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Abstract There are two open problems on the global existence results of non-isentropic
gas dynamics. One is whether the weak solutions exist globally with small initial data
containing vacuum, the other is whether the global existence results hold with arbitrary
large initial data. By introducing a scaling framework, we give the equivalence of
the two problems above. For vanishing viscosity solutions, the positive answer to
the first question naturally implies the positive answer to the second one. And this
scaling framework can be applied to most systems of conservation laws with physical
background.
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ρt + (ρu)x = 0,
(ρu)t + (ρu2 + (γ − 1)ρe)x = 0,(

ρ

(
e +

1
2
u2

))
t

+
(

ρ

(
e +

1
2
u2

)
u + (γ − 1)ρeu

)
x

= 0
(1.1)


 L∞∩ BV ����
(ρ(x, 0), u(x, 0), e(x, 0)) = (ρ0(x), u0(x), e0(x)), ρ0(x) ≥ 0, e0(x) ≥ 0 (1.2)

� Cauchy ��, � ρ ���, u �!�, e ���, γ > 1 ���"�. (1.1)  ������
��������� �# !�", � !�"�� !�".

�$#� �� s = (1 − γ) log ρ + log e ���$, �� (1.1) %�%���������
�� {

ρt + (ρu)x = 0,
(ρu)t + (ρu2 + Aργ)x = 0,

(1.3)

� A ���.

�� (1.3)& L∞&' ()*+��&'(�)�*+,,��-Æ� �� [2, 4–7, 9, 10].

���"� γ = 1 $ BV &' �.!/-"0 Nishida � Smoller �#* [14, 15].

�� (1.3) & L∞ &' *+�()�&'.!$.1/01%2���23 L∞ &'. 3

()/
���� (1.1), 45*6�74� L∞ &'.8. �569:��� (1.1) 7 );
�, +<,�-.=8/# [3] &0>9. ?:�@, 1A)/���� (1.3), ���2;&�(
) BV +��&'B�:�3C��, <�=%&4��5D�%25E , ��6&;&72
08*,$9:F:�:G> , <?@ABH� Glimm 08*,;<=�>C?	�.�&
;&72>9.

	�@A�� (1.1) 
;&�D�����:B4������C'.

&�� (1.1) �EDFEI#G'H, JK��L$I%2��⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ρε
t + (ρεuε)x = ερε

xx,

(ρεuε)t + (ρε(uε)2 + (γ − 1)ρεeε)x = ε(ρεuε)xx,(
ρε

(
eε +

1
2
(uε)2

))
t

+
(

ρε

(
eε +

1
2
(uε)2

)
uε + (γ − 1)ρεeεuε

)
x

= ε

(
ρε

(
eε +

1
2
(uε)2

))
xx

(1.4)


FG��
(ρε, uε, eε)(x, 0) = (ρε

0(x), uε
0(x), eε

0(x)) = (ρ0(x), u0(x), e0(x)) ∗ jε · φε(x) + (ε, 0, ε), (1.5)

� jε(x) �JH& [−ε, ε] M�FG<�, φε(x) �JH& [−2/ε, 2/ε] M�NI<�, OK�
x ∈ [−1/ε, 1/ε] $, φε(x) = 1.

LM (ρε
0(x), uε

0(x), eε
0(x) � L∞∩ BV ���, P� ε → 0 $,

(ρε
0(x), uε

0(x), eε
0(x)) → (ρ0(x), u0(x), e0(x))

JJKQ. 	��56.!��:
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Tp 1.1 VX Cauchy �� (1.4), (1.5) )
;&D�����G'+�:U BV &', 1

VX�&�� δ W�DAXV6���OK
Tot.Var.(ρε(·, 0), uε(·, 0), eε(·, 0)) ≤ δ, (1.6)

Y�XY Cauchy �� (1.4), (1.5) �+W� BV ���, 1

Tot.Var.(ρε(·, t), uε(·, t), eε(·, t)) ≤ C · Tot.Var.(ρε(·, 0), uε(·, 0), eε(·, 0)), (1.7)

� C = C(δ) �.1/ δ Z-.1/ ε, t ���.

Z[):B�4����, Cauchy �� (1.4), (1.5) �G'+W�:U BV &', 1)\@

��� M > 0, V6���OK��.[X]
Tot.Var.(ρε(·, 0), uε(·, 0), eε(·, 0)) ≤ M, (1.8)

Y Cauchy �� (1.4), (1.5) �G'+()�&, POK��:U BV &'

Tot.Var.(ρε(·, t), uε(·, t), eε(·, t)) ≤ C · Tot.Var.(ρε(·, 0), uε(·, 0), eε(·, 0)). (1.9)

^:\,�& {(ρε, uε, eε)}�Z- (B]* {(ρε, uε, eε)}),AX ρε → ρJJKQ. &=8 {(x, t) :

ρ(x, t) > 0}M, uε → uP eε → eJJKQ. [�^, ρεuε → ρuP ρε(eε + 1
2 (uε)2) → ρ(e+ 1

2u2).

� _\<� (ρ, ρu, ρ(e + 1
2u2)) � Cauchy �� (1.1), (1.2) �G']>+.

Tq 1.2 `<� (ρ, u, e) ∈ L1
loc(R × R

+; R3) � Cauchy �� (1.1), (1.2) �*+, �!)

\?�_3<� φ(x, t) ∈ C1
c (R × R

+) KQ⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∫∫
(ρφt + (ρu)φx)dxdt +

∫
ρ0φdx = 0,∫∫

((ρu)φt + (ρu2 + (γ − 1)ρe)φx)dxdt +
∫

ρ0u0φdx = 0,∫∫ (
ρ

(
e+

1
2
u2

)
φt+

(
ρ

(
e+

1
2
u2

)
u+(γ−1)ρeu

)
φx

)
dxdt+

∫
ρ0

(
e0+

1
2
u2

0

)
φdx = 0.

(1.10)

^/_ 1.2 M, Cauchy �� (1.1), (1.2) �G']>+:/��*+.

2 rs`tauv
ba`�c#da/# 1.1.

wp 2.1 &/# 1.1 �VX�, :U BV &' (1.9) KQ, ^()b/� ε > 0, Cauchy �
� (1.4), (1.5) �G'+()�&.

xy %Æ�%cbc, e$deMd ε.

f?Y (ρ(x, t), u(x, t), e(x, t)) � Cauchy �� (1.4), (1.5) �+�Pf�)\?"� λ > 0,

(ρλ(x, t), uλ(x, t), eλ(x, t)) = (λρ(λx, λ2t), λu(λx, λ2t), λ2e(λx, λ2t)) (2.1)

��� (1.4) 
��eg���+
ρλ(x, 0), uλ(x, 0), eλ(x, 0)) = (λρ0(λx), λu0(λx), λ2e0(λx)). (2.2)

<%c'h/X
Tot.Var.{ρλ(·, t), uλ(·, t)} = λTot.Var.{ρ(·, λ2t), u(·, λ2t)},
Tot.Var.{eλ(·, t)} = λ2Tot.Var.{e(·, λ2t)}. (2.3)
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g λ = δ/M , Yegf�+ (ρλ(x, 0), uλ(x, 0), eλ(x, 0)) OKX] (1.6), ^/# 1.1 �VX/M
:U BV &' (1.7) )egf�+ (ρλ(x, t), uλ(x, t), eλ(x, t)) KQ, <.g (2.3) /-XY:U
BV &' (1.9) )iG'+ (ρ(x, t), u(x, t), e(x, t)) KQ.

^� [12, /# 1.0.2] /M, )\@ t > 0, |x| → ∞ $, (ρ(x, t), u(x, t), e(x, t)) → (0, 0, 0), +

:U BV&' (1.9)j2AG'+ (ρ(x, t), u(x, t), e(x, t)) �23:U L∞ &', ^(/XYG'
+�()�&'. dh.

&daG'+k-�JJhi'$, l6,YBH� Div-Curl /#.

wp 2.2 [12] X Ω ⊂ R × R
+ %��CH, /i<�k- (uε

1, u
ε
2, u

ε
3, u

ε
4) & L2

loc(Ω; R4)  
*hi/ (u1, u2, u3, u4), jP

∂uε
1

∂t
+

∂uε
2

∂x
,

∂uε
3

∂t
+

∂uε
4

∂x
& H−1(Ω)  Æ,

Z[&�k?_�, (uε
1u

ε
4 − uε

2u
ε
3) ⇀ (u1u4 − u2u3).

wp 2.3 �& {(ρε, uε, eε)} �Z-AX ρε → ρ JJKQ, P&=8 {(x, t) : ρ(x, t) > 0}
M, uε → u, eε → e JJKQ.

xy mj,� [13]  k Div-Curl /#1,/
� — �D)�nodalc#.

&�� (1.4) m:����`np$o- 2ρε, X

((ρε)2)t + ((ρε)2uε)x + (ρε)2uε
x = ε((ρε)2)xx − ε(ρε

x)2, (2.4)

<?@A ε(ρε
x)2 � L1

loc(R × R
+) ���. <�=% uε

x � L1
loc(R × R

+) ���, P ρε, uε �

L∞
loc(R × R

+) ���. + ερε
xx → 0 & H−1

loc (R × R
+)  KQ, 1

ρε
t + (ρεuε)x & H−1

loc (R × R
+)  Æ, (2.5)

f?Y ρε
x � L1

loc(R×R
+)���.^ Muratlm/#, ρε

x W& H−1
loc (R×R

+) Æ. k Div-Curl

/#1,/��<�)
(ρε, ρεuε), (C, ρε),

� C ���. mjXY (ρε)2 ⇀ ρ2, <?@A ρε → ρ JJKQ, � ρ � ρε �* * _\.

74^q8/M
(ρεuε)t + (ρε(uε)2 + (γ − 1)ρεeε)x

� (
ρε

(
eε +

1
2
(uε)2

))
t

+
(

ρε

(
eε +

1
2
(uε)2

)
uε + (γ − 1)ρεeεuε

)
x

n& H−1
loc (R × R

+)  Æ. k Div-Curl /#1,/��`�<�)(
ρεuε, ρε(uε)2 + (γ − 1)ρεeε

)
,
(
C, ρεuε

)
,(

ρε

(
eε +

1
2
(uε)2

)
, ρε

(
eε +

1
2
(uε)2

)
uε + (γ − 1)ρεeεuε

)
,

(
C, ρε

(
eε +

1
2
(uε)2

))
,

mj�
ρε(uε − u)2 = 0, ρε(eε − e)2 = 0, (2.6)

� u, e ��� uε, eε �* * _\, P f � fε �* * _\. ^/ ρε → ρ JJKQ, + (2.6) /

�C^r%
ρ · (uε − u)2 = 0, ρ · (eε − e)2 = 0. (2.7)
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^ (2.7) M, &=8 {(x, t) : ρ(x, t) > 0} M, uε → u P eε → e JJKQ. (&=8 {(x, t) :

ρ(x, t) = 0} M, ^/ ρε → 0, 0$78 (uε, eε) �pJJhi, $�
ρεuε → ρu P ρε

(
eε +

1
2
(uε)2

)
→ ρ

(
e +

1
2
u2

)
.

dh.

z 2.4 egoq (2.1) )�4��p�$#rq�!�"��$KQ. �sbce$rd
Md ε.

(1) n × n tuD��
uit +

( n∑
j,k=1

aijkujuk

)
x

= εuixx, i = 1, . . . , n, (2.8)

� aijk ���, �01�egoq%
uλ

i (x, t) = λui(λx, λ2t), i = 1, . . . , n.

(2) LeRoux I�� {
ut + (u2 + v)x = εuxx,

vt + (uv)x = εvxx,
(2.9)

�01�egoq%
uλ(x, t) = λu(λx, λ2t), vλ(x, t) = λ2v(λx, λ2t).

(3) stsd�����������{
ρt + (ρu)x = ερxx,

(ρu)t + (ρu2 + ργ)x = ε(ρu)xx,
(2.10)

� γ > 1 ���, �01�egoq%
ρλ(x, t) = λ

2
γ−1 ρ(λx, λ2t), uλ(x, t) = λu(λx, λ2t).

(4) t5uvsd�����������{
vt − ux = εvxx,

ut + (v−γ)x = εuxx,
(2.11)

� γ > 1 ���, �01�egoq%
vλ(x, t) = λ− 2

γ+1 v(λx, λ2t), uλ(x, t) = λ− γ−1
γ+1 u(λx, λ2t).

z 2.5 Jessen [8] t@A:�u5vw���vx,�D��()�&.Z�)/4��,7
8�& L∞ &'*� BV &', �*+$9&�\$'�wFxy. lvx)1�G'��%⎧⎪⎪⎨

⎪⎪⎩

ut + (uv + w)x = εwxx,

vt +
(

1
16

v2

)
x

= εvxx,

wt + (u − uv2 − vw)x = εwxx.

(2.12)

%c'h/M, egoq (2.1) &0>9, +mjyiegoq (2.1) wx�/# 1.1 �f 2.4  
���*+&�\$'��xy.
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z 2.6 Bressan =�g*+ [1] (<da, )/yz;&�D����, �G']>+�(
):U BV &' (1.7) KQ. 3()/2;&�D����, �%2+�() BV :U&'�p
KQB�:�3C��. Liu [11] "A, &;&72��6�08*,9:F:�:G> ,zU
Glimm tu;<>9, <?@A455D�%25E$:-�9^{#;&72��6�08
*,&'.

{| |zz{|{F2F)	��|}"z=}~}<4��~'~�J�.
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