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Abstract We consider the prescribing problem for symmetric function of Ricci tensor.
Suppose a closed Einstein manifold (M,g) is not σ2(Ric) singular. Let f ∈ C∞(M) and
it changes sign. We prove that there exists a metric g∗ such that σ2(Ricg∗) = f . Then,
as a corollary, we have an existence result for the prescribing problem for Einstein
manifold with negative scalar curvature.
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1 34
� (Mm, g) � m �������, m ≥ 2. Ricg � Rg �������� Ricci 5����

��.

���6����7��� �8!"���. #�$%9�����:����, &�9
;���'(<���)�=6����. * [3, 8] � [9] ����+ Q ��� σ2(Ag) �6�
����. ��* ,��!= σ2(Ricg) ���6���. � λi � Ricg �->?, σ2(Ricg) �

./:

σ2(Ricg) =
∑
i<j

λiλj .

01

σ2(Ricg) =
1
2

(( ∑
i

λi

)2

−
∑
i

λ2
i

)
=

1
2

(
R2
g − |Ricg|2

)
. (1.1)

�*23"4 σ2(Ricg) �56#4@, 7$89 L2 A�%B4@, &'&�%B4@�(
)9�*+,/ σ2(Ric) :6*+ (-�. 4.1). CDE���;, <=.7�/ Lp ��*+�

��0>F�6������1. 2�3, .7�/?'��.

GH 1.1 4�5I� Einstein �� (M,g) 678 σ2(Ric) :6. C� f ∈ C∞(M), @ f

9 M �9:. AB;9�� g∗, &�

σ2(Ricg∗) = f.

<�C��<J9����D=9� Einstein ���, <==�/+:

KL 1.2 4� (M,g) �����D=9� Einstein ��. C� f /9:�>?��, M
;9�� g∗, &�

σ2(Ricg∗) = f.

;E���F�.

2 NO
� S2(M) / M �@,� (0, 2) G5��AB. � h, k ∈ S2(M). /CDH-, <=P?'

Q�:

(h× k)ij = hliklj ,

h · k = hijkij ,

(δh)i = −(div h)i = −∇jhij .

96IHEJ�KF', <=GHI' Ricg J/ Ric, 8A Ric ���J/ Rjk, #��./

Ricjk := Rjk = Riijk = gilRijkl.

3 RSTUV
� {g(t)}|t∈(−ε,ε) � M ���W��. @ g(0) = g, g′(0) = h. K'L<="4 dσ2(Ricg(t))

dt .

/L, MNJ/'O�"4��. PQXR.-* [2, 4, 8, 10].
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\& 3.1 (-* [8]) Christoffel T:�56#4@�
Γ′k
ij =

1
2
gkl (∇ihjl + ∇jhil −∇lhij) . (3.1)

Ricci 5��56#4@�
Ric′jk = −1

2
(ΔLhjk + ∇j∇k(Trh) + ∇j(δh)k + ∇k(δh)j) , (3.2)

8A ΔLhjk = Δhjk + 2(Rijklhil) −Rjih
i
k −Rkih

i
j . �����56#4@�

R′ = −Δ(Trh) + δ2h− Ric · h. (3.3)

ΔR �56#4@�
(ΔR)′ = −∇2R · h+ ΔR′ +

1
2
dR · (d(Trh) + 2δh). (3.4)

K'LV� σ2(Ricg) �56#4@�#�%B4@.

\& 3.2 (-* [8]) σ2(Ricg) �56#4@, 6UJ/ Lg, W]
Lg(h) =

1
2

(
Ric · ΔLh+ Ric · ∇2(Trh) + 2Ric · ∇(δh) + 2(Ric × Ric) · h)

+R
(−Δ(Trh) + δ2h− Ric · h) . (3.5)

\& 3.3 (-* [8]) σ2(Ricg) �56#4@ Lg �%B4@ L∗
g W]

L∗
g(f) =

1
2

(
ΔL(fRic) + 2f(Ric × Ric) + 2∇δ(fRic) + gδ2(fRic)

)
− (

gΔ(fR) −∇2(fR) + fRRic
)
. (3.6)

4 ^_ σ2(Ric) `Sabc
Gd 4.1 � (M,g) /����. X;9 f , &�

0 �= f ∈ ker L∗
g,

M, (M,g, f) / σ2(Ric) :6*+.

\& 4.2 � (M,g, f) /78 σ2(Ric) :6� Einstein ��, M����V=�=9.

ef WJXXY. 4����� R D=9. D σ2(Ric) :6��.� (3.6) .g, 9 Ein-

stein ����� f W]?'�Y:

0 = L∗
g(f) =

1
2

(
ΔL(fRic) + 2f(Ric × Ric) + 2∇δ(fRic) + gδ2(fRic)

)
− (

gΔ(fR) −∇2(fR) + fRRic
)
.

< R
m J/Z� C. 9�Y�Z[[\, .7�/?'Y@:

0 =
1
2
(C(mΔf) + 2C2mf) − (mRΔf −RΔf + CmRf) .

= (mC2f −mCRf) −
(
mRΔf −RΔf +

C

2
mΔf

)

=
(

1
m

− 1
)
RCmf −

(
m− 1 +

1
2

)
RΔf

= −
(

1 − 1
m

)
R2f −

(
m− 1

2

)
RΔf.
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Z[]7 f &^�, .7�/∫
M

−
(

1 − 1
m

)
R2f2 +

(
m− 1

2

)
R|∇f |2 = 0.

h!/ R < 0, =� f ≡ 0. �;� (M,g, f) 78 σ2(Ric) :6�4�\_. =� R < 0 �6`

]�. Xa.

KL 4.3 ����D=9� Einstein ���678 σ2(Ric) :6�.

5 ijklmn
 b σ2(Ric) :6�oJ�R0�. ^J'O��Æ�;�E���;.7�/cd��6

������1. 23, <=ef'O�Z�8_��;.

GH 5.1 (�Æ�;, -* [1]) � E � F � M ��`�g, @= m < p < ∞, D :

W k,p(E) →W k−2,p(F ) � 2 ha�4@,

D∗ : W k−2,p(F ) →W k−4,p(E)

�#� L2 %B4@. C4� D � D∗ 8H�pb>, M
W k−2,p(F ) = ImD ⊕ ker D∗.

GH 5.2 (X���;, -* [5]) � X, Y �icj*+. f : Ux0 → Y �de.a��

f(x0) = y0, 8A Ux0 ⊂ X � x0 ���>F. 4�k� Df(x0) : X → Y �W�8l56qf.

AB;9 y0 �>F Vy0 �deqf φ : Vy0 → Ux0 , &�

f(φ(y)) = y, ∀ y ∈ Vy0 ,

@

φ(y0) = x0.

8m, <='�/'g�;:

GH 5.3 (-* [6]) � M � M ����AB. 4� (M,g) � Einstein ��, @678

σ2(Ric) :6, M
σ2(Ric) : M →W 4,p(M)

9 g n�hi. AB, ;9 σ2(Ricg) �>F U ⊂ Lp(M), &�@=j!� ψ ∈ U , ;9 g op�

�� g′ W]
σ2(Ricg′) = ψ,

;k p > m.

ef @ L∗
g �p->[\, .7�/:

Tr (σξ(L∗
g)) = gkl

1
2
|ξ|2Rkl + gkl

1
2
〈ξ ⊗ ξ,Ric〉gkl − gkl

1
2
gij(ξlξiRkj + ξkξiRlj)

− gklR|ξ|2gkl + gklRξkξl

=
m− 2

2
(〈ξ ⊗ ξ,Ric〉 − |ξ|2R)

. (5.1)
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=�, ?� Tr (σξ(L∗
g)) = 0, M9��� Einstein �4�'.7�/ ξ = 0. =� L∗

g 78H
�pb>. C<J�C�; 5.1 .g

W 4,p(M) = ImLg ⊕ ker L∗
g.

rD= g678 σ2(Ric):6,2�,.7�/ Lg�W�.lL,C<J�; 5.2,.7�/ σ2(Ric)

< g ���>FWf/ σ2(Ricg) 9 W 4,p(M) A���>FA. C� V � 0 9 W 4,p(M) A�
��D>F. �.

F : V → Lp(M), u �→ σ2(Ricψ(u)), ψ(u) = g + L∗
gu.

D= F ′(0)v = LgL
∗
gv, @

〈LgL∗
gv, v〉 = ‖L∗

gv‖2.

q ker LgL∗
g = ker L∗

g = 0. DE���;, F < 0 9 W 4,p A�0>FWf/ 0 9 Lp �0>F
A. =��;�X.

K'L�;�I;.7<Æn���J��a�mnoe/ σ2(Ricg) � Lp >FA.

sH 5.4 (-* [6, 7]) � (M,g) �5I��. C� f, g ∈ C1(M) ∩ Lp(M). ?�;9tZ
� c, &�

inf cf ≤ g(x) ≤ sup cf,

M@=j!� ε > 0 ;9a�mn φ, &�

‖f ◦ φ− g‖Lp ≤ ε.

�B�; 5.3 �I; 5.4, ;p�r�6�����=81+.

GH 5.5 (-�; 1.1) 4��� Einstein �� (M,g) 678 σ2(Ric) :6. C� f ∈
C∞(M), @ f 9 M �9:. ;k p > m. AB;9�� g∗, &�

σ2(Ricg∗) = f.

ef D=��5I, @=��� f , ;9Z� c, &�

c inf f ≤ σ2(Ricg) ≤ c sup f.

2�.7:/a�mn φ, &� f ◦ φ � σ2(Ricg) s�tp:

‖f ◦ φ− σ2(Ricg)‖Lp ≤ η.

CD�; 5.3, <=.7:/�� g̃, &�

f ◦ φ = σ2(Ricg̃).

q g∗ = (φ−1)∗(g̃). =�<=8
σ2(Ricg∗)(φ(p)) = σ2(Ricg̃)(p) = f(φ(p)). (5.2)

;=!ru
σ2(Ricg∗) = f.

CD Sobolev st�;.7�/ g∗ � C2 �. u��X.

C�Buv 4.3, .7�/?'�v.
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KL 5.6 (-uv 1.2) 4� (M,g) �����D=9� Einstein ��. C� f /9:�

>?��, M;9�� g∗, &�

σ2(Ricg∗) = f.

vw �*v�oxywwxyxyzz�{z{|{, &@|}}�~~�Æw�.
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