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���	

���
����1�	/�23�
����. ����� Navier–Stokes ��

� Maxwell ������4�5�.�����
. .�� Ω = [0, 1]× [0, 1] ��������

���
������������� [3, 8]:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∂tu1 + u1∂xu1 + u2∂yu1 + ∂xp − b1∂xb1 − b2∂yb1 = ν11∂xxu1 + ν12∂yyu1,

∂tu2 + u1∂xu2 + u2∂yu2 + ∂yp − b1∂xb2 − b2∂yb2 = ν21∂xxu2 + ν22∂yyu2,

∂tb1 + u1∂xb1 + u2∂yb1 − b1∂xu1 − b2∂yu1 = η11∂xxb1 + η12∂yyb1,

∂tb2 + u1∂xb2 + u2∂yb2 − b1∂xu2 − b2∂yu2 = η21∂xxb2 + η22∂yyb2,

∂xu1 + ∂yu1 = 0, ∂xb1 + ∂yb1 = 0.

(1.1)

���	��	6�
�5���������4�
� , !����������
�

�"��#$� Navier–Stokes ��� 7�!. ��������� (1.1) 8��	
�3�

 %"��, &��!'()�"*+9
,:. .���	
�, ��()
;<, ����

#�$-.�
, %���.�/�-�
=��>��/
. ��0#?�1$()�
��
�#$, 2&.%34/&''"=�
���#$(5�). @6AB, ����!C*Æ7
(, �)D*Æ7(
*�*Æ7(
+��*Æ7(�+�*Æ7( [4]. 2&, 5(,��!

��'"������
�����.�Æ�4+
��"��, 0#&'�,
-*E7(:⎧⎪⎪⎨
⎪⎪⎩

u(x, y, 0) = u0(x, y), b(x, y, 0) = b0(x, y),

u1 = ∂xu2 = 0, b1 = ∂xb2 = 0, x = 0, 1,

u2 = ∂yu1 = 0, b2 = ∂yb1 = 0, y = 0, 1.

(1.2)

F- u(x, y, t) = (u1(x, y, t), u2(x, y, t)) Æ89.	, b(x, y, t) = (b1(x, y, t), b2(x, y, t)) Æ8�	,

p Æ8�� (/0���); �1#: νij , ηij (i, j = 1, 2) "2Æ8��;:����;:. 5.

)�/, 3

A �
(

ν11 ν12

ν21 ν22

)
, B �

(
η11 η12

η21 η22

)

"2Æ8=���;:%G����;:%G.

4�����������<, 0"��=�5!16. 4�����������
�2

7������<, Desjardins � Le Bris [6], Gerbeau � Le Bris [9] "21$��
��H8
/�>345!
I�9.�. .? [1] /, Abidi � Paicu . Besov 
�/���@-E��
!
I�9.�. :;A0J
B, Chen, Tan � Wang [5] C;��'9.�. K6, Huang �

Wang [10] L7�0J

��
�/�!
I�9.�, �4�8�
93, Li � Wang [13] .
@-E:�0J

7(�����Æ4/
I��!
9.�.

;��,, 4�27
93, Duraut � Lions [7] <M��<���>34
��5!��
<�'�!. 4� Hs(R3) (∀ s ≥ 3) /=D-E, Sermange � Temam [16] L7��'!
"
��. .*���
9>�, :-ENF (u0, b0) ?6@=F (0, B0) B, Bardos �A [2] ��

�B>!
��9.�. Lin, Xu � Zhang [14], Xu � Zhang [18] .-ENF?"?6@=F

7(�"2������8�
�I�!
"��. :�&'���B, Ren �A [15] ���

�������@@A!
I�9.��GCBC. :-E�O4D
93B, Lei [12] L7�



1� ÆDH: IEJFGIEFGHHIIHJKKIJLLMJKLMNN 109

Hs(R3) (∀ s ≥ 2) /	O�����@A!
��9.�. K6, Cao � Wu [3] .

93 1 : (A |B) =
(

0 1 1 0
0 1 1 0

)
, 93 2 : (A |B) =

(
1 0 0 1
1 0 0 1

)

�1$� Cauchy #$ (1.1) � (1.2) B>!
��PQ�, 0/

(A |B) =
(

ν11 ν12 η11 η12

ν21 ν22 η21 η22

)
.

4�0&93, Du � Zhou [8] .��(�O
9>�P$��� (1.1) � (1.2)
 Cauchy #$,

MN�P�'"�������B>!
��"��, 0/

93 3 : (A |B) =
(

1 0 0 1
0 1 1 0

)
, 93 4 : (A |B) =

(
1 0 0 1
1 0 1 0

)
,

93 5 : (A |B) =
(

1 1 0 1
0 0 1 0

)
, 93 6 : (A |B) =

(
0 1 0 1
1 0 1 0

)
,

93 7 : (A |B) =
(

0 1 0 1
0 1 1 0

)
, 93 8 : (A |B) =

(
0 0 0 1
1 1 1 0

)
,

93 9 : (A |B) =
(

0 1 1 0
1 0 0 1

)
, 93 10 : (A |B) =

(
0 1 1 0
1 0 1 0

)
,

93 11 : (A |B) =
(

0 1 1 1
1 0 0 0

)
, 93 12 : (A |B) =

(
0 1 0 1
1 0 0 1

)
,

93 13 : (A |B) =
(

0 1 0 0
1 0 1 1

)
, 93 14 : (A |B) =

(
1 1 0 0
0 0 1 1

)
,

93 15 : (A |B) =
(

1 1 1 0
0 0 1 0

)
, 93 16 : (A |B) =

(
0 1 0 0
0 1 1 1

)
,

93 17 : (A |B) =
(

0 0 1 1
1 1 0 0

)
, 93 18 : (A |B) =

(
0 0 0 1
1 1 0 1

)
,

��

93 19 : (A |B) =
(

1 0 1 1
1 0 0 0

)
.

0#QQO
�:�4�ÆB, �� (1.1) � (1.2) 
��"��#$. �6PR#: νij ,

ηij > 0 (i, j = 1, 2), Q�?R [7, 16] 
�S, R���������������R (1.1) �

(1.2) 4=D-E (u0, b0) ∈ Hk (k ≥ 2) T9.��B>!. S�, :U4 νij , ηij ≥ 0 (i, j = 1, 2)

B, �����������B>!V�B�
I�9.�T��RWU
#$. V�FR#$
��*16. Yu [19] 1$�P�'"������
�����������
-*E#$ (%

��93 1 �93 2), X���!
��PQ�.

S?R [3, 8, 19] 
VY, Z?
?�W
�.93 k (k = 3, 4, . . . , 19) �, P$��P�'

"������
-*E#$ (1.1) � (1.2) �!
��"��#$. F-
?�XY.���

1<Z���
=�T, X:.�Æ4+[\9.	��	
"*"4�0�:
UV.
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.W7?�166], ÆX!'Z?/!�
[\. 3⎧⎪⎨
⎪⎩

∫
Ω

fdxdy =
∫ 1

0

∫ 1

0

fdxdy, ‖f‖2
L2

x
=

∫ 1

0

|f |2dx, ‖f‖2
L2

y
=

∫ 1

0

|f |2dy,

‖f‖0 = ‖f‖L2(Ω), ω = ∇× u, j = ∇× b.

Z?
?�16��:

ST 1.1 ^ Ω � [0, 1]× [0, 1]. ]_-E (u0, b0) ∈ H2(Ω) X:`U ∇ · u0 = ∇ · b0 = 0, Q
.93 k (k = 3, 4, . . . , 19) �, #$ (1.1) � (1.2) 9.Y����! (u, b), X:4=D^�


T > 0 `U
(u, b) ∈ L∞ (

0, T ;H2(Ω)
)
.

\ 1.2 *Æ7( (1.2) ��7(

v · n = 0, curl v = 0, . ∂Ω̃ � (1.3)

�_, F- Ω̃ Æ8 R
2 �
�Æ@A�4, n = (n1, n2) Æ8 ∂Ω̃ 
`Z[S-4 [19]. �� (1.3)

\
a�R7(��a]*Æ7(, a�R7(��=B3\
(D(v) · n)ι = κιvι (1.4)

�_
, 0/ κι � ∂Ω̃ 4�
?bc, vι = v − (v · n)n, D(v) Æ83UV4:

D(v) =
1
2

(∇v + ∇tv
)
.

7( (1.4) ^02 D(v) · n 
d-"4_e.*Æ ∂Ω̃ 
@`'"�. E�WD
�, ∇v ��"

!5

∇v = D(v) + S (v), S (v) =
1
2
(∇v −∇tv),

0/ S (v) D5b�a<V4. V4 D(v) � S (v) "2� ∇v 
4D'"�b4D'". cd

�, ��`Z[S-4 n � ∂Ω̃ �35,��e, 0#f�gP (1.3) \. X?� (1.3) \�B
v1 = 0, ∂xv2 = 0, : x = 0, 1 B,

v2 = 0, ∂yv1 = 0, : y = 0, 1 B.

��^ v = u, v = b, )��� (1.2) \.

\ 1.3 �	 1.1 /
1fh��C;�Ag*Æ.

Z?a 2 hijicBj. a 3 hkMN ∇ω � ∇j 
 L2 d:BC, Se�� ‖u‖H2(Ω)

� ‖b‖H2(Ω) 
���YBC, Fk��?"Q� Stokes ��
BCldk, 0�S<l�fZ

���� Navier–Stokes ��g[����� [11, 16, 17]. ��0#��L7��93 3–19 


����� (1.1) � (1.2) .�Æ4/
I�"��.

2 \]^_
�,k^_�*hZ
��\�#�
cd.

ÆX, <l�? [3, m	 1], 0#���1f.
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`T 2.1 ]_ f , g, h, fx, gy ∈ L2(Ω), Q: f |x=0,1 � g|y=0,1 
EnBB, �∫
Ω

|fgh|dxdy ≤ (‖f‖0 + ‖f‖1/2
0 ‖fx‖1/2

0 )(‖g‖0 + ‖g‖1/2
0 ‖gy‖1/2

0 )‖h‖0; (2.1)

: f |x=0,1 = 0, X: g|y=0,1 
EnBB, �∫
Ω

|fgh|dxdy ≤ ‖f‖1/2
0 ‖fx‖1/2

0 (‖g‖0 + ‖g‖1/2
0 ‖gy‖1/2

0 )‖h‖0; (2.2)

: f |x=0,1 
EnB, : g|y=0,1 = 0 B, �∫
Ω

|fgh|dxdy ≤ (‖f‖0 + ‖f‖1/2
0 ‖fx‖1/2

0 )‖g‖1/2
0 ‖gy‖1/2

0 ‖h‖0; (2.3)

: f |x=0,1 = g|y=0,1 = 0 B, �∫
Ω

|fgh|dxdy ≤ ‖f‖1/2
0 ‖fx‖1/2

0 ‖g‖1/2
0 ‖gy‖1/2

0 ‖h‖0. (2.4)

ab X?Co�B∫
Ω

|fgh|dxdy ≤ ‖fg‖0‖h‖0 ≤
(∫ 1

0

sup
0≤x≤1

f2dy

)1/2 (∫ 1

0

sup
0≤y≤1

g2dx

)1/2

‖h‖0. (2.5)

: f |x=0,1 � g|y=0,1 
EnBB, �/E�	, 9.�R#: 0 < ξ < 1 `U
f2(x, y) = 2

∫ x

ξ

f∂xf(s, y)ds +
∫ 1

0

f2(x, y)dx, (2.6)

��
sup

0≤x≤1
f2 ≤ 2‖f‖L2

x
‖fx‖L2

x
+ ‖f‖2

L2
x
. (2.7)

/	
sup

0≤y≤1
g2 ≤ 2‖g‖L2

y
‖gy‖L2

y
+ ‖g‖2

L2
y
. (2.8)

k (2.7) � (2.8) \im (2.5) \, � Hölder ��\�� (2.1) \jN.
: f |x=0,1 = 0, X: g|y=0,1 
EnBB, � f |x=0,1 = 0 ��

f2(x, y) = 2
∫ x

0

f∂xf(s, y)ds ≤ 2‖f‖L2
x
‖fx‖L2

x
. (2.9)

k (2.8) � (2.9) \im (2.5) \, � Hölder ��\�� (2.2) \jN.

: f |x=0,1 
EnB, : g|y=0,1 = 0 B, /	� (2.9) \, � g|y=0,1 = 0 �B
g2(x, y) = 2

∫ y

0

f∂yf(x, s)ds ≤ 2‖f‖L2
y
‖fx‖L2

y
. (2.10)

k (2.7) � (2.10) \im (2.5) \, � Hölder ��\�� (2.3) \jN.

: f |x=0,1 = g|y=0,1 = 0 B, k (2.9) � (2.10) im (2.5) \, � Hölder ��\�� (2.4) \

jN. c�)Bm	 2.1 jN. Lk.

07, 4�=D^�
 T > 0, �6BC\ ‖(u, b)‖L∞(0,T ;H2(Ω)) jN, no�,
p$)d
0�������� (1.1) � (1.2) !
��"��.

e' 2.2 ]_ (u0, b0) ∈ H2(Ω), X:4�=D^�
 t > 0, ‖(u(·, t), b(·, t))‖H2(Ω) ��Y
�Æ
, Q-*E#$ (1.1) � (1.2) .93 k (k = 1, 2, . . . , 19) �9.Y�
���! (u, b).
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�p$
L7��_e
=�l>	f [3] ��, F-0#R�fL7.

3 gh 1.1 ijk
ZhkL7.93 3–19 ������ (1.1) � (1.2) !
��PQ�, X^_�	 1.1 


L7. �p$ 2.2 �B, 5�m���'"P�������
�������!
��"��,

lf�� ‖u(·, t), b(·, t)‖H2(Ω) 
�YBCRUn�. &[, ��BCE ‖(∇u,∇b)‖H1(Ω) �BC

E ‖(ω, j)‖H1(Ω) �o, ��0#lf��9.	
a.���q.
 H1 d:BC%�.

3.1 mn 3–8 oST 1.1 pab
� (1.2) \�B∫

Ω

∂2
xu1u1dxdy =

∫
Ω

∂x(∂xu1u1)dxdy − ‖∂xu1‖2
0 = −‖∂xu1‖2

0, (3.1)∫
Ω

∂2
yu2u2dxdy =

∫
Ω

∂y(∂yu2u2)dxdy − ‖∂yu2‖2
0 = −‖∂yu2‖2

0, (3.2)∫
Ω

∂2
xu2u2dxdy =

∫
Ω

∂x(∂xu2u2)dxdy − ‖∂xu2‖2
0 = −‖∂xu2‖2

0, (3.3)∫
Ω

∂2
yu2u2dxdy =

∫
Ω

∂y(∂yu1u1)dxdy − ‖∂yu1‖2
0 = −‖∂yu1‖2

0. (3.4)

;��,, �pq�B, 93 3 re
�pUV�93 4–6 s�!. r�.93 3 /, t�

34/V� ∂xu1 
BC
1
2

d

dt
‖(u, b)‖2

0 + (ν11 + ν22)‖∂xu1‖2
0 + ν12‖∂yu1‖2

0 + ν21‖∂xu2‖2
0

+ (η11 + η22)‖∂xb1‖2
0 + η12‖∂yb1‖2

0 + η21‖∂xb2‖2
0 = 0 (3.5)

6[, 0#qSm�9.	�:
=uBC. 2&, ÆX&'����� (1.1) � (1.2) .93 3

�
9> (�\ (3.5) ����R (1.1) "2v� u1, u2, b1 � b2, Se. Ω �w"erx��).

&[, .93 4–6 /, 9.s.V4
PRyN"4
BC��34BCX?C�_l. FR�
5to0#ÆX&'93 3 
9>, &���"��L7/KVs
'".

mn 3 opqrstu tva. ω = ∇ × u = ∂xu2 − ∂yu1 ���q. j = ∇ × b =

∂xb2 − ∂yb1 
��5

ωt + u · ∇ω − b · ∇j = ν21∂xxxu2 − ν11∂xxyu1 + ν22∂xyyu2 − ν12∂yyyu1 (3.6)

�

jt + u · ∇j − b · ∇ω = η21∂xxxb2 − η11∂xxyb1 + η22∂xyyb2 − η12∂yyyb1

+ 2∂xb1(∂xu2 + ∂yu1) − 2∂xu1(∂xb2 + ∂yb1). (3.7)

� (1.2) \�B
−

∫
Ω

∂xxyu1ωdxdy =
∫

Ω

∂xyyu2∂xu2dxdy +
∫

Ω

∂xxyu1∂yu1dxdy

=
∫

Ω

∂y(∂xyu2∂xu2)dxdy − ‖∂xyu2‖2
0 +

∫
Ω

∂x(∂xyu1∂yu1)dxdy − ‖∂xyu1‖2
0

= −‖∂xyu2‖2
0 − ‖∂xyu1‖2

0, (3.8)
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∫
Ω

∂xyyu2ωdxdy =
∫

Ω

∂xyyu2∂xu2dxdy +
∫

Ω

∂xxyu1∂yu1dxdy

= −‖∂xyu2‖2
0 − ‖∂xyu1‖2

0, (3.9)∫
Ω

∂xxxu2ωdxdy =
∫

Ω

∂xxxu2(∂xu2 − ∂yu1)dxdy

=
∫

Ω

∂x(∂xxu2∂xu2)dxdy − ‖∂xxu2‖2
0 −

∫
Ω

∂x(∂xxu2∂yu1)dxdy

+
∫

Ω

∂xxu2∂xyu1dxdy

= −‖∂xxu2‖2
0 +

∫
Ω

∂x(∂xu2∂xyu1)dxdy −
∫

Ω

∂xu2∂xxyu1dxdy

= −‖∂xxu2‖2
0 +

∫
Ω

∂y(∂xu2∂xxu1)dxdy +
∫

Ω

∂xyu2∂xxu1dxdy

= −‖∂xxu2‖2
0 − ‖∂xxu1‖2

0, (3.10)

��

−
∫

Ω

∂yyyu1ωdxdy = −
∫

Ω

∂y(∂yyu1∂xu2)dxdy +
∫

Ω

∂yyu1∂xyu2dxdy

+
∫

Ω

∂y(∂yyu1∂yu1)dxdy − ‖∂yyu1‖2
0

=
∫

−Ω∂y(∂yu1∂xyu2)dxdy −
∫

Ω

∂yu1∂xyyu2dxdy − ‖∂yyu1‖2
0

= −
∫

Ω

∂x(∂yu1∂yyu2)dxdy +
∫

∂xyu1∂yyu2dxdy − ‖∂yyu1‖2
0

= −‖∂yyu1‖2
0 − ‖∂yyu2‖2

0. (3.11)

/	

−
∫

Ω

∂xxyb1jdxdy = −‖∂xyb‖2
0, (3.12)

−
∫

Ω

∂xyyb2jdxdy = −‖∂xyb‖2
0, (3.13)∫

Ω

∂xxxb2jdxdy = −‖∂xxb‖2
0, (3.14)∫

Ω

∂xyyb1jdxdy = −‖∂yyb‖2
0. (3.15)

2&,ka.�� (3.6)v� ω,kq.�� (3.7)v� j,Serx,X. Ω�w",� (3.8)–(3.15)

\, ����

1
2

d

dt
‖(ω, j)‖2

0 + (ν11 + ν22 + ν21)‖∂xxu1‖2
0 + ν21‖∂xxu2‖2

0 + ν12‖∂yyu1‖2
0

+ (ν11 + ν12 + ν22)‖∂yyu2‖2
0 + (η11 + η22 + η21)‖∂xxb1‖2

0

+ η21‖∂xxb2‖2
0 + η12‖∂yyb1‖2

0 + (η11 + η12 + η22)‖∂yyb2‖2
0

= I1 + I2 + I3 + I4, (3.16)
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0/
I1 = 2

∫
Ω

∂xb1∂xu2jdxdy, (3.17)

I2 = 2
∫

Ω

∂xb1∂yu1jdxdy, (3.18)

I3 = −2
∫

Ω

∂xu1∂xb2jdxdy, (3.19)

I4 = −2
∫

Ω

∂xu1∂yb1jdxdy. (3.20)

� div u|∂Ω = 0 �� ∂xu2|∂Ω = j|∂Ω = 0, ��

I1 ≤ C‖∂xb1‖0‖∂xu2‖1/2
0 ‖∂xyu2‖1/2

0 ‖j‖1/2
0 ‖∂xj‖1/2

0

≤ Cε‖∂xb1‖2
0‖∂xu2‖2

0‖j‖2
0 + ε‖∂xyu2‖0‖∂xj‖0

≤ Cε‖∂xb1‖2
0‖(ω, j)‖2

0 + ε‖(∂xxu1, ∂xxb2, ∂yyb1)‖2
0, (3.21)

I2 ≤ C‖∂xb1‖0‖∂yu1‖1/2
0 ‖∂xyu1‖1/2

0 ‖j‖1/2
0 ‖∂yj‖1/2

0

≤ Cε‖∂xb1‖2
0‖∂yu1‖0‖j‖0 + ε‖(∂xyu1, ∂yj)‖2

0

≤ Cε‖∂xb1‖2
0‖(ω, j)‖2

0 + ε‖(∂xyu, ∂xxb, ∂yyb)‖2
0, (3.22)

I3 ≤ C‖∂xu1‖0‖∂xb2‖1/2
0 ‖∂xxb2‖1/2

0 ‖j‖1/2
0 ‖∂yj‖1/2

0

≤ Cε‖∂xu1‖2
0‖∂xb2‖0‖j‖0 + ε‖(∂xxb2, ∂yj)‖2

0

≤ Cε‖∂xu1‖2
0‖j‖2

0 + ε‖(∂xxb, ∂yyb1)‖2
0, (3.23)

I4 ≤ C‖∂xu1‖0‖∂yb1‖1/2
0 ‖∂xyb1‖1/2

0 ‖j‖1/2
0 ‖∂yj‖1/2

0

≤ Cε‖∂xu1‖2
0‖∂yb1‖0‖j‖0 + ε‖(∂xyb1, ∂yj)‖2

0

≤ Cε‖∂xu1‖2
0‖j‖2

0 + ε‖(∂xxb, ∂yyb)‖2
0. (3.24)

k (3.21)–(3.24) \im (3.16) \, � Gronwall ��\B, .93 3 �

sup
0≤t≤T

‖(ω, j)(t)‖2
0 +

∫ T

0

‖(∂xxu1, ∂yyu2, ∂xxb, ∂yyb)(t)‖2
0dt ≤ C. (3.25)

(3.6) � (3.7) \"2v� Δω � Δj, Serx.��, X. Ω �w"�
1
2

d

dt
‖(∇ω,∇j)‖2

0 + ν21

∫
Ω

∂xxxu2Δωdxdy − ν11

∫
Ω

∂xxyu1Δωdxdy

+ ν22

∫
Ω

∂xyyu2Δωdxdy − ν12

∫
Ω

∂yyyu1Δωdxdy + η21

∫
Ω

∂xxxb2Δωdxdy

− η11

∫
Ω

∂xxyb1Δωdxdy + η22

∫
Ω

∂xyyb2Δωdxdy − η12

∫
Ω

∂yyyb1Δωdxdy

= J = J1 + J2 + J3 + J4 + J5 + J6, (3.26)

0/
J1 =

∫
Ω

u · ∇ωΔωdxdy =
∫

Ω

u1∂xω∂xxωdxdy +
∫

Ω

u2∂yω∂xxωdxdy

+
∫

Ω

u1∂xω∂yyωdxdy +
∫

Ω

u2∂yω∂yyωdxdy
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= −
∫

Ω

∂xu1∂xω∂xωdxdy −
∫

Ω

∂xu2∂yω∂xωdxdy −
∫

Ω

∂yu1∂xω∂yωdxdy

−
∫

Ω

∂yu2∂yω∂yωdxdy −
∫

Ω

u1∂x|∂xω|2dxdy −
∫

Ω

u2∂y|∂xω|2dxdy

−
∫

Ω

u1∂x|∂yω|2dxdy −
∫

Ω

u2∂y|∂yω|2dxdy

= −
∫

∇ω · ∇u · ∇ωdxdy, (3.27)

J2 =
∫

Ω

u · ∇jΔjdxdy = −
∫

∇j · ∇u · ∇jdxdy, (3.28)

J3 + J4 = −
∫

Ω

b · ∇jΔωdxdy −
∫

Ω

b · ∇ωΔjdxdy

=
∫

Ω

∇ω · ∇b · ∇jdxdy +
∫

Ω

b · ∇∇j∇ωdxdy

+
∫

Ω

∇j · ∇b · ∇ωdxdy +
∫

Ω

b · ∇∇ω∇jdxdy

=
∫

Ω

∇ω · ∇b · ∇jdxdy +
∫

Ω

∇j · ∇b · ∇ωdxdy, (3.29)

J5 = −2
∫

Ω

∂xb1(∂xu2 + ∂yu1)Δjdxdy, (3.30)

J6 = 2
∫

Ω

∂xu1(∂xb2 + ∂yb1)Δjdxdy. (3.31)

�*Æ7( (1.2) �B{
∂3

xu2 = ∂3
xb2 = 0, ∂xyyu2 = −∂xxyu1 = 0, ∂xyyb2 = −∂xxyb1 = 0, : y = 0, 1 B,

∂xxu1 = −∂xyu2 = 0, ∂xxb1 = −∂xyb2 = 0, ∂yyu1 = ∂yyb1 = 0, : x = 0, 1 B.
(3.32)

��, � (3.32) \�B∫
Ω

∂3
xu2Δωdxdy =

∫
Ω

∂3
xu2∂

2
x(∂xu2 − ∂yu1)dxdy +

∫
Ω

∂3
xu2∂

2
y(∂xu2 − ∂yu1)dxdy

= ‖∂3
xu2‖2

0 −
∫

Ω

∂3
xu2∂xxyu1dxdy +

∫
Ω

∂3
xu2∂xyyu2dxdy −

∫
Ω

∂3
xu2∂

3
yu1dxdy

= ‖∂3
xu2‖2

0+
∫

Ω

∂y∂3
xu2∂

2
xu1dxdy−

∫
Ω

∂y∂3
xu2∂xyu2dxdy+

∫
Ω

∂y∂3
xu2∂

2
yu1dxdy

= ‖∂3
xu2‖2

0−
∫

Ω

∂4
xu1∂

2
xu1dxdy+

∫
Ω

∂y∂2
xu2∂xxyu2dxdy−

∫
Ω

∂xxyu2∂xyyu1dxdy

= ‖∂3
xu2‖2

0 + ‖∂3
xu1‖2

0 + ‖∂xxyu2‖2
0 +

∫
Ω

∂xxyu2∂
3
yu2dxdy

= ‖∂3
xu2‖2

0 + ‖∂3
xu1‖2

0 + ‖∂xxyu2‖2
0 −

∫
Ω

∂xyu2∂x∂3
yu2dxdy

= ‖∂3
xu2‖2

0 + ‖∂3
xu1‖2

0+‖∂xxyu2‖2
0+‖∂xyyu2‖2

0, (3.33)

−
∫

Ω

∂xxyu1Δωdxdy = −
∫

Ω

∂xxyu1∂
2
x(∂xu2−∂yu1)dxdy−

∫
Ω

∂xxyu1∂
2
y(∂xu2−∂yu1)dxdy

=−
∫

Ω

∂xxyu1∂
3
xu2dxdy+‖∂xxyu1‖2

0−
∫

Ω

∂xxyu1∂xyyu2dxdy+
∫

Ω

∂xxyu1∂
3
yu1dxdy
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= ‖∂xxxu1‖2
0 + ‖∂xxyu1‖2

0 + ‖∂xyyu2‖2
0 −

∫
Ω

∂xxyyu1∂
2
yu1dxdy

= ‖∂xxxu1‖2
0 + ‖∂xxyu1‖2

0 + ‖∂xyyu2‖2
0 + ‖∂xyyu1‖2

0, (3.34)∫
Ω

∂xyyu2Δωdxdy =
∫

Ω

∂xyyu2∂
3
xu2dxdy −

∫
Ω

∂xyyu2∂xxyu1dxdy

+
∫

Ω

∂xyyu2∂yyxu2dxdy −
∫

Ω

∂xyyu2∂
3
yu1dxdy

= −
∫

Ω

∂xyu2∂
3
x∂yu2dxdy + 2‖∂xyyu2‖2

0 +
∫

Ω

∂xxyu1∂
3
yu1dxdy

= ‖∂xxyu2‖2
0 + 2‖∂xyyu2‖2

0 + ‖∂xyyu1‖2
0, (3.35)

��

−
∫

Ω

∂3
yu1Δωdxdy = −

∫
Ω

∂3
yu − 1∂3

xu2dxdy +
∫

Ω

∂3
yu1∂

2
x∂yu1dxdy −

∫
Ω

∂3
yu1∂

2
y∂xu2dxdy

+
∫

Ω

∂3
yu1∂

3
yu1dxdy

= ‖∂xyyu2‖2
0 + 2‖∂xyyu1‖2

0 + ‖∂3
yu1‖2

0. (3.36)

/	 ∫
Ω

∂3
xb2Δjdxdy = ‖∂3

xb2‖2
0 + ‖∂3

xb1‖2
0 + ‖∂xxyb2‖2

0 + ‖∂xyyb2‖2
0, (3.37)

−
∫

Ω

∂xxyb1Δjdxdy = ‖∂xxxb1‖2
0 + ‖∂xxyb1‖2

0 + ‖∂xyyb2‖2
0 + ‖∂xyyb1‖2

0, (3.38)∫
Ω

∂xyyb2Δjdxdy = ‖∂xxyb2‖2
0 + 2‖∂xyyb2‖2

0 + ‖∂xyyb1‖2
0, (3.39)

−
∫

Ω

∂3
yb1Δjdxdy = ‖∂xyyb2‖2

0 + 2‖∂xyyb1‖2
0 + ‖∂3

yb1‖2
0. (3.40)

u�

ωx = Δu2, ωy = −Δu1, jx = Δb2 � jy = −Δb1, (3.41)

�� (3.26), (3.33)–(3.40) \, �B
1
2

d

dt
‖∇(ω, j)‖2

0 + (ν11 + ν22)‖jxy‖2
0 + ν12‖jyy‖2

0 + ν21‖jxx‖2
0

+ (η11 + η22)‖jxy‖2
0 + η12‖jyy‖2

0 + η21‖jxx‖2
0 = J. (3.42)

2&, �93 3 ��CB
1
2

d

dt
‖∇(ω, j)‖2

0 + 2‖ωxy‖2
0 + ‖(jxx, jyy)‖2

0 = J. (3.43)

?�lBC J1–J6. ÆX

J1 = −
∫

Ω

∂xu1ω
2
xdxdy −

∫
Ω

∂xu2ωxωydxdy −
∫

Ω

∂yu1ωxωydxdy −
∫

Ω

∂yu2ω
2
xdxdy

= J11 + J12 + J13 + J14. (3.44)

�� ∂xu1|∂Ω nB, ��

J11 = −
∫

Ω

∂xu1ω
2
x ≤ ‖ωx‖0(‖∂xu1‖0 + ‖∂xu1‖1/2

0 ‖∂xxu1‖1/2
0 )‖ωx‖1/2

0 ‖ωxy‖1/2
0
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≤ ε‖ωxy‖2
0 + Cε‖ωx‖2

0(‖∂xu1‖4/3
0 + ‖∂xu1‖2/3

0 ‖∂xxu1‖2/3
0 )

≤ ε‖ωxy‖2
0 + Cε‖ωx‖2

0(‖∂xu1‖2
0 + ‖∂xxu1‖2

0 + 1). (3.45)

zu ωy|x=0,1 = 0 B
J12 = −

∫
Ω

∂xu2ωxωydxdy ≤ ‖ωx‖0‖∂xu2‖1/2
0 ‖∂xyu2‖1/2

0 ‖ωy‖1/2
0 ‖ωxy‖1/2

0

≤ ε‖ωxy‖2
0 + Cε‖∇ω‖2

0‖∂xu2‖2/3
0 ‖∂xyu2‖2/3

0

≤ ε‖ωxy‖2
0 + Cε‖∇ω‖2

0(‖∂xxu1‖2
0 + 1). (3.46)

u�� ωx|y=0,1 = 0, Q
J13 = −

∫
Ω

∂yu1ωxωy ≤ ‖∂yu1‖1/2
0 ‖∂xyu1‖1/2

0 ‖ωx‖1/2
0 ‖ωxy‖1/2

0 ‖ωy‖0

≤ ε‖ωxy‖2
0 + Cε‖∇ω‖2

0‖∂yu1‖2/3
0 ‖∂xyu1‖2/3

0

≤ ε‖ωxy‖2
0 + Cε‖∇ω‖2

0(1 + ‖∂yyu2‖2
2). (3.47)

� ∂yu2|∂Ω nB, no

J14 = −
∫

Ω

∂yu2ω
2
ydxdy ≤ (‖∂yu2‖0 + ‖∂yu2‖1/2

0 ‖∂yyu2‖1/2
0 )‖ωy‖1/2

0 ‖ωxy‖1/2
0 ‖ωy‖0

≤ ε‖ωxy‖2
0 + Cε‖∇ω‖2

0(1 + ‖∂yyu2‖2
0). (3.48)

2&

J1 ≤ ε‖ωxy‖2
0 + Cε(‖∂xyu2‖2

0 + ‖∂xxu1‖2
0 + 1)‖∇ω‖2

0. (3.49)

� (1.2) \� {
jx = 0, : y = 0, 1 B,

jy = 0, : x = 0, 1 B.
(3.50)

u�"'w"�B
‖jxy‖2

0 ≤ C‖jxx‖2
0 + C‖jyy‖2

0. (3.51)

<l� J1 
BC, � (3.51) \�

J2 = −
∫

Ω

∇j · ∇u · ∇jdxdy ≤ ε‖jxy‖2
0 + Cε(‖∂yyu2‖2

0 + ‖∂xxu1‖2
0 + 1)‖∇j‖2

0

≤ ε‖(jxx, jyy)‖2
0 + Cε(‖∂yyu2‖2

0 + ‖∂xxu1‖2
0 + 1)‖∇j‖2

0. (3.52)

;��,, X?Co�
J3 + J4 = 2

∫
Ω

∂xb1ωxjx + 2
∫

Ω

∂yb2ωyjy +
∫

Ω

∂yb1ωyjx

+
∫

Ω

∂yb1ωxjy +
∫

Ω

∂xb2ωxjy +
∫

Ω

∂xb2ωyjx. (3.53)

WD� b2|x=0,1 nB, 2&�"'w"�� ∂xb1 + ∂yb2 = 0, jx|y=0,1 = ωx|y=0,1 = 0 B
2
∫

Ω

∂xb1ωxjx = −2
∫

Ω

∂yb2ωxjx = 2
∫

Ω

b2ωxyjx + 2
∫

Ω

b2ωxjxy

≤ C(‖b2‖0 + ‖b2‖1/2
0 ‖∂xb2‖1/2

0 )‖ωxy‖0‖jx‖1/2
0 ‖jxy‖1/2

0

+ C(‖b2‖0 + ‖b2‖1/2
0 ‖∂xb2‖1/2

0 )‖jxy‖0‖ωx‖1/2
0 ‖ωxy‖1/2

0
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≤ ε‖(ωxy, jxy)‖2
0 + Cε(‖b2‖4

0 + ‖b2‖2
0‖∂xb2‖2

0)‖(jx, ωx)‖2
0

≤ ε‖(ωxy, jxy)‖2
0 + Cε‖j‖2

0‖(jx, ωx)‖2
0. (3.54)

F-, 0#��� Poincaré ��\, b2|y=0,1 = 0 ��,
��\

‖b2‖0 = ‖ ‖b2‖L2
y
‖L2

x
≤ C‖ ‖∂yb2‖L2

y
‖L2

x
≤ ‖∂yb2‖0. (3.55)

WD� jy|x=0,1 = ωy|x=0,1 = 0, { b1|y=0,1 
EnB, Q�"'w"� ∂xb1 + ∂yb2 = 0, �

2
∫

Ω

∂yb2ωyjy = −2
∫

Ω

∂xb1ωyjy = 2
∫

Ω

b1ωxyjy + 2
∫

Ω

b1ωyjxy

≤ C(‖b1‖0 + ‖b1‖1/2
0 ‖∂yb1‖1/2

0 )‖ωxy‖0‖jy‖1/2
0 ‖jxy‖1/2

0

+ C(‖b1‖0 + ‖b1‖1/2
0 ‖∂yb1‖1/2

0 )‖jxy‖0‖ωy‖1/2
0 ‖ωxy‖1/2

0

≤ ε‖(ωxy, jxy)‖2
0 + Cε‖j‖2

0‖(jx, ωx)‖2
0, (3.56)

0/��� Poincaré ��\, b1|x=0,1 = 0 ��,��\

‖b1‖0 = ‖ ‖b1‖L2
x
‖L2

y
≤ C‖ ‖∂xb1‖L2

x
‖L2

y
≤ ‖∂xb1‖0. (3.57)

WD� jx|y=0,1 = ωy|x=0,1 = ωx|y=0,1 = jy|x=0,1 = 0, Q∫
Ω

∂yb1ωyjxdxdx ≤ C‖∂yb1‖0‖ωy‖1/2
0 ‖ωxy‖1/2

0 ‖jx‖1/2
0 ‖jxy‖1/2

0

≤ ε‖(ωxy, jxy)‖2
0 + Cε‖j‖2

0‖∇(ω, j)‖2
0, (3.58)∫

Ω

∂xb2ωxjy ≤ C‖∂xb2‖0‖ωx‖1/2
0 ‖ωxy‖1/2

0 ‖jy‖1/2
0 ‖jxy‖1/2

0

≤ ε‖(ωxy, jxy)‖2
0 + Cε‖j‖2

0‖∇(ω, j)‖2
0. (3.59)

/	 ∫
Ω

∂yb1ωxjy +
∫

Ω

∂xb2ωyjx ≤ ε‖(ωxy, jxy)‖2
0 + Cε‖j‖2

0‖∇(ω, j)‖2
0. (3.60)

k (3.54) � (3.60) \im (3.53), �

J3 + J4 ≤ ε‖(ωxy, jxy)‖2
0 + Cε‖j‖2

0‖∇(ω, j)‖2
0. (3.61)

?�lBC J5 � J6.

J5 = −2
∫

Ω

∂xb1ωΔjdxdy

= 2
∫

Ω

ω∇∂xb1 · ∇jdxdy + 2
∫

Ω

∂xb1∇∂xu2 · ∇jdxdy + 2
∫

Ω

∂xb1∇∂yu1 · ∇jdxdy

≤ ‖ω‖1/2
0 ‖∂xω‖1/2

0 (‖∇∂xb1‖0 + ‖∇∂xb1‖1/2
0 ‖∇∂xyb1‖1/2

0 )‖∇j‖0

+ (‖∂xb1‖0 + ‖∂xb1‖1/2
0 ‖∂xxb1‖1/2

0 )(‖∇∂xu2‖0 + ‖∇∂xu2‖1/2
0 ‖∇∂xyu2‖1/2

0 )‖∇j‖0

+ (‖∂xb1‖0 + ‖∂xb1‖1/2
0 ‖∂xyb1‖1/2

0 )(‖∇∂yu1‖0 + ‖∇∂yu1‖1/2
0 ‖∇∂xyu1‖1/2

0 )‖∇j‖0

≤ ‖ω‖1/2
0 ‖ωx‖1/2

0 ‖bxy‖0‖∇j‖0 + ‖ω‖1/2
0 ‖ωx‖1/2

0 ‖∇∂xb1‖1/2
0 ‖jxy‖1/2

0 ‖∇j‖0

+ ‖∂xb1‖0‖∇ω‖0‖∇j‖0 + ‖∂xb1‖0‖∇2u2‖1/2
0 ‖∇∂xyu2‖1/2

0 ‖∇j‖0

+ ‖∇ω‖0‖∂xb1‖1/2
0 ‖∂x∇b1‖1/2

0 ‖∇j‖0

+ ‖∂xb1‖1/2
0 ‖∂x∇b1‖1/2

0 ‖∇ω‖1/2
0 ‖∇∂xyu2‖1/2

0 ‖∇j‖0. (3.62)
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X?Co�B
‖ω‖1/2

2 ‖∇ω‖1/2
2 ‖bxy‖0‖∇j‖0 � 1 + (1 + ‖bxy‖2

0)(‖∇j‖2
0 + ‖∇ω‖2

0), (3.63)

‖∂xb1‖0‖∇ω‖0‖∇j‖2
0 � (1 + ‖∂xb1‖2

0)(‖∇ω‖2
0 + ‖∇j‖2

0), (3.64)

‖∇ω‖0‖∂xb1‖1/2
0 ‖∂x∇b1‖1/2

0 ‖∇j‖0 � (1 + ‖jx‖2
0)(‖∇ω‖2

0 + ‖∇j‖2
0), (3.65)

‖∂xb1‖0‖∇2u2‖1/2
0 ‖∇∂xyu2‖1/2

0 ‖∇j‖2
0 � ‖∇ω‖1/2

0 ‖ωxy‖1/2
0 ‖∇j‖0

� ε‖ωxy‖2
0 + Cε‖∇ω‖2/3

0 ‖∇j‖4/3
0 � ε‖ωxy‖2

0 + Cε‖∇(ω, j)‖2
0, (3.66)

‖ω‖1/2
0 ‖ωx‖1/2

0 ‖∇∂xb1‖1/2
0 ‖jxy‖1/2

0 ‖∇j‖0 � ‖∇j‖3/2
0 ‖∇ω‖1/2

2 ‖jxy‖1/2
0

� ε‖jxy‖2
0 + Cε‖∇j‖2

0‖∇ω‖2/3
0 � ε‖jxy‖2

0 + Cε(1 + ‖∇j‖2
0)‖∇(ω, j)‖2

0, (3.67)

‖∂xb1‖1/2
0 ‖∂x∇b1‖1/2

0 ‖∇ω‖1/2
0 ‖∇∂xyω‖1/2

0 ‖∇j‖0

� ‖∇j‖3/2
0 ‖∇ω‖1/2

0 ‖ωxy‖1/2
2 � ε‖ωxy‖3/2

0 + Cε‖∇j‖2
0‖∇ω‖2/3

0

� ε‖ωxy‖2
0 + Cε(1 + ‖∇j‖2

0)(1 + ‖∇(j, ω)‖2
0). (3.68)

2&, k (3.63) � (3.68) im (3.62) �B
J5 ≤ Cε

[(
1 + ‖(∂xyb, ∂xb1)‖2

0

)‖∇(ω, j)‖2
0 + ‖∇ω‖2

0‖∇j‖2
0

]
+ ε‖(wxy, jxy)‖2

0. (3.69)

/	

J6 = −2
∫

Ω

∇∂xu1(∂xb2 + ∂yb1)∇jdxdy − 2
∫

Ω

∂xu1∂x∇b2∇jdxdy

− 2
∫

Ω

∂xu1∂y∇b1∇jdxdy

≤ ‖∇ω‖1/2
0 (‖∂3

xu1‖1/2
0 + ‖∂xyyu1‖1/2

0 )‖j‖1/2
0 ‖∇j‖1/2

0 ‖∇j‖0

+ (‖ω‖0 + ‖ω‖1/2
0 ‖∇ω‖1/2

0 )(‖∇j‖0 + ‖∇j‖1/2
0 ‖∇2j‖1/2

0 )‖∇j‖0

≤ C(1 + ‖(j,∇j)‖2
0)‖∇(j, ω)‖2

0 + C‖∇j‖1/2
0 ‖∇2j‖1/2

0 ‖∇j‖0

≤ Cε(1 + ‖(j,∇j)‖2
0)‖∇(j, ω)‖2

0 + ε‖∇2j‖2
0. (3.70)

2&, � Gronwall ��\�

sup
0≤t≤T

‖∇(ω, j)(t)‖2
0 +

∫ T

0

‖(ωxy, jxy)(t)‖2
0dt ≤ C. (3.71)

� (3.5), (3.25) � (3.71) \)�B ‖u(·, t), b(·, t)‖H2(Ω) ��Y�Æ
. .93 3 �, u�p

$ 2.2 �B-*E#$ (1.1) � (1.2) 
|>!�I�9.
.

mn 4–8 opqrstu P�0#.Z@hUvw�
, ����� (1.1) � (1.2) .9
3 4–8 ��.93 3 ���(!
v,UV�BC. ww�.93 3 /MN
BC, 0#��5

xx�m�.93 4–8 ���
��"��, F-0#R�fL7.

3.2 mn 9–19 oST 1.1 pab
Zhkyf.93 9–19 ������ (1.1) � (1.2) 
��"��. 0�S�a 3.1 @h<
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�, .93 9�
����� (1.1)� (1.2)d0
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mn 9 opqrstu 493 9 �<, � (3.5) \�B
1
2

d

dt
‖(u, b)‖2

0 + ‖∂yu1‖2
0 + ‖∂xu2‖2

0 + 2‖∂xb1‖2
0 = 0, (3.72)

��
sup

0≤t≤T
‖(u, b)(t)‖2

0 +
∫ T

0

‖(∂yu1, ∂xu2, ∂xb1)(t)‖2
0dt ≤ C. (3.73)

uzu (3.16) \B
1
2

d

dt
‖(ω, j)‖2

0 + ‖Δu‖2
0 + 2‖∂xxb1‖2

0 + 2‖∂yyb2‖2
0 = I1 + I2 + I3 + I4. (3.74)

?�l0#BC I1–I4.

I1 = 2
∫

Ω

∂xb1∂xu2jdxdy

≤ C(‖∂xb1‖0 + ‖∂xb1‖1/2
0 ‖∂xyb1‖1/2

0 )‖∂xu2‖1/2
0 ‖∂xxu2‖1/2

0 ‖j‖0

≤ ε‖(∂xxu2, ∂xu2)‖2
0 + Cε‖∂xb1‖2

0‖j‖2
0 + ε‖(∂xyb1, ∂xxu2)‖2

0

+ Cε‖(∂xb1, ∂xu2)‖2
0‖j‖0, (3.75)

I2 = 2
∫

Ω

∂xb1∂yu1jdxdy

≤ C(‖∂xb1‖0 + ‖∂xb1‖1/2
0 ‖∂xyb1‖1/2

0 )‖∂yu1‖1/2
0 ‖∂xyu1‖1/2

0 ‖j‖0

≤ ε‖(∂xyu1, ∂yu1)‖2
0 + Cε‖∂xb1‖2

0‖j‖2
0 + ε‖(∂xyb1, ∂xyu1)‖2

0

+ Cε‖(∂xb1, ∂yu1)‖2
0‖j‖2

0. (3.76)

u�"'w"��

I3 = −2
∫

Ω

∂xu1∂xb2jdxdy = −2
∫

Ω

∂xu1∂xb2(∂xb2 − ∂yb1)dxdy

= 2
∫

Ω

(∂yu2(∂xb2)2 − ∂yu2∂xb2∂yb1)dxdy

= −4
∫

Ω

u2∂xyb2∂xb2dxdy + 2
∫

Ω

∂xyu2b2∂yb1dxdy + 2
∫

Ω

∂yu2b2∂xyb1dxdy

= I31 + I32 + I33, (3.77)

0/
I31 = −4

∫
Ω

u2∂xyb2∂xb2dxdy

≤ C(‖u2‖0 + ‖u2‖1/2
0 ‖∂xu2‖1/2

0 )‖∂xb2‖1/2
0 ‖∂xyb2‖1/2

0 ‖∂xyb2‖0

≤ ε‖∂xyb2‖2
0 + Cε(1 + ‖∂xu2‖2

0)‖j‖2
0, (3.78)

I32 = 2
∫

Ω

∂xyu2b2∂yb1dxdy ≤ C‖∂xyu2‖0‖b2‖1/2
0 ‖∂yb2‖1/2

0 ‖∂yb1‖1/2
0 ‖∂xyb1‖1/2

0

≤ ε‖(∂xyu2, ∂xyb1)‖2
0 + Cε‖b2‖2

0‖∂yb2‖2
0‖∂yb1‖2

0

≤ ε‖(∂xyu2, ∂xyb1)‖2
0 + Cε‖b2‖2

0‖∂xb1‖2
0‖j‖2

0, (3.79)

I33 = 2
∫

Ω

∂yu2b2∂xyb1dxdy

≤ C(‖∂yu2‖0 + ‖∂yu2‖1/2
0 ‖∂xyu2‖1/2

0 )‖b2‖1/2
0 ‖∂yb2‖1/2

0 ‖∂xyb1‖0
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≤ ε‖∂xyb1‖2
0 + Cε‖∂yu2‖2

0‖∂yb2‖0 + ε‖∂xyu2‖2
0 + Cε‖b2‖2

0‖∂yu2‖2
0‖∂yb2‖2

0

≤ ε‖(∂xxu1, ∂yyb2)‖2
0 + Cε(‖∂xb1‖2

0‖ω‖2
0 + ‖∂yu2‖2

0‖j‖2
0). (3.80)

/	

I4 = −2
∫

Ω

∂xu1∂yb1jdxdy = −2
∫

Ω

∂xu1∂yb1(∂xb2 − ∂ub1)dxdy

= 2
∫

Ω

∂yu2∂yb1∂xb2 + ∂xu1(∂yb1)2

= −2
∫

Ω

∂yyu2b1∂xb2 − 2
∫

Ω

∂yu2b1∂xyb2 − 4
∫

Ω

u1∂yb1∂xyb1

≤ C‖∂yyu2‖0‖b1‖1/2
0 ‖∂xb1‖1/2

0 ‖∂xb2‖1/2
0 ‖∂xyb2‖1/2

0

+ C(‖∂yu2‖0 + ‖∂yu2‖1/2
0 ‖∂yyu

1/2
2 )‖b1‖1/2

0 ‖∂xb1‖1/2
0 ‖∂xyb2‖0

+ C(‖u1‖0 + ‖u1‖1/2
0 ‖∂yu1‖1/2

0 )‖∂yb1‖1/2
0 ‖∂xyb1‖1/2

0 ‖∂xyb1‖0

≤ ε‖(∂yyu2, ∂yyb2)‖2
0 + Cε‖b1‖2

0‖∂xb1‖2
0‖∂xb2‖2

0 + Cε‖∂yu2‖2
0‖b‖0‖∂xb1‖0

+ Cε‖b1‖2
0‖∂xb1‖2

0‖∂yu2‖2
0 + ε‖∂xyb1‖2

0 + Cε(1 + ‖∂yu1‖2
0)‖∂yb1‖2

0

≤ ε‖(∂yyu2, ∂xxb1, ∂yyb2)‖2
0 + Cε‖(∂xb1, ∂yu2)‖2

0‖(ω, j)‖2
0. (3.81)

��, � Gronwall ��\�

sup
0≤t≤T

‖(ω, j)(t)‖2
0 +

∫ T

0

‖(Δu, ∂xxb1, ∂yyb2)(t)‖2
0dt ≤ C. (3.82)

u� (3.42) \�B
1
2

d

dt
‖∇(ω, j)‖2

0 + ‖ωyy‖2
0 + ‖ωxx‖2

0 + 2‖jxy‖2
0 = J. (3.83)

k (3.49), (3.52)2, (3.53), (3.69) � (3.70) im�\, �
1
2

d

dt
‖∇(ω, j)‖2

0 + ‖ωyy‖2
0 + ‖ωxx‖2

0 + 2‖jxy‖2
0 ≤ ε‖(ωxy, jxy)‖2

0

+ Cε(‖(∂xyu2, ∂xxu1, ∂yyu2, ∂xb1, ∂xyb,∇ω, ∂xu1)‖2
0 + 1)(1 + ‖∇(ω, j)‖2

0). (3.84)

WD� ωx|y=0,1 = 0, ωy|x=0,1 = 0, Q
‖ωxy‖2

0 =
∫

Ω

ωxxωyydxdy ≤ ‖ωyy‖2
0 + ‖ωxx‖2

0. (3.85)

2&, � Gronwall ��\�

sup
0≤t≤T

‖∇(ω, j)(t)‖2
0 +

∫ T

0

‖(ωyy, ωxx, jxy)(t)‖2
0dt ≤ C. (3.86)

� (3.72), (3.82) � (3.86) \�� ‖u(·, t), b(·, t)‖H2(Ω) ��Y�Æ
. uzup$ 2.2 �B,

.93 9 �, -*E#$ (1.1) � (1.2) 
!���"�
.

mn 10–13 opqrstu <l�.93 4–7 �
��PQ�, F-0#R�fL7.

mn 14–19 opqrstu 93 14–19 
��PQ�
L7�93 1 �93 2 
L7
<l, ���}&? [3, 8]. ��pq93 17–19 �93 14–16 �B&#�"24D
, �:��

�������
34BC�B93 14–16 
34BC����z
, ��.93 14–19 �;

A
��"��)����.
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c���9>�B, ����� (1.1) � (1.2) 
�!.93 3–19 ����9.:Y�
.
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