
� 63�� 6� � � � � ��� Vol.63, No.6

2020� 11� ACTA MATHEMATICA SINICA, CHINESE SERIES Nov., 2020

����: 0583-1431(2020)06-0655-06 �	
��: A


��������

�� – �������

���
�Æ������	
��� �� 404100

E-mail: zuozhanfei@139.com

 ! 
����"#�$�% – &����'�, �(����$���)� ,
*+,��$!"-#,$%.&'"#�$�% –&����'�,()*+� μ(X)
/ Domı́nguez Benavides +� R(1,X) ,0$)+, +,�-0./)102$��
3412, 3�0455���678$06.

789 )102; (9:;<+�; ()*+�; Domı́nguez Benavides +�
MR(2010) :;<= 46B20
>?<= O177.2

The Normal Structure

and Parametrized Jordan–von Neumann type Constant

Zhan Fei ZUO

Department of Mathematics and Statistics, Chongqing Three Gorges University,

Wanzhou 404100, P. R. China

E-mail : zuozhanfei@139.com

Abstract In this paper, a parametered Jordan–von Neumann type constant is in-
troduced and estimated. We also give some sufficient conditions of which a Banach
space has the normal structure by discussing the relationship among the parametrized
Jordan–von Neumann constant, the weak orthogonality coefficient and the Domı́nguez
Benavides coefficient, respectively. These results further improve some results in the
previous literatures.

Keywords normal structure; weakly convergent sequence coefficient; coefficient of
weak orthogonality; Domı́nguez Benavides coefficient
MR(2010) Subject Classification 46B20
Chinese Library Classification O177.2

����: 2019-10-17; ����: 2020-03-26

���Æ: @	
A������	

B����C����Æ (cstc2019jcyj-msxmX0289);

@	
���	

B���� (cstc2018jcyjAX0773); @	���D�����Æ



656 � � � 
 E F G 63�

1 HI
J���K��L���Æ����M��NO����,  ! Kirk K"P [8] MQ#�

R�� Banach ���$J���%, &'���L���$Æ��(S. T)UV��*��
$J���W�+�,�� -./! -.�"#(S. 0$%&1' Banach ��"#(S
(Æ23. )45*, 6+788X,9-:"#.7*;/��"#(S, 01����$J
����14<2 [2, 3, 5–7, 9, 10, 13–15].

K3"M, =>: X ! X∗ 456? Banach ��7&8@��, SX = {x ∈ X : ‖x‖ = 1}
! BX = {x ∈ X : ‖x‖ ≤ 1} 456?�� X � -./! -.A, B/459: James .

7, Jordan–von Neumann .7, Zbăganu .7! Jordan–von Neumann C.7�;D:
J(X) = sup{min{‖x + y‖, ‖x − y‖} : x, y ∈ SX},

CNJ(X) = sup
{‖x + y‖2 + ‖x − y‖2

2(‖x‖2 + ‖y‖2)
: x, y ∈ X, ‖x‖ + ‖y‖ > 0

}
,

CZ(X) = sup
{‖x + y‖‖x − z‖

‖x‖2 + ‖y‖2
: x, y ∈ X, ‖x‖ + ‖y‖ > 0

}
,

C−∞(X) = sup
{

min{‖x + y‖2, ‖x − y‖2}
‖x‖2 + ‖y‖2

: x, y ∈ X, ‖x‖ + ‖y‖ > 0
}

.

<,'E"#.7�(SF=K14"PM;/> [5–7, 9, 10, 13, 14].

Y), Jordan–von Neumann .7 CNJ(X) ! Zbăganu .7 CZ(X) ?G@A�BC7�H

I, &M 1 ≤ p < +∞:

C
(p)
NJ (X) = sup

{‖x + y‖p + ‖x − y‖p

2p−1(‖x‖p + ‖y‖p)
: x, y ∈ X, (x, y) �= (0, 0)

}
,

C
(p)
Z (X) = sup

{‖x + y‖ p
2 ‖x − y‖ p

2

2p−2(‖x‖p + ‖y‖p)
: x, y ∈ X, (x, y) �= (0, 0)

}
.

J'E�;D23D:, C
(2)
NJ (X) = CNJ(X), C

(2)
Z (X) = CZ(X), $K<,L>ZE���$J

����14F4<2M01�;/ [2, 3, 11].

(i) 8, p ∈ (1, 3−log3
2

2−log3
2
), GN C

(p)
NJ (X) <

(1+
√

1+2 2p−3
p−1 )p−1

22p−3 AH, OP Banach �� X �$

J���.

(ii) GNÆII C
(p)
NJ (X) < 1

2p−1 (1 + 1
μ(X) )

p AH, OP Banach �� X �$J���, &M
μ(X) 6?QJJR7.

(iii) GNÆII C
(p)
Z (X) < 1

2p−1 (1 + 1
μ(X) )

p AH, OP Banach �� X �$J���.

2 [\]^
_` 2.1 S+ x, y ∈ SX , NKLK δ > 0, TaÆII ‖x+y‖

2 ≤ 1 − δ MX ‖x−y‖
2 ≤ 1 − δ,

bN�� X *1c�O�. FV1c�O� Banach �� X 1;*R��.

_` 2.2 8, Banach �� X M�$PUQ K, NK K �SV��UQ H RE$1S

�dT�, ULK x0 ∈ H Ta sup{‖x0 − y‖ : y ∈ H} < sup{‖x − y‖ : x, y ∈ H}, bN�� X

�$J���. NKV;DM� H W!QXUeQ, bN X �$QJ���, KR�� Banach

��MÆYSZWO[.
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_` 2.3 NK limn→∞ ‖xn‖ = 1, limn�=m ‖xn −xm‖LK, ;DQ\g]hR7 WCS(X):

WCS(X) = inf
{

lim
n�=m

‖xn − xm‖
}

,

Æi�B^P*+j X M)$Q\g, 0 �]h {xn}. FV WCS(X) > 1 ZE X �$QJ
��� [1].

_` 2.4 Jiménez-Melado ! Llorens-Fuster K"_ [6] M`a�B/�QJJR7:

μ(X) = inf
{

λ : lim sup
n→∞

‖xn + x‖ ≤ λ lim sup
n→∞

‖xn − x‖
}

,

FV 1 ≤ μ(X) ≤ 3, $<QJJR7!J����<R, kCj"_ [2, 3, 5, 6, 9, 14, 15].

_` 2.5 Domı́nguez Benavides K"_ [4] M`a�B/�"#.7*%&"#(S:

R(1,X) = sup
{

lim inf
n→∞ {‖xn + x‖}

}
,

Æi�'^P*+j)$� ‖x‖ ≤ 1 b7 BX MTaB/ÆII�Q\g, 0 �]h {xn},
D[(xn)] := lim sup

n→∞
lim sup
m→∞

‖xn − xm‖ ≤ 1.

FV 1 ≤ R(1,X) ≤ 2, $<"#.7 R(1,X) �cd(SkCj"_ [10, 13, 15].

3 klmn
ef9:BC7�ol – mghiC.7�;D, 8, 1 ≤ p < +∞,

C
(p)
−∞(X) = sup

{
min{‖x + y‖p, ‖x − y‖p}

2p−2(‖x‖p + ‖y‖p)
: x, y ∈ X, (x, y) �= (0, 0)

}
,

= sup
{

min{‖x + ty‖p, ‖x − ty‖p}
2p−2(1 + tp)

: x, y ∈ SX , 0 ≤ t ≤ 1
}

.

C
(2)
−∞(X) = C−∞(X) = sup

{
min{‖x + y‖2, ‖x − y‖2}

‖x‖2 + ‖y‖2
: (x, y) �= (0, 0)

}
.

_p 3.1 j X * Banach ��, 8, 1 ≤ p < +∞, $B/�"S��AH:

(1) 1
2p−2 ≤ C

(p)
−∞(X) ≤ C

(p)
Z (X) ≤ C

(p)
NJ (X) ≤ 2.

(2) R(1,X) ≤ J(X) ≤ 2
p−1

p
p

√
C

(p)
−∞(X).

(3) C
(p)
−∞(X) < 2⇔X *1c�O�.

qr (1) Gj y ∈ SX K x = ty, OP$

C
(p)
−∞(X) = sup

{
min{‖x + y‖p, ‖x − y‖p}

2p−2(‖x‖p + ‖y‖p)
: x, y ∈ X, (x, y) �= (0, 0)

}

≥ min{‖x + y‖p, ‖x − y‖p}
2p−2(‖x‖p + ‖y‖p)

=
min{(1 + t)p, (1 − t)p}

2p−2(1 + tp)
,

k t → 0+, b C
(p)
−∞(X) ≥ 1

2p−2 . 8,SV� 1 ≤ p < +∞, J"#.7 C
(p)
−∞(X) �;Dl0$

C
(p)
−∞(X) ≤ C

(p)
Z (X) ≤ C

(p)
NJ (X) ≤ 2.

(2) 8,SV� 1 ≤ p < +∞, + x, y ∈ SX , OP

min{‖x + y‖p, ‖x − y‖p} ≤ 2p−2(‖x‖p + ‖y‖p)C(p)
−∞(X)

≤ 2p−2 × 2C(p)
−∞(X) = 2p−1C

(p)
−∞(X).
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J James .7 J(X) �;Dk0 J(X) ≤ 2
p−1

p
p

√
C

(p)
−∞(X). ÆII R(1,X) ≤ J(X) �Q#kn

" [10].

(3)1O/,GN8,mS 1 ≤ p < +∞K C
(p)
−∞(X) < 2,JÆII J(X) ≤ 2

p−1
p

p

√
C

(p)
−∞(X),

b J(X) < 2 ⇒ X *1c�O�. n1O/GN X *1c�O�, b C
(p)
NJ (X) < 2, JÆII

C
(p)
−∞(X) ≤ C

(p)
NJ (X), b C

(p)
−∞(X) < 2. Qo.

_p 3.2 j X * Banach ��, NKLK 1 ≤ p < +∞, $B/�ÆIIAH:

WCS(X)p ≥
(1 + 1

μp )p

2p−2(1 + 1
μp(p−1) )C

(p)
−∞(X)

.

qr (1) GN C
(p)
−∞(X) = 2,  ! WCS(X) ≥ 1, μ(X) ≥ 1, 23oQÆIIl0AH.

(2) GN C
(p)
−∞(X) < 2, OP��*1c�O�,  p*R��. + SX 'Q\g, 0 �]h

{xn}, (q d = limn�=m ‖xn − xm‖. rp {xn} �J�st]h {x∗
n}, b x∗

n(xn) = 1. J�� X

�R�(, skb+ {xn} �ehTa x∗
n → x∗, &M x∗ ∈ X∗. j 0 < ε < 1, +F4u� N , l

m > N %, Ta |x∗(xN )| < ε
2 ! d − ε < ‖xN − xm‖ < d + ε. JQJJR7 μ(X) �;DkV

lim sup
n→∞

∥∥∥∥xN + xm

d + ε

∥∥∥∥ ≤ μ(X) lim sup
n→∞

∥∥∥∥xN − xm

d + ε

∥∥∥∥ ≤ μ(X).

 p, +F4u� M > N , v01B/�wxI:

(i) |x∗
N (xM )| < ε, |x∗

M (xN )| < ε, |(x∗
M − x∗)(xN )| < ε

2 ;

(ii) ‖ xN

d+ε‖ ≤ 1, ‖ xM

d+ε‖ ≤ 1;

(iii) ‖xN+xM

d+ε ‖ ≤ μ(X) + ε.

y μ(X) zq! μ, j x = xN−xM

d+ε , y = xN+xM

(d+ε)(μ+ε)p , 3oQ x ∈ BX , ‖y‖ ≤ 1
(μ+ε)p−1 , K

(d+ε)‖x + y‖ =
∥∥∥∥
(

1 +
1

(μ + ε)p

)
xN −

(
1 − 1

(μ+ε)p

)
xM

∥∥∥∥
≥

(
1+

1
(μ+ε)p

)
x∗

N (xN ) −
(

1 − 1
(μ+ε)p

)
x∗

N (xM ) ≥
(

1+
1

(μ+ε)p

)
(1 − ε),

(d+ε)‖x − y‖ =
∥∥∥∥
(

1+
1

(μ+ε)p

)
xM −

(
1 − 1

(μ+ε)p

)
xN

∥∥∥∥
≥

(
1+

1
(μ+ε)p

)
x∗

M (xM ) −
(

1 − 1
(μ+ε)p

)
x∗

M (xN ) ≥
(

1+
1

(μ+ε)p

)
(1 − ε).

J"#.7 C
(p)
−∞(X) �;D,

C
(p)
−∞(X) ≥ min{‖x + y‖p, ‖x − y‖p}

2p−2(‖x‖p + ‖y‖p)
≥

(1 + 1
(μ+ε)p )p(1 − ε)p

2p−2(1 + 1
(μ+ε)p(p−1) )(d + ε)p

.

 !]h {xn} ! ε *SV�, vkb01

WCS(X)p ≥
(1 + 1

μp )p

2p−2(1 + 1
μp(p−1) )C

(p)
−∞(X)

.

Qo.

tu 3.3 j X * Banach ��, GNLKmS 1 ≤ p < +∞ TaÆII
C

(p)
−∞(X) <

(1 + 1
μp )p

2p−2(1 + 1
μp(p−1) )

,
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b Banach �� X �$J���.

qr  ! μ(X) ≥ 1, )b C
(p)
−∞(X) <

(1+ 1
µp )p

2p−2(1+ 1
µp(p−1) )

≤ 2,  p�� X *1c�O�, =

>vqQ# WCS(X) > 1 Uk. JGj C
(p)
−∞(X) <

(1+ 1
µp )p

2p−2(1+ 1
µp(p−1) )

!;� 3.2 k01

WCS(X)p ≥
(1 + 1

μp )p

2p−2(1 + 1
μp(p−1) )C

(p)
−∞(X)

> 1.

Qo.

tu 3.4 GN C−∞(X) < 1 + 1
μ2(X) , OP�� X �$J��� [14].

w 3.5 (1)  ! C
(p)
−∞(X) ≤ C

(p)
Z (X) ≤ C

(p)
NJ (X) ! μ(X) ≥ 1, K p = 2 �rsxt,

1
2p−1

(
1 +

1
μ

)p

<
(1 + 1

μp )p

2p−2(1 + 1
μp(p−1) )

.

 p, G� 3.3 {|�`uM��K (ii), (iii).

(2)  ! C−∞(X) ≤ CZ(X) ≤ CNJ(X), )bG� 3.4 Mv%{|�"_ [6, 9] M��K.

_p 3.6 j X * Banach ��, LK 1 ≤ p < +∞, $B/�wxIAH:

WCSp(X) ≥ (1 + 1
Rp )p

2p−2(1 + 1
Rp(p−1) )C

(p)
−∞(X)

.

qr (1) l C
(p)
−∞(X) = 2 %,  ! WCS(X) ≥ 1 K R(1,X) ≥ 1, 23oQwxIAH.

(2) l C
(p)
−∞(X) < 2 %, J C

(p)
−∞(X) �(SkV�� X *1c�O�,  p*R��. +

SX 'Q\g, 0 �]h {xn}, (q d = limn�=m ‖xn − xm‖. }w;� 3.2 �x�, vkb01

yv� xN , xM , x∗
N , x∗

M , b
lim
n�=m

∥∥∥∥xm − xn

d + ε

∥∥∥∥ ≤ 1,
∥∥∥∥ xN

d + ε

∥∥∥∥ ≤ 1,
∥∥∥∥ xM

d + ε

∥∥∥∥ ≤ 1.

J Domı́nguez Benavides R7 R(1,X) �;D, v�z+F4u� M > N kb01:

(i) x∗
N (xM ) < ε, x∗

M (xN ) < ε;

(ii) |(x∗
M − x∗)(xN )| < ε

2 ;

(iii) ‖ xN

d+ε + xM‖ ≤ R(1,X) + ε.

y R(1,X) zq! R, k x = xN−xM

d+ε , y = xN+xM

(d+ε)(R+ε)p , 23oQ ‖x‖ ≤ 1, ‖y‖ ≤ 1
(R+ε)p−1 ,

(d+ε)‖x+y‖ =
∥∥∥∥
(

1+
1

(R+ε)p

)
xN −

(
1 − 1

(R+ε)p

)
xM

∥∥∥∥
≥

(
1+

1
(R+ε)p

)
x∗

N (xN ) −
(

1 − 1
(R+ε)p

)
x∗

N (xM ) ≥
(

1+
1

(R+ε)p

)
(1 − ε),

(d+ε)‖x − y‖ =
∥∥∥∥
(

1+
1

(R+ε)p

)
xM −

(
1 − 1

(R+ε)p

)
xN

∥∥∥∥
≥

(
1+

1
(R+ε)p

)
x∗

M (xM ) −
(

1 − 1
(R+ε)p

)
x∗

M (xN ) ≥
(

1+
1

(R+ε)p

)
(1 − ε).

8, 1 ≤ p < +∞, J C
(p)
−∞(X) �;D,

C
(p)
−∞(X) ≥ min{‖x + y‖p, ‖x − y‖p}

2p−2(‖x‖p + ‖y‖p)
≥

(1 + 1
(R+ε)p )p(1 − ε)p

2p−2(1 + 1
(R+ε)p(p−1) )(d + ε)p

.
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 !]h {xn} ! ε *SV�, b
WCSp(X) ≥ (1 + 1

Rp )p

2p−2(1 + 1
Rp(p−1) )C

(p)
−∞(X)

.

Qo.
tu 3.7 j X * Banach ��, GNLKmS 1 ≤ p < +∞ TaÆII

C
(p)
−∞(X) <

(1 + 1
Rp )p

2p−2(1 + 1
Rp(p−1) )

,

b�� X �$J���.
w 3.8 (1)  ! C

(p)
−∞(X) ≤ C

(p)
NJ (X) $K 1 ≤ R(1,X) ≤ 2, 8, p ∈ (1, 3−log3

2
2−log3

2
),

(1 +
√

1 + 22p−3
p−1 )p−1

22p−3
<

(1 + 1
Rp )p

2p−2(1 + 1
Rp(p−1) )

,

 p, G� 3.7 {|�`uM��K (i).
(2) KG� 3.7 M+ p = 2, kb01 C−∞(X) < 1 + 1

R(1,X)2 ⇒ X �$J��� [13].

(3) JÆII R(1,X) ≤ J(X), 2301 C−∞(X) < 1 + 1
J(X)2 ⇒ X �$J���.  !

C−∞(X) ≤ CZ(X), ÆM{|�"_ [5] M��K: CZ(X) < 1 + 1
J(X)2 ⇒ X �$J���.
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