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Abstract We give the quantum decomposition of general Bernoulli random variable
X, the integral representation of the number of return routes in m steps of a three
point path graph, and the asymptotic spectral distribution of two kinds of growing
graphs—cycle graph and complete bipartite graph. This makes it possible for us to
study a classical variable or a probability distribution within the framework of quantum
probability. To some extent, this also shows that the quantum probabilistic techniques
in the spectral analysis of graphs.
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Q` 2.1 [6] -G�"DRS G = (V,E), �� V "&8
H3
IJ, E "K
IJ, L

6TH3
UV"IJ. I?GH3 x, y ∈ V CJ, *M2 x ∼ y. KN V "�%I, *O�
G = (V,E) 2�%�, P*O2U%�.

Q` 2.2 [6] � G = (V,E) 
LMNW"QX�YRI V × V �
NW A = A[G], "

∀x, y ∈ V , I x I y CJ, Axy = 1. P* Axy = 0, *LMNW
ROP@>2

Axy =

{
1, x ∼ y,

0, �Q.

Q` 2.3 [9] R� G = (V,E) "�%�, �
#QX2�S
Spec(G) =

(
λ1 λ2 · · · λs

m1 m2 · · · ms

)
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Q` 2.4 [6] R A "��^ C �
�T_R 1A 
T_ ∗ U�, V� ϕ : A �→ C O2 A

�
U, KN

(1) ϕ "G�
;

(2) ϕ (a∗a ≥ 0);

(3) ϕ(1A ) = 1,

*DRS (A , ϕ) O2U�!%89.
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� A (G) �
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�%N
!%c
S μ 9d
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ϕ(Am) = Mm(μ) =
∫

R

xmμ(dx), m ≥ 0, (2.1)

μ O2 A �U ϕ ]
#�0.

Q` 2.6 [6] R G = (V,E) "-G�%�, ef�
gQX2
ϕtr(A) =

1
|V |Tr a =

1
|V |

∑
x∈V

(a)xx =
1
|V |

∑
x∈V

〈ex, aex〉, a ∈ A (G),

�� {ex;x ∈ V } ⊂ C0(V ) 2.f , C0(V ) " V �
^��%fh
 C [V�89. �
G = (V,E) 
LMNW A i`2"U�!%89 (A (G), ϕtr) �
3��/�, G 
EZ[�
0" R �
!%cS, QX2

μ =
1
|V |

s∑
i=1

miδλi , Spec(G) =
(

λ1 λ2 · · · λs

m1 m2 · · · ms

)
, (2.2)

�� δλi @> λi j
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Q` 2.7 [9] R Γ "-G�MG>' Φ0,Φ1,Φ2, . . . 
 Hilbert 89, Γ0 "86S gd

ka+89, 7GG�<+ B+, B−, B0 ∈ L(Γ0), L(Γ0) 2<+89, ��

B+Φn =
√

ωn+1Φn+1, n ≥ 0;

B−Φ0 = 0, B−Φn =
√

ωnΦn−1, n ≥ 1;

B0Φn = αn+1Φn, n ≥ 0.
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(L(Γ0),Φ0) �
��/�, �� Φ0 O2F8U. E�p, B+ + B− + B0 O2<<+, <<+q
$4
f
#�0 μ -j
Sg, R �
!%cS6@

〈Φ0, (B+ + B− + B0)mΦ0〉 =
∫

R

xmμ(dx), m ≥ 0. (2.3)

ab 2.8 [9] R μ1, μ2, . . . , μn, . . . , μ " R �
!%cS, KN�
lim

n→∞

∫
R

f(x)μn(dx) =
∫

R

f(x)μ(dx), f ∈ Cb(R), (2.4)

O μn hij� μ, �� Cb(R) @> R �
5��kJkV�89.

ab 2.9 [7] R (Γ, {Φn}, B+, B−, B0) "^� Jacobi B� ({ωn}, {αn}) 
C81: Fock

89, μ "^� Jacobi B� ({ωn}, {αn}) 
!%cS, �
Mm(μ) =

∫
R

f(x)μ(dx) = 〈Φ0, (B+ + B− + B0)mΦ0〉, m ≥ 0. (2.5)

ab 2.10 [9] R G = (V,E)"-G� (�%�U%, dP�_Q2\E�%), A "� G


LMNW, "ll
 x, y ∈ V , W (x, y;G) @>JM3 x I y 
 m ��
�m, *�
(Am)xy = W (x, y;G), m ≥ 1, (2.6)
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�� (Am)xy = 〈ex, Amey〉.
ab 2.11 [7] R a = a∗ "U�!%89 (A , ϕ) �
3��/�, *b�m-
 Jacobi B

� ({ωn}, {αn}) ∈ J , �� J 2 Jacobi B�9d
IJ, ),

ϕ(am) = 〈Φ0, (B+ + B− + B0)mΦ0〉, m ≥ 0, (2.7)

�� (Γ, {Φn}, B+, B−, B0) "^� Jacobi B� ({ωn}, {αn}) 
C81: Fock 89. rn

a
m= B+ + B− + B0

O23��/� a = a∗ 
�+�Æ.

ab 2.12 [9] = Pn (n ∈ N) 
#�02
μn =

1
n

( n∑
k=1

δ2 cos kπ
n+1

)
,

* ∫
R

f(x)μn(dx) =
1
n

( n∑
k=1

f

(
2 cos

kπ

n + 1

))
, f ∈ Cb(R),

	+

lim
m→∞

∫
R

f(x)μn(dx) =
∫ 2

−2

f(x)
1

π
√

4 − x2
dx. (2.8)

nr, = Pn 
#�0hij�s>oo.

ab 2.13 [9] MG� Kn (n ∈ N) 
#�02
μn =

1
n

δn−1 +
n − 1

n
δ−1,

*
lim

m→∞

∫
R

f(x)μn(dx) = f(−1),

]!%cS μn Rp�, R μ̃n 2Rp�
 μn, t

lim
m→∞

∫
R

f(x)μ̃n(dx) = f(0). (2.9)

nr, = Kn 
#�0hij� δ0.
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st R (Γ, {Φn}, B+, B−, B0) "^� Jacobi B�
({ω1 = p(1 − p)}, {α1 = p, α2 = 1 − p}) ∈ J2


C81: Fock 89, ��
Φ0 =

(
0
1

)
, Φ1 =

(
1
0

)
,

B+ =
(

0
√

p(1 − p)
0 0

)
, B− =

(
0 0√

p(1 − p) 0

)
, B0 =

(
1 − p 0

0 p

)
,

t 〈Φ0, (B+ + B− + B0)mΦ0〉 = p.

xsylPK Bernoulli �0
!%cS2
μ = (1 − p)δ0 + pδ1, (3.1)

*
Mm(μ) =

∫
R

xmμ(dx) = p.

t-��
Mm(μ) =

∫
R

xmμ(dx) = 〈Φ0, (B+ + B− + B0)mΦ0〉, (3.2)

t Bernoulli ��/� X 
�+�Æ2 X
m= B+ + B− + B0. Ly.

rT 3.2 R (Γ, {Φn}, B+, B−, B0)"^� Jacobi B� ({ω1 = ω2 = 1}, {αn ≡ 0}) ∈ J3 


C81: Fock 89, * B+ + B− 
F8#�0
 Wm(0, 0;P3) 
?�@z4CT.

st 8ylPK
(B+ + B−)Φ0 = Φ1, (B+ + B−)Φ1 = Φ2 + Φ0,

P,

〈Φ0, (B+ + B−)mΦ0〉 =

{
0, m = 2k + 1,

2(k−1), m = 2k,
k ≥ 1.

= P3 
LMNW2

A =

⎛
⎝ 0 1 0

1 0 1
0 1 0

⎞
⎠ ,

{uP,

A2k+1 =

⎛
⎝ 0 2k 0

2k 0 2k

0 2k 0

⎞
⎠ , A2k =

⎛
⎝ 2k−1 0 2k−1

0 2k 0
2k−1 0 2k−1

⎞
⎠ ,

*
W (0, 0;P3) = 〈e0, A

me0〉,
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e0 =

⎛
⎝ 1

0
0

⎞
⎠ ,

)<,

〈e0, A
me0〉 =

{
0, m = 2k + 1,

2(k−1), m = 2k.

t-��
W (0, 0;P3) =

∫
R

xmμ(dx) = 〈Φ0, (B+ + B−)mΦ0〉, (3.3)

nr, B+ + B− 
F8#�0
 Wm(0, 0;P3) 
?�@z4CT. Ly.

4 uhvwzskrxyzs{
���"-C� Gn = (Vn, En), a n → ∞ n, � |Vn| → ∞, r Gn " Gn+1 
+�. ]v

wx?@��� — FIMGD��
01#�0, R� Gn = (Vn, En) 
LMNW A = (aij),

i, j = 1, 2, . . . , n, �EZ4?42
ϕA(x) = |xI − A| = det(xI − A).

rT 4.1 F Cn 
#�0hij�s>oo.

st n2F Cn 
LMNW2

A =

⎛
⎜⎜⎜⎝

0 1 0 · · · 0 1
1 0 1 · · · 0 0
...

...
...

. . .
...

...
1 0 0 · · · 1 0

⎞
⎟⎟⎟⎠ .

tF Cn 
#2

Spec(C2m+1) =

⎛
⎝ 2 · · · 2 cos

2πl

2m + 1
· · · 2 cos

2πm

2m + 1
1 · · · 2 · · · 2

⎞
⎠ , 1 ≤ l ≤ m.

Spec(C2m) =

⎛
⎝ 2 · · · 2 cos

2πl

2m
· · · −2

1 · · · 2 · · · 1

⎞
⎠ , 1 ≤ l ≤ m − 1.

	+yF C2m+1 
#�02

μ2m+1 =
1

2m + 1

(
δ2 + 2

m∑
l=1

δ2 cos 2πl
2m+1

)
, (4.1)

* ∫
R

f(x)μ2m+1(dx) =
1

2m + 1

(
f(2) + 2

m∑
l=1

f

(
2 cos

2πl

2m + 1

))
, f ∈ Cb(R).
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t�
lim

m→∞

∫
R

f(x)μ2m+1(dx) = lim
m→∞

1
2m + 1

(
f(2) + 2

m∑
l=1

f

(
2 cos

2πl

2m + 1

))

= lim
m→∞

2
2m + 1

( m∑
l=1

f

(
2 cos

2πl

2m + 1

))
.

5�
lim

m→∞
2

2m + 1

( m∑
l=1

f

(
2 cos

2πl

2m + 1

))
=

∫ 1

0

f(2 cos(tπ))dt =
∫ 2

−2

f(x)
1

π
√

4 − x2
dx. (4.2)

|zF C2m 
#�02
μ2m =

1
2m

(
δ2 + 2

m∑
l=1

δ2 cos 2πl
2m

+ δ−2

)
, (4.3)

* ∫
R

f(x)μ2m(dx) =
1

2m

(
f(2) + 2

m∑
l=1

f

(
2 cos

2πl

2m

)
+ f(−2)

)
, f ∈ Cb(R),

t�
lim

m→∞

∫
R

f(x)μ2m(dx) = lim
m→∞

1
2m

(
f(2) + 2

m∑
l=1

f

(
2 cos

2πl

2m

)
+ f(−2)

)

= lim
m→∞

1
m

( m∑
l=1

f

(
2 cos

2πl

2m

))

=
∫ 1

0

f(2 cos(tπ))dt

=
∫ 2

−2

f(x)
1

π
√

4 − x2
dx

(4.4)

PKF Cn 
#�0hij�s>oo. Ly.

rT 4.2 MGD�� Km,n 
#�0hij� δ0.

st MGD�� Km,n 
LMNW2
A =

(
A1 B1

A2 B2

)
,

�� A1 = (0)m×m, A2 = (1)n×n, B1 = (1)m×n, B2 = (0)n×n.

tMGD�� Km,n 
#2
Spec(Km,n) =

( −√
mn 0

√
mn

1 m + n − 2 1

)
, m ≥ 1, n ≥ 1,

	+MGD�� Km,n 
#�02
μm+n =

1
m + n

(δ−√
mn + (m + n − 2)δ0 + δ√mn), (4.5)

* ∫
R

f(x)μm+n(dx) =
1

m + n
(f(−√

mn) + (m + n − 2)f(0) + f(
√

mn)).
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nr
lim

m+n→∞

∫
R

f(x)μm+n(dx) = lim
m+n→∞

1
m + n

(f(−√
mn) + (m + n − 2)f(0) + f(

√
mn))

= f(0).
(4.6)

tMGD��
#�0hij� δ0. Ly.
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