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Abstract In this paper, we study (C, ε)-super subdifferentials of set-valued maps.
First, we introduce a notion of (C, ε)-super efficient point of a set. Some properties and
equivalent characterizations of the (C, ε)-super efficient points are presented. Scalar-
ization theorems of the set-valued optimization problem are obtained in the sense of
(C, ε)-super efficiency. Second, we define (C, ε)-subdifferentials of set-valued maps and
research the existence conditions of (C, ε)-subdifferentials. Moreau–Rockafellar type
theorems characterized by (C, ε)-subdifferentials are also established. Finally, as the
applications, we establish some optimality conditions of the set-valued optimization
problem involving the (C, ε)-super subdifferentials. The results obtained in this paper
unify and generalize some results characterized by the super subdifferentials or ε-super
subdifferentials of the set-valued maps in the literature.
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1 IJ
���
��K���������,�����������������������,

�����������������������. ������, �����������

� ���.  �, ��!"!�������#$��"#$������%�, �&'��

() !. �#$"��%*, +&#������ ,�-�.#$�. ,', �.#$( (#

/ [11, 20]) 012, 3()#��K�(Æ$.

Æ*, �#()�������K�(Æ$, ��!" [10, 14, 16, 22] 4#$%�"#$%�

.#$%+&# ,�-������&5
. +�',, 6789�������-.�:(

�)(/0�, ;*, ��!"1289�������Æ<�, +4Æ<�,Æ-.�. 34=

-�>?L [13] +&#������� ε- "#$@, ()#�5�.��Lagrangian /M.��
0%.��16.�. �7AB(82�, CD349 [24, 26] .1#������� ε-Henig .

#$@� ε- 5#$@, 67#�E:K�(Æ$.

;4Æ<�, ��!".1#F�����&5
. Taa [17] � Tuan [19] 
8+&#���

�� ε- "&5
� ε-Benson .&5
. CD349 [25] .1#����� ε- G&5
, ()#

����� Moreau–Rockafellar .�. Æ*, Gutiérvez 49 [6, 7] H<#I5�����.Æ<

��Æ<&5
, 9=:Æ()�;JK�� Moreau–Rockafellar .�. � Attouch–Brézis <=

2, Taa [18] L�#>�������� (ε, e)- "&5
� (ε, e)-Benson .&5
��>L?.

@/ [6–8, 17–19, 25]�A?,��+&#����� (C, ε)-5&5
.Æ/@ 2BAB#�

�MCNC, 9=F������Æ< (C, ε)- &<O. @ 3 B�/ [8] �:DD, +&# (C, ε)-

5#$%�(C, ε)-Henig .#$%� (C, ε)- E#$%, 67#��Æ<.#$%�(). @ 4 B

�FEO82�, AB# (C, ε)- 5#$%��5�. @ 5 BH<#���� (C, ε)- 5&5
�

��(, ()# Moreau–Rockafellar .�. @ 6 B, N�P4, ��67#4 (C, ε)- 5&5
G

H��������K�(Æ$.

2 OPQR
I X �QJI582, Y � Z �>�7�A Hausdorff FEOQJI582. X,Y � Z

�QJ16
8F� X∗, Y ∗ � Z∗. 17�� D ⊆ Y , 4 intD � cl D 
8GK D �LE�H

9. M�� D ⊆ Y , F

cone D := {αd |α ≥ 0, d ∈ D}.

D �� Y ����OSINOI1P0� d1, d2 ∈ D � α ≥ 0, αd1 + (1 − α)d2 ∈ D. Y �S
D ���%�INOI D∩ (−D) = {0}. Y �S D ��)QJ�INOI D �= {0} � D �= Y .

R�, KM D � K 
8� Y � Z �LE)8�)QJ%HOS. N(0) LG Y �S#1�O
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ST\�����. D �];S�G=];S
8.1�
D+ := {y∗ ∈ Y ∗ | 〈d, y∗〉 ≥ 0, ∀ d ∈ D} � DS+ := {y∗ ∈ Y ∗ | 〈d, y∗〉 > 0, ∀ d ∈ D \ {0}}.

Rp �)V^JGK� Rp
+. F R+ := R1

+. 1U�)8�� C ⊆ D \ {0}, .1���� C :

R+ ⇒ D 32:

C(ε) =
{

εC, ε > 0,
cone C, ε = 0.

UV 2.1[5] D �OM� B �� D �:INOI D = cone B, 0 /∈ cl B.

WR�VW, KM B � D �#X:. I ϕ ∈ Y ∗, r > 0, F VB := {y ∈ Y | |〈y, ϕ〉| < r
2}

� Bst := {y∗ ∈ Y ∗ | �� t > 0, Y7 〈b, y∗〉 ≥ t, ∀ b ∈ B}. _ , VB ∈ N(0). 1 Y �P0

U ∈ N(0), F CU (B) := cone(U + B).

I A � X �)8M�, F : A ⇒ Y � A D�����. F F (A) :=
⋃

x∈A F (x), dom F :=

{x ∈ X |F (x) �= ∅}, gr F := {(x, y) ∈ X × Y | y ∈ F (x)} � epi F := {(x, y) ∈ X × Y | y ∈
F (x) + D}.

UV 2.2[4] I A � X �)8OM�. ���� F : X ⇒ Y � A D�� D- O�INOI

αF (x1) + (1 − α)F (x2) ⊆ F (αx1 + (1 − α)x2) + D, ∀x1, x2 ∈ A, α ∈]0, 1[.

UV 2.3 [21] I A � X �)8M�. ���� F : X ⇒ Y � A D��Æ< D- &<O

�INOI cl(cone(F (A) + D)) � Y �OM�.

I f : X → Y ���I5���', Gutiérrez 49 [8] +&# f �Æ< (C, ε)- &<O. @

/ [8, .1 2.3] �A?, ��+&������Æ< (C, ε)- &<O.

UV 2.4 I A � X ��)8M�, C ⊆ D \ {0}, ε ≥ 0. ���� F : X ⇒ Y � A D�

�Æ< (C, ε)- &<O�INOI cl(cone(F (A) + C(ε))) � Y �OM�.

W 2.5 X cl(cone(F (A) + D \ {0})) = cl(cone(F (A) + D)), ;*, I C = D \ {0}, ε = 1

', .1 2.4 `��.1 2.3.  �, 2,�ZMG[�����Æ< (C, ε)- &<O aYÆ<

D- &<O. ;*, �����Æ< (C, ε)- &<O�Æ< D- &<O�.bZ.

X 2.6 I X := R, Y := R2, D := {(x1, x2) |x1 ≥ 0, x2 ≥ 0}, C := {(x1, x2) |x1 ≥ 0.5,

x2 ≥ 0}, ε = 2 � A := [−1, 1]. ���� F : A ⇒ Y .132:

F (x1) =
{ {(x1, x2) |x2

1 + x2
2 ≤ 1, −1 ≤ x2 ≤ 1}, x1 ∈ [0, 1],

{(x1, x2) |x2
1 + x2

2 ≤ 1, 0 ≤ x2 ≤ 1}, x1 ∈ [−1, 0[.

\cde F � A D�Æ< (C, 2)- &<O�.  �, F � A D �Æ< D- &<O�.

3 YZ[\] (^) _`a
ÆB]H<[�F�. (") #$%, AB'�f2�\E.

UV 3.1 I M � Y �)8M�, C ⊆ D \ {0}, ε ≥ 0. y0 ∈ M �� M � (C, ε)- "#$

% (F� y0 ∈ We(M,C, ε)) INOI (M + C(ε) − y0) ∩ (−intD) = ∅.
UV 3.2 I M � Y �)8M�, C ⊆ D \ {0}, ε ≥ 0. y0 ∈ M �� M � (C, ε)- #$%

(F� y0 ∈ E(M,C, ε)) INOI (M + C(ε) − y0) ∩ (−D \ {0}) = ∅.
W 3.3 _ , .1 3.2 aY.1 3.1.  �, 2,�ZMG[.1 3.1  aY.1 3.2.
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X 3.4 I Y := R2, M := {(x1, x2) | −2 ≤ x1 ≤ −1, x2 ≥ 0}, D := {(x1, x2) |x1 ≥ 0, x2 ≥
0}, C := {(x1, x2) |x1 ≥ 1

2 , x2 ≥ 0}, ε = 1
4 , y0 = (0, 0). \cde, y0 ∈ We(M,C, ε).  �,

y0 /∈ E(M,C, ε). ;*, .1 3.1  aY.1 3.2.

R�, ]^��� (C, ε)-Benson .#$%�.1.

UV 3.5 [8] M M � Y �)8M�, C ⊆ D \{0}, ε ≥ 0. y0 ∈ M �� M � (C, ε)-Benson

.#$% (F� y0 ∈ Be(M,C, ε)) INOI cl(cone(M + C(ε) − y0)) ∩ (−D) = {0}.
W 3.6 _ , .1 3.5 aY.1 3.2.  �, 2,�ZMG[.1 3.2  aY.1 3.5.

X 3.7 I Y := R2, M := {(x1, x2) | − 3 ≤ x1 ≤ −2, x2 ≥ −1}, D := {(x1, x2) |x1 ≥ 0,

x2 ≥ 0}, C := {(x1, x2) |x1 > 1
4 , x2 > 1

2}, ε = 2, y0 = (−2, 0). \cde y0 ∈ E(M,C, ε).  �,

y0 /∈ Be(M,C, ε). ;*, .1 3.2  aY.1 3.5.

@.1 3.5 �A?, +&��� (C, ε)-Henig #$%� (C, ε)- 5#$%.

UV 3.8 I M � Y �)8M�, C ⊆ D \ {0}, ε ≥ 0. y0 ∈ M �� M � (C, ε)-Henig

.#$% (F� y0 ∈ He(M,C, ε)) INOI�� U ∈ N(0), Y7 cl(cone(M + C(ε) − y0)) ∩
(−CU (B)) = {0}.

W 3.9 �.1 3.8�, cl(cone(M +C(ε)−y0))∩ (−CU (B)) = {0}^_4 cone(M +C(ε)−
y0)) ∩ (−CU (B)) = {0} gL.

W 3.10 X D ⊆ CU (B), 6.1 3.8 N He(M,C, ε) ⊆ Be(M,C, ε). 6/ [12, Z 3.1], `

Y B � D �#X:, 9Y\E Be(M,C, ε) ⊆ He(M,C, ε) 3 �).

UV 3.11 I M � Y �)8M�, C ⊆ D \ {0}, ε ≥ 0. y0 ∈ M �� M � (C, ε)- 5#

$% (F� y0 ∈ Se(M,C, ε)) INOI1P0� V ∈ N(0), �� U ∈ N(0), Y7 cl(cone(M +

C(ε) − y0)) ∩ (U − D) ⊆ V.

W 3.12 (i) 3a cl(cone C) = D, h.1 3.11 `��/ [23, .1 2.2]; (ii) 3a ε = 1,

C ���b%�, h.1 3.11 `��/ [24, .1 2.5]; (iii) y0 ∈ Se(M,C, ε) INOI1P0�

V ∈ N(0), �� U ∈ N(0), Y7 cone(M + C(ε) − y0) ∩ (U − D) ⊆ V.

Ub 3.13 I M � Y �)8M�, C ⊆ D \ {0}, ε ≥ 0. 3a B � D �#X:, h

He(M,C, ε) = Se(M,C, ε). (3.1)

cd _i, ��� N(0) D.1`A32:

W1,W2 ∈ N(0), W1 
 W2 ⇔ W1 ⊆ W2. (3.2)

R�e[ He(M,C, ε) ⊆ Se(M,C, ε). M y0 ∈ He(M,C, ε). ;*, ��ae W ⊆ VB � W ∈
N(0), Y7

cl(cone(M + C(ε) − y0)) ∩ (−CW (B)) = {0}. (3.3)

X 0 /∈ clB, 6 (3.3) #

cone(M + C(ε) − y0) ∩ (W − B) = ∅. (3.4)

KM y0 /∈ Se(M,C, ε), h�� V ∈ N(0), Y7

cone(M + C(ε) − y0) ∩ (U − D) � V, ∀U 
 V, (3.5)
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b�, U ∈ N(0), N(0) D�`A 
 6 (3.2) ?.1. 6 (3.5) �� λU > 0, zU ∈ M + C(ε) −
y0, aU ∈ U, σU ≥ 0 � bU ∈ B, Y7

λUzU = aU − σUbU /∈ V, ∀U 
 V. (3.6)

X aU ∈ U , 6 (3.6) N σU > 0, ∀U 
 V. _ , �� V ′ ∈ N(0), Y7

V ′ − V ′ ⊆ V. (3.7)

;� B �#X�, h�� λ > 0, Y7

λB ⊆ V ′. (3.8)

6 lim aU = 0 N, �� U1 ∈ N(0), Y7

aU ∈ V ′, ∀U 
 U1. (3.9)

��cj β := inf{σU |U ∈ N(0), U ⊆ U1 ∩ V } > 0. dh, β = 0. ;*, ��ae U2 ⊆ U1 ∩ V

� U2 ∈ N(0), Y7

0 ≤ σU2 < λ. (3.10)

6 (3.7)–(3.10) 7

aU2 − σU2bU2 ∈ V ′ − σU2

λ
(λbU2) ⊆ V ′ − σU2

λ
V ′ ⊆ V ′ − V ′ ⊆ V,

�k (3.6) ce. ;* β > 0.

+�',, �� U3 ∈ N(0) � γ > 0, Y7 1
β < γ, γU3 ⊆ W . 6 lim aU = 0 N��

U4 ∈ N(0), Y7 aU ∈ U3, ∀U 
 U4. _ , aU ∈ U3, ∀U 
 U1 ∩ U4 ∩ V. �l, ��67
1

σU
aU ∈ 1

σU
U3 ⊆ 1

β
U3 ⊆ γU3, ∀U 
 U1 ∩ U4 ∩ V. (3.11)

d (3.6) � (3.11), f#
λU

σU
zU =

1
σU

aU − bU ∈ γU3 − B ⊆ W − B, ∀U 
 U1 ∩ U4 ∩ V.

;*,
λU

σU
zU ∈ cone(M + C(ε) − y0) ∩ (W − B), ∀U 
 U1 ∩ U4 ∩ V,

�k (3.4) ce. ;*, He(M,C, ε) ⊆ Se(M,C, ε).

Kge[ Se(M,C, ε) ⊆ He(M,C, ε). X B � D �:, h 0 /∈ clB. ;*, �� V ∈ N(0),

Y7

(−B) ∩ (V + V ) = ∅. (3.12)

M y0 ∈ Se(M,C, ε). 1DH V , ��ae U ⊆ V ∩ VB � U ∈ N(0), Y7

cone(M + C(ε) − y0) ∩ (U − D) ⊆ V. (3.13)

6 (3.12) #

(V − B) ∩ V = ∅. (3.14)

d (3.13) � (3.14), 67

cone(M + C(ε) − y0) ∩ (U − B) ⊆ V ∩ (V − B) = ∅. (3.15)
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(3.15) G[

cone(M + C(ε) − y0) ∩ (−CU (B)) = {0}, (3.16)

�0mf y0 ∈ He(M,C, ε). ;*, Se(M,C, ε) ⊆ He(M,C, ε). eh.

W 3.14 W.� 3.13 �e[eB, I B  i#X', Se(M,C, ε) ⊆ He(M,C, ε).  �, I

B #X', He(M,C, ε) ⊆ Se(M,C, ε).

��f�KM2, ��]G[ He(M,C, ε) = Se(M,C, ε) = Be(M,C, ε).

Ub 3.15 I B � D ���:, M � Y �)8M�, C ⊆ D \ {0}, ε ≥ 0. KM2:Æ$

�):

(i) M + C(ε) � Y �O�;

(ii) B �"g�,

h He(M,C, ε) = Se(M,C, ε) = Be(M,C, ε).

cd X B�"g�,h B�#X�.6g 3.10�.� 3.13,OOn e[ Be(M,C, ε) ⊆
Se(M,C, ε). M y0 ∈ Be(M,C, ε). KM y0 /∈ Se(M,C, ε), h�� V ∈ N(0), Y7

cone(M + C(ε) − y0) ∩ (U − D) � V, ∀U ∈ N(0). (3.17)

6 (3.17), �� αU ≥ 0, mU ∈ M, qU ∈ C(ε), aU ∈ U , βU ≥ 0, bU ∈ B, Y7

αU (mU + qU − y0) = aU − βUbU /∈ V, ∀U ∈ N(0). (3.18)

_ , aU → 0. X o {βU} �2#X�,  jKM βU → β. 6 (3.18) N β > 0. 6Æ$ (ii),

{bU} #��"hi�Mo.  jKM bU
w→ b. 6 (3.18) N

αU

βU
(mU + qU − y0) =

1
βU

aU − bU
w→ −b �= 0. (3.19)

+�',, 6Æ$ (i) N cl(cone(M + C(ε) − y0)) �HO�. ;*, cl(cone(M + C(ε) − y0)) �

"H�. 6 (3.19) N −b ∈ cl(cone(M + C(ε) − y0)) ∩ (−C), �k y0 ∈ Be(M,C, ε) ce. ;*,

He(M,C, ε) = Se(M,C, ε) = Be(M,C, ε). eh.

W 3.16 W.� 3.15 �e[eB, Æ$ (i) � (ii) ^4 B �g�gL.

UV 3.17 [5] `AQJI582 (Y,D) �]<�INOI��ST\: V , Y71P0

� V ∈ V , V = (V − D) ∩ (D − V ) .

hb 3.18 [2] 3a Y ���FEO82, D ##X:, h D �]<�.

i? 3.19 M B � D�#X:, M � Y �)8M�, C ⊆ D\{0}, ε ≥ 0,h Se(M,C, ε) =

Se(M,C + D, ε).

cd X C ⊆ C + D, #

Se(M,C + D, ε) ⊆ Se(M,C, ε). (3.20)

2,e[

Se(M,C, ε) ⊆ Se(M,C + D, ε). (3.21)

3a Se(M,C, ε) = ∅, jk (3.21) �). R�KM Se(M,C, ε) �= ∅. I V ∈ N(0) �P0A.�

T\. h�� U1 ∈ N(0), Y7

U1 ⊆ V. (3.22)
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M y ∈ Se(M,C, ε). 6g 3.12 (iii), 1DH U1, ��aeÆ$ U ⊆ U1 � U ∈ N(0), Y7

cone(M + C(ε) − y) ∩ (U − D) ⊆ U1. (3.23)

I

y1 ∈ cone(M + (C + D)(ε) − y) ∩ (U − D). (3.24)

jk 1 ε > 0. 6 (3.24) #

y1 ∈ cone(M + εC + D − y) ∩ (U − D). (3.25)

6 (3.25) N, �� α ≥ 0, m ∈ M, c ∈ C, d1 ∈ D, d2 ∈ D, Y7

y1 = α(m + εc + d1 − y) (3.26)

�

y1 + d2 ∈ U. (3.27)

6 (3.26) � (3.27) #

α(m + εc + d1 − y) + d2 = y1 + d2 ∈ U. (3.28)

(3.28) G[

α(m + εc − y) ∈ U − d2 − αd1 ⊆ U − D. (3.29)

_ 

α(m + εc − y) ∈ cone(M + C(ε) − y). (3.30)

d (3.23), (3.29) � (3.30), 67

α(m + εc − y) ∈ U1. (3.31)

6 (3.26) � (3.31) #

y1 = α(m + εc − y) + αd1 ∈ U1 + D. (3.32)

6 (3.24) 67

y1 ∈ U − D. (3.33)

d (3.32) � (3.33) #

y1 ∈ (U − D) ∩ (U1 + D) ⊆ (U1 − D) ∩ (U1 + D) = (U1 − D) ∩ (D − U1). (3.34)

X B � D �#X:, 6+� 3.18 N D �]<�. kd.1 3.17 #

(U1 − D) ∩ (D − U1) = U1. (3.35)

(3.34) � (3.35) G[ y1 ∈ U1. �l, cone(M + (C + D)(ε) − y) ∩ (U − D) ⊆ U1 ⊆ V. ;*,

y ∈ Se(M,C + D, ε). 7�, Se(M,C, ε) ⊆ Se(M,C + D, ε).

jk 2 ε = 0. 6 (3.22) � (3.23) #

cone(M + cone C − y) ∩ (U − D) ⊆ V. (3.36)

_ , y ∈ M + cone C. 6 (3.36) �/ [20, +� 2.3] N, �� U2 ∈ N(0), Y7

cone(M + cone C + D − y) ∩ (U2 − D) ⊆ V. (3.37)
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+�',, #

cone(C + D) ⊆ cone C + D. (3.38)

4 (3.37) � (3.38) #

cone(M + cone(C + D) − y) ∩ (U2 − D) ⊆ V. (3.39)

6 (3.39) # y ∈ Se(M,C + D, 0). ;*, Se(M,C, 0) ⊆ Se(M,C + D, 0).

lL 1 � 2 G[ (3.21) �). 6 (3.20) � (3.21) N Se(M,C, ε) = Se(M,C + D, ε). eh.

W 3.20 Wm� 3.19 ^_eB, 3a y ∈ Se(M,C, ε), h1P0 V ∈ N(0), �� U ∈ N(0),

Y7 cone(M + C(ε) + D − y) ∩ (U − D) ⊆ V.

W 3.21 Wg 3.20 �.� 3.13 ^_eB, n y ∈ Se(M,C, ε), h�� U ∈ N(0), Y7

cl(cone(M + C(ε) + D − y)) ∩ (U − B) = ∅.

4 lmn
I M ⊆ Y . R�op�� M ��5�. .1�� τC : Y ∗ → R ∪ {−∞} 32:

τC(y∗) = inf
c∈C

{〈c, y∗〉}.

UV 4.1 I M � Y �)8M�, y∗ ∈ Y ∗, C ⊆ D \ {0}, ε ≥ 0. m ∈ M �� M \7 y∗

� τC(ε)(y∗)- K�% (FN m ∈ τC(ε)(y∗)-argmin〈M,y∗〉) INOI
〈m, y∗〉 ≤ 〈m, y∗〉 + τC(ε)(y∗), ∀m ∈ M.

Ub 4.2 I B � D �#X:, C ⊆ D \ {0} ���)8O�, ε ≥ 0, M � Y �)8OM
�. m ∈ Se(M,C, ε) INOI�� y∗ ∈ Bst, Y7 m ∈ τC(ε)(y∗)-argmin〈M,y∗〉.

cd i (. M m ∈ Se(M,C, ε). kdg 3.21, �� U ∈ N(0), Y7 cl(cone(M + C(ε) −
m)) ∩ (U − B) = ∅. 6
q.�N, �� y∗ ∈ Y ∗ \ {0}, Y7

〈m1, y
∗〉 ≥ 〈m2, y

∗〉, ∀m1 ∈ cl(cone(M + C(ε) − m)), ∀m2 ∈ U − B. (4.1)

X 0 ∈ cl(cone(M + C(ε) − m)), 6 (4.1) #

〈b − u, y∗〉 ≥ 0, ∀ b ∈ B, ∀u ∈ U. (4.2)

p6 (4.2) �/ [3, m� 2.1 (c)], y∗ ∈ Bst.

(4.1) G[ y∗ � cl(cone(M + C(ε)−m)) �#2X�. X cl(cone(M + C(ε)−m)) ���

S, 6 (4.1) # 〈m1, y
∗〉 ≥ 0, ∀m1 ∈ M + C(ε)−m. ;*, 〈m, y∗〉 ≤ 〈m, y∗〉+ 〈c, y∗〉, ∀m ∈ M ,

∀ c ∈ C(ε), `

〈m, y∗〉 ≤ 〈m, y∗〉 + τC(ε)(y∗), ∀m ∈ M,

;*, m ∈ τC(ε)(y∗)-argmin〈M,y∗〉.
l
(. KM m /∈ Se(M,C, ε). 6g 3.12 (iii) N, �� V ∈ N(0), Y7

cone(M − m + C(ε)) ∩ (U − D) � V, ∀U ∈ N(0).

�l, 1P0� U ∈ N(0), �� αU ≥ 0, mU ∈ M, qU ∈ C(ε), zU ∈ U, βU ≥ 0, bU ∈ B, Y7

αU (mU − m + qU ) = zU − βUbU /∈ V. (4.3)
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_ 

lim
U

zU = 0. (4.4)

X m ∈ τC(ε)(y∗)-argmin〈M,y∗〉, #
〈mU − m, y∗〉 + τC(ε)(y∗) ≥ 0. (4.5)

6 (4.5) 67

〈αU (mU − m + qU ), y∗〉 ≥ 0. (4.6)

�+ (4.3) � (4.6) #

〈zU − βUbU , y∗〉 ≥ 0. (4.7)

X y∗ ∈ Bst, 6 (4.7) N�� t > 0, Y7

0 ≤ βU t ≤ βU 〈bU , y∗〉 = 〈βUbU , y∗〉 ≤ 〈zU , y∗〉. (4.8)

6 (4.4) #

lim
U

〈zU , y∗〉 = 0. (4.9)

d (4.8) � (4.9) 67

lim
U

βU = 0. (4.10)

;� B �#X�, 6 (4.10) 7

lim
U

βUbU = 0. (4.11)

4 (4.4) � (4.11) # limU (zU − βUbU ) = 0, �k (4.3) ce. ;*, m ∈ Se(M,C, ε). eh.

W 4.3 (i) W.� 4.2 �l
(e[, ��?R M � C  i�>�O�; (ii) �.� 4.2

�, Æ$ M � C � Y �>�O�^_mÆ$ cl(cone(M + C(ε) − m)) � Y ��O�gL.

I F : X ⇒ Y � X D�����, A� X�)8M�. R�op2,q��������:

(USVOP)
{

min F (x),
x ∈ A.

UV 4.4 I C ⊆ D \ {0}, ε ≥ 0, x ∈ A, y ∈ F (x). (x, y) �� (USVOP) � (C, ε)- 5#$

@INOI y ∈ Se(F (A), C, ε).

(USVOP) ��5���.132:

(USVOP)y∗ min〈F (x), y∗〉, x ∈ A,

b�, y∗ ∈ Y ∗ \ {0}.
UV 4.5 I C ⊆ D \ {0}, ε ≥ 0, x ∈ A � y ∈ F (x). (x, y) �� (USVOP)y∗ � τC(ε)(y∗)-

K��INOI 〈y, y∗〉 ≤ 〈y, y∗〉 + τC(ε)(y∗), ∀x ∈ A, y ∈ F (x).

Ub 4.6 I B � D �#X:, C ⊆ D \ {0}, ε ≥ 0. KM2:Æ$�):

(i) (x, y) � (USVOP) � (C, ε)- 5#$@;

(ii) F − y � A D�Æ< (C, ε)- &<O�,

h�� y∗ ∈ Bst, Y7 (x, y) � (USVOP)y∗ � τC(ε)(y∗)- K��.



868 � � � � F G H 65�

cd 6Æ$ (i), y ∈ Se(F (A), C, ε). 6Æ$ (ii), cl(cone(F (A) − y + C(ε))) � Y �O�.

6.� 4.2 �i (�g 4.3 (ii), �� y∗ ∈ Bst, Y7 (x, y) � (USVOP)y∗ � τC(ε)(y∗)- K�
�. eh.

W 4.7 I C = D \ {0} � ε = 1 ', .� 4.6 `��/ [20, .� 3.1]; I q ∈ D \ {0},
C = D + q � ε = 1 ', .� 4.6 `��/ [24, .� 3.1].

6.� 4.2 �l
(, I M m F (A) gLg, ��672:.�.

Ub 4.8 I B � D �#X:, C ⊆ D \ {0}, ε ≥ 0. 3a�� y∗ ∈ Bst, Y7 (x, y) �

(USVOP)y∗ � τC(ε)(y∗)- K��, h (x, y) � (USVOP) � (C, ε)- 5#$@.

W 4.9 / [8, .� 3.4] �I5��� f m.� 4.8 ����� F gL. 6g 3.10 �

.� 3.13 N, .� 4.8 �r�n/ [8, .� 3.4] �r�E. o.� 4.8 bZ#/ [8, .� 3.4].

5 opqr\ (C, ε)- stuv
I L (X,Y ) LGW X p Y �S#srB(sM�����. �<q, .1 L (X,Z) �

L (Z, Y ). F L+(K,D) := {T ∈ L (Z, Y ) |T (K) ⊆ D}.
R�+&����� (C, ε)- 5&5
, 'bZ#�����5&5
.

UV 5.1 I A� X �)8M�, F : X ⇒ Y � AD�����, C ⊆ D \{0}, ε ≥ 0. T ∈
L (X,Y ) �� F � (x, y) ∈ grF � (C, ε)- 5&trINOI y − T (x) ∈ Se(

⋃
x∈A(F (x) −

T (x)), C, ε). F � (x, y) ∈ gr F � (C, ε)- 5&tr����� (F� ∂Se
C,ε F (x, y)) �� F �

(x, y) ∈ gr F � (C, ε)- 5&5
.

W 5.2 3a Y = R, D = R+, h T ∈ ∂Se
C,ε F (x, y) INOI T ∈ X∗,

T (x) − T (x) ≤ y − (y − q), ∀ (x, y) ∈ gr F, ∀ q ∈ C(ε).

R�AB���� (C, ε)- 5&tr�4stt.

i? 5.3 I B � D�#X:, C ⊆ D\{0}� Y ��O�, ε ≥ 0, (x, y) ∈ gr F , F : X ⇒ Y

� X D� D- O����. h T ∈ ∂Se
C,ε F (x, y) INOI�� y∗ ∈ Bst, Y7

〈y − y − T (x − x) + q, y∗〉 ≥ 0, ∀ (x, y) ∈ gr F, ∀ q ∈ C(ε). (5.1)

cd i (. M T ∈ ∂Se
C,ε F (x, y), # y − T (x) ∈ Se((F − T )(X), C, ε). ��6m� 3.19

�.� 3.13 N, �� U ∈ N(0), Y7 cl(cone((F −T )(X)+D +C(ε)−y +T (x)))∩ (U −B) = ∅.
X ���� F � X D� D- O�, T � X D�B(�, h (F − T )(X) + D � Y �O�. 6

C �O(, (F − T )(X) + D + C(ε) − y + T (x) � Y �O�. �<7.� 4.2 �i (, ��^

9p y∗ ∈ Bst, Y7 (5.1) �).

l
(. 6 (5.1) #

〈(y − T (x)) − (y − T (x)), y∗〉 + τC(ε)(y∗) ≥ 0, ∀ (x, y) ∈ grF. (5.2)

(5.2) G[ y − T (x) ∈ τC(ε)(y∗)-argmin〈⋃x∈X(F (x) − T (x)), y∗〉. 6.� 4.2 N y − T (x) ∈
Se(

⋃
x∈X(F (x) − T (x)), C, ε). ;*, T ∈ ∂Se

C,ε F (x, y). eh.

W 5.4 I��e[m� 5.3 �i (', Æ$ F � X D� D- O�� C � Y ��O�

^_mÆ$ F − T − y + T (x) � X D�Æ< (C, ε)- &<OgL.
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UV 5.5 [1] I A � X ��)8M�, F : X ⇒ Y � A D�����. F � x ∈ A ��

2usrINOI1P0� y ∈ F (x) � y �P0T\ U , �� x �T\ V , Y7 F (x)∩U �= ∅,
∀x ∈ V.

i? 5.6 I A � X ��)8M�, F : X ⇒ Y � A D�����, x ∈ int(dom F ). 3

a�� a ∈ Y � X �ST\ V1, Y7 F (x + V1) ⊆ a − D, jk int(epi F ) �= ∅.
cd X x ∈ int(domF ), h�� X �ae V2 ⊆ V1 �ST\ V2, Y7

x + V2 ⊆ dom F (5.3)

�

F (x + v) ⊆ a − D, ∀ v ∈ V2. (5.4)

��OOn e[

(x + V2) × (a + intD) ⊆ epi F. (5.5)

1P0� (x + v′, b) ∈ (x + V2) × (a + intD), 6 (5.4) 7

F (x + v′) ⊆ a − D. (5.6)

6 (5.3) N F (x + v′) �= ∅. u y ∈ F (x + v′). kd (5.6), �� d ∈ D, Y7 y = a − d. ;*67

a = y + d ∈ F (x + v′) + d. (5.7)

X b ∈ a + intD, h�� d′ ∈ int D, Y7

b = a + d′. (5.8)

6 (5.7) � (5.8), b ∈ F (x+ v′)+D + int D ⊆ F (x+ v′)+D. ;*, (5.5) �). �l, (x + v′, b) ∈
int(epi F ). ;*, int(epiF ) �= ∅. eh.

W 5.7 �m� 5.6 �, �#ve int(epi F ) �= ∅, Æ$�� a ∈ X � X �ST\ V1, Y7

F (x + V1) ⊆ a − D (FNÆ$ A ) ^_mÆ$ F � x ∈ dom F 2usr (FNÆ$ B) (#/

[25, +� 3.1]).  �, 2,�ZMG[Æ$ A �Æ$ B  ^uwaY.

X 5.8 I D := {r ≥ 0 | r ∈ R}, ���� F : R ⇒ R .132:

F (x) =
{ {0}, x �= 0,

[−1, 1], x = 0.

\cdeÆ$ A � x = 0 �).  �, F � x = 0  �2usr. ;*, Æ$ A  aYÆ$ B.

X 5.9 I D := {r ≥ 0 | r ∈ R}, ���� F : R ⇒ R .132:

F (x) =
{

R, x �= 0,
{0}, x = 0.

\cde F � x = 0 2usr. ;*, Æ$ B �).  �, 1P0 a ∈ R � R �ST\ V , �

� v ∈ V1 \ {0} ⊆ V1, Y7 F (x + v) = R � a − D. ;*, Æ$ A  �). �l, Æ$ B  aY

Æ$ A .

hb 5.10 I F1 : X ⇒ Y � F2 : X ⇒ Y � X D>� D- O����, E := {x ∈
X |F1(x) �= ∅, F2(x) �= ∅}. 3a F1 � x ∈ int E aeÆ$ A , h int(epi F1) ∩ epi F2 �= ∅.

cd W/ [16, +� 3.1] �e[, Æ$ F1 � x ∈ intE �s:�ve# int(epi F1) �)8

(. 6m� 5.6 �/ [16, +� 3.1] N int(epi F1) ∩ epi F2 �= ∅. eh.
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<xÆ$ A nÆ$ B \cde. ;*, v2*yÆ$ A N�KM.

R�()���� (C, ε)- 5&5
���(.�.

Ub 5.11 I A � X �OM�, B � D �#X:, C ⊆ D \ {0} � Y �O�, ε ≥ 0. K

M2:Æ$�):

(i) ���� F : X ⇒ Y � A D� D- O�;

(ii) x ∈ dom F, y ∈ Se(F (x), C, ε);

(iii) F � x aeÆ$ A ,

h ∂Se
C,ε F (x, y) �= ∅.
cd X y ∈ Se(F (x), C, ε), \cde�� U ∈ N(0), Y7

cone(F (x) − y + C(ε)) ∩ (U − B) = ∅. (5.9)

F Ω1 := {(x, y) ∈ A × Y | y ∈ F (x) + D}, Ω2 := {(x, y) ∈ A × Y | y ∈ F (x) + cone(B − U)} �
Ω := {(x, y) ∈ A × Y | y ∈ F (x) + C(ε) + cone(B − U)}.

kd F � C- O(� D ⊆ cone(B −U), \ce[ Ω � A× Y ��O�. X F � x ae
Æ$ A , 6m� 5.6 N intΩ1 �= ∅. ;*, 1w� q′ ∈ C(ε), #

∅ �= intΩ1 + (0, q′) ⊆ int(Ω1 + {(0, q) | q ∈ C(ε)}) ⊆ int(Ω2 + {(0, q) | q ∈ C(ε)}) = intΩ.

��cj (x, y) /∈ intΩ.dh, (x, y) ∈ intΩ.;*,�� V ∈ N(0),Y7 (x, y)+{0}×V ⊆ Ω.

I b ∈ B, v ∈ V , N b �= v. 1l
v�]w α, F

−d := α(b − v). (5.10)

X V �xh�1��, 6 (5.10) N d ∈ V . �l, (x, y + d) ∈ Ω. W Ω �.1N y + d ∈
F (x) + C(ε) + cone(B − U). ;*, �� y1 ∈ F (x), q1 ∈ C(ε) � d1 ∈ cone(B − U), Y7

y + d = y1 + q1 + d1. (5.11)

6 (5.10) � (5.11) # y1 + q1 − y = d − d1 ∈ cone(U − B) \ {0}. uPq, �� α1 > 0, Y7

α1(y1 + q1 − y) ∈ U − B. �l, α1(y1 + q1 − y) ∈ cone(F (x) − y + C(ε)) ∩ (U − B), �k (5.9)

ce. ;*, (x, y) /∈ intΩ.

6
q.�, �� (x∗, y∗) ∈ (X∗ × Y ∗) \ {(0, 0)}, Y7
〈x, x∗〉 + 〈y, y∗〉 ≥ 〈x, x∗〉 + 〈y, y∗〉, ∀x ∈ A, ∀ y ∈ F (x) + C(ε) + cone(B − U). (5.12)

� (5.12) �I x = x, y = y + q + d2, #

〈q + d2, y
∗〉 ≥ 0, ∀ q ∈ C(ε), ∀ d2 ∈ cone(B − U). (5.13)

X cone(B − U) ���S, 6 (5.13) 7 〈d2, y
∗〉 ≥ 0, ∀ d2 ∈ cone(B − U). &�z,

〈d2, y
∗〉 ≥ 0, ∀ d2 ∈ B − U. (5.14)

kd (5.14) �/ [3, m� 2.1 (c)], y∗ ∈ Bst.

X y∗ ∈ Bst, h�� b ∈ C, Y7 〈b, y∗〉 = 1. .1�� T : X → Y 32:

T (x) = −〈x, x∗〉b, ∀x ∈ X. (5.15)

6 (5.12) � (5.15) #

〈y − y− T (x− x) + q, y∗〉 = 〈y − y + q, y∗〉+ 〈x− x, x∗〉 ≥ 0, ∀ (x, y) ∈ grF, ∀ q ∈ C(ε). (5.16)
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6m� 5.3 �l
(� (5.16) N T ∈ ∂C
εeSE F (x, y). ;*, ∂Se

C,ε F (x, y) �= ∅. eh.

2,�ZM47GH.� 5.11.

X 5.12 I X := R, Y := R2, D := {(y1, y2) | y1 ≤ 0, y2 ≥ 0}, C := {(y1, y2) | y1 ≥ 1
2 ,

y2 ≥ 1
2} ⊆ D \ {0}, B := {(y1, y2) | y1 + y2 = 1, y1 ≥ 0, y2 ≥ 0}, A := {x |x ≥ 0}. A D�

���� F : X ⇒ Y .132: F (x) = {(x, t) | 0 ≤ t ≤ 2x}, ∀x ∈ A. I x = 1, y = (1, 0),

ε = 1
4 . \cde.� 5.11 ��Æ$ (i) �Æ$ (ii) ae. �� a = (4, 4) � V1 =] − 1

4 , 1
4 [,

Y7 F (x + V1) ⊆ a − D. ;*, .� 5.11 ��Æ$ (iii) ae. I T : X → Y .132:

T (x) := (−x,− 1
16x), ∀x ∈ A. \cde T ∈ ∂Se

C,ε F (x, y). ;*, ∂Se
C,ε F (x, y) �= ∅.

hb 5.13 [15] I f : X → R ∪ {+∞} � X D�.O�. 3a�� x0 ∈ int(dom f) � x0

�T\ U , Y7 f � U D#DX, h f � int(dom f) Dsr.

I f : X → R ∪ {+∞} � A D�7�{w, ε ≥ 0. f � x � ε- &5
.132: ∂εf(x) :=

{x∗ ∈ X∗ | 〈x − x, x∗〉 − ε ≤ f(x) − f(x), ∀x ∈ A}.
hb 5.14 [9] I fi : X → R ∪ {+∞} � X �O�, b� i = 1, 2. 3a�� x0 ∈ dom f2

(dom f2 := {x ∈ X | f2(x) ∈ R}), Y7 f1 � x0 sr, h1P0� ε ≥ 0 � x ∈ X, #

∂ε(f1 + f2)(x) =
⋃

ε1,ε2≥0, ε1+ε2≤ε

[∂ε1f1(x) + ∂ε2f2(x)].

I A � X �)8M�. y�{w σA : X → R ∪ {+∞} .132:

σA(x) :=
{

0, x ∈ A,

+∞, x /∈ A.

FFD := {C(ε) | ε ≥ 0, C ⊆ D\{0}}. R�():7 (C, ε)-5&5
�Moreau–Rockafellar

.�.

Ub 5.15 I B � D �#X:, C ⊆ D \ {0} � Y �O�, ε ≥ 0, F1 : X ⇒ Y �

F2 : X ⇒ Y � X D>� D- O����. I A := dom F1 ∩ dom F2, F1 � x ∈ intA aeÆ$
A , h1 y1 ∈ F1(x), y2 ∈ F2(x), #

∂Se
C,ε(F1 + F2)(x, y1 + y2)

⊆
⋃

y∗∈Bst

( ⋃
(q,C1(ε1),C2(ε2))∈C(ε)×FD×FD
τC1(ε1)(y∗)+τC2(ε2)(y∗)≤〈q,y∗〉

[∂Se
C1,ε1

F1(x̄, ȳ1) + ∂Se
C2,ε2

F2(x̄, ȳ2)]
)

. (5.17)

cd M T ∈ ∂Se
C,ε(F1 + F2)(x, y1 + y2). F

H1(x) := F1(x) − y1 − T (x − x), ∀x ∈ X (5.18)

�

H2(x) := F2(x) − y2, ∀x ∈ X. (5.19)

X y1 ∈ F1(x) � y2 ∈ F2(x), 6 (5.18) � (5.19) #

0 ∈ H1(x) + H2(x). (5.20)

;� T ∈ ∂Se
C,ε(F1 + F2)(x; y1 + y2), #

y1 + y2 − T (x) ∈ Se
( ⋃

x∈X

(F1(x) + F2(x) − T (x)), C, ε

)
. (5.21)
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kd (5.20) � (5.21), \cde

0 ∈ Se
( ⋃

x∈X

(H1(x) + H2(x)), C, ε

)
. (5.22)

6 (5.22) �g 3.20, 67

0 ∈ Se
( ⋃

x∈X

(H1(x) + H2(x)) + D,C, ε

)
. (5.23)

67 F1 � F2 � X � D- O�, h H1(x) + H2(x) � X � D- O�. ;*,
⋃

x∈X(H1(x) +

H2(x)) + D ���O�. �l, 6 (5.23) �.� 4.2, �� y∗ ∈ Bst, Y7

〈y, y∗〉 + 〈q, y∗〉 ≥ 0, ∀ (x, y) ∈ epi(H1 + H2), ∀ q ∈ C(ε). (5.24)

X D + D ⊆ D, #

(x, y1 + y2 − (y1 + y2)− T (x− x)) ∈ epi(H1 + H2), ∀ (x, y1) ∈ epi F1, ∀ (x, y2) ∈ epi F2. (5.25)

6 (5.24) � (5.25) 67

σepi F1(x, y1) + σepi F2(x, y2) + 〈y1 + y2 − (y1 + y2) − T (x − x), y∗〉 + 〈q, y∗〉 ≥ 0,

∀ (x, y1) ∈ epi F1, ∀ (x, y2) ∈ epi F2, ∀ q ∈ C(ε). (5.26)

F

f1(x, y1, y2) := σepi F1(x, y1) + 〈y1 − y1, y
∗〉, ∀ (x, y1) ∈ epi F1

�

f2(x, y1, y2) := σepi F2(x, y2) + 〈y2 − y2 − T (x − x), y∗〉, ∀ (x, y2) ∈ epi F2.

W F1 � F2 � D-O(N epi F1 � epi F2 � X×Y �>�O�. ;*, f1(x, y1, y2)� f2(x, y1, y2)

� X × Y × Y D�O�. �l, 6 (5.26) #

(0, 0, 0) ∈ ∂〈q,y∗〉(f1 + f2)(x, y1, y2), ∀ q ∈ C(ε). (5.27)

X F1 � x ∈ intA aeÆ$ A , 6+� 5.10 N int(epi F1) ∩ epi F2 �= ∅. _ , σepi F1(x, y1) �

A × Y × Y D�.O{w. 6+� 5.13, �� (x0, y0) ∈ int(epi F1) ∩ epi F2, Y7 σepi F1(x, y1)

� (x0, y0) sr. _ , f1 � (x0, y0, y0) ∈ domf2 sr. 6 (5.27) �+� 5.14, ��aeÆ$
α1 + α2 ≤ 〈q, y∗〉 � α1 ≥ 0 � α2 ≥ 0, Y7

(0, 0, 0) ∈ ∂α1f1(x, y1, y2) + ∂α2f2(x, y1, y2).

�l, �� (x∗
1, y

∗
1 , y∗

2) ∈ ∂α1f1(x, y1, y2), Y7 (−x∗
1,−y∗

1 ,−y∗
2) ∈ ∂α2f2(x, y1, y2). ;*#

〈x − x, x∗
1〉 + 〈y1 − y1, y

∗
1〉 + 〈y2 − y2, y

∗
2〉 − α1

≤ 〈y1 − y1, y
∗〉, ∀x ∈ dom F1, ∀ y1 ∈ F1(x) + D, ∀ y2 ∈ Y (5.28)

�

〈x − x,−x∗
1〉 + 〈y1 − y1,−y∗

1〉 + 〈y2 − y2,−y∗
2〉 − α2

≤ 〈y2 − y2 − T (x − x), y∗〉, ∀x ∈ dom F2, ∀ y2 ∈ F2(x) + D, ∀ y1 ∈ Y. (5.29)
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� (5.28) �I x = x � y1 = y1, 67 y∗
2 = 0. +�',, � (5.29) �I x = x � y2 = y2, #

y∗
1 = 0. �+ (5.28) � (5.29) 7

〈x − x, x∗
1〉 − 〈y1 − y1, y

∗〉 − α1 ≤ 0, ∀ (x, y1) ∈ gr F1 (5.30)

�

−〈x − x, x∗
1〉 − 〈y2 − y2, y

∗〉 + 〈T (x − x), y∗〉 − α2 ≤ 0, ∀ (x, y2) ∈ grF2. (5.31)

X B � C �:, y∗ ∈ Bst, h�� c ∈ C \ {0}, Y7 〈c, y∗〉 = 1. .1sM L : X → Y 32:

L(x) = 〈x, x∗
1〉c, ∀x ∈ X. (5.32)

6 (5.30), (5.31) � (5.32), #

〈L(x − x), y∗〉 − 〈y1 − y1, y
∗〉 − α1 ≤ 0, ∀ (x, y1) ∈ grF1 (5.33)

�

−〈L(x − x), y∗〉 − 〈y2 − y2, y
∗〉 + 〈T (x − x), y∗〉 − α2 ≤ 0, ∀ (x, y2) ∈ gr F2. (5.34)

X αi ≥ 0 (i = 1, 2), �� εi ≥ 0 (i = 1, 2) ��� Ci ⊆ D \ {0} (i = 1, 2), Y7

τCi(εi)(y
∗) = αi ≥ 0 (i = 1, 2). (5.35)

6 (5.33), (5.34) � (5.35), #

〈y1 − y1 + q1 − L(x − x), y∗〉 ≥ 0, ∀ (x, y1) ∈ gr F1, ∀ q1 ∈ C1(ε1) (5.36)

�

〈y2 − y2 + q2 − (T − L)(x − x), y∗〉 ≥ 0, ∀ (x, y2) ∈ grF2, ∀ q2 ∈ C2(ε2). (5.37)

6 (5.36), (5.37) �m� 5.3 67 L ∈ ∂Se
C1,ε1

F1(x; y1) � T −L ∈ ∂Se
C2,ε2

F2(x; y2). ;* (5.17) �

). eh.

6 wxyopzn
I A � X �)8M�, F : X ⇒ Y � G : X ⇒ Z � A D>�����. ��op2:�

�������:

(SVOP)

⎧⎨
⎩

minF (x),
G(x) ∩ (−K) �= ∅,
x ∈ A,

(SVOP) �xK�F� S := {x ∈ A |G(x) ∩ (−K) �= ∅}.
UV 6.1 I B � D �:, C ⊆ D \ {0}, ε ≥ 0, x ∈ S, y ∈ F (x), (x, y) �� (SVOP) �

(C, ε)- 5#$@INOI y ∈ Se(F (S), C, ε).

���� I : X ⇒ Y × Z .132: I(x) := F (x) × G(x), ∀x ∈ X. 6.1 2.4, ���

I : X ⇒ Y ×Z � AD�Æ< C(ε)×D- &<O�INOI cl(cone(I(A)+C(ε)×D)) � Y ×Z

�O�.

zf/ [25, +� 4.1] �{y, \c672,��5�.�.

Ub 6.2 I B � D �#X:, C ⊆ D \ {0}, ε ≥ 0, x ∈ S. KM2:Æ$ae:

(i) (x, y) � (SVOP) � C(ε)- 5#$@;
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(ii) �� x0 ∈ A, Y7 G(x0) ∩ (−intK) �= ∅;
(iii) Iy(x) � A D�Æ< C(ε) × K- &<O�, b� Iy := (F − y) × G,

h�� (y∗, z∗) ∈ Bst × K∗, Y7

〈y, y∗〉 + 〈q, y∗〉 + 〈z, z∗〉 ≥ 〈y, y∗〉, ∀x ∈ A, ∀ y ∈ F (x), ∀ z ∈ G(x), ∀ q ∈ C(ε). (6.1)

W 6.3 (i) / [8, .� 3.8] ��I5���m.� 6.2 �����gL;

(ii) / [8, .� 3.8] �� C(ε)-Benson .#$(m.� 6.2 � C(ε)- 5#$(gL;

(iii) / [8, .� 3.8] �Æ$ Iy(x) � A D�Æ< (C × K)(ε)- &<O A m.� 6.2 �Æ$

(iii) gL.

I F : X ⇒ Y � G : X ⇒ Z � X D>�����. 1 y∗ ∈ Y ∗, ���� y∗ F : X ⇒ R

.132: y∗ F (x) = {〈y, y∗〉 | y ∈ F (x)}, ∀x ∈ X. �<q, x|.1 y∗G.

Ub 6.4 I B � D �#X:, C ⊆ D \ {0}, ε ≥ 0, x ∈ S. KM2:Æ$ae:

(i) (x, y) � (SVOP) � C(ε)- 5#$@;

(ii) �� x0 ∈ A, Y7 G(x0) ∩ (−intK) �= ∅;
(iii) Iy(x) � A D�Æ< C(ε) × K- &<O�,

h

(a) �� (y∗, z∗) ∈ Bst × K∗, Y7

0 ∈ ∂Se
C,ε(Fy∗ + Gz∗)(x, 〈y, y∗〉 + 〈z, z∗〉); (6.2)

(b) �� T ∈ L+(K,D), Y7

0 ∈ ∂Se
C,ε(F + T (G))(x, y + T (z)). (6.3)

cd _i, ]e[r� (a) �). kd.� 6.2, �� (y∗, z∗) ∈ Bst ×K∗, Y7 (6.1) �).

X x ∈ S, �� z ∈ G(x) ∩ (−D) �= ∅, Y7
〈z, z∗〉 ≤ 0. (6.4)

kd (6.1) � (6.4) #

〈y, y∗〉+〈q, y∗〉+〈z, z∗〉 ≥ 〈y, y∗〉+〈z, z∗〉, ∀x ∈ A, y ∈ F (x), ∀ z ∈ G(x), ∀ q ∈ C(ε). (6.5)

6 (6.5) �g 5.2 N (6.2) �).

R�e[r� (b)�). X B � D�:,N y∗ ∈ Bst,h�� d ∈ D\{0},Y7 〈d, y∗〉 = 1.

.1sM T : Z → Y 32:

T (z) = 〈z, z∗〉d, ∀ z ∈ Z. (6.6)

_ , T ∈ L+(K,D). 6 (6.5) � (6.6) #

〈y + T (z), y∗〉 + 〈q, y∗〉 ≥ 〈y + T (z), y∗〉, ∀x ∈ A, ∀ y ∈ F (x), ∀ z ∈ G(x), ∀ q ∈ C(ε). (6.7)

kd (6.7) �m� 5.3 N, (6.3) �). eh.

W 6.5 (i) / [19, .� 6.5] �KM (A) m.� 6.4 �Æ$ Iy(x) � A D�Æ< C(ε)×K-

&<O�gL; (ii) / [19, .� 6.5)] � q-Benson .#$(m.� 6.4 � C(ε)- 5#$(gL.

Ub 6.6 I A � X �)8OM�, ���� F � G � A D
8� D- O�� K- O�.

F E := {x |F (x) �= ∅, G(x) �= ∅}.I B � D �#X:, C ⊆ D \{0}, ε ≥ 0. M z ∈ G(x)∩ (−D).

KM2:Æ$�):
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(i) (x, y) � (SVOP) � C(ε)- 5#$@;

(ii) Iy(x) � A �Æ< C(ε) × K- &<O�.

(iii) �� x′ ∈ intE, Y7 F � x′ aeÆ$ A ;

(iv) �� x0 ∈ A, Y7 G(x0) ∩ (−int K) �= ∅,
h�� T ∈ L+(K,D), y∗ ∈ Bst � (q, C1(ε1), C2(ε)) ∈ C(ε) × FD × FD, Y7 τC1(ε1)(y

∗) +

τC2(ε2)(ε2)(y
∗) ≤ 〈q, y∗〉, N

0 ∈ ∂Se
C,ε1

F (x, y) + ∂Se
C,ε2

T (G)(x;T (z)). (6.8)

cd d.� 6.4 �� T ∈ L+(K,D), Y7 (6.3) �). 6 G � K- (� T �B(N T (G)

� A D� D- O�. 6Æ$ (iii) �+� 5.10, # int(epiF ) ∩ epi(T (G)) �= ∅. d.� 5.15 67

∂Se
C,ε(F + T (G))(x, y1 + y2)

⊆
⋃

y∗∈Bst

( ⋃
(q,C1(ε1),C2(ε2))∈C(ε)×FD×FD
τC1(ε1)(y∗)+τC2(ε2)(y∗)≤〈q,y∗〉

[∂Se
C1,ε1

F (x̄, ȳ1) + ∂Se
C2,ε2

T (G)(x̄, ȳ2)]
)

. (6.9)

;*,�� y∗ ∈ Bst � (q, C1(ε1), C2(ε)) ∈ C(ε)×FD ×FD, Y7 τC1(ε1)(y
∗)+τC2(ε2)(ε2)(y

∗) ≤
〈q, y∗〉, N (6.8) �). eh.

I A � X �)8M�, C ⊆ D \ {0}, ε ≥ 0. F

NSe, C,ε
A (x) := {T ∈ L (X,Y ) | ∀V ∈ N(0), ∃U ∈ N(0),

Y7 cl(cone(T (A) − C(ε) − T (x))) ∩ (U − D) ⊆ V }.
I A � X �)8M�, Z1y�{w δA : X ⇒ Y .132:

δA(x) :=
{ {0}, x ∈ A,

∅, x /∈ A.

W 6.7 \cde ∂Se
C,εδA(x, 0) = NSe,C,ε

A (x).

Ub 6.8 I B � D �#X:, C ⊆ D \ {0}, ε ≥ 0, ���� F : X ⇒ Y � A D� D- O

�, 3a2:Æ$�):

(i) �� x′ ∈ intE, Y7 F � x′ aeÆ$ A ;

(ii) (x, y) � (SVOP) � (C, ε)- 5#$@,

h�� y∗ ∈ Bst � (q, C1(ε1), C2(ε)) ∈ C(ε) × FD × FD, Y7 τC1(ε1)(y
∗) + τC2(ε2)(ε2)(y

∗) ≤
〈q, y∗〉, N

0 ∈ ∂Se
C1,ε1

F (x, y) + NSe,C2,ε2
A (x). (6.10)

cd 6Æ$ (ii) #

0 ∈ ∂Se
C,ε(F + δA)(x; y). (6.11)

6Æ$ (i), int(epiF ) �= ∅. _ , int(epi F ) ∩ epi δA �= ∅. 6.� 5.15 #

∂Se
C,ε(F + δA)(x, y)⊆

⋃
y∗∈Bst

( ⋃
(q,C1(ε1),C2(ε2))∈C(ε)×FD×FD
τC1(ε1)(y∗)+τC2(ε2)(y∗)≤〈q,y∗〉

[∂Se
C1,ε1

F (x, y) + ∂Se
C2,ε2

δA(x, 0)]
)

. (6.12)

d (6.11), (6.12) �g 6.7, �� y∗ ∈ Bst � (q, C1(ε1), C2(ε)) ∈ C(ε) × FD × FD, Y7

τC1(ε1)(y
∗) + τC2(ε2)(ε2)(y

∗) ≤ 〈q, y∗〉, N (6.10) �). eh.
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