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�&� Bloch �� Bα (α > 1) �'��(R
|‖f‖| = sup

z∈D

(1 − |z|2)α|f ′(z)| <∞

�	�
� f 
��, �) | ‖ · ‖ | � Bα �*�� �. +!���� �� ‖f‖α = |f(0)| +
|‖f‖|, S Bα 
��" Banach ��.

� ϕ ∈ S(D), ' ϕ ,#���-T Cϕ ��� (Cϕf)(z) = f(ϕ(z)), f ∈ H(D), z ∈ D. $.

��-T�/%0&'1()*2�, +,34- [1, 10, 11, 15] .56 [5–7, 14].

� ϕ1, ϕ2, . . . , ϕN (N ≥ 2) � S(D) UÆ7���, )/8" i, 9 ‖ϕi‖∞ = 1, λi � C U N

"0:�, ��-T�;<V���� T =
∑N

i=1 λiCϕi .

J6 [8] U, Lou 12 Cϕ � Bα ��3-T45.+=>T�6:

(1 − |z|2)α|ϕ′(z)|
(1 − |ϕ(z)|2)α → 0 7 |ϕ(z)| → 1 2. (1.1)

Hosokawa8 Ohno [3] /%( Bloch�����-T�9: Cϕ−Cψ,J;<=�, Nieminen

J6 [9] U/%(�& Bloch �����-T9:�3W<, ?>, Shi 8 Li [12] ?@ ϕn − ψn

� Bloch �� �, AB(��-T9:3W�@A�X��B>.

Izuchi, Ohno [4] 8 Nieminen, Ohno [2] :CC5( H∞, Bloch �����-T;<V��
3W<, ?>, Shi 8 Li [13] AB(YD"�����-T;<V�3W<�@A�X��B>.

E6F/%J�& Bloch �����-T;<V��3W<DE.

J;, FGHI� C ���"0G�H�, )JZ[�\JÆ7��ÆBK2�+LÆ7
�. a � b ��IJ�" C (R a ≤ Cb. a ≈ b �� a � b, b � a 72�6.

2 ]^_`
MHJN�OKL8P$�QM.

/N a ∈ D, D � Möbius OP��� φa(z) = a−z
1−az , RS9 φa(0) = a, φa(a) = 0 8

φa = φ−1
a .

� z, w � D UDN, z 8 w ��TUVQR�

ρ(z, w) = |φz(w)| =
∣∣∣∣ z − w

1 − zw

∣∣∣∣ ,
�))WXYa 1 − ρ2(z, w) = (1−|z|2)(1−|w|2)

|1−zw|2 .

�� ϕ ∈ S(D), �� ϕ� � ϕ�(z) = (1−|z|2)α

(1−|ϕ(z)|2)αϕ
′(z).

S� ϕi : D → D (i = 1, 2, . . . , N) �DDÆ7���. Z � �(R[T (i)–(iv) �\9N

U {zn} ⊂ D 
����, JU]"[T�:

(i) 7 n→ ∞ 2, zn → ζ, JU |ζ| = 1;

(ii) /8" i, {ϕi(zn)} �^V�NU;

(iii) /8" i, {ϕ�i(zn)} �^V��U;

(iv) / i, j, {ρi,j(zn)} �^V��U, JU ρi,j(zn) = ρ(ϕi(zn), ϕj(zn)).

A�NU {zn} ∈ � 8bW j = 1, 2, . . . , N , �� I{zn} = {i : |ϕi(zn)| → 1}, Ij{zn} = {i :

ρi,j(zn) → 0}. YX\9�Y_`Z[\]� n→ ∞.
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+!7 n→ ∞ 2, 9 |zn| → 1, SXa {zn} IJTU {znk
} (R {znk

} ∈ �.

?@6f [2] +f, 7 s, t ∈ I{zn} 2, �� Is{zn} 8 It{zn} ghifghP7. +!�

“+” ��if�, S9 I(zn) = Ij1(zn) + · · · + Ijp(zn).

=�AB�OP$�QM.

gh 2.1 � {an} ⊂ D (n = 1, 2, 3, . . .), |an| → 1 (n→ ∞), 
�U

gn(z) =
1 − |an|2

(1 − anz)α
φan(z), z ∈ D.

S� gn �jg�i�>� gn(z) =
∑∞
k=0 bn,kz

k, SIJH� C > 0 (R
∞∑
k=0

|bn,k|k1−α < C,

)/h�� K,

lim
n→∞

K∑
k=0

|bn,k|k1−α = 0.

jk k� 1
(1−anz)α =

∑∞
k=0

Γ(k+α)
k!Γ(α) an

kzk, φan(z) = an−(1−|an|2)
∑∞
k=0 an

kzk+1, \L9

gn(z) =
1 − |an|2

(1 − anz)α
φan(z)

= (1 − |an|2)
( ∞∑
k=0

Γ(k + α)
k!Γ(α)

an
kzk

)[
an − (1 − |an|2)

∞∑
k=0

an
kzk+1

]

= (1 − |an|2)an
∞∑
k=0

Γ(k + α)
k!Γ(α)

an
kzk

− (1 − |an|2)2
( ∞∑
k=0

Γ(k + α)
k!Γ(α)

an
kzk

)( ∞∑
k=0

an
kzk+1

)

= (1−|an|2)an
∞∑
k=0

Γ(k + α)
k!Γ(α)

an
kzk − (1−|an|2)2

( ∞∑
k=1

( k−1∑
l=0

Γ(l + α)
l!Γ(α)

)
ak−1
n zk

)
.

k;

|bn,k| ≤ (1 − |an|2)Γ(k + α)
k!Γ(α)

|an|k + (1 − |an|2)2
k−1∑
l=0

Γ(l + α)
l!Γ(α)

|an|k−1, k > 1.

?@lmni>, 7 k → ∞ 2, +1

Γ(k + α)
k!Γ(α)

≈ kα−1;
k−1∑
l=0

Γ(l + α)
l!Γ(α)

≈ kα.

k;
∞∑
k=0

|bn,k|k1−α � (1 − |an|2)
∞∑
k=0

|an|k + (1 − |an|2)2
∞∑
k=0

k|an|k−1

� (1 − |an|2) 1
1 − |an| + (1 − |an|2)2 1

(1 − |an|)2 ≤ C.
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/h�� K, FG9

0 ≤ lim
n→∞

K∑
k=0

|bn,k|k1−α

� lim
n→∞

K∑
k=0

(1 − |an|2)
[
Γ(k + α)
k!Γ(α)

|an|kk1−α +
k−1∑
l=0

Γ(l + α)
l!Γ(α)

|an|k−1k1−α
]

� lim
n→∞(1 − |an|2) = 0.

aj.

gh 2.2 � {an} 8 {bn} �0G��U, / ∀N ,

AN = a1 + a2 + · · · + aN ≤ BN = b1 + b2 + · · · + bN ,

oIJH� C > 0 (R ∑∞
n=1 bnn

1−α < C, S9 ∑∞
n=1 ann

1−α < C.

jk ?@klmOP, / ∀N ,
N∑
n=1

ann
1−α= (11−α−21−α)A1+(21−α−31−α)A2+ · · · +[(N − 1)1−α−N1−α]AN−1+N1−αAN

≤ (11−α−21−α)B1+(21−α−31−α)B2+ · · · +[(N − 1)1−α−N1−α]BN−1+N1−αBN

=
N∑
n=1

bnn
1−α.

k�
∑∞
n=1 bnn

1−α < C, S ∑∞
n=1 ann

1−α < C. aj.

gh 2.3 � {bn} ⊂ D (n = 1, 2, 3, . . .), gn �QM 2.1U�
�U, fn(z) = gn(z)φ2
bn

(z). S

� fn �jg�i�>� fn(z) =
∑∞
k=0 cn,kz

k, SIJH� C > 0 (R
∞∑
k=0

|cn,k|k1−α < C,

)/h�� K, limn→∞
∑K

k=0 |cn,k|k1−α = 0.

jk k� gn(z) =
∑∞

k=0 bn,kz
k, φbn(z) = bn − (1 − |bn|2)

∑∞
k=0 bn

k
zk+1, /pq� K, 9( K∑

k=0

bn,kz
k

)(
bn−(1−|bn|2)

K∑
k=0

bn
k
zk+1

)2

= cn,0 + cn,1z + · · · + cn,Kz
K+zK+1h(z),

YX h(z) ��"nr>.

k;+1
K∑
k=0

|cn,k| ≤
( K∑
k=0

|bn,k|
)(

|bn| + (1 − |bn|2)
K∑
k=0

|bn|k
)2

≤ 9
K∑
k=0

|bn,k|,

JU |bn| + (1 − |bn|2)
∑∞

k=0 |bn|k ≤ 3.

?@QM 2.2, +f ∑∞
k=0 |cn,k|k1−α < C.

/h�� K, 9

0 ≤ lim
n→∞

K∑
k=0

|cn,k|k1−α ≤ 9 lim
n→∞

K∑
k=0

|bn,k|k1−α = 0.

aj.
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gh 2.4 (6 [12, QM 1]) S� f ∈ Bα, SIJs f i$�H� C > 0, (R/pq�
z, w ∈ D, |(1 − |z|2)αf ′(z) − (1 − |w|2)αf ′(w)| ≤ C‖f‖αρ(z, w).

gh 2.5 (6 [13, QM 1]) � (X, ‖ · ‖X) 8 (Y, ‖ · ‖Y ) �' D ��	�
�
��D"

Banach ��, ‖ · ‖X→Y ��-T �, T �o X 2 Y �9p-T. S� {fn} � X U�
�
U, fn(z) =

∑∞
j=0 an,jz

j , +!

(i) IJs n i$�H� C > 0 (R ∑∞
j=0 |an,j | ‖zj‖X ≤ C;

(ii) /h�� k, limn→∞
∑k
j=0 |an,j | ‖zj‖X = 0,

S limn→∞ ‖Tfn‖Y � lim supn→∞
‖Tzn‖Y

‖zn‖X
.

=��QM�aÆ-T�3-T20Hlg�5q, JaÆ+'6f [1, tE 3.11] �aÆ
uvmr�ws12.

gh 2.6 -T T : Bα → Bα �3W�7)t7 T : Bα → Bα �9p�, )/ Bα Up
qJ D �xu�W^V2 0 �9p
�U {fk}k∈N 9: 7 k → ∞ 2, ‖Tfk‖α → 0.

3 nopqrstouvws
Ev/% Bα ���-T;<V��3W<. J;S�/8" i, Cϕi � Bα ��9p-T,

S ϕ�i J D �9p.

xh 3.1 =Uy"w5�45�:

(i) T =
∑N

i=1 λiCϕi �3-T.

(ii) limn→∞ nα−1‖∑N
i=1 λiϕ

n
i ‖α = 0.

(iii) /pq� {zn} ∈ �, L. j ∈ I{zn}, 9 limn→∞
∑
i∈Ij{zn} λiϕ

�
i(zn) = 0.

jk (i)⇒(ii)S� T �Bα ��3-T,Sxz�r>
� zn, ‖zn‖α ≈ n1−α. Z fn(z) =
zn

‖zn‖α
, S7 n→ ∞ 2, fn J D �xu�W^V2:. k;?@QM 2.6, +1

0 = lim
n→∞ ‖Tfn‖α = lim

n→∞
‖∑N

i=1 λiϕ
n
i ‖α

‖zn‖α = lim
n→∞nα−1

∥∥∥∥
N∑
i=1

λiϕ
n
i

∥∥∥∥
α

.

(ii)⇒(iii) Æy� j = 1. � {zn} ∈ �, ) |ϕ1(zn)| → 1. F I{zn} zy I, I1{zn} zy J . =

a limn→∞
∑

i∈J λiϕ
�
i(zn) = 0.

Z fn(z) = 1−|ϕ1(zn)|2
(1−ϕ1(zn)z)α

φϕ1(zn)(z) ·
∏
i∈I\J φ

2
ϕi(zn)(z), Xa {fn} ⊂ Bα �9p
�U, )7

n→ ∞ 2, fn J D �xu�W^V2:. {9

‖Tfn‖α ≥ (1 − |zn|2)α|(Tfn)′(zn)| =
∣∣∣∣
N∑
i=1

λiϕ
�
i(zn)(1 − |ϕi(zn)|2)αf ′n(ϕi(zn))

∣∣∣∣.
7 i /∈ I 2, IJH� δ < 1 (R |ϕi(zn)| < δ, k; f ′n(ϕi(zn)) → 0 (n → ∞). {k Cϕi

9p, S |ϕ�i(zn)| 9p, o| limn→∞ |∑i/∈I λiϕ
�
i(zn)(1 − |ϕi(zn)|2)αf ′n(ϕi(zn))| = 0. | i ∈ I\J

2, 9 f ′n(ϕi(zn)) = 0, k;

lim
n→∞ ‖Tfn‖α � lim

n→∞

∣∣∣∣
∑
i∈J

λiϕ
�
i(zn)(1 − |ϕi(zn)|2)αf ′n(ϕi(zn))

∣∣∣∣.
7 i ∈ J 2, 9 ρ1i(zn) → 0 (n→ ∞), S'QM 2.4 f

lim
n→∞ |(1 − |ϕi(zn)|2)αf ′n(ϕi(zn)) − (1 − |ϕ1(zn)|2)αf ′n(ϕ1(zn))| = 0.
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\L9

lim
n→∞ ‖Tfn‖α � lim

n→∞

∣∣∣∣
∑
i∈J

λiϕ
�
i(zn)(1 − |ϕi(zn)|2)αf ′n(ϕi(zn))

∣∣∣∣
= lim

n→∞

∣∣∣∣
∑
i∈J

λiϕ
�
i(zn)

∣∣∣∣(1 − |ϕ1(zn)|2)α|f ′n(ϕ1(zn))|

= lim
n→∞

∣∣∣∣
∑
i∈J

λiϕ
�
i(zn)

∣∣∣∣(1 − |ϕ1(z)|2)α 1
(1 − |ϕ1(z)|2)α

∏
i∈I\J

φ2
ϕi(zn)(ϕ1(zn))

= lim
n→∞

∣∣∣∣
∑
i∈J

λiϕ
�
i(zn)

∣∣∣∣
∏
i∈I\J

ρ2
1i(zn).

+! limn→∞ ‖Tfn‖α= 0, S' limn→∞
∏
i∈I\J ρ1i(zn) 
= 0 +1 limn→∞ |∑i∈J λiϕ

�
i(zn)| = 0.

}=~, z|aÆ7 limn→∞ nα−1‖∑N
i=1 λiϕ

n
i ‖α = 0 2, limn→∞ ‖Tfn‖α = 0 �6�+.

S� fn(z) =
∑∞
l=0 an,lz

l, ?@QM 2.3, +1
∞∑
l=0

|an,l|‖zl‖α �
∞∑
l=0

|an,l|l1−α < C, lim
n→∞

L∑
l=0

|an,l|‖zl‖α � lim
n→∞

L∑
l=0

|an,l|l1−α = 0.

{'QM 2.5 1 limn→∞ ‖Tfn‖α ≤ lim supn→∞nα−1‖Tzn‖α = limn→∞nα−1‖∑N
i=1λiϕ

n
i ‖α = 0.

(iii)⇒(i) aÆ�}.6 [2, �M 3.2] U� (2)⇒(1). J;aÆ[\~�.
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