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�$, ��%�
Hf(x) :=

1
Ωn|x|n

∫
|y|<|x|

f(y)dy, x ∈ R
n\{0},

�� f ∈ L1
loc(R

n), Ωn � R
n ��&�� �. � n = 1 !, "�� [23] ��#� Hardy �$.

�� [4] �, Christ � Grafakos '$� Hardy �$� Lp(Rn) ���.

% m ∈ N, f1, . . . , fm ∈ L1
loc(R

n), m ()* Hardy �$�%�

H(f1, . . . , fm) :=
1

Ωmn|x|mn

∫
|(y1,...,ym)|<|x|

m∏
i=1

fi(yi)dy1 · · · dym, x ∈ R
n\{0}.

% b ∈ L1
loc(R

n), &� ‖b‖∗ := supB
1

|B|
∫

B
|b(x) − bB |dx < ∞, +'��(�)� R

n ��
��� B, bB = 1

|B|
∫

B
b(x)dx, ,� b ∈ BMO(Rn) (��*+-��
�	
).

m ()* Hardy �$���$�%�

H�b(f1, . . . , fm)(x) :=
m∑

i=1

Hi
bi

(f1, . . . , fm)(x),

�� Hi
bi

(f1, . . . , fm)(x) := bi(x)H(f1, . . . , fm)(x) − H(f1, . . . , fi−1, fibi, fi+1, . . . , fm)(x). �

m = 1 !, �$ Hb(f)(x) = b(x)Hf(x) − H(bf)(x). ,-, �..� m ≥ 2, //� �+!0,

"��#$1%, //234 m = 2. & 2 ()*�$'(��5)*�$.
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Drihem �� [1] �B9�9)*�$�*2+ Herz 7, K
α(·),p
q(·) (Rn) � K̇

α(·),p
q(·) (Rn) ����

*. Wu �� [43] �34�8
9 Hardy 6�$�*2+ Herz–Morrey 7, MK̇α,λ
p,q(·)(R

n) ��

��*. 2013 6, ::C�;<�� [45] �-.�/)* Hardy 6�$�*2+ Herz–Morrey

;�7, MK̇α,λ
p,q(·)(R

n) ����*. 2014 6, ::C�;<�� [46] �34�88
9 Hardy

�$� BMO �
A!���$�*2+ Herz–Morrey 7, MK̇α,λ
p,q(·)(R
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6, D0A, EF�=G�� [41] �<-�8 Hardy 6�$� BMO �
A!���$�*2
+ Herz 7, K̇

α(·)
p(·),q ����*. 2016 6, Wu � Zhao �� [47] �'$�*2+8
9 Hardy

6�$�*2+ Herz–Morrey 7, MK̇
α(·),λ
p,q(·) (Rn). ����*.

Cruz-Uribe � Wang �� [9] �H�IJ�8, -.�8
9�8�=K*2+ Lebesgue

7,����*. Cruz-Uribe, Fiorenza � Neugebauer �� [8]�'$��=K*2+ Lebesgue
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7,�, Muckenhoupt TEB Hardy–Littlewood FG�$���*�1H�. Izuki � Noi ��
[29] �34�8
9�8�=K*2+ Herz 7,����*.

U�VIC�W), J�'3485)* Hardy �$� BMO �
A!���$�=K*
2+ Herz–Morrey 7,����*. J�K 2 L�DMEXNOVFG �. K 3 L23 BMO

�
�H�IÆP. K 4 L23FG ��'$.

2 [J\]^_`KL
YMQRHÆ�%�ST, -UOVFG �.

Na 2.1 % p(·) : R
n → [1,∞) � R

n �	V�
,

Lp(·)(Rn) :=
{

f 	V: W�Z� λ > 0, [-
∫

Rn

( |f(x)|
λ

)p(x)

dx < ∞
}

,

,� Lp(·)(Rn) �*2+ Lebesgue 7,, f ∈ Lp(·)(Rn) �X
�

‖f‖Lp(·) := inf
{

λ > 0 :
∫

Rn

( |f(x)|
λ

)p(x)

dx ≤ 1
}

.

�YX
O, Lp(·)(Rn) �H� Banach 7,.

Na 2.2 % p(·) : R
n → [1,∞) � R

n �	V�
, 7, L
p(·)
loc (Rn) 8\PQOTE���

�
 f R!: �.]S	V^$	 S ⊂ R
n W�Z�Z
 λ > 0, [-

∫
S

( |f(x)|
λ

)p(x)
dx < ∞.

% p(·) : R
n → (0,∞), //[ p− := ess infx∈Rn p(x), p+ := ess supx∈Rn p(x). P(Rn) ��

� R
n �\]	V�
 p(·) \P p− > 1, p+ < ∞ �_ . P0(Rn) ��� R

n �\]	V�


p(·) \P p− > 1, p+ < ∞ �_ . //[ p′(·) � p(·) ^T2+�
, _ 1/p(·) + 1/p′(·) = 1.

2� f ∈ L1
loc(R

n), , Hardy–Littlewood FG�$ M �%�
Mf(x) := sup

B�x

1
|B|

∫
B

|f(y)|dy, ∀x ∈ R
n,

+'��(�)���`a x �� B, |B| �� B � Lebesgue Vb. Hc<`, Hardy–

Littlewood FG�$�* Lebesgue 7,�0����. "&� p(·) ∈ P(Rn) a\POb�
_� log-Hölder cU, , M � Lp(·) ����� [7]. d/Vd%� [10, 12, 13, 38].

Na 2.3 e α(·) � R
n ��f�	V�
:

(i) &�W�Z
 C1, [- |α(x) − α(y)| ≤ C1
log(e+1/|x−y|) , x, y ∈ R

n, |x − y| < 1
2 , ,��


α(·) ��� log-Hölder cU.

(ii) &�W�Z
 C2, [- |α(x) − α(0)| ≤ C2
log(e+1/|x|) , ∀x ∈ R

n, ,��
 α(·) �Wef
� log-Hölder cU, � P log

0 (Rn) ��Wef�� log-Hölder cU�
�	
.

(iii) &�W� α∞ ∈ R �Z
 C3, [- |α(x) − α∞| ≤ C3
log(e+|x|) , ∀x ∈ R

n, ,��
 α(·)
�XgGf� log-Hölder cU, � P log∞ (Rn) ��XgGf�� log-Hölder cU�
�	
.

(iv) &� α(·) g��� log-Hölder cUY��XgGf log-Hölder cU, ,��
 α(·) �
_� log-Hölder cU. � P log(Rn) ����_� log-Hölder cU�
�	
.

% p(·) ∈ P(Rn) � w h�� R
n ��\]	V�
. hi=K*2+ Lebesgue 7,

Lp(·)(w) �����	V�
 f , [- fw ∈ Lp(·) �	
. 7, Lp(·)(w) � Banach 7,, �X


�%� ‖f‖Lp(·)(w) := ‖fw‖Lp(·) .
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Muckenhoupt �� [36] �Y9j3�Z2+ p ∈ (1,∞) � Muckenhoupt k Ap. �� [8]

�, Cruz-Uribe, Fiorenza � Neugebauer ���*2+ Muckenhoupt Ap(·).

Na 2.4 % p(·) ∈ P(Rn), w � R
n ��Z	V�
. &�W�H�ZZ
 C, [-�.

R
n �]S� B, h�

1
|B|‖wχB‖Lp(·)‖w−1χB‖Lp′(·) ≤ C,

,� w l. Ap(·).

b 2.5 m[n3, &� p(·) ∈ P(Rn) a w ∈ Ap(·), hi w−1 ∈ Ap′(·).

c\ 2.6 (� [8, �8 1.5]) &� p(·) ∈ P log(Rn) ∩ P(Rn), a w ∈ Ap(·), ,W�H�Z

C > 0, [-�..� f ∈ Lp(·)(w), � ‖(Mf)w‖Lp(·) ≤ C‖fw‖Lp(·) .

��OV=K*2+ Herz 7,�=K*2+ Herz–Morrey 7,��%, //[�ObS
T. �..H� k ∈ Z, [ Bk := {x ∈ R

n : |x| ≤ 2k}, Dk := Bk \ Bk−1, χk := χDk
, χ̃m = χm,

m ≥ 1, χ̃0 = χB0 . i]Gj
^o7, �q(·)(Lp(·)(w)) �kp. % p(·), q(·) ∈ P0(Rn), a w �

\]	V�
. 2�Ho�
 {fj}j∈Z, j
^o7, �q(·)(Lp(·)(w)) qlr�%�

ρ�q(·)(Lp(·)(w))((fj)j) :=
∑
j∈Z

inf
{

λj :
∫

Rn

( |fj(x)w(x)|
λ

1
q(x)
j

)p(x)

dx ≤ 1
}

.

+'_� λ1/∞ = 1. &� q+ < ∞ m` q(·) ≤ p(·), �bn?	Qa!
ρ�q(·)(Lp(·)(w))({fj}j) =

∑
j∈Z

‖ |fjw|q(·)‖
L

p(·)
q(·)

.

X
�

‖{fj}j‖�q(·)(Lp(·)(w)) := inf{μ > 0 : ρ�q(·)(Lp(·)(w))({fj/μ}j) ≤ 1}.
% p(·) : R

n → [1,∞) � R
n �	V�
, w �� R

n ��\]	V�
. s�. R
n �]S

^$	 S, h� fχS ∈ Lp(·)(w), ,� f ∈ L
p(·)
loc (Rn, w). s�. R

n \ {0} �]S^$	 S, h�
fχS ∈ Lp(·)(w), ,� f ∈ L

p(·)
loc (Rn \ {0}, w).

Na 2.7 % p(·) ∈ P(Rn), q(·) ∈ P0(Rn). e α(·) � R
n ����f�	V�
. t9=

K Herz 7, K̇
α(·),q(·)
p(·),λ (w) �\t9=KHerz7, K

α(·),q(·)
p(·),λ (w) 8o�%�

K̇
α(·),q(·)
p(·) (w) :=

{
f ∈ L

p(·)
loc (Rn \ {0}, w) : ‖f‖

K̇
α(·),q(·)
p(·) (w)

< ∞}
�

K
α(·),q(·)
p(·) (w) :=

{
f ∈ L

p(·)
loc (Rn, w) : ‖f‖

K
α(·),q(·)
p(·) (w)

< ∞}
,

��
‖f‖

K̇
α(·),q(·)
p(·) (w)

:= ‖(2jα(·)fχj)j∈Z‖�q(·)(Lp(·)(w))

�

‖f‖
K

α(·),q(·)
p(·) (w)

:= ‖(2jα(·)fχ̃j)j≥0‖�q(·)(Lp(·)(w)).

b 2.8 &� w ≡ 1, q(·), α(·) � p(·) h�Z
, hi K̇
α(·),q(·)
p(·) (Rn) = K̇α,q

p (Rn) �#��

Herz 7, [33, 34].



1� LMN>: ?O@>Æ Herz–Morrey PAQBR?@ Hardy SABCDA 127

�.]S�f
 A � B, &�W�H�Z
 C > 0, [- A ≤ CB, [� A � B. &�

A � B a B � A, [� A ≈ B.

Ob��8�� [31, �8 3] ��H�J9.

c\ 2.9 % α(·) ∈ L∞(Rn), p(·), q(·) ∈ P0(Rn), w �K�
. &� α(·) � q(·) h��X
gbf log-Hölder cU, hi K

α(·),q(·)
p(·) (w) = Kα∞,q∞

p(·) (w). YI, &� α(·) � q(·) h��Wef
log-Hölder cU, hi

‖f‖
K̇

α(·),q(·)
p(·) (w)

≈

( ∑
k≤0

‖2kα(0)fχk‖q(0)

Lp(·)(w)

) 1
q(0)

+
( ∑

k>0

‖2kα∞fχk‖q∞
Lp(·)(w)

) 1
q∞

.

Na 2.10 % p(·), q(·) ∈ P0(Rn), λ ∈ [0,∞). e α(·) � R
n ����f�	V�
. t9

=K Herz–Morrey 7, MK̇
α(·),q(·)
p(·),λ (w) �\t9=K Herz–Morrey 7, MK

α(·),q(·)
p(·),λ (w) 8o�

%�
MK̇

α(·),q(·)
p(·),λ (w) :=

{
f ∈ L

p(·)
loc (Rn \ {0}, w) : ‖f‖

MK̇
α(·),q(·)
p(·),λ

(w)
< ∞}

�

MK
α(·),q(·)
p(·),λ (w) :=

{
f ∈ L

p(·)
loc (Rn, w) : ‖f‖

MK
α(·),q(·)
p(·),λ

(w)
< ∞}

,

��
‖f‖

MK̇
α(·),q(·)
p(·),λ

(w)
:= sup

L∈Z

2−Lλ‖(2α(·)kfχk)k≤L‖�q(·)(Lp(·)(w))

�

‖f‖
MK

α(·),q(·)
p(·),λ

(w)
:= sup

L∈N0

2−Lλ‖(2α(·)kfχ̃k)L
k=0‖�q(·)(Lp(·)(w)).

b 2.11 &� w ≡ 1, q(·) � α(·) h�Z
, hi MK̇
α(·),q(·)
p(·),λ (Rn) = MK̇α,q

p(·),λ(Rn) (%�
[28]). &� w ≡ 1, q(·) �Z
a λ = 0, hi MK̇

α(·),q(·)
p(·),λ (Rn) = K̇

α(·),q
p(·) (Rn). &� w ≡ 1, q(·),

α(·) � p(·) h�Z
Qp λ = 0, hi MK̇
α(·),q(·)
p(·),λ (Rn) = K̇α,q

p (Rn) �#�� Herz 7, [34].

dS 2.12 e p(·), q(·) ∈ P0(Rn), w �K�
, λ ∈ [0,∞), a α(·) ∈ L∞(Rn).

(i) &� α(·), q(·) ∈ P log
0 (Rn) ∩ P log

∞ (Rn), hi�.]S f ∈ L
p(·)
loc (Rn \ 0, w),

‖f‖
MK̇

α(·),q(·)
p(·),λ

≈ max
{

sup
L�0, L∈Z

2−Lλ‖(2kα(0)fχk)k≤L‖�q(0)(Lp(·)),

sup
L>0, L∈Z

[2−Lλ‖(2kα(0)fχk)k<0‖�q(0)(Lp(·))

+ 2−Lλ‖(2kα∞fχk)L
k=0‖�q∞ (Lp(·))]

}
;

(ii) &� α(·), q(·) ∈ P log
∞ (Rn), hi MK

α(·),q(·)
p(·),λ (w) = MKα∞,q∞

p(·),λ (w).

ef c-
‖f‖

MK̇
α(·),q(·)
p(·),λ

(w)
= max

{
sup

L≤0, L∈Z

2−Lλ‖(2kα(·)fχk)k≤L‖�q(·)(Lp(·)(w)),

sup
L>0, L∈Z

2−Lλ‖(2kα(·)fχk)k≤L‖�q(·)(Lp(·)(w))

}
.
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� L ≤ 0 !, 8�8 2.9, �
‖(2kα(·)fχk)k≤L‖�q(·)(Lp(·)(w)) ≈ ‖(2kα(0)fχk)k≤L‖�q0 (Lp(·)(w)).

� L > 0 !, d9[��8 2.9, -.

‖(2kα(·)fχk)k<L‖�q(·)(Lp(·)(w)) ≈ ‖(2kα(0)fχk)k<0‖�q0 (Lp(·)(w)) + ‖(2kα∞fχk)L
k=0‖�q∞ (Lp(·)(w)).

eY, '$� (i).

(ii) �'$�ku�. 'q.

Ob��8 2.13 � 2.14 f8 Izuki � Noi �� [29, 30] �'$.

c\ 2.13 &� p(·) ∈ P log(Rn) ∩P(Rn), w ∈ Ap(·), ,W�Z
 C > 0, [-�. R
n �

���� B ���	V$	 S ⊂ B, �
‖χB‖Lp(·)(w)

‖χS‖Lp(·)(w)

≤ C
|B|
|S| .

c\ 2.14 &� p(·) ∈ P log(Rn) ∩ P(Rn), w ∈ Ap(·), ,W�Z
 C > 0, δ1, δ2 ∈ (0, 1),

[-�. R
n ����� B ���	V$	 S ⊂ B, �

‖χS‖Lp(·)(w)

‖χB‖Lp(·)(w)

≤ C

( |S|
|B|

)δ1

,
‖χS‖Lp′(·)(w−1)

‖χB‖Lp′(·)(w−1)

≤ C

( |S|
|B|

)δ2

.

FG �&O.

N\ 2.15 % H �5)* Hardy �$, p1(·), p2(·) ∈ P log(Rn) ∩ P(Rn). % wi ∈ Api(·)
a w = w1w2, i = 1, 2. e α(·) ∈ L∞(Rn) ∩ P log

0 (Rn) ∩ P log
∞ (Rn), α(0) = α1(0) + α2(0),

α∞ = α1∞ + α2∞, q(·) ∈ P log
0 (Rn)∩P log

∞ (Rn), q(0) = 1/q1(0) + 1/q2(0), q∞ = 1/q1∞ + 1/q2∞,

λ = λ1 + λ2, 0 ≤ λ1, λ2 < ∞, δi1, δi2 ∈ (0, 1) ���8 2.14 gh.2+�
 pi(·), K�

wi, i = 1, 2 �Z
. s αi(0), αi∞ < nδi2, i = 1, 2, 1/p(·) = 1/p1(·) + 1/p2(·), hi H1

�b
�

r MK̇
α1(·),q1(·)
p1(·),λ1

(w1) × MK̇
α2(·),q2(·)
p2(·),λ2

(w2) . MK̇
α(·),q(·)
p(·),λ (w) v���, �� �b = (b1, b2), b1, b2 ∈

BMO.

3 BMO igjhkilm
JL'qlKX
� BMO �
wnI�ÆP. � [21, J9 3.1.9] ��, L1

loc(R
n) ���


f l. BMO(Rn), �a2��.ZÆ t ≥ 1,

sup
x B⊂Rn

1
|B|

∫
B

|f(x) − fB |tdx < ∞. (3.1)

d`, &�? (3.1) �.ZÆ t ≥ 1 !0, hi�.? (3.1) �� t ≥ 1 yo!0, Na

sup
x B

1
|B|

∫
B

|f(x) − fB |tdx ≈ ‖f‖t
∗.

Ob, qlKX
�? (3.1) ��
wnps.

N\ 3.1 % p(·) ∈ P log(Rn) ∩ P(Rn), w ∈ Ap(·), a t ≥ 1. hi� L1
loc(R

n) ���
 b

l. BMO(Rn) �a2�

sup
x B⊂Rn

1
‖χB‖Lp(·)(w)

‖(b − bB)tχB‖Lp(·)(w) < ∞.
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s&Y, W�ZZ
 C1 � C2, [-

C1‖b‖t
∗ ≤ sup
x B⊂Rn

1
‖χB‖Lp(·)(w)

‖(b − bB)tχB‖Lp(·)(w) ≤ C2‖b‖t
∗. (3.2)

��'$�8 3.1, ]GHÆDMEX. YM�t% Hölder 01?.

c\ 3.2 (%� [32, �8 2.1]) % p(·) ∈ P(Rn). hi�.��� f ∈ Lp(·)(Rn) ����
g ∈ Lp′(·)(Rn), � ∫

Rn

|f(x)g(x)|dx ≤ rp‖f‖Lp(·)‖g‖Lp′(·) ,

�� rp = 1 + 1/p+ − 1/p−.

��wHuqM, ]GQRHÆkp. � X n �� R
n ���v �	
. � Y n �� R

n

���w0g�v r�	
.

Na 3.3 % ϕ �\]�
. //` ϕ � R
n �� N - �
, &�"\PQOTE:

(a) W� R
n × [0,+∞) → [0,+∞) ��\]�
 a, �� a(w, 0) = 0, �. t > 0, a(x, t)> 0,

[-�..� x ∈ R
n, a(x, ·) �scU, \xy�
. d`, �.�� x ∈ R

n, ϕ(x, t) =∫ t

0
a(x, u)du.

(b) �.�� t > 0, ϕ(x, t) �*z x � Lebesgue 	V�.

Ob�t<0 Diening �� [11, { 2.3 � 2.4].

b 3.4 8. ϕ(x, t) := tp(x) � R
n ��ZZ� N - �
. % w � R

n ��K�
, �

% ϕw(x, t) := ϕ(x,w(x)t), hi ϕw �� R
n ��ZZ� N - �
, a Lϕw(Rn) = Lp(·)(w),

‖f‖Lϕw = ‖f‖Lp(·)(w) = ‖fw‖Lp(·) .

�. f ∈ L1
loc � Q ∈ X n, �% MQf := 1

|Q|
∫

Q
|f(x)|dx.

Na 3.5 % ϕ � R
n ��ZZ� N - �
. �..� Q ∈ Y n � f ∈ Lϕ(Rn), e

TQ :=
∑

Q∈Q χQMQf . &�W�H�ZZ
 C, [-�.�� Q ∈ Y n Qp�� f ∈ Lϕ(Rn),

� ‖TQf‖ϕ ≤ C‖f‖ϕ, ,� ϕ � A k.

c\ 3.6 (� [11, �8 3.2]) &� ϕ � R
n ��ZZ� N - �
, [- M � Lϕ(Rn) ��

�, hi ϕ � A k.

Na 3.7 &��.]S ε > 0 aW� δ > 0, [-QO!0: &� N ⊂ R
n �	V�a

Q ∈ Y n, [- |Q ∩ N | ≥ ε|Q| �]S Q ∈ Q !0, hi�.]S�^o {tQ}Q∈Q, tQ ∈ [0,∞),

�
δ

∥∥∥∥ ∑
Q∈Q

tQχQ

∥∥∥∥
Lϕ

≤
∥∥∥∥ ∑

Q∈Q

tQχQ∩N

∥∥∥∥
Lϕ

,

,�ZZ� N - �
 ϕ � R
n �� A∞ k.

c\ 3.8 (� [11, �8 5.2]) &� ϕ� R
n ��ZZ� N -�
a� A k, , ϕ� A∞ k.

c\ 3.9 (� [11, �8 5.5]) &� ϕ � R
n ��ZZ� N - �
a� A∞ k, hiW�Z


 A, �.�� Q ∈ Y n, �� {tQ}Q∈Q, tQ ≥ 0 Qp�� f ∈ L1
loc a MQf 
= 0, Q ∈ Q, �∥∥∥∥ ∑

Q∈Q

tQ

∣∣∣∣ f

MQf

∣∣∣∣χQ

∥∥∥∥
Lϕ

≤ A

∥∥∥∥ ∑
Q∈Q

tQχQ

∥∥∥∥
Lϕ

.

8t 3.4, �8 2.6, 3.6, 3.8 � 3.9, -.Ob�8.
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c\ 3.10 &� p(·) ∈ P log(Rn) ∩ P(Rn) a w ∈ Ap(·), hiW�Z
 C > 0 � 0 <

δ < 1, [-�.�� Q ∈ Y n ��� f ∈ L1
loc(R

n) a fQ 
= 0 (Q ∈ Q), � ‖fδχQ‖Lp(·)(w) ≤
C|fQ|δ‖χQ‖Lp(·)(w).

N\ 3.1 uef �.]S� B, 8�8 3.2 ��% 2.4, �
1
|B|

∫
B

|b(x) − bB |tdx ≤ 1
|B| ‖(b − bB)tχB‖Lp(·)(w)‖χB‖Lp′(·)(w−1)

≤ C
1

‖χB‖Lp(·)(w)

‖(b − bB)tχB‖Lp(·)(w). (3.3)

8Y, �8 3.1 �� (3.2) �vz	8 (3.1) � (3.3) w{-..

�.�8 3.1 �� (3.2) �sz, //'[�B� [26] �\=Kd|Ho�v|. )v 

QB , [- B ⊂ QB ⊂ √
nB. 8�8 3.10 	E, �.�� f ∈ L1

loc, W�H�0x}. B �Z


0 < δ < 1, [-

‖ |f |δχQB‖Lp(·)(w) ≤ C(|f |QB )δ‖χQB‖Lp(·)(w). (3.4)

&�e f(x) = |b(x) − bB |t/δχB , hi�
(|f |QB)δ =

(
1

|QB |
∫

B

|b(x) − bB |t/δdx

)δ

≤ C‖b‖t
∗. (3.5)

8�8 2.13 -

‖χQB‖Lp(·)(w) ≤
‖χ√

nB‖Lp(·)(w)

‖χB‖Lp(·)(w)

‖χB‖Lp(·)(w) ≤ C
|√nB|
|B| ‖χB‖Lp(·)(w). (3.6)

eY, 8 (3.4), (3.5) � (3.6), -

‖(b − bB)tχB‖Lp(·)(w) ≤ C‖b‖t
∗‖χB‖Lp(·)(w). (3.7)

8 (3.3) � (3.7) - (3.2). 'q.

jy 3.11 % b ∈ BMO(Rn), p(·) ∈ P log(Rn) ∩ P(Rn), w ∈ Ap(·), t ∈ [1,∞), hiW�Z

 C > 0, [- k > i, k, i ∈ N,

‖|b − bBi |tχBk
‖Lp(·)(w) ≤ C(k − i)t‖b‖t

∗‖χBk
‖Lp(·)(w). (3.8)

ef �.�� k, i ∈ N a k > i, �
‖ |b − bBi |tχBk

‖Lp(·)(w) ≤ C‖(|b − bBk
|t + |bBk

− bBi |t)χBk
‖Lp(·)(w)

≤ C(‖(b − bBk
)tχBk

‖Lp(·)(w) + |bBk
− bBi |t‖χBk

‖Lp(·)(w)). (3.9)

8? (3.2) -.

‖(b − bBk
)tχBk

‖Lp(·)(w) ≤ C‖b‖t
∗‖χBk

‖Lp(·)(w). (3.10)

8 BMO ��%, m[n3

|bBk
− bBi | ≤

k−1∑
m=i

|bBm+1 − bBm | =
k−1∑
m=i

∣∣∣∣ 1
|Bm|

∫
Bm

|bBm+1 − b(x)|dx

∣∣∣∣
=

k−1∑
m=i

1
|Bm+1|

∫
Bm+1

|bBm+1 − b(x)|dx ≤
k−1∑
m=i

‖b‖∗ = C(k − i)‖b‖∗. (3.11)

8? (3.9), (3.10) � (3.11), - (3.8). 'q.
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4 z{ 2.15 jkl
��'$�8 2.15, ]GOb��8.

c\ 4.1 (� [25, �8 2.3]) % p, p1, p2 ∈ P0(Rn), [- 1/p(x) = 1/p1(x) + p2(x). hi

�..� f ∈ Lp1(·)(Rn) � g ∈ Lp2(·)(Rn) W�H�2x}. p, p1 �Z
 C > 0, [-

‖fg‖Lp(·) ≤ Cp,p1‖f‖Lp1(·)‖g‖Lp2(·) .

&� p ∈ P(Rn), w�K�
a w = w1×w2,hi ‖fg‖Lp(·)(w) ≤ Cp,p1‖f‖Lp1(·)(w1)
‖g‖Lp2(·)(w2)

.

c\ 4.2 (� [40, ~� 1.2]) % 0 < p ≤ ∞, δ > 0. hi�.\]^o {aj}∞j=−∞, �( ∞∑
j=−∞

( ∞∑
k=−∞

2−|k−j|δak

)p)1/p

≤ C

( ∞∑
j=−∞

ap
j

)1/p

, (4.1)

� p = ∞ !, ? (14) �

sup
j∈Z

( ∞∑
k=−∞

2−|k−j|δak

)
≤ C sup

j∈Z

aj .

N\ 2.15 uef % f1 ∈ MK̇
α1(·),q1(·)
p1(·),λ1

(w1), f2 ∈ MK̇
α2(·),q2(·)
p2(·),λ2

(w2). e (bi)Bk
�� bi �

� Bk ��*+�, i = 1, 2, a k ∈ Z. &� x ∈ Dk, hi

|H1
b1(f1, f2)(x)| � 2−2kn

∫
|(y1,y2)|<|x|

|f1(y1)f2(y2)| |b1(x) − b1(y1)|dy1dy2

� 2−2kn

∫
|(y1,y2)|<|x|

|f1(y1)f2(y2)| |b1(x) − (b1)Bk
|dy1dy2

+ 2−2kn

∫
|(y1,y2)|<|x|

|f1(y1)f2(y2)| |b1(y1) − (b1)Bk
|dy1dy2

=: I + II.

YM67 I,

I � 2−2kn

∫
Bk

∫
Bk

|f1(y1)f2(y2)| |b1(x) − (b1)Bk
|dy1dy2

� 2−2kn|b1(x) − (b1)Bk
|
∫

Bk

∫
Bk

|f1(y1)f2(y2)|dy1dy2

= 2−2kn|b1(x) − (b1)Bk
|

k∑
i=−∞

∫
Di

|f1(y1)|dy1

k∑
j=−∞

∫
Dj

|f2(y2)|dy2.

8. w = w1 · w2, 8�8 3.2 ��8 3.1, �

‖Iχk‖Lp(·)(w) � 2−2kn‖(b1 − (b1)Bk
) · χk‖Lp(·)(w)

k∑
i=−∞

‖f1χi‖Lp1(·)(w1)
‖χi‖Lp′

1(·)(w−1
1 )

×
k∑

j=−∞
‖f2χj‖Lp2(·)(w2)

‖χj‖Lp′
2(·)(w−1

2 )

� 2−2kn‖b1‖∗‖χBk
‖Lp(·)(w)

k∑
i=−∞

‖f1χi‖Lp1(·)(w1)
‖χBi‖Lp′

1(·)(w−1
1 )

×
k∑

j=−∞
‖f2χj‖Lp2(·)(w2)

‖χBj‖Lp′
2(·)(w−1

2 )
.
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8. w = w1w2 � 1/p(·) = 1/p1(·) + 1/p2(·), 8 Hölder 01?, �8 2.14 ��% 2.4, �
2−2kn‖χBi‖Lp′

1(·)(w−1
1 )

‖χBj‖Lp′
2(·)(w−1

2 )
‖χBk

‖Lp(·)(w)

� 2−2kn‖χBi‖Lp′
1(·)(w−1

1 )
‖χBj‖Lp′

2(·)(w−1
2 )

‖χBk
‖Lp1(·)(w1)

‖χBk
‖Lp2(·)(w2)

�
‖χBi‖Lp′

1(·)(w−1
1 )

‖χBk
‖

Lp′
1(·)(w−1

1 )

×
‖χBj‖Lp′

2(·)(w−1
2 )

‖χBk
‖

Lp′
2(·)(w−1

2 )

� 2−(k−i)nδ12 × 2−(k−j)nδ22 . (4.2)

eY-
‖Iχk‖Lp(·)(w) � ‖b1‖∗

k∑
i=−∞

2−(k−i)nδ12‖f1χi‖Lp1(·)(w1)

k∑
j=−∞

2−(k−j)nδ22‖f2χj‖Lp2 (·)(w2)
.

{O<67 II,

II � 2−2kn
k∑

i=−∞

∫
Di

|f1(y1)| |b1(y1) − (b1)Bi
|dy1

k∑
j=−∞

∫
Dj

|f2(y2)|dy2

+ 2−2kn
k∑

i=−∞

∫
Di

|f1(y1)| |(b1)Bk
− (b1)Bi |dy1

k∑
j=−∞

∫
Dj

|f2(y2)|dy2

=: II1 + II2.

8�8 3.2 ��8 3.1, �
‖II1χk‖Lp(·)(w) � 2−2kn

k∑
i=−∞

‖f1χi‖Lp1(·)(w1)
‖(b1 − (b1)Bi)χi‖Lp′

1(·)(w−1
1 )

×
k∑

j=−∞
‖f2χj‖Lp2(·)(w2)‖χj‖Lp′

2(·)(w−1
2 )

‖χk‖Lp(·)(w)

� 2−2kn‖b1‖∗
k∑

i=−∞
‖f1χi‖Lp1(·)(w1)

‖χBi‖Lp′
1(·)(w−1

1 )

×
k∑

j=−∞
‖f2χj‖Lp2(·)(w2)‖χBj‖Lp′

2(·)(w−1
2 )

‖χBk
‖Lp(·)(w). (4.3)

8�8 3.2 �? (3.11), �

‖II2χk‖Lp(·)(w) � 2−2kn
k∑

i=−∞
|(b1)Bk

− (b1)Bi | ‖f1χi‖L
p1(·) (w1)

‖χi‖Lp′
1 (·)(w−1

1 )

×
k∑

j=−∞
‖f2χj‖Lp2(·)(w2)

‖χj‖Lp′
2(·)(w−1

2 )
‖χk‖Lp(·)(w)

� 2−2kn‖b1‖∗
k∑

i=−∞
(k − i)‖f1χi‖Lp1(·)(w1)‖χBi‖Lp′

1(·)(w−1
1 )

×
k∑

j=−∞
‖f2χj‖Lp2(·)(w2)

‖χBj‖Lp′
2(·)(w−1

2 )
‖χBk

‖Lp(·)(w). (4.4)
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8? (4.2) � (4.3), -

‖II1χk‖Lp(·)(w) � ‖b1‖∗
k∑

i=−∞
2−(k−i)nδ12‖f1χi‖Lp1(·)(w1)

k∑
j=−∞

2−(k−j)nδ22‖f2χj‖Lp2(·)(w2)
.

8? (4.2) � (4.4), -

‖II2χk‖Lp(·) � ‖b1‖∗
k∑

i=−∞
(k − i)2−(k−i)nδ12‖f1χi‖Lp1(·)(w1)

×
k∑

j=−∞
2−(k−j)nδ22‖f2χj‖Lp2(·)(w2)

.

eY�

‖H1
b1(f1, f2)χk‖Lp(·)(w) � ‖b1‖∗

k∑
i=−∞

(k − i)2−(k−i)nδ12‖f1χi‖Lp1(·)(w1)

×
k∑

j=−∞
2−(k−j)nδ22‖f2χj‖Lp2(·)(w2)

. (4.5)

8~� 2.12 �
‖H1

b1(f1, f2)‖MK̇
α(·),q(·)
p(·),λ

(w)
≈ max

{
sup

L≤0, L∈Z

2−Lλ‖(2kα(0)H1
b1(f1, f2)χk)k≤L‖lq0 (Lp(·)(w)),

sup
L>0, L∈Z

[
2−Lλ‖(2kα(0)H1

b1(f1, f2)χk)k<0‖lq0(Lp(·)(w))

+ 2−Lλ‖(2kα∞H1
b1(f1, f2)χk)L

k=0‖lq∞ (Lp(·)(w))

]}
=: max{E,F},

��
E := sup

L≤0, L∈Z

2−Lλ‖(2kα(0)H1
b1(f1, f2)χk)k≤L‖lq0 (Lp(·)(w)),

F := sup
L>0, L∈Z

{G + H},

G := 2−Lλ‖(2kα(0)H1
b1(f1, f2)χk)k<0‖lq0 (Lp(·)(w)),

H := 2−Lλ‖(2kα∞H1
b1(f1, f2)χk)L

k=0‖lq∞ (Lp(·)(w)).

67 E. 8. 1/q(0) = 1/q1(0) + 1/q2(0), λ = λ1 + λ2, 8 (4.5) � Hölder 01?, �

E = sup
L≤0, L∈Z

2−Lλ

( L∑
k=−∞

‖2kα(0)H1
b1(f1, f2)χk‖q(0)

Lp(·)(w)

) 1
q(0)

� ‖b1‖∗ sup
L≤0, L∈Z

2−Lλ1

{ L∑
k=−∞

( k∑
i=−∞

2iα1(0)‖f1χi‖Lp1(·)(w1)
(k−i)2(i−k)(nδ12−α1(0))

)q1(0)} 1
q1(0)

× 2−Lλ2

{ L∑
k=−∞

( k∑
j=−∞

2jα2(0)‖f2χj‖Lp2(·)(w2)
2(j−k)(nδ22−α2(0))

)q2(0)} 1
q2(0)

=: ‖b1‖∗ sup
L≤0, L∈Z

E1 × E2,



134 � � � � X Y Z 64�

��

E1 := 2−Lλ1

{ L∑
k=−∞

( k∑
i=−∞

2kα1(0)‖f1χi‖Lp1(·)(w1)
(k − i)2(i−k)(nδ12−α1(0))

)q1(0)} 1
q1(0)

,

E2 := 2−Lλ2

{ L∑
k=−∞

( k∑
j=−∞

2kα2(0)‖f2χj‖Lp2(·)(w2)2
(j−k)(nδ22−α2(0))

)q2(0)} 1
q2(0)

.

67 E1. 8. nδ12 − α1(0) > 0, ql�8 4.2 -

E1 � 2−Lλ1

( L∑
i=−∞

2iα1(0)‖f1χi‖q1(0)

Lp1(·)(w1)

) 1
q1(0)

� ‖f1‖MK̇
α1(·),q1(·)
p1(·),λ1

(w1)
,

��[ (k − i)2−|k−i|(nδ12−α1(0)) � 2−|k−i|ε1 , ε1 ∈ (0, nδ12 − α1(0)).

67 E2. 8. nδ22 − α2(0) > 0, ql�8 4.2 -

E2 � 2−Lλ2

( L∑
j=−∞

2jα2(0)‖f2χj‖q2(0)

Lp2(·)(w2)

) 1
q2(0)

� ‖f2‖MK̇
α2(·),q2(·)
p2(·),λ2

(w2)
,

��[ 2−|k−j|(nδ22−α2(0)) = 2−|k−j|ε2 , ε2 = nδ22 − α2(0).

eY-.
E � ‖b1‖∗‖f1‖MK̇

α1(·),q1(·)
p1(·),λ1

(w1)
‖f2‖MK̇

α2(·),q2(·)
p2(·),λ2

(w2)
.

67 G. 8. 1/q(0) = 1/q1(0) + 1/q2(0), λ = λ1 + λ2, α(0) = α1(0) + α2(0), 8? (4.5) �

Hölder 01?, �

G = 2−Lλ

( −1∑
k=−∞

‖2kα(0)H1
b1(f1, f2)χk‖q(0)

Lp(·)(w)

)1/q(0)

� ‖b1‖∗2−Lλ1

{ −1∑
k=−∞

( k∑
i=−∞

2iα1(0)‖f1χi‖Lp1(·)(w1)
(k − i)2(i−k)(nδ12−α1(0))

)q1(0)} 1
q1(0)

× 2−Lλ2

{ −1∑
k=−∞

( k∑
j=−∞

2jα2(0)‖f2χj‖Lp2(·)(w2)
2(j−k)(nδ22−α2(0))

)q2(0)} 1
q2(0)

=: ‖b1‖∗G1G2,

��

G1 := 2−Lλ1

{ −1∑
k=−∞

( k∑
i=−∞

2iα1(0)‖f1χi‖Lp1(·)(w1)
(k − i)2(i−k)(nδ12−α1(0))

)q1(0)} 1
q1(0)

,

G2 := 2−Lλ2

{ −1∑
k=−∞

( k∑
j=−∞

2jα2(0)‖f2χj‖Lp2(·)(w2)
2(j−k)(nδ22−α2(0))

)q2(0)} 1
q2(0)

.

e� G1 � G2 �67�8oB E1 � E2 gu. eY�
G � ‖b1‖∗‖f1‖MK̇

α1(·),q1(·)
p1(·),λ1

(w1)
‖f2‖MK̇

α2(·),q2(·)
p2(·),λ2

(w2)
.

��}U67, //]GwHu�qM.



1� LMN>: ?O@>Æ Herz–Morrey PAQBR?@ Hardy SABCDA 135

&� i < 0, 8~� 2.12, �
‖f1χi‖Lp1(·)(w1)

= 2−iα1(0)
(
2iα1(0)q1(0)‖f1χi‖q1(0)

Lp1(·)(w1)

) 1
q1(0)

� 2−iα1(0)

( i∑
l=−∞

2lα1(0)q1(0)‖f1χl‖q1(0)

Lp1(·)(w1)

) 1
q1(0)

� 2i(λ1−α1(0))2−iλ1

( i∑
l=−∞

‖2lα(0)f1χl‖q1(0)

Lp1(·)(w1)

) 1
q1(0)

� 2i(λ1−α1(0))‖f1‖MK̇
α1(·),q1(·)
p1(·),λ1

(w1)
. (4.6)

ku~, &� j < 0, �
‖f2χj‖Lp2(·)(w2)

� 2j(λ2−α2(0))‖f2‖MK̇
α2(·),q2(·)
p2(·),λ2

(w2)
. (4.7)

|�67 H. 8. 1/q∞ = 1/q1∞ + 1/q2∞, λ = λ1 + λ2, α∞ = α1∞ + α2∞, ql? (4.5) �

Hölder 01?, �

H = 2−Lλ

( L∑
k=0

‖2kα∞H1
b1(f1, f2)χk‖q∞

Lp(·)(w)

) 1
q∞

� ‖b1‖∗2−Lλ1

{ L∑
k=0

2kα1∞q1∞

( k∑
i=−∞

‖f1χi‖Lp1(·)(w1)(k − i)2(i−k)nδ12

)q1∞} 1
q1∞

× 2−Lλ2

{ L∑
k=0

2kα2∞q2∞

( k∑
j=−∞

‖f2χj‖Lp2(·)(w2)
2(j−k)nδ22

)q2∞} 1
q2∞

=: ‖b1‖∗H1H2,

��

H1 := 2−Lλ1

{ L∑
k=0

2kα1∞q1∞

( k∑
i=−∞

‖f1χi‖Lp1(·)(w1)
(k − i)2(i−k)nδ12

)q1∞} 1
q1∞

,

H2 := 2−Lλ2

{ L∑
k=0

2kα2∞q2∞

( k∑
j=−∞

‖f2χj‖Lp2(·)(w2)
2(j−k)nδ22

)q2∞} 1
q2∞

.

67 H1, �

H1 � 2−Lλ1

{ L∑
k=0

2kα1∞q1∞

( −1∑
i=−∞

‖f1χi‖Lp1(·)(w1)
(k − i)2(i−k)nδ12

+
k∑

i=0

(k − i)‖f1χi‖Lp1(·)(w1)
2(i−k)nδ12

)q1∞} 1
q1∞

� 2−Lλ1

{ L∑
k=0

2kα1∞q1∞

( −1∑
i=−∞

‖f1χi‖Lp1(·)(w1)
(k − i)2(i−k)nδ12

)q1∞} 1
q1∞

+ 2−Lλ1

{ L∑
k=0

2kα1∞q1∞

( k∑
i=0

‖f1χi‖Lp1(·)(w1)
(k − i)2(i−k)nδ12

)q1∞} 1
q1∞

=: H1,1 + H1,2.
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s q1∞ ≥ 1, e nδ12 −α1∞ > 0 � nδ12 −α1(0) > 0. hi, 8 Minkowski 01?� (4.6), -

H1,1 = 2−Lλ1

{ L∑
k=0

2kα1∞q1∞

( −1∑
i=−∞

‖f1χi‖Lp1(·)(w1)
(k − i)2(i−k)nδ12

)q1∞} 1
q1∞

� 2−Lλ1

−1∑
i=−∞

‖f1χi‖Lp1(·)(w1)

{ L∑
k=0

(2kα1∞(k − i)2(i−k)nδ12)q1∞

} 1
q1∞

� 2−Lλ1

−1∑
i=−∞

‖f1χi‖Lp1(·)(w1)

{ L∑
k=0

(
2kα1∞2(i−k)(nδ12−γ1)

)q1∞} 1
q1∞

� 2−Lλ1

−1∑
i=−∞

2i(nδ12−γ1)‖f1χi‖Lp1(·)(w1)

{ L∑
k=0

2−k(nδ12−α1∞−γ1)q1∞

} 1
q1∞

� ‖f1‖MK̇
α1(·),q1(·)
p1(·),λ1

(w1)
2−Lλ1

−1∑
i=−∞

2i(nδ12−γ1+λ1−α1(0)) � ‖f1‖MK̇
α1(·),q1(·)
p1(·),λ1

(w1)
,

�� (k − i) < 2(i−k)(−γ1), γ1 ∈ (0,min{nδ12 − α1(0), nδ12 − α1∞}).
s q1∞ < 1, 8. nδ12 − α1∞ > 0 � nδ12 − α1(0) > 0, hi, 8? (4.6) �

H1,1 � 2−Lλ1

( L∑
k=0

2kα1∞q1∞
−1∑

i=−∞
‖f1χi‖q1∞

Lp1(·)(w1)
(k − i)2(i−k)nδ12q1∞

) 1
q1∞

� 2−Lλ1

( L∑
k=0

2kα1∞q1∞
−1∑

i=−∞
‖f1χi‖q1∞

Lp1(·)(w1)
2(i−k)(nδ12−γ1)q1∞

) 1
q1∞

= 2−Lλ1

( −1∑
i=−∞

‖f1χi‖q1∞
Lp1(·)(w1)

2i(nδ12−γ1)q1∞
L∑

k=0

2kα1∞q1∞2−k(nδ12−γ1)q1∞

) 1
q1∞

= 2−Lλ1

( −1∑
i=−∞

‖f1χi‖q1∞
Lp1(·)(w1)

2i(nδ12−γ1)q1∞
L∑

k=0

2−k(nδ12−α1∞−γ1)q1∞

) 1
q1∞

� 2−Lλ1

( −1∑
i=−∞

‖f1χi‖q1∞
Lp1(·)(w1)

2i(nδ12−γ1)q1∞

) 1
q1∞

� ‖f1‖MK̇
α1(·),q1(·)
p1(·),λ1

2−Lλ1

( −1∑
i=−∞

2i(nδ12−γ1+λ1−α1(0))q1∞

) 1
q1∞

� ‖f1‖MK̇
α1(·),q1(·)
p1(·),λ1

(w1)
,

�� (k − i) � 2(i−k)(−γ1), γ1 ∈ (0,min{nδ12 − α1(0), nδ12 − α1∞}).
67 H1,2. 8. nδ12 − α1∞ > 0, hiql�8 4.2, �

H1,2 = 2−Lλ1

{ L∑
k=0

2kα1∞q1∞

( k∑
i=0

‖f1χi‖Lp1(·)(w1)
(k − i)2(i−k)nδ12

)q1∞} 1
q1∞

= 2−Lλ1

{ L∑
k=0

( k∑
i=0

2iα1∞‖f1χi‖Lp1(·)(w1)
(k − i)2(i−k)(nδ12−α1∞)

)q1∞} 1
q1∞

� 2−Lλ1

( k∑
i=0

2iα1∞q1∞‖f1χi‖q1∞
Lp1(·)(w1)

) 1
q1∞

� ‖f1‖MK̇
α1(·),q1(·)
p1(·),λ1

(w1)
,

��[ (k − i)2−|k−i|(nδ12−α1∞) � 2−|k−i|η1 , η1 ∈ (0, nδ12 − α1∞).
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B H1 �67gu, -. H2 � ‖f2‖MK̇
α2(·),q2(·)
p2(·),λ2

(w2)
. eY-

H � ‖b1‖∗‖f1‖MK̇
α1(·),q1(·)
p1(·),λ1

(w1)
‖f2‖MK̇

α2(·),q2(·)
p2(·),λ2

(w2)
.

� E, G, H ���67}
1<, -.

‖H1
b1(f1, f2)‖MK̇

α(·),q(·)
p(·),λ

(w)
� ‖b1‖∗‖f1‖MK̇

α1(·),q1(·)
p1(·),λ1

(w1)
‖f2‖MK̇

α2(·),q2(·)
p2(·),λ2

(w2)
.

ku~, �
‖H1

b2(f1, f2)‖MK̇
α(·),q(·)
p(·),λ

(w)
� ‖b2‖∗‖f1‖MK̇

α1(·),q1(·)
p1(·),λ1

(w1)
‖f2‖MK̇

α2(·),q2(·)
p2(·),λ2

(w2)
.
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