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Ulam [19] 
������� Mazur–Ulam ��, ������������	Æ���
��

��.

\] 1.1 (Mazur–Ulam ��)[19] ���� X  ���� Y � �
 � T !����,

!" T (0) = 0 " T !��	�.

�
�!#��	����#$, "%&#'(� Mazur–Ulam ���$%). 
 1953 �,

Charzynshi 
$ [3] �%�!�&�Æ*:

\] 1.2 [3] + X � Y �Æ,'�����(Æ��)���, T � X  Y ��
 �

!&'&' T (0) = 0, * T ��	�.

(-+#, ).,�
�-.!/*/0+ Mazur–Ulam ��, 1,���Æ��-.


�, 2/�0	3412530�, 1��� Aleksandrov 34�Aleksandrov–Rassias 34+4

Tingley 34�. Baker 
$ [2] �%�2�5���� !�667�����7 �
 �

3����. 
$ [18] �, Mankiewicz 0+� Mazur–Ulam ��, 0�4���� X �!�5

1�8 � ���� Y �!���86� �
��!'89�7��6�����. 
$

[20] �, Tingley 4�!Æ*:; � X � Y �9<86, 30���� Tingley 34:

^R 1.3 (Tingley 34) [20] + X � Y �������, S(X), S(Y ) �:=�9<89,

: T0 � S(X)  S(Y ) �!� �
 �, 3�$;
!�5 X  Y ��	�
 � T  >

T 
 S(X) 6�(?� T0 (@<3 T0 '$�	89A7��6)?

$ [20] �, Tingley =>��!�?@�Æ*:

\] 1.4 [20] + X � Y ����(Æ����, T0 � S(X)  S(Y ) �!� �
 �,

*�2� x ∈ S(X), �� T0(−x) = −T0(x).

"%A	�B	B� T0 �'C&;	�.

�C��34, " ��59<89 9<89�7 �
 �", ?<DE =�%>8

934-%). 
$ [23] �, F?�G�!�5 S1(�
(2)
∞ )  S1(�

(3)
∞ ) �7 �
 �, ��
8

934�D!�E=:

_ 1.5 [23] + T0 �5 S1(�
(2)
∞ )  S1(�

(3)
∞ ) �1H���7  �:

T0[(ζ1, ζ2)] =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
1,

3
4
ζ2, ζ2

)
, ζ1 = 1, ζ2 ≥ 0;(

− 1, ζ2,
3
4
ζ2

)
, ζ1 = −1, ζ2 ≥ 0;(

ζ1, 1 − 1
4
ζ1, 1

)
, ζ2 = 1, ζ1 ≥ 0;(

ζ1, 1, 1 +
1
4
ζ1

)
, ζ2 = 1, ζ1 < 0;

(ζ1, ζ2, ζ2), ζ2 < 0,

* T0 �!�5 S1(�
(2)
∞ )  S1(�

(3)
∞ ) ��
 �, F T0 -'�
G89�7�� �

(2)
∞ 6��


 �.

$ [4, 6–10, 13, 16, 22] ��C
@AH�I@J4-I@J�����9<89K��


��8934L�
�, B*�C6� Tingley34. Gehér�MDI�J
$ [15, 21]�
��

�KÆ����� Tingley 34%)�L�NE. 
$ [21] �, MDI
��FKÆ667��

���� Tingley 34, ���C2���KÆ667���	��9<89���
 � V0,
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 ‖V0(y)− (‖x + y‖− 1)V0(x)‖ = ‖y − (‖x + y‖− 1)x‖ �NEHP�
 �'C89A7��.

�QRLM
$ [11] �%��� Hilbert ��9<89K�� 1-Lipschitz  �N89�7��

6�!��	�
 �.

OP QR�R"%SA���2/�C Tingley 34�S�Æ*, F��C2� Banach

��#$, &#�?@�ST%>T%9<89�� �
�$'89A7��. <U�CKÆ

���� (VW!#��T���) #$, Tingley 34@&#U7UV.

\` 1.6 [12] + X � Y ��	��, 1X
 X 6��!�7Y
, ‖x‖  >�2��
x, xn ∈ X, α,αn ∈ K, �

(n1) ‖x‖ = 0 ⇔ x = θ;

(n2) ‖x + y‖ ≤ ‖x‖ + ‖y‖;
(n3) (a) ‖ − x‖ = ‖x‖,

(b) ‖αnx‖ → 0 (αn → 0),

(c) ‖αxn‖ → 0 (‖xn‖ → 0),

*AB
,�T�,, (X, ‖x‖) A��T���, UZ��T���A� Fréchet �� (W[� F

��).

F �����
34
	
��XV@	�\]�
���. ^RY [1] 
�� �βn (0 <

βn < 1) ���9<89���
89, 3%�� Tingley 34
B����S�_`. aWb


$ [14] �
��!@�T���, s �����
 �, ZXY[�8�!�	%�� s ��

�89��
89�NF5	. \]Z
$ [17] �
�� JU ��, ���B��9<89� 

�
 �N�	89A7��6�L�NE. c$4^_!@`a� F ��, b
(2)
p ��, +4B

�����
��34.

\` 1.7 �� b
(2)
p � (R2, ‖x‖[b,p]) (1 ≤ p < ∞, p 	= 2), θ db����cY, Y[

x = (ζ, η) ∈ R2 �T�,���

‖x‖[b,p] =

⎧⎪⎨
⎪⎩

(|ζ|p + |η|p) 1
p , (|ζ|p + |η|p) 1

p ≤ 1;
1
2

+ 1

1+(|ζ|p+|η|p)
1
p
, (|ζ|p + |η|p) 1

p > 1.


B��.�Y[

x = (ζ, η) ∈ b(2)
p , ‖x‖�p = (|ζ|p + |η|p) 1

p ,

![ S[b(2)
p ] � b

(2)
p ���9<89.

2 b
(2)
p abcde
�C�	����UZ	��
��, Æ8d���[P�, F�]/,5e	
��
�

�-.�#\] ��, <f
UZ��T��� (WJ0!#�UZ����) �,�CC.�

“Æ8d” {Bn}, "Ceg rn � 0 "@#!'f�
⋂∞

n=1 B(xn, rn) 	= ∅, c$
�� b
(2)
p ��h

	�+H�^`	.

fg 2.1 �C�� b
(2)
p , ;
Æ8d {B(xn, rn)} (B(xn+1, rn+1) ⊂ B(xn, rn))  >"Ce
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g rn ij 1
2 ", � ∞⋂

n=1

B(xn, rn) = ∅.

hi 
 b
(2)
p ���, _` {xn}  >

‖xn‖�p = 3 × 4n, xn+1 = 4xn, rn =
1
2

+
1

4n+1
,

3+ xn �8a, rn �eg�GÆ8d {B(xn, rn)}, *�
B(xn, rn) = {x | ‖x − xn‖[b,p] ≤ rn, ‖xn‖�p = 3 × 4n}

=
{

x

∣∣∣∣ ‖x − xn‖[b,p] ≤ 1
2

+
1

4n+1
, ‖xn‖�p = 3 × 4n

}

=
{

x

∣∣∣∣ ‖x − xn‖�p ≤ 1
2
+

1
4n+1

V
1

1+‖x−xn‖�p

+
1
2
≤ 1

2
+

1
4n+1

, ‖xn‖�p = 3 × 4n

}

=
{

x

∣∣∣∣ ‖x − xn‖�p ≤ 1
2

+
1

4n+1
V ‖x − xn‖�p ≥ 4n+1 − 1, ‖xn‖�p = 3 × 4n

}
,

B(xn+1, rn+1)= {x | ‖x − xn+1‖[b,p] ≤ rn+1, ‖xn+1‖�p = 3 × 4n+1}

=
{

x

∣∣∣∣ ‖x−xn+1‖�p ≤ 1
2
+

1
4n+2

V ‖x−xn+1‖�p ≥ 4n+2−1, ‖xn+1‖�p = 3×4n+1

}
⊂ B(xn, rn) (∀n ∈ N),

! rn ↓ 1
2 , F� ∞⋂

n=1

B(xn, rn) = ∅.

E%T. k+
⋂∞

n=1 B(xn, rn) 	= ∅, *!;
!g x0 ∈ ⋂∞
n=1 B(xn, rn)  > ‖x0‖�p > 1. l

n0 = [log4(‖x0‖�p + 1)] + 2, *�

‖x0‖�p ≤ 4n0−1 − 1 < 4n0 − 1, ‖xn0‖�p = 3 × 4n0 , rn0 =
1
2

+
1

4n0+1
.

bB

‖xn0 − x0‖�p ≥ ‖xn0‖�p − ‖x0‖�p > 3 × 4n0 − (4n0 − 1) > 1,

‖xn0 − x0‖�p ≤ ‖xn0‖�p + ‖x0‖�p < 3 × 4n0 + 4n0 − 1 = 4n0+1 − 1.

mh

‖xn0 − x0‖[b,p] =
1

1 + ‖xn0 − x0‖�p

+
1
2

>
1

4n0+1
+

1
2

= rn0 ,

@< x0 /∈ B(xn0 , rn0). F�� x0 ∈ ⋂∞
n=1 B(xn, rn) ni, bB

⋂∞
n=1 B(xn, rn) = ∅. %j.

@o$ [5] ����cp	, c$�_q {e1 = (1, 0), e2 = (0, 1)} ���� b
(2)
p �kTcp

l, *��� b
(2)
p �2�Y[ x = (ζ, η) Nd x = ζe1 + ηe2.

\` 2.2 �C�� b
(2)
p , {e1, e2} �!ekTcpl, 2� x = (ζ, η) = ζe1 + ηe2 ∈ b

(2)
p ,

|θ1| = |θ2| = 1, �� Ax = {x̄ | x̄ = (θ1ζ, θ2η) = θ1ζe1 + θ2ηe2} �Y[ x ��AY8; ��

Bx = {x̃ | x̃ = (θ1η, θ2ζ) = θ1ηe1 + θ2ζe2} �Y[ x �fgY8.

fg 2.3 �C�� b
(2)
p , 2� x = (ζ, η) ∈ b

(2)
p , ��

‖x‖[b,p] = ‖x̄‖[b,p] = ‖x̃‖[b,p].
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hi �2�� x = (ζ, η) ∈ b
(2)
p ,

x̄ = (θ1ζ, θ2η), x̃ = (θ1η, θ2ζ) (|θ1| = |θ2| = 1),

(|θ1ζ|p + |θ2η|p)
1
p = (|θ1η|p + |θ2ζ|p)

1
p = (|ζ|p + |η|p) 1

p ,

@< ‖x‖�p = ‖x̄‖�p = ‖x̃‖�p . 5hh�� b
(2)
p ���Nd

‖x‖[b,p] = ‖x̄‖[b,p] = ‖x̃‖[b,p].

%j.

fg 2.4 �C�� b
(2)
p , T0 � S[b(2)

p ]  S[b(2)
p ] � �
 �, �2� x ∈ b

(2)
p , l

V (x) =

⎧⎪⎨
⎪⎩
‖x‖�p · T0

(
x

‖x‖�p

)
, x 	= θ;

θ, x = θ,

*� ‖V (x)‖[b,p] = ‖x‖[b,p].

hi �CcYP	B[P%): " x 	= θ ", x = (ζ, η), [ ‖x‖�p = a, *

a ∈ R+,

∥∥∥∥ x

‖x‖�p

∥∥∥∥
�p

=
‖x‖�p

‖x‖�p

= 1.

bB x
‖x‖�p

∈ S[b(2)
p ].

[ T0( x
‖x‖�p

) = x′, *∥∥∥∥T0

(
x

‖x‖�p

)∥∥∥∥
[b,p]

= ‖x′‖[b,p] = 1 =
∥∥∥∥T0

(
x

‖x‖�p

)∥∥∥∥
�p

,

‖V (x)‖�p =
∥∥∥∥‖x‖�p · T0

(
x

‖x‖�p

)∥∥∥∥
�p

= ‖x‖�p ·
∥∥∥∥T0

(
x

‖x‖�p

)∥∥∥∥
�p

= ‖x‖�p .

h�� b
(2)
p �����

‖V (x)‖[b,p] = ‖x‖[b,p].

%j.

@oC$ [21] ��m���, "%>��� b
(2)
p �9<896�m���.

\` 2.5 �2� x, y ∈ S[b(2)
p ], ! x 	= −y, [ x̂, y = {z | z = λx+(1−λ)y

‖λx+(1−λ)y‖�p
}, :

z0 ∈ x̂, y =
{

z

∣∣∣∣ z =
λx + (1 − λ)y

‖λx + (1 − λ)y‖�p

}
, λ ∈ [0, 1],

*A z0 <C x � y K�.

hC S[�(2)
p ] � S[b(2)

p ], Æn$ [21, i� 5] N�@o S[b(2)
p ] 6�9opj�	B.

fg 2.6 �2� x0, x1, x2 ∈ S[b(2)
p ], : x̂0, x1 ⊂ x̂0, x2, *�

‖x0 − x1‖�p ≤ ‖x0 − x2‖�p .

\] 2.7 � b
(2)
p ��, T0 � S[b(2)

p ]  S[b(2)
p ] � �
 �, *�2� x, y ∈ S[b(2)

p ], ��

T0(x̂, y) = ̂T0(x), T0(y).
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hi 
 S[b(2)
p ] 62�q� x0, 1k 1 Nd!;
 x1, x2, x3, x4 ∈ S[b(2)

p ],  >

‖x0 − x1‖�p = ‖x0 − x2‖�p =
5
6
, ‖x0 − x3‖�p = ‖x0 − x4‖�p = 1.

1k 1

x0

-x0

x1
x3

x2 x4

T0(x0)

-T0(-x0)

T0(x3)

T0(x1)

T0(x2)
T0(x4)

ζ ζ

η η

S[b(2)]p S[b(2)]p
l 1 b

(2)
p qmrsINJQK

"%nt x̂0, x1, Nd�2�� x ∈ x̂0, x1, ‖x0 − x‖�p ≤ ‖x0 − x1‖�p = 5
6 , h
 S[b(2)

p ] �,

max{‖x0 − x‖[b,p]} = 1, max{‖x0 − x‖�p} = 2,

‖x0 − (−x0)‖�p = 2; ‖x0 − (−x0)‖[b,p] =
1
2

+
1

1 + 2
=

5
6
,

*1k 2

||x0-x||lp

||x0-x||[b,p]

５
６

１

０ １ ２

l 2 b
(2)
p HI

h b
(2)
p ���,��Nd�2�� x ∈ x̂0, x1, ��

‖x0 − x‖[b,p] = ‖T0(x0) − T0(x)‖[b,p] ≤ 5
6
,

@<

T0(x̂0, x1) = ̂T0(x0), T0(x1), T0(x̂0, x2) = ̂T0(x0), T0(x2).

� x̂1, x3, h ‖x‖�p � ‖x‖[b,p] �5o	Nd, �2�� x ∈ x̂1, x3, ��

‖x0 − x‖�p = ‖T0(x0) − T0(x)‖�p , ‖x0 − x‖[b,p] = ‖T0(x0) − T0(x)‖[b,p],

@<

T0(x̂0, x3) = ̂T0(x0), T0(x3), T0(x̂0, x4) = ̂T0(x0), T0(x4).
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[P, 
 x̂3,−x0 6;
g x, f� ‖x3 − x‖�p ≤ 1. bB, h6u%>,rNd

T0(x̂3, x) = ̂T0(x3), T0(x),

mhNps0f�

T0(x̂3,−x0) = ̂T0(x3), T0(−x0), T0(x̂4,−x0) = ̂T0(x4), T0(−x0).

q6N�, �2� x ∈ S[b(2)
p ], ��

T0(x̂0, x) = ̂T0(x0), T0(x).

rh x0 �2�	Nd��%). %j.

\] 2.8 � b
(2)
p ��, T0 � S[b(2)

p ]  S[b(2)
p ] � �
 �, *�2� x, y ∈ S[b(2)

p ], ��

‖x − y‖�p = ‖T0(x) − T0(y)‖�p .

hi �2�� x, y ∈ S[b(2)
p ], h T0 ��
	Nd

‖x − y‖[b,p] = ‖T0(x) − T0(y)‖[b,p]. (2.1)

[ a = ‖x − y‖�p , b = ‖T0(x) − T0(y)‖�p . bB�C a, b t�v^ws:

jk I a ≤ 1, b ≤ 1.

h b
(2)
p �����Nd, " ‖x − y‖�p = a ≤ 1, ‖T0(x) − T0(y)‖�p = b ≤ 1 ", �

‖x − y‖[b,p] = ‖x − y‖�p , ‖T0(x) − T0(y)‖[b,p] = ‖T0(x) − T0(y)‖�p .

bB, ux (2.1) yN�

‖x − y‖�p = ‖T0(x) − T0(y)‖�p .

jk II a > 1, b > 1.

h b
(2)
p �����Nd, " ‖x − y‖�p = a > 1, ‖T0(x) − T0(y)‖�p = b > 1 ", �

‖x − y‖[b,p] =
1
2

+
1

1 + ‖x − y‖�p

, ‖T0(x) − T0(y)‖[b,p] =
1
2

+
1

1 + ‖T0(x) − T0(y)‖�p

.

bB, ux (2.1) yN�

‖x − y‖�p = ‖T0(x) − T0(y)‖�p .

jk III a < 1, b > 1.

B", ‖T0(x) − T0(y)‖�p > ‖x − y‖�p , h b
(2)
p �����Nd

‖x − y‖[b,p] = ‖x − y‖�p = a =
1
2

+
1

1 + ‖T0(x) − T0(y)‖�p

,

‖T0(x) − T0(y)‖�p = b =
3 − 2a
2a − 1

> 1 > a.

h�� 2.7 d, ;
!g T0(z1) ∈ ̂T0(x), T0(y)  > ‖T0(x) − T0(z1)‖�p = ‖x − y‖�p = a. b

B, �z� T0(z) ∈ ̂T0(z1), T0(y) (z ∈ x̂, y), Nd

a < ‖T0(x) − T0(z)‖�p < ‖T0(x) − T0(y)‖�p =
3 − 2a
2a − 1

.

F ‖x − z‖�p < ‖x − y‖�p = a < 1, h b
(2)
p 4C�,���, N�

‖x − z‖[b,p] 	= ‖T0(x) − T0(z)‖[b,p],
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�� T0 ��
	ni, vBws-%).

jk IV a > 1, b < 1.

�ws III @oN0�ni.

q6, ‖x − y‖�p � ‖T0(x) − T0(y)‖�p ���t'uvws I � II, ���%.

\] 2.9 � b
(2)
p ��, T0 � S[b(2)

p ]  S[b(2)
p ] � �
 �, *�2� x ∈ S[b(2)

p ], ��

T0(−x) = −T0(x).

hi �2�� x = (ζ, η) ∈ S[b(2)
p ], ‖x− (−x)‖�p = ‖x + x‖�p = ‖2x‖�p = 2, h�� 2.8 d

‖T0(x) − T0(−x)‖�p = ‖x − (−x)‖�p = 2.

bB T0(−x) = −T0(x). %j.

h�� 2.9d,�C S[b(2)
p ] S[b(2)

p ]� �
 � T0,!� (S[�(2)
p ], ‖x‖�p) (S[�(2)

p ], ‖x‖�p)

� �
 �. bB, h�� 2.8 4 2.9, "%� 1H�0*:

lm 2.10 � b
(2)
p ��, T0� S[b(2)

p ]  S[b(2)
p ] � �
 �, *�2� x, y ∈ S[b(2)

p ],��

‖x ± y‖�p = ‖T0(x) ± T0(y)‖�p .

3 nopq: b
(2)
p abrstubcvwxy

c{#B* b
(2)
p ��9<89��
 ��8934.

\] 3.1 � b
(2)
p (1 ≤ p < ∞, p 	= 2) ��, T0 � S[b(2)

p ]  S[b(2)
p ] � �
 �, *�2

�� x, y ∈ S[b(2)
p ], �

supp(x) ∩ supp(y) = ∅ ⇔ ‖x ± y‖p
�p

= 2 = ‖x‖p
�p

+ ‖y‖p
�p

.

hi �2�� x = (ζ1, η1), y = (ζ2, η2) ∈ S[b(2)
p ],

L�	. 1X supp(x) ∩ supp(y) = ∅, -|!#	, l supp(x) = {1}, supp(y) = {2}, @<
x = (ζ1, 0), y = (0, η2), *

‖x ± y‖p
�p

= ‖(ζ1,±η2)‖p
�p

= | ζ1|p + |η2|p = 2 = ‖x‖p
�p

+ ‖y‖p
�p

.

!�	. 1X ‖x ± y‖p
�p

= 2 = ‖x‖p
�p

+ ‖y‖p
�p

, @<

‖x + y‖p
�p

+ ‖x − y‖p
�p

= 2(‖x‖p
�p

+ ‖y‖p
�p

),

|ζ1 + ζ2|p + |η1 + η2|p + |ζ1 − ζ2|p + |η1 − η2|p = 2(|ζ1|p + |ζ2|p + |η1|p + |η2|p). (3.1)

h���-�y (�2�� a 	= 0, b 	= 0)

|a + b|p + |a − b|p < 2(|a|p + |b|p) (1 < p < 2),

|a + b|p + |a − b|p > 2(|a|p + |b|p) (p > 2)

Nd b
(2)
p (1 ≤ p < ∞, p 	= 2) ���� (3.1) yt'
 ζ1 � ζ2 ��!�� 0, ! η1 � η2 ��

!�� 0 "w%), <

ζ1 · η1 = ζ2 · η2 = 0, supp(x) ∩ supp(y) = ∅.
%j.
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\] 3.2 � b
(2)
p (1 ≤ p < ∞, p 	= 2) ��, T0 � S[b(2)

p ]  S[b(2)
p ] � �
 �, *�2

�� x, y ∈ S[b(2)
p ], �

supp(x) ∩ supp(y) = ∅ ⇔ supp[T0(x)] ∩ supp[T0(y)] = ∅.
hi h0* 2.10 4�� 3.1 N��2� x, y ∈ S[b(2)

p ],

supp(x) ∩ supp(y) = ∅ ⇔ ‖x ± y‖p
�p

= 2 = ‖x‖p
�p

+ ‖y‖p
�p

⇔ ‖T0(x) ± T0(y)‖p
�p

= 2 = ‖T0(x)‖p
�p

+ ‖T0(y)‖p
�p

⇔ supp[T0(x)] ∩ supp[T0(y)] = ∅.
%j.

\] 3.3 � b
(2)
p (1 ≤ p < ∞, p 	= 2) ��, T0 � S[b(2)

p ]  S[b(2)
p ] � �
 �, e1 =

(1, 0), e2 = (0, 1), * {T0(e1), T0(e2)} � b
(2)
p �!ekTcpl.

hi � b
(2)
p ��,h {e1, e2}�6u�!ekTcpl,* e1, e2 ∈ S[b(2)

p ],3! supp(e1)∩
supp(e2) = ∅, h�� 3.2 �

supp[T0(e1)] ∩ supp[T0(e2)] = ∅, 3! ‖T0(e1)‖[b,p] = ‖T0(e2)‖[b,p] = 1,

@< {T0(e1), T0(e2)} � b
(2)
p �!ekTcpl. %j.

z 3.4 h�� 3.3 "%='0� {T0(e1), T0(e2)} = {ē1, ē2}.
\] 3.5 � b

(2)
p (1 ≤ p < ∞, p 	= 2) ��, T0 � S[b(2)

p ]  S[b(2)
p ] � �
 �, *�2

�� x ∈ S[b(2)
p ], �� T0(x) = x V T0(x) = x̃.

hi � b
(2)
p ��, {e1, e2} �!ekTcpl, x = (ζ1, ζ2) ∈ S[b(2)

p ].

" x ∈ {(1, 0), (−1, 0), (0, 1), (0,−1)}, *h�� 3.3 d

T0(x) ∈ {(1, 0), (−1, 0), (0, 1), (0,−1)},
@< T0(x) = x V T0(x) = x̃;

" x /∈ {(1, 0), (−1, 0), (0, 1), (0,−1)}, *
T0(x) = x′ = (ζ ′1, ζ

′
2) /∈ {(1, 0), (−1, 0), (0, 1), (0,−1)},

�C {T0(e1), T0(e2)} t��^ws:

jk I T0(e1) = ē1, T0(e2) = ē2.

h 1 ≤ p < ∞, p 	= 2, x, x′ ∈ S[b(2)
p ] Nd

‖x‖p
�p

= 1 = |ζ1|p + |ζ2|p ⇒ 0 < |ζ1| < 1, 0 < |ζ2| < 1,

‖x′‖p
�p

= 1 = |ζ ′1|p + |ζ ′2|p ⇒ 0 < |ζ ′1| < 1, 0 < |ζ ′2| < 1.

5h

‖T0(x) ± T0(e1)‖p
�p

= ‖x ± e1‖p
�p

= ‖x′ ± ē1‖p
�p

= ‖x′ ± θ1e1‖p
�p

, (3.2)

‖T0(x) ± T0(e2)‖p
�p

= ‖x ± e2‖p
�p

= ‖x′ ± ē2‖p
�p

= ‖x′ ± θ2e2‖p
�p

, (3.3)

@<

‖x ± e1‖p
�p

= ‖(ζ1 ± 1, ζ2)‖p
�p

= |ζ1 ± 1|p + |ζ2|p = |ζ1 ± 1|p + 1 − |ζ1|p,
‖x′ ± ē1‖p

�p
= ‖(ζ ′1 ± θ1, ζ

′
2)‖p

�p
= |ζ ′1 ± θ1|p + |ζ ′2|p = |ζ ′1 ± θ1|p + 1 − |ζ ′1|p.
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bB, h (3.2) y�

|ζ1 + 1|p − |ζ1|p = |ζ ′1 + θ1|p − |ζ ′1|p, (3.4)

|ζ1 − 1|p − |ζ1|p = |ζ ′1 − θ1|p − |ζ ′1|p. (3.5)

" θ1 = 1 ", h
, f(t) = |t + 1|p − |t|p 
 −1 < t < 1 "�66pj�, Æn (3.4) yN

d ζ ′1 = ζ1 = θ1ζ1, IwNd, " θ2 = 1 ", ζ
′
2 = ζ2 = θ2ζ2.

" θ1 = −1 ", h (3.4) yN�

|ζ1 + 1|p − |ζ1|p = |ζ ′1 − 1|p − |ζ ′1|p = |1 − ζ ′1|p − |ζ ′1|p,
h
, f(t) = |t + 1|p − |t|p 
 −1 < t < 1 "�pj	N0� ζ ′1 = −ζ1 = θ1ζ1. IwN�, "

θ2 = −1 ", ζ
′
2 = −ζ2 = θ2ζ2, @<

T0(x) = x̄.

jk II T0(e1) = ẽ1, T0(e2) = ẽ2.

‖x + e1‖p
�p

= |ζ1 + 1|p + 1 − |ζ1|p,
‖x′ + ẽ1‖p

�p
= |ζ ′2 + θ2|p + 1 − |ζ ′2|p,

‖x − e1‖p
�p

= |ζ1 − 1|p + 1 − |ζ1|p,
‖x′ − ẽ1‖p

�p
= |ζ ′2 − θ2|p + 1 − |ζ ′2|p,

‖T0(x) + T0(e1)‖p
�p

= ‖x + e1‖p
�p

= ‖x′ + θ2e2‖p
�p

,

‖T0(x) − T0(e1)‖p
�p

= ‖x − e1‖p
�p

= ‖x′ − θ2e2‖p
�p

.

@ows I �%>, "%N� ζ ′2 = θ2ζ1 4 ζ ′1 = θ1ζ2, @<

T0(x) = x̃.

%j.

\] 3.6 � b
(2)
p (1 ≤ p < ∞, p 	= 2) ��, T0 � S[b(2)

p ]  S[b(2)
p ] � �
 �, * T0 N

89�7�� b
(2)
p 6�!�F�	�
 �.

hi l

T (x) =

⎧⎪⎨
⎪⎩
‖x‖�pT0

(
x

‖x‖�p

)
, x 	= θ;

θ, x = θ.

" x = θ V y = θ ", -|!#	G+ x = θ, * T (x) = θ,

‖x−y‖�p = ‖y‖�p ·
∥∥∥∥T0

(
y

‖y‖�p

)∥∥∥∥
�p

=
∥∥∥∥‖y‖�pT0

(
y

‖y‖�p

)∥∥∥∥
�p

= ‖T (y)‖�p= ‖T (x)−T (y)‖�p .

h	B 2.4 Nd

‖x − y‖[b,p] = ‖y‖[b,p] = ‖T (y)‖[b,p] = ‖T (x) − T (y)‖[b,p].

" x, y ∈ b
(2)
p ! x 	= θ, y 	= θ ", h�� 3.4 Nd T0 � S[b(2)

p ] �Y[��;xXt��^

ws:

jk I T0(x0) = x̄0.
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B", �2� x = (ζ1, η1), y = (ζ2, η2), �

T0

(
x

‖x‖�p

)
=

(
x

‖x‖�p

)
=

x̄

‖x‖�p

, T0

(
y

‖y‖�p

)
=

(
y

‖y‖�p

)
=

ȳ

‖y‖�p

,

T (x) = ‖x‖�pT0

(
x

‖x‖�p

)
= ‖x‖�p · x̄

‖x‖�p

= x̄,

T (y) = ‖y‖�pT0

(
y

‖y‖�p

)
= ‖y‖�p · ȳ

‖y‖�p

= ȳ.

bB

‖T (x) − T (y)‖[b,p] = ‖x̄ − ȳ‖[b,p] = ‖x − y‖[b,p]

�
	 >, !�2� α, β ∈ R,

T (αx + βy) = ‖αx + βy‖�pT0

(
αx + βy

‖αx + βy‖�p

)

= ‖αx + βy‖�p ·
(

αx + βy

‖αx + βy‖�p

)
= αx + βy = αx̄ + βȳ = αT (x) + βT (y)

�	 >.

jk II T0(x0) = x̃0.

B", �2� x = (ζ1, η1), y = (ζ2, η2), �

T0

(
x

‖x‖�p

)
=

˜(
x

‖x‖�p

)
=

x̃

‖x‖�p

, T0

(
y

‖y‖�p

)
=

˜(
y

‖y‖�p

)
=

ỹ

‖y‖�p

,

T (x) = ‖x‖�pT0

(
x

‖x‖�p

)
= ‖x‖�p · x̃

‖x‖�p

= x̃,

T (y) = ‖y‖�pT0

(
y

‖y‖�p

)
= ‖y‖�p · ỹ

‖y‖�p

= ỹ.

bB

‖T (x) − T (y)‖[b,p] = ‖x̃ − ỹ‖[b,p] = ‖x − y‖[b,p]

�
	 >, !�2� α, β ∈ R,

T (αx + βy) = ‖αx + βy‖�pT0

(
αx + βy

‖αx + βy‖�p

)

= ‖αx + βy‖�p ·
˜(

αx + βy

‖αx + βy‖�p

)

= ˜αx + βy = αx̃ + βỹ = αT (x) + βT (y)

�	 >.

bB, T <� T0 �89A7����	�
 �. %j.

{| yaxz}y~0z�{a{X�|}��, +4~�~|�{a}}�]~.
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