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1 S#
� Ω � Rn �$%���&, k �'���(�, W k,p

0 (Ω) �)*�����+,�� 1 �

-� k ����� 0 ����.�� Sobolev ��, � C∞
0 (Ω) * �[

‖f‖p
Lp(Ω) +

k∑
j=1

∥∥∇jf
∥∥p

Lp(Ω)

]1/p

���!"��. �#� Sobolev ��$�%�� : /0 p < n
k , !$ W k,p

0 (Ω) ⊆ Lq(Ω). 1�
& p = n/k ", ) Sobolev ��$�#,2'

W
k, n

k
0 (Ω) ⊆ Lr(Ω), ∀ 0 < r <∞,

(� W
k, n

k
0 (Ω) � L∞(Ω). * k = 1 ", 3)��)4$� Trudinger–Moser *+% [13, 21]

sup
||∇f ||n≤1

∫
Ω

exp(αn|f |n/(n−1))dx < C|Ω| (1.1)

,-, &5 αn = (nv
1
n
n )

n
n−1 , vn = πn/2/Γ(1 + n/2), vn � Rn �.'(��, Γ �6)��. 7

*/� αn �3)�, �+0 (1.1) 5 αn ,1�'�23��, �-�45!*'8$�.. &

k > 1 ", 3)��*+%90671 Adams [2]:

:; 1.1 (Adams*+%) � Ω� Rn 5'�/�$��&. 08 m�'�<1 n�=(
�,12'$9*'�/� C0 = C(n,m) > 03>:14; f ∈W

m, n
m

0 (Ω),+ ‖∇mf‖
L

n
m (Ω)

≤1,

&5
∇mf =

{
Δ

m
2 f, m = 2h,

∇Δ
m−1

2 f, m = 2h+ 1,
(h ∈ N),

?:14@� α ≤ βn,m, 5$
1
|Ω|

∫
Ω

exp(α|f(x)t| n
n−m )dx ≤ C0, (1.2)

&5

βn,m =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
πn/ 22mΓ(m

2 )

v
n−m

n
n Γ(n−m

2 )

) n
n−m

, m = 2h+ 1,

(
πn/ 22mΓ( m+1

2 )

v
n−m

n
n Γ( n−m+1

2 )

) n
n−m

, m = 2h,

(h ∈ N),

7*� βn,m �3)�, �:14@ α > βn,m, �-�45#,6%3.

<Æ, Tarsi [20] A7. Adams *+% (1.1) *23� Sobolev ����, �8$ Navier �

�9=�����

W
m, n

m

N (Ω) =
{
f ∈Wm, n

m : Δju(x) = 0 : ∂Ω> 0 ≤ j ≤
[
m− 1

2

]}
(1.3)

B:�;.

1995<, Ozawa [14] *9= ‖Δm
2 u‖ n

m
≤ 1C=�?� Sobolev��Wm, n

m (Rn)�� Adams

*+%. (�>D? [14] 5�@AB*@?�3)/�. 2013 <, Ruf > Sani [15] *AC=
{u ∈Wm, n

m | ‖(I − Δ)
m
2 ‖ n

m
≤ 1}
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�?�.'�F�GHI�� Rn ��JJ Adams *+%. K�GHI����JJ Adams

*+%K Lam > Lu [9] ?�. <Æ, Lam > Lu [8] *?�.'�5�� γ < n Sobolev ��

W γ, n
γ (Rn) ��JJ Adams *+%. 2L'M, L >D8$MN Navier ��9= Adams *

+% [20] >5ONOP@AQ;. R4 ��R�P�I Adams *+%:

S(α) = sup
u∈H

∫
R4

(exp(α|u|2) − 1)dx <∞, (1.4)

&5 α ≤ 32π2,

H :=
{
u ∈ H2(R4) | ‖u‖H2(R4) =

( ∫
R4

|u|2 + |Δu|2dx
) 1

2

= 1
}
.

+ α > 32π2, ? S(α) = ∞. J<, Lam, Lu > Zhang [10] ?�.* Dirichlet  �C=��NP
�I Adams *+%: & α < 32π2, $

S(α) = sup∫
R4 |Δu|2dx≤1

1
‖u‖2

L2

∫
R4

(exp(α|u|2) − 1)dx <∞ (1.5)

�;, S& α ≥ 32π2 ", ? S(α) = ∞. BQL TA7.P� Adams *+% (1.4) >NP�I
Adams *+% (1.5) 8$RK+UL. S��� Adams *+%�&LMT#V? [6, 7].

W?XN Lorentz–Sobolev �� �C=�� Trudinger–Moser *+%> Adams *+%.

UOYZ'� Lorentz ����PX Trudinger–Moser *+%. U� Lorentz��� Trudinger–

Moser *+%) Alvino, Ferone > Trombetti [4] ?� (KQVR#V Lu > Tang �[S [12]):

:; 1.2 � Ω �HI�� Rn 5��$%��&, n ≥ 2, 1 < q < +∞. + ‖∇f‖n,q ≤ 1,

?$ ∫
Ω

exp(αn,q|f(x)| q
q−1 )dx ≤ C,

&5 αn,q = (nv1/n
n )

q
q−1 . 7* αn,q �3)�, �+ αn,q K4@ α > αn,q \,, �-�45#,

4@3.

'�TW�XY��-�*+%*6��&��]BW�;, Cassani > Tarsi *? [5] 5
U:^XY,-.'�Z$�Y_,L ?�.0��6��&�� Trudinger–MoserI*+%
(KQVR#V Lu > Tang �[S [12]):

:; 1.3 � n ≥ 2, 1 < q < +∞. + f ∈W 1Ln,q(Rn)3>C= ‖∇f‖n,q+‖f‖n,q ≤ 1, ?$∫
Rn

Φ(αn,q|f(x)| q
q−1 )dx ≤ C, (1.6)

&5 Φ(t) = et − ∑k0
j=0

tj

j! , k0 = [ (q−1)n
q ], Q αn,q �3)�, �+ αn,q K4@ α > αn,q \,, �

-�45#,4@3.

`<, * Adachi > Tanaka [1] � Sobolev  �C=��NP�I Trudinger–Moser *+%

�abJ�, Lu > Tang [12] Q;. Lorentz  �C=��NP�I Trudinger–Moser *+%:

:; 1.4 � n ≥ 2, 1 < q < +∞. + f ∈ W 1
0L

n,q(Rn) 3> ‖∇f‖n,q ≤ 1, ?9*/� c0,

[?/0 α < αn,q, !$
1

‖f‖n
n,q

∫
Rn

Φ(α|f(x)| q
q−1 )dx ≤ C (1.7)

�;. 7*�/� αn,q �3)�, �+ α ≥ αn,q, ?�-�45#,4@3.
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Lorentz ����P�*+% (1.6) >NP�I*+% (1.7) V8$RK+UL [19]. \]1
'�VR, * Lorentz ��V$PW�c� Adams *+% [3]:

:; 1.5 � Ω �HI�� Rn ����$%�/�&, n ≥ 2, 1 < q < +∞. + f ∈
Wm

0 L
n
m ,q(Ω) 3>C= ‖∇mf‖ n

m ,q ≤ 1, ?$∫
Ω

exp(β
q

q−1
n,m |f(x)| q

q−1 )dx ≤ C. (1.8)

7�/� β
q

q−1
n,m �3)�, �+ β

q
q−1
n,m K β > β

q
q−1
n,m \,, �-�45#,4@3.

W?0MTS�� R4 � Adams *+%, 90d80�:

:; 1.6 � 1 < q < +∞ > αq = (32π2)
q

2(q−1) . ^

ATA(α) = sup
f∈W 2

0 L2,q(R4)\{0}, ‖Δf‖2,q≤1

1
‖f‖2

2,q

∫
Rn

Φ(α|f(x)| q
q−1 )dx,

&5 Φ(t) = et − ∑k0
j=0

tj

j! , k0 = [ 4(q−1)
q ]. ?:14@� 0 < α < αq, 9*/� C1(q), [?

ATA(α) ≤ C1(q)

(1 − ( α
αq

)q−1)
2
q

. (1.9)

08 α >efg1 αq, ?'$9*/� C2(q), [?

ATA(α) ≥ C2(q)

(1 − ( α
αq

)q−1)
2
q

. (1.10)

7*/� αq �3)�, � ATA(αq) = +∞.

7_?X�A7@A90�>D5ONOP@A, ^@AYK Lam > Lu [8] D1MTS�
��P� Adams *+%.

2 Z[T\
� f : R4 → R, $] f �^`���

f∗(s) = sup {t > 0, df (t) > s},
&5 df (t) := {x ∈ R4 | f(x) > t}. h f# : R4 → R �

f#(x) = f∗(v4|x|4),
&5 v4 � R4 �.'(���. )? [11]#2:1a�b_`�� Ψ : [0,+∞) → [0,+∞),5$∫

R4
ψ(f)dx =

∫
R4
ψ(f#)dx.

^ f∗∗ := 1
s

∫ s

0
f∗ dt, )1 f∗ ��`�, ) f∗∗ �$]#2 f∗∗ V��`�Q3> f∗ ≤ f∗∗. X

1^`���2iLa#V? [11, 16, 18]. >D^`��� #,b� Lorentz ���� Lp,q,

&5��� Ψ 3>
‖Ψ‖p,q =

( ∫ ∞

0

[Ψ∗(t)t
1
p ]q

1
t
dt

) 1
q

<∞,

&5 1 < p <∞ Q 1 ≤ q <∞. )$]2 Lp,p(Rn) = Lp(Rn), & q > p ", ‖Ψ‖p,q *� �. (

�#,cA
‖Ψ‖∗p,q =

( ∫ ∞

0

[Ψ∗∗(t)t
1
p ]q

1
t
dt

) 1
q

,
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>D Hardy *+% [16] #,A77c�d�+U�, �9*/� C(p, q), [?

‖Ψ‖p,q ≤ ‖Ψ‖∗p,q ≤ C(p, q)‖Ψ‖p,q

�;. X12i Lorentz ���de, #V Stein > Weiss �e4 [16].

\]1�#� Sobolev ��, � V#,$] Lorentz–Sobolev �� W 2
0L

2,q(R4) �)f�
�g1 Lorentz �� Lp,q(R4) ��$��j�, �

W 2
0L

2,q(R4) = Cl({f ∈ C∞
0 (R4) : ‖f‖2,(2,q) < +∞}),

7* ‖f‖q
2,(2,q) = ‖f‖q

2,q + ‖∇f‖q
2,q + ‖Δf‖q

2,q , &5 1 < q <∞.

Wk�3<� lh'�^0�ifd8 [17]:

U; 2.1 08 f ∈ Lp,q(Rn), 1 < p <∞, 1 ≤ q < +∞, 12

f∗(t) ≤
(
q

p

) 1
q ‖f‖p,q

t
1
p

.

3 ghi Adams jklmnoi
Wkjk& α→ αq "NP� Adams *+%�mg��. UOQ;,�b�:

U; 3.1

ATA(α) = sup
‖|Δf |‖2,q≤1, ‖f‖2,q=1

∫
R4

Φ(α|f(x)| q
q−1 )dx.

Vp :14@ f ∈ W 2
0L

2,q(R4) 3> ‖Δf‖2,q ≤ 1, $] v(x) = f(λx), &5 λ = ‖f‖1/2
2,q .

q�lmr �3>,�noLa:

‖f (εx)‖2,q = ε−2‖f(x)‖2,q, ∀ ε > 0.

1�
‖Δv‖2,q = λ2‖Δf(εx)‖2,q = λ2λ−2‖Δf(x)‖2,q ≤ 1

> ‖v‖2,q = λ−2‖f‖2,q = 1. q`∫
R4

Φ(α|v(x)| q
q−1 )dx =

∫
R4

Φ(α|f(λx)| q
q−1 )dx

=
1
λ4

∫
R4

Φ(α|f(x)| q
q−1 )dx =

1
‖f‖2

2,q

∫
R4

Φ(α|f(x)| q
q−1 )dx.

�,
ATA(α) ≤ sup

‖Δv‖2,q≤1, ‖v‖2,q=1

∫
R4

Φ(α|v(x)| q
q−1 )dx

≤ sup
‖Δf‖2,q≤1

1
‖f‖2

2,q

∫
R4

Φ(α|f(x)| q
q−1 )dx = ATA(α).

dk?A.

)^dk, � #,n� ‖f‖2,q = 1. �.?�NP�I Adams *+%�mg��, Æ0�
-�* Lorentz–Sobolev ��5$MN Navier ��9=� Adams *+%:

U; 3.2 � Ω � R4 5��$%�/�&, 1 < q < +∞. :14@3> ‖Δf‖2,q ≤ 1 �

f ∈W 2
NL

2,q (Ω) := W 2L2,q ∩W 1
0L

2,q(Ω), 5$∫
Ω

exp(αq|f(x)| q
q−1 )dx ≤ C (3.1)
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�;. 7*/� αq �3)�, �+ αq K4; α > αq ,\, �-�45#,4@3.

Vp )opL, /qrpq�� u ∈ C∞(Ω) ∩ C0(Ω̄), u|∂Ω = 0. h f := −Δu, ? u !�

�-@r�s: {
−Δu = f, * Ω 5,
u = 0, * ∂Ω �,

: f Lsts, [?ts��* Ω t� 0, h

f̄ :=
{
f(x), x ∈ Ω,
0, x ∈ Ωc,

BQh

ū(x) =
∫

R4

1
8v4

|x− y|−2|f̄(y)|dy,

?t$ −Δū = |f̄ | * R4 ��;. )1 ū(x) ≥ 0. >Du3+u�#,2'* Ω �, |u| ≤ ū. )
1 ū �'�45vwR%, Q3>? [3, $� 1.1] �A75�Æ0�9= (2.7), `">D? [3]

uv�@A!#,A7^b�, 7*A7vkwx.

�-A7 (1.9).

Vp >DopL>b� 3.1,� #,n� f ∈ C∞
0 (R4),Q ‖Δf‖2,q ≤ 1> ‖f‖2,q = 1. �

Ω =
{
x ∈ R4 : |f(x)| >

(
1 −

(
α

αq

)q−1) 1
q }
.

>D^`La2':14@� t ∈ [0, |Ω|], 5$

f∗(t) >
(

1 −
(
α

αq

)q−1) 1
q

.

>Db� 2.1 � ?�

f∗(t) ≤
(
q

2

) 1
q ‖f‖2,q

t
1
2

=
(
q

2

) 1
q 1
t

1
2
.

q`
t ≤

(
q

2

) 2
q 1

(1 − ( α
αq

)q−1)
2
q

, :14@ t ∈ [0, |Ω|] �;.

�,

|Ω| ≤
(
q

2

) 2
q 1

(1 − ( α
αq

)q−1)
2
q

. (3.2)

w*� 0uÆ�45x5�cÆ5:∫
R4

Φ(α|f(x)| q
q−1 )dx = I1 + I2,

&5
I1 =

∫
Ω

Φ(α|f(x)| q
q−1 )dx > I2 =

∫
R4\Ω

Φ(α|f(x)| q
q−1 )dx.
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UO, � yz I2. q�
R4\Ω ⊂ {|f(x)| < 1} ,

1�
I2 ≤

∫
{|f |≤1}

Φ(α|f | q
q−1 )dx =

∫
{|f |≤1}

∞∑
j=k0+1

αj

j!
|f(t)| q

q−1 j
dt

≤ Cq

∫
{|f |≤1}

|f(t)| q
q−1 ([ (q−1)4

q ]+1)dt.

h |f(x) > α| = μ(α), >D Lp 45>5{���Xy∫
R4

|f |pdx = p

∫ ∞

0

αp−1μ(α)dα,

#,?� ∫
|f |≤1

|f(t)| q
q−1([ (q−1)4

q ]+1)dt ≤ Cq

∫ 1

0

α
q

q−1 ([ (q−1)4
q ]+1)−1μ(α)dα.

q`
I2 ≤ Cq

∫ 1

0

α
q

q−1 ([ (q−1)4
q ]+1)−1μ(α)dα,

&5
q

q − 1

([
(q − 1)4

q

]
+ 1

)
>

q

q − 1

(
(q − 1)4

q
− 1 + 1

)
= 4.

�-yz μ(α), q�
f∗(t) ≤

(
q

2

) 1
q 1
t

1
2
,

>D5{��>^`�Xy, #2
μ(α) ≤ Cq

1
α2
,

�,
I2 ≤ Cq

∫ 1

0

α
q

q−1([ (q−1)4
q ]+1)−1 1

α2
dα

= Cq

∫ 1

0

α
q

q−1([ (q−1)4
q ]+1)−2−1dα < Cq.

�.yz I1, � �

v(x) =
[
|f(x)| −

(
1 −

(
α

αq

)q−1) 1
q ]
χΩ,

*zcA
v ∈W 2

NL
2,q(Ω),

&5 W 2
NL

2,q(Ω) �$MN Navier ��9=� Sobolev �� (V (1.3)).

`"|x1b� 3.2, � ?�∫
Ω

exp
(
αq

∣∣∣∣ v

‖Δv‖2,q

∣∣∣∣
q

q−1
)
dx ≤ Cq|Ω|.
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q�
‖Δv‖2,q ≤ ‖Δf‖2,q ≤ 1,

�, ∫
Ω

exp(αq|v|
q

q−1 )dx ≤ C1|Ω|. (3.3)

h ε = αq

α − 1 > 0, >DaW*+%:

(a+ b)p ≤ εbp + (1 − (1 + ε)−
1

p−1 )1−pap,

#2:14@ a, b, ε > 0 > p > 1, 5$

|f(x)| q
q−1 =

(
v(x) +

(
1 −

(
α

αq

)q−1) 1
q ) q

q−1

≤ (1 + ε)|v| q
q−1 +

(
1 − 1

(1 + ε)q−1

) 1
1−q

((
1 −

(
α

αq

)q−1) 1
q ) q

q−1

=
αq

α
|v| q

q−1 +
(

1 −
(
α

αq

)q−1) 1
1−q

(
1 −

(
α

αq

)q−1) 1
q−1

=
αq

α
|v| q

q−1 + 1.

d} (3.2) > (3.3), � ?�∫
Ω

exp
(
α|f | q

q−1
)
dx ≤

∫
Ω

exp
(
α

(
αq

α
|v| q

q−1 + 1
))

dx

≤ exp(αq)
∫

Ω

exp(αq|v|
q

q−1 )dx ≤ Cq|Ω|

≤ Cq

(1 − ( α
αq

)q−1)
2
q

.

�,
ATA(α) ≤ C1(q)

(1 − (α/αq)
q−1)

2
q

.

dk?A.

4 ghi Adams jklmnyi
WkqrNP� Adams ~��mg��, V!� (1.10).

Vp qr{|��z}

fk(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

Ck

√
log k
32π2

−
√

k

8π2 log k
Ck|x|2 +

Ck√
8π2 log k

, + 0 ≤ |x| ≤
(

1
k

) 1
4

,

Ck log( 1
|x| )√

2π2 log k
, +

(
1
k

) 1
4

< |x| ≤ 1,

ηk, + 1 < |x|,



2� EBCD: Sobolev–Lorentz E�FCGFGDHH Adams IDE 239

&5

Ck =
(∫ v4

k

0

(
4

√
k

2π2 log k
s

1
2

)q

ds

s
+

∫ v4

v4
k

( √
v4√

2π2 log k
2√
s
s

1
2

)q
ds

s

)− 1
q

.

ηk ∈ C∞(Rn) 3>��9=:

ηk|∂B1 = 0,
∂ηk

∂v

∣∣∣∣∂B1 =
Ck√

2π2 log k
,

{2 fk ∈W 2L2,q(R4), ~�-fz�#?, & k → +∞ ", $

Ck =
(∫ v4

k

0

(
−4

√
k

2π2 log k
s

1
2

)q

ds

s
+

∫ v4

v4
k

(
− 2

√
v4√

2π2 log k

)q
ds

s

)− 1
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