗, i ∈ J , >

C

( ∑
i∈J

‖fi‖q

) 1
q

≤
∥∥∥∥
∑
i∈J

vi(fi ◦ P ∗
i |X)

∥∥∥∥ ≤ D

( ∑
i∈J

‖fi‖q

) 1
q

. (4.2)

uB�8JJ, �LaD q-fusion Riesz  Ko7O�-I�'[.

b� 4.2 & X ' Banach ��, 1 < q < ∞, vi > 0, Pi ∈ P (X∗), i ∈ I, X {(Pi, vi)}i∈I '

X∗ �� q-fusion Riesz  ?$4?O�-I T 'fJ�>TF�-I$ T '�r�.

_` H {(Pi, vi)}i∈I ' X∗�� q-fusion Riesz  , HJJ 4.1 -399 (4.2) %ij 3.3

�aDq8�n ∑
i∈Ivi(fi ◦ P ∗

i |X) ) X∗ -kl$1,= {fi}i∈I ∈ (
⊕

i∈I(ran P ∗
i )∗)q, >

C

( ∑
i∈I

‖fi‖q

) 1
q

≤
∥∥∥∥
∑
i∈I

vi(fi ◦ P ∗
i |X)

∥∥∥∥ ≤ D

( ∑
i∈I

‖fi‖q

) 1
q

,

d T 'fJ�>TF�-I$ T 'J>T�. rHJJ 4.1 -�99 (4.1) �n X∗ ⊆ ran T =

ran T , d T '^p. 2! T '�r�.

moHJJ 4.1 % T �JJ�u=$). ae.
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Hij 4.2 KJ� 3.6 u=�$+J0�.

kl 4.3 & X ' Banach��, vi > 0, Pi ∈ P (X∗), i ∈ I. & 1 < p, q < ∞^^ 1
p + 1

q = 1.

H {(Pi, vi)}i∈I ' X∗ �� q-fusion Riesz  , X {(Pi, vi)}i∈I ' X �� p-fusion ��.

+Jt�@svaD:

kl 4.4 & X ' Banach��, vi > 0, Pi ∈ P (X∗), i ∈ I. & 1 < p, q < ∞^^ 1
p + 1

q = 1.

H {(Pi, vi)}i∈I ' X �� p-fusion ��, X+J9P:

(1) {(Pi, vi)}i∈I ' X∗ �� q-fusion Riesz  ;

(2) H {fi}i∈I ∈ (
⊕

i∈I(ranP ∗
i )∗)q $ 0 =

∑
i∈Ivi(fi ◦ P ∗

i |X) ∈ X∗, X fi = 0, i ∈ I;

(3) (
⊕

i∈Iran P ∗
i )p = {{viP

∗
i x}i∈I : x ∈ X}.

_` & U 
 T 'o7�<=-I
O�-I, HJ� 3.6, U 
 T v'fJ�>TF�
-I$ U 'J>T�, T '^p. uBij 4.2 �$:

(1)⇔ T '�r� ⇔ T 'sp ⇔(2).

rH+� 3.4, U∗ = T , X
(1)⇔ T '�r� ⇔ U '�r� ⇔ U '^p ⇔(3). ae.

JX3A X∗ � w∗ wtHI��<L%o7 X �u1�HI��<�JJ.

UV 4.5 & X ' Banach ��, {Yi}i∈I ' X∗ �HI��<. - {Yi}i∈I ' w∗ wt�,

H1,= i ∈ I,

Yi ∩ span{Yj : j ∈ I, j 
= i}w∗ = {0}.
b� 4.6 & X ' Banach ��, {Yi}i∈I ' X∗ �HI��<, X+J9P:

(1) {Yi}i∈I ' w∗ wt�;

(2) {Yi}i∈I >o7� X �u1�HI��<, g/) X �HI��< {Xi}i∈I , �$

(2.1) 1,= i, j ∈ I, i 
= j, ,= f ∈ Yi, L%,= x ∈ Xj , > 〈x, f〉 = 0,

(2.2) 1,= i ∈ I, ,= 0 
= f ∈ Yi, /) xi ∈ Xi, �$ 〈xi, f〉 
= 0.

_` (1)⇒(2). 1\; i ∈ I, ]

Xi = (span{Yj : j ∈ I, j 
= i}w∗)⊥.

1,= i, j ∈ I, i 
= j, ,= f ∈ Yi, L%,= x ∈ Xj , H/ Yi ⊆ span{Yk : k ∈ I, k 
= j}w∗ ,

X 〈x, f〉 = 0.

b&/) i0 ∈ I K 0 
= fi0 ∈ Yi0 , �$1,= x ∈ Xi0 , > 〈x, fi0〉 = 0, X
fi0 ∈ (Xi0)

⊥ = ((span{Yj : j ∈ I, j 
= i0}w∗)⊥)⊥ = span{Yj : j ∈ I, j 
= i0}w∗ .

d fi0 ∈ Yi0 ∩ span{Yj : j ∈ I, j 
= i0}w∗ , 4K {Yi}i∈I ' w∗ wt�ek. 251,= i ∈ I, ,

= 0 
= f ∈ Yi, /) xi ∈ Xi, �$ 〈xi, f〉 
= 0.

(2)⇒(1). H {Yi}i∈I 3' w∗ wt�, X/) i0 ∈ I, �$

Yi0 ∩ span{Yj : j ∈ I, j 
= i0}w∗ 
= {0}.
vS 0 
= fi0 ∈ Yi0 ∩ span{Yj : j ∈ I, j 
= i0}w∗ . 1,= x ∈ Xi0 , ,= j 
= i0, L%,= g ∈ Yj ,

H (2.1) > 〈x, g〉 = 0, X1,= g ∈ span{Yj : j ∈ I, j 
= i0}, > 〈x, g〉 = 0. d1,=
g ∈ span{Yj : j ∈ I, j 
= i0}w∗ , > 〈x, g〉 = 0. dÆj, 〈x, fi0〉 = 0, 4K (2.2) ek. 2! {Yi}i∈I

' w∗ wt�. ae.
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U] 4.7 & X 'mm Banach ��, vi > 0, Pi ∈ P (X∗), i ∈ I. & 1 < p, q < ∞ ^^
1
p + 1

q = 1. H {(Pi, vi)}i∈I ' X �� p-fusion ��, X+J9P:

(1) {(Pi, vi)}i∈I ' X∗ �� q-fusion Riesz  ;

(2) H {fi}i∈I ∈ (
⊕

i∈I(ranP ∗
i )∗)q $ 0 =

∑
i∈Ivi(fi ◦ P ∗

i |X) ∈ X∗, X fi = 0, i ∈ I;

(3) (
⊕

i∈Iran P ∗
i )p = {{viP

∗
i x}i∈I : x ∈ X};

(4) {ran Pi}i∈I 'wt�, g1,= i ∈ I, ran Pi ∩ span{ran Pj : j ∈ I, j 
= i} = {0};
(5) {ran Pi}i∈I ' w∗ wt�;

(6) {ran Pi}i∈I >o7� X �u1�HI��<.

_` 0� 4.4 CD (1)⇔(2)⇔(3).

ij 4.6 CD (5)⇔(6).

(4)⇔(5) H+Jw;xy�$.

xy5: 1 Banach ���zI, (I��), � w HUKx
HUo:.

xyy: ? X mm�, 1 X∗ �I,, � w∗ HUK w HUo:.

JXaD (4)⇒(2). H/ X mm, g X∗∗ = X, X1,= i ∈ I, ,= fi ∈ (ran P ∗
i )∗, >

fi ◦ P ∗
i |X = fi ◦ P ∗

i ∈ X∗.

d fi = 0 ⇔ fi ◦ P ∗
i = 0. H/1,= x ∈ X, >

〈x, Pi(fi ◦ P ∗
i )〉 = 〈Pi(fi ◦ P ∗

i ), x〉 = 〈fi ◦ P ∗
i , P ∗

i x〉 = 〈P ∗
i x, fi ◦ P ∗

i 〉
= 〈P ∗

i P ∗
i x, fi〉 = 〈P ∗

i x, fi〉 = 〈x, fi ◦ P ∗
i 〉,

X fi ◦ P ∗
i = Pi(fi ◦ P ∗

i ) ∈ ran Pi.

H (2) 3�I, X/) {fi}i∈I ∈ (
⊕

i∈I(ranP ∗
i )∗)q ^^ 0 
= fi0 ∈ (ranP ∗

i0
)∗ ({ i0 ∈ I), �

$ 0 =
∑

i∈Ivi(fi ◦ P ∗
i ) ∈ X∗. d

0 
= −vi0(fi0 ◦ P ∗
i0) =

∑
i∈I, i �=i0

vi(fi ◦ P ∗
i ) ∈ ran Pi0 ∩ span{ran Pi : i ∈ I, i 
= i0},

4K {ran Pi}i∈I 'wt�ek. 2! (2) �I.

DFw3aD (3)⇒(6). & U 'o7<=-I. H (3) �I, H0� 4.4 �aDq8�$ U

'fJ�>TF�-I$ U '�r�. 1\; i ∈ I, ran P ∗
i �|* (

⊕
i∈Iran P ∗

i )p ��c�H

I��. ]

Xi = U−1(ran P ∗
i ) ⊆ X,

X Xi ' X �HI��.

1,= x ∈ Xi, H/ Ux = {vjP
∗
j x}j∈I ∈ ran P ∗

i , X1,= j ∈ I, j 
= i, > P ∗
j x = 0. d1

,= f ∈ ran Pj , >
〈x, f〉 = 〈x, Pjf〉 = 〈Pjf, x〉 = 〈f, P ∗

j x〉 = 0.

b&/) i0 ∈ I 
 0 
= fi0 ∈ ran Pi0 , �$1,= x ∈ Xi0 , > 〈x, fi0〉 = 0. 1,= j ∈ I, ,

= x ∈ Xj , j 
= i0. H��$ 〈x, fi0〉 = 0. 9=) ranP ∗
i ' (

⊕
i∈Iran P ∗

i )p ��cHI��, X(⊕
i∈I

ran P ∗
i

)
p

= span{ran P ∗
i : i ∈ I}.
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rH U '�r��$

X = U−1

(( ⊕
i∈I

ranP ∗
i

)
p

)
= U−1(span{ran P ∗

i : i ∈ I})

= span{U−1(ranP ∗
i ) : i ∈ I} = span{Xi : i ∈ I},

X1,= x ∈ X, > 〈x, fi0〉 = 0, ek. d1,= i ∈ I, ,= 0 
= f ∈ ran Pi, /) xi ∈ Xi, �$

〈xi, f〉 
= 0.

2! {Xi}i∈I ' {ran Pi}i∈I o7� X �u1�HI��<, (6) �I. ae.

xy z}z~�{5RM�|}=~
�{.

| } ~ �
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