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1 PQ
� C[0,∞) �����
 [0,∞) �������R����, Cα �ÆS�� |f(t)| ≤ Aeαt

� C[0,∞) T�U�, �T A > 0, α > 0. V�� Baskakov �U���
Vn(f, x) =

∞∑
k=0

f

(
k

n

) (
n + k − 1

k

)
xk

(1 + x)n+k
, x ≥ 0.

�������,  �!�W"#�$ [8] T�%�&'� Baskakov ����U

Vn,δn(f, x) =
[n(x+δn)]∑

k=0

f

(
k

n

) (
n + k − 1

k

)
xk

(1 + x)n+k
, x ≥ 0,

X(�:&� f ∈ Cα,� limn→∞ δn
√

n = ∞), Vn,δn(f, x)��
 [0,∞)T�*�+� U�

�+Y,-. f(x),�T {δn}∞n=1 /+�Z�01.!X(: &� f ∈ Cα,� limn→∞ δn

√
n �= ∞

), "2 limn→∞ Vn,δn(f, x) = f(x) ��
 [0,∞) �3+#$�%�&'(4��/ f ≡ 0. )

. Szász–Mirakjan ����U, �$ [2, 4, 5, 7, 9, 10] T�*5�+�. +6Z78�U,-8
9�:./0$ [3].

��;+�T, /<12�� f ∈ Cα 5345Æ4. =6, �7[�U Vn,δn(f, x) ), \>
2�� f(x) ��
 [0, x + δn] ��]. ./, +�^=�?@/, �� f ∈ Cα /8/<AB9

_�C? D), ��:+;�����, <$�% Baskakov �U�+`E�����U, =a�
F>? Baskakov ����U, @A�B�U�+6,-8b, G+�CHI4�� f ∈ Cα.

� {δn}∞n=1 � {δ′n}∞n=1 /J�Z�01, <D Cn,x = {k : k ∈ N∪ {0} � n(x− δ′n) ≤ k ≤
n(x + δn)}. ). f ∈ C[0,∞), F>? Baskakov ����U���

Vn,δn,δ′
n
(f, x) =

∑
k∈Cn,x

f

(
k

n

) (
n + k − 1

k

)
xk

(1 + x)n+k
, x ≥ 0.

<$�KJ�c4+�&':

de 1.1 � {δn}∞n=1 � {δ′n}∞n=1 /J��E�Z�01, G�% limn→∞ δn
√

n = C �

limn→∞ δ′n
√

n = C′ (C � C′ /</�2�9_ ∞), f). f ∈ C[0,∞), "2

lim
n→∞Vn,δn,δ′

n
(f, x) =

f(x)√
2π

∫ C√
x(1+x)

− C′√
x(1+x)

e−
1
2 t2dt (1.1)

��
 [x1, x2]�+Y�%, gF 0 < x1 < x2 < ∞. 6G,� C > 0� C′ > 0), (1.1)L��


[x1, x2] �M+Y�%, gF 0 ≤ x1 < x2 < ∞. � x = 0 ), N� C√
x(1+x)

� C′√
x(1+x)

G� ∞.

de 1.2 � {δn}∞n=1 � {δ′n}∞n=1 /J��E�Z�01, <D x0 ∈ (0,∞), f<'J��
�/HI�:

(1) ).*O� f ∈ C[0,∞), G�% limn→∞ Vn,δn,δ′
n
(f, x0) = f(x0);

(2) limn→∞ δn
√

n = ∞ � limn→∞ δ′n
√

n = ∞.
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H�
An,x = {k : k ∈ N ∪ {0} � nx −√

nC′ ≤ k ≤ nx +
√

nC},

Vn,C,C′(f, x) =
∑

k∈An,x

f

(
k

n

) (
n + k − 1

k

)
xk

(1 + x)n+k
, x ≥ 0.

). f ∈ C[0,∞) � x ∈ [0,∞), �� f �#9�����W�

ωx,C,C′(f, t) = max
y∈[max(x−C′,0),x+C], |y−x|<t

|f(y) − f(x)|.

<$�QX�c4+�&':

de 1.3 � C > 0 � C′ > 0, f). f ∈ C[0,∞) � x ∈ (0,∞), �%

Vn,C,C′(f, x) − f(x)√
2π

∫ C√
x(1+x)

− C′√
x(1+x)

e−
1
2 t2dt = OC,C′(1)

{
ωx,C,C′

(
f,

1√
n

)
+

‖f‖x,C,C′√
n

}
, (1.2)

gF ‖f‖x,C,C′ = maxy∈[max(x−C′,0),x+C] |f(y)|.
��X(<�+�, Q 2RYX(S�ZT,Q 3RUV<�X�+��X(<DS�[\.

2 Pi
<RUVS�ZT.

je 2.1 ). n = 2, 3, . . . � k = 1, 2, . . ., �(
n − 1

0

)
+

(
n

1

)
+

(
n + 1

2

)
+ · · · +

(
n + k − 1

k

)
=

(
n + k

k

)
. (2.1)

ZT 2.1 /]W^X[V.

je 2.2 ). m = 0, 1, 2, . . . � x ≥ 0, _ Tm =
∑∞

k=0 km xk

(1+x)1+k , gF� k = 0 ), N�

k0 � 1,f� T0 = 1, T1 = x, T2 = x(2x+1), T3 = 6x3+6x2+x<D T4 = 24x4+36x3+14x2+x.

kl `= T0 = 1. 'a�� T1 � T2. b�

T1 =
∞∑

k=1

k
xk

(1 + x)1+k
=

∞∑
k=0

(k + 1)
1

1 + x

(
x

1 + x

)k+1

=
x

1 + x
T1 +

x

1 + x
,

Y� T1 = x. cb�

T2 =
∞∑

k=0

(k + 1)2
1

1 + x

(
x

1 + x

)k+1

=
x

1 + x
(T2 + 2T1 + T0)=

x

1 + x
(T2 + 2x + 1),

Y� T2 = x(2x + 1). DT/A

T3 =
x

1 + x
(T3 + 3T2 + 3T1 + T0), T4 =

x

1 + x
(T4 + 4T3 + 6T2 + 4T1 + T0).

]<�JL, Z/[V T3 � T4 �[\L. ZT 2.2 X].

je 2.3 � x ≥ 0, ξ /� k ∈ N ∪ {0} �d]�e^_�, G�`f�

P (ξ = k) =
xk

(1 + x)1+k
, k = 0, 1, 2, . . . , (2.2)

gh, ξ ��ijk�

E(ξ) =
∞∑

k=0

k
xk

(1 + x)1+k
= x, (2.3)
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ξ �ab�

E(ξ − E(ξ))2 =
∞∑

k=0

(k − x)2
xk

(1 + x)1+k
= x(x + 1), (2.4)

<DXcd)Tle
E|ξ − x|3 =

∞∑
k=0

|k − x|3 xk

(1 + x)1+k

ÆS� 0 ≤ x ≤ 1 ),

x ≤ E|ξ − x|3 ≤ 8x; (2.5)

� 1 < x < ∞ ),

2x3 < E|ξ − x|3 < 9x3. (2.6)

kl f�ijk�ab���, <DZT 2.2, mg/A (2.3) � (2.4). 'aX( (2.5) �

(2.6). � 0 ≤ x ≤ 1 ), /<m�

E|ξ − x|3 =
∞∑

k=0

(k − x)3
xk

(1 + x)1+k
+

2x3

1 + x
.

]ZT 2.2 � E|ξ − x|3 = x(2x2 + 3x + 1 + 2x2

1+x). bh (2.5) �%.

� 1 < x < ∞ ), ] Hölder CHL, �

E|ξ − x|3 ≤
√√√√ ∞∑

k=0

(k − x)4
xk

(1 + x)1+k
·
√√√√ ∞∑

k=0

(k − x)2
xk

(1 + x)1+k
.

./, ]ZT 2.2 �

E|ξ − x|3 ≤ x
√

9x4 + 27x3 + 28x2 + 11x + 1.

f6

E|ξ − x|3 < 9x3. (2.7)

n+aa, � 1 < x < ∞ ), �

E|ξ − x|3 ≥
∞∑

k=0

(k − x)3
xk

(1 + x)1+k
= 2x3 + 3x2 + x.

bh, +� (2.7) ZA (2.6). ZT 2.3 X].

je 2.4 � ξ1, . . . , ξn, . . . /+1i%�j�oZT 2.3 T ξ pD'k���e^_�, g

h). n = 2, 3, . . . � k = 0, 1, 2, . . . , �

P (ξ1 + · · · + ξn = k) =
(

n + k − 1
k

)
xk

(1 + x)n+k
. (2.8)

kl ). k = 0, 1, 2, . . ., ] (2.2) �

P (ξ1 + ξ2 = k) =
k∑

m=0

P (ξ1 = m)P (ξ2 = k − m)

=
k + 1

(1 + x)2

(
x

1 + x

)k

=
(

2 + k − 1
k

)
xk

(1 + x)2+k
.
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ql� (2.8) ). n ≥ 2 �%, 'aX( (2.8) ). n + 1 M�%. ). k = 0, 1, 2, . . ., ] (2.2)

� (2.1), �

P (ξ1 + · · · + ξn + ξn+1 = k) =
k∑

m=0

P (ξ1 + · · · + ξn = m)P (ξn+1 = k − m)

=
1

(1 + x)n+1

(
x

1 + x

)k k∑
m=0

(
n + m − 1

m

)

=
(

n + 1 + k − 1
k

)
xk

(1 + x)n+1+k
.

]W^X, (2.8) ).��� n ∈ N (n ≥ 2) �%. ZT 2.4 X].

je 2.5 [6] � η1, η2, . . . , ηn, . . . /+1i%�j�+Y'k�e^_�, G E(η1) = 0,

E(η2
1 = σ2) � E|η1|3 < ∞, gh).��� y ∈ (−∞,∞), �∣∣∣∣P

(
1

σ
√

n

n∑
k=0

ηk ≤ y

)
− 1√

2π

∫ y

−∞
e−

1
2 t2dt

∣∣∣∣ ≤ AE|η1|3
σ3

√
n(1 + |y|)3 , (2.9)

gF A /+�d)m�.

je 2.6 � {δn}∞n=1 � {δ′n}∞n=1 /J�Z�01, G limn→∞ δn = 0 � limn→∞ δ′n = 0,

gh). x ∈ [0,∞), �∣∣∣∣
∑

k∈Cn,x

(
n + k − 1

k

)
xk

(1 + x)n+k
− 1√

2π

∫ δn
√

n√
x(1+x)

− δ′n
√

n√
x(1+x)

e−
1
2 t2dt

∣∣∣∣
≤ Amax (x, x3)√

n(
√

x(1 + x) +
√

n min (δn, δ′n))3
, (2.10)

gF A /+�Crn. n � x �Z�m�.

kl ). x > 0, �%oZT 2.3 UV� ξ j�pD'k���e^_� ξ1, o

P (ξ1 = k) =
xk

(1 + x)1+k
, k = 0, 1, 2, . . . .

] (2.3) � (2.4), �

E(ξ1 − x) = 0, E(ξ1 − x)2 = x(1 + x).

�� η1 = ξ1−x, f� E(η1) = 0, σ2 = E(η2
1) = x(1+x). 6G,] (2.5)� (2.6),f� 0 ≤ x ≤ 1

), E|η1|3 ≤ 8x; � 1 < x < ∞ ), E|η1|3 < 9x3.

_ η1, η2, . . . , ηn, . . . /+1i%�j�+Y'k�e^_�, G Sn = η1 + η2 + · · ·+ ηn. ]

(2.8), f).*O�d)m� M , �

P (Sn ≤ M) =
[M+nx]∑

k=0

(
n + k − 1

k

)
xk

(1 + x)n+k
. (2.11)

./, _ M = nδn, f�
P

(
Sn

σ
√

n
≤ δn

√
n√

x(1 + x)

)
= P (Sn ≤ nδn) =

[nx+nδn]∑
k=0

(
n + k − 1

k

)
xk

(1 + x)n+k
.

f6] (2.9), ). x ∈ [0,∞), �∣∣∣∣
[nx+nδn]∑

k=0

(
n+k−1

k

)
xk

(1+x)n+k
− 1√

2π

∫ δn
√

n√
x(1+x)

−∞
e−

1
2 t2dt

∣∣∣∣ ≤ 9Amax (x, x3)√
n(

√
x(1+x)+δn

√
n)3

. (2.12)
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6G, ).*O� ε > 0, c_ M = −(δ′n + ε), f�

P

(
Sn

σ
√

n
≤ −√

n(δ′n+ε)√
x(1 + x)

)
= P (Sn ≤ −n(δ′n+ε)) =

[nx−n(δ′
n+ε)]∑

k=0

(
n+k−1

k

)
xk

(1 + x)n+k
,

gFN� ∑m−1
k=m = 0. gs, H] (2.9), ). x ∈ [0,∞), �
∣∣∣∣
[nx−n(δ′

n+ε)]∑
k=0

(
n + k − 1

k

)
xk

(1 + x)n+k
− 1√

2π

∫ − (δ′n+ε)
√

n√
x(1+x)

−∞
e−

1
2 t2dt

∣∣∣∣
≤ 9Amax (x, x3)√

n(
√

x(1 + x) + (δ′n + ε)
√

n)3
. (2.13)

+� (2.12) � (2.13), f). x ∈ [0,∞), �∣∣∣∣
∑

k∈Δε

(
n + k − 1

k

)
xk

(1 + x)n+k
− 1√

2π

∫ δn
√

n√
x(1+x)

− (δ′n+ε)
√

n√
x(1+x)

e−
1
2 t2dt

∣∣∣∣
≤ 18Amax (x, x3)√

n(
√

x(1 + x) +
√

nmin (δn, δ′n + ε))3
, (2.14)

gF Δε = {k : k ∈ N ∪ {0} � n(x − δ′n − ε) < k ≤ n(x + δn)}. � (2.14) T, _ ε → 0, f/A
(2.10). ZT 2.5 X].

3 nopqrst
g+RpUV�T 1.1–1.3 �X(, <D+6[\.

de 1.1 ukl _ G = sup {δn, δ′n : n = 1, 2, . . .}, qr
ωx1,x2(f, t) = max

x,y∈[max(x1−G,0),x2+G], |x−y|<t
|f(y) − f(x)|, t > 0.

]$ [1, Q 37 t] T� (c), ). λ > 0, �

ωx1,x2(f, λt) ≤ K(1 + λ)ωx1,x2(f, t), (3.1)

gF K /+�d)m�. ). x ∈ [x1, x2], 0 < x1 < x2 < ∞, /<m�

Vn,δn,δ′
n
(f, x) − f(x)√

2π

∫ C√
x(1+x)

− C′√
x(1+x)

e−
1
2 t2dt

=
∑

k∈Cn,x

(
f

(
k

n

)
− f(x)

)(
n + k − 1

k

)
xk

(1 + x)n+k

+ f(x)
( ∑

k∈Cn,x

(
n + k − 1

k

)
xk

(1 + x)n+k
− 1√

2π

∫ δn
√

n√
x(1+x)

− δ′n
√

n√
x(1+x)

e−
1
2 t2dt

)

+
f(x)√

2π

(∫ δn
√

n√
x(1+x)

− δ′n
√

n√
x(1+x)

−
∫ C√

x(1+x)

− C′√
x(1+x)

)
e−

1
2 t2dt

≡ J1 + J2 + J3.

� (3.1) T, _ λ =
∣∣ k
n − x

∣∣√n, k ∈ Cn,x, f∣∣∣∣f
(

k

n

)
− f(x)

∣∣∣∣ ≤ ωx1,x2

(
f,

∣∣∣∣kn − x

∣∣∣∣
)

≤ K

(
1 +

∣∣∣∣kn − x

∣∣∣∣√n

)
ωx1,x2

(
f,

1√
n

)
.
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./, ] Cauchy–Schwartz CHL� Vn

(
(t − x)2, x

)
= x(1+x)

n , ). x ∈ [x1, x2], �

|J1| ≤ K

(
1 +

√
n

∑
k∈Cn,x

∣∣∣∣kn − x

∣∣∣∣
(

n + k − 1
k

)
xk

(1 + x)n+k

)
ωx1,x2

(
f,

1√
n

)

≤ K
(
1 +

√
x(1 + x)

)
ωx1,x2

(
f,

1√
n

)
. (3.2)

]ZT 2.6, ). x ∈ [x1, x2], �

|J2| ≤ max
x1≤x≤x2

|f(x)| · Amax(x2, x
3
2)√

n(x1(1 + x1))3
. (3.3)

b� limn→∞ δn
√

n = C � limn→∞ δ′n
√

n = C′, Y� limn→∞ J3 = 0. +� (3.2) � (3.3), /A

(1.1) ��
 [x1, x2] �+Y�%, gF 0 < x1 < x2 < ∞.

*5s, � C > 0 � C′ > 0 ), /<X( (1.1) L� [x1, x2] �M+Y�%, gF 0 ≤ x1 <

x2 < ∞. �T 1.1 X].

'aUV�T 1.1 �J�[\:

vw 3.1 � {δn}∞n=1� {δ′n}∞n=1 /J��E�Z�01, G

lim
n→∞ δn

√
n = ∞ � lim

n→∞ δ′n
√

n = ∞,

f). f ∈ C[0,∞), "2

lim
n→∞Vn,δn,δ′

n
(f, x) = f(x)

��
 [x1, x2] �+Y�%, gF 0 ≤ x1 < x2 < ∞.

vw 3.2 � {δn}∞n=1 � {δ′n}∞n=1 /J��E�Z�01, G limn→∞ δn
√

n = C (C ��

2�) � limn→∞ δ′n
√

n = ∞, f). f ∈ C[0,∞), "2

lim
n→∞Vn,δn,δ′

n
(f, x) =

f(x)√
2π

∫ C√
x(1+x)

−∞
e−

1
2 t2dt

��
 [x1, x2] �+Y�%, gF 0 ≤ x1 < x2 < ∞. � x = 0 ), N� C√
x(1+x)

� ∞.

de 1.2 ukl f[\ 3.1 %o/A (2) ⇒ (1). g'tX( (1) ⇒ (2).

&� limn→∞ δn
√

n �= ∞,f {δn
√

n}∞n=1Tu�xU1 {δnk

√
nk}∞k=1,uA limk→∞ δnk

√
nk =

C0, gF C0 /+��2�. q��% {δ′n}∞n=1 �U1 {δ′nk
}∞k=1. &� {δ′nk

√
nk}∞k=1 ,-. C′

0,

gF C′
0 ��2�9 ∞, f]�T 1.1, �

lim
k→∞

Vnk,δnk
,δ′

nk
(f, x0) =

f(x0)√
2π

∫ C0√
x0(1+x0)

− C′
0√

x0(1+x0)

e−
1
2 t2dt. (3.4)

`=, &� f(x0) �= 0, f (3.4) LT�vvwCH. f(x0). &� {δ′nk

√
nk}∞k=1 C,-, f�

{δ′nk

√
nk}∞k=1 T+�u�x+�,-.�2�9∞�U1 {δ′n∗

j

√
n∗

j}∞j=1. DT,). f(x0) �= 0,

f�
lim

n→∞ Vn,δn,δ′
n
(f, x0) �= f(x0).

�T 1.2 X].

'aUV�T 1.2 �+�[\:
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vw 3.3 �J�Z�01 {δn}∞n=1 � {δ′n}∞n=1 CD),-. ∞ <D x0 ∈ (0,∞), f).
f ∈ C[0,∞),

lim
n→∞Vn,δn,δ′

n
(f, x0) = f(x0)

wxx f(x0) = 0.

de 1.3 ukl oZT 2.6 X(TrypD<D*5�XX, ).*O� ε > 0, � (2.11)

T, 'zd M =
√

nC �
√

n(C′ + ε), Z/A∣∣∣∣
∑

k∈Δ′
ε

(
n+k−1

k

)
xk

(1+x)n+k
− 1√

2π

∫ C√
x(1+x)

− C′+ε√
x(1+x)

e−
1
2 t2dt

∣∣∣∣ ≤ 18Amax(x, x3)√
n(

√
x(1+x)+min(C,C′+ε))3

, (3.5)

gF Δ′
ε = {k : k ∈ N∪ {0} � nx−√

n(C′ + ε) < k ≤ nx +
√

nC}. � (3.5) T, _ ε → 0, f�∣∣∣∣
∑

k∈An,x

(
n+k−1

k

)
xk

(1 + x)n+k
− 1√

2π

∫ C√
x(1+x)

− C′√
x(1+x)

e−
1
2 t2dt

∣∣∣∣ ≤ 18Amax(x, x3)√
n(

√
x(1+x)+min(C,C′))3

. (3.6)

). f ∈ C[0,∞) � x ∈ (0,∞), /<m�

Vn,C,C′(f, x)−f(x)√
2π

∫ C√
x(1+x)

− C′√
x(1+x)

e−
1
2 t2dt=

∑
k∈An,x

(
f

(
k

n

)
−f(x)

) (
n+k−1

k

)
xk

(1 + x)n+k

+f(x)
( ∑

k∈An,x

(
n+k−1

k

)
xk

(1+x)n+k
− 1√

2π

∫ C√
x(1+x)

− C′√
x(1+x)

e−
1
2 t2dt

)

≡ I1 + I2.

] ωx,C,C′(f, t) ���, <D*5. (3.1) �8b, �

|I1| = OC,C′(1)ωx,C,C′

(
f,

1√
n

)
.

c] (3.6) � |I2| = OC,C′(1) ‖f‖x,C,C′√
n

. bh (1.2) �%. �T 1.3 X].

yz <$�{x/Q+{_�|}iÆy\$+�', �hz�|}i[{~|. D)~
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