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1 !"
�#$%�� Bloch&�, Zalcman [19]�
Æ���'()��*���+��: ��Æ�

��' F �*�, ��Æ,(&��'�����-)�����).��
��� C���

���/Æ���. 01Æ,2/��� ��3 )!*�'�"#, ! �"#$ Zalcman

4�. %5$ [12] %!4�6&'78�(&, )9'$3 *()��*�'"#�:+*,.

-"#$ Pang–Zalcman 4�, +. [3, 7, 9, 20], [16, 103 ;] ( [18, 114 ;].

<= A (Pang–Zalcman 4�) / F 01> D ⊂ C ��Æ���', −1 < α < 1. 2 F

( z0 ,�*�, ?-(
(1) ��� fj ∈ F ;

(2) �� zj , zj → z0;

(3) *�� ρj → 0,

)�

gj(ξ) = ρ−α
j fj(zj + ρjξ) → g(ξ)

(3�45��).��, 6@ g $ C ���0����Æ���7 g#(ξ) ≤ g#(0) = 1.

�8 �@ α = 0, . Zalcman 4� [19]. . [1, 4, 10, 15] A�/% Zalcman 4�9B&�
:�(&0#2. ;)1�, 2Æ���*�'(&C3�4<D0)=E>�"#. $&F8
�5 �, ?�67)!�8�9@0:;.

/ C
n = {z = (z1, . . . , zn); z1, . . . , zn ∈ C} $ n A�B<. �/C z = (z1, . . . , zn), w =

(w1, . . . , wn) ∈ C
n, λ ∈ C, =G z, w �0>?>@DA�/$

z + w = (z1 + w1, . . . , zn + wn), z − w = (z1 − w1, . . . , zn − wn), λz = (λz1, . . . , λzn).

=G z, w � Hermite �A$ 〈z, w〉 =
∑n

i=1 ziwj , 7=G z �BH$ z = (z1, . . . , zn), z �E$

‖z‖ =
√〈z, z〉. F>:

‖z‖ =

√√√√ n∑
i=1

|zi|2.

C= a ∈ C
n, r > 0, D B(a, r) = {z ∈ C

n; ‖z − a‖ < r} $, a $@I r $EG�3, 6F

G ∂B(a, r) = {z ∈ C
n; ‖z − a‖ = r} $3�, 6�H$ B(a, r) = {z ∈ C

n; ‖z − a‖ ≤ r}.
C v ∈ C

n : ‖v‖ = 1, a ∈ C
n, C

n @J1H v I� a ��KID$
lv,a(ζ) = {z = a + ζv; ζ ∈ C}.

/ Ω 0 C
n ��)�1>, :; C (Ω),H (Ω) 0 M (Ω) �/JJ Ω �K:LL���K

L>K:M����KL(K:Æ����KL.

/ f ∈ H (Ω), v = (v1, . . . , vn) ∈ C
n : ‖v‖ = 1, fzi(z) = ∂f

∂zi
(z), �/C

∇f = (fz1 , . . . , fzn), 〈v,∇f〉 =
n∑

i=1

vifzi .

M+
〈v,∇f(z)〉 = lim

ζ→0

f(z + ζv) − f(z)
ζ

= lim
ζ→0

f ◦ lv,z(ζ) − f(z)
ζ

,
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. 〈v,∇f(z)〉 ÆP$ f J1H v (� z ,�)�. R Cauchy–Buniakowsky–Schwarz �RQ

|〈v,∇f(z)〉| ≤ ‖v‖ · ‖∇f(z)‖, 7R;'RS7SS v S ∇f(z) I8�5, T

sup
‖v‖=1

|〈v,∇f(z)〉| = ‖∇f(z)‖ = ‖∇f(z)‖,

.�� f JU1H(� z ,�)��TVE$ ‖∇f(z)‖.
<U 1.1 / F ⊂ H (Ω), ��%$ F @�T)��V� {fj(z)}, WWÆXX-�)Y�

{fjk
(z)} ( Ω ���).��$)M���, WWÆXX-�)Y� {fjk

(z)} ( Ω ���).
YU$ ∞, ��VW# F (1> Ω �*�.

<U 1.2 / F ⊂ H (Ω), z0 ∈ Ω. 2%$ F ( z0 ��1> Ω �*�, ?# F (� z0 ,

*�.

V 1.3 / F ⊂ H (Ω), ? F ( Ω �*�S7SS F ( Ω ��X)�,*�.

TY, Dovbush [6] �
3�4M���Z� Zalcman 4�.

<= B /1> Ω ⊂ C
n, F ⊂ H (Ω). 2 F ( z0 ∈ Ω ,�*�, ?-(

(1) ��� fj ∈ F ;

(2) �� zj , zj → z0;

(3) *�� ρj → 0,

)�

gj(z) = fj(zj + ρjz) → g(z)

( C
n ���).��, 6@ g ∈ H (Cn) �0���7 g#(z) ≤ g#(0) = 1.

ZZZ0[[[ [21] 2 Pang–Zalcman 4�(&C3�4M����?:

<= C /1> Ω⊂C
n, F ⊂H (Ω). 2 F ( z0 ∈Ω ,�*�, ?%T\ −1< α < 1,-(

(1) ��� fj ∈ F ;

(2) �� zj , zj → z0;

(3) *�� ρj → 0;

(4) \]\^HD vj ∈ C
n,

)�

gj(ζ) = ρ−α
j fj(zj + ρjvjζ) → g(ζ)

( C ���).��, 6@ g ∈ H (C) �0���.

=� C )�]]\�4/�� �.Æ�
3�4���*�=?, �Æ,�
*( Hay-

man "#��?*�=? [21]:

<= D /1> Ω ⊂ C
n, F ⊂ H (Ω), h ∈ C (Ω) : h �= 0, k ∈ Z≥1. 2T\ f ∈ F , v ∈ C

n :

‖v‖ = 1, : fk · 〈v,∇f〉 �= h(z), ? F ( Ω �*�.

<= E /1> Ω ⊂ C
n, F ⊂ H (Ω), h ∈ C (Ω) : h �= 0, k ∈ Z≥3. 2T\ f ∈ F , v ∈ C

n :

‖v‖ = 1, : 〈v,∇f〉 − fk �= h(z), ? F ( Ω �*�.

(_2=� C ^R*�=?`, aa+b��JT\1H_+'R. `��JX�1H_
c^��, ad�?\�4S3�4*�=?�5e [2] *�=?)b0E>'R�.

<= F / B(0, 1) 0 C
n ��\^3, F ⊂ H (B(0, 1)). 22 F f_(I&��X�K

I�*�, ? F *�.
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(`a �����, 8.c 2 deX3�4M���'� Pang–Zalcman 4��;)b
DQ, c$#2f9&�8*( Hayman "#�*�=? (+?� 3.1 d). ;g, . [5] @�
)
�5$3�4M���'3�)��*�=?, ( 3.2 dVWdX0� �0gh�, _2(&
�4�VWei&3�)���).:*?G�M���'0*��.

2 fgh Pang–Zalcman !i
?�673�4M���3�)��9@. /1> Ω ⊂ C

n, ϕ ∈ C 2(Ω) ,:hiLLj)
�, C

Lz(ϕ, v) =
n∑

i,j=1

∂2ϕ(z)
∂zi∂zj

vivj ,

6@ z ∈ Ω, v = (v1, . . . , vn) ∈ C
n, #9$ ϕ ( z �� Levi DQ. / f ∈ H (Ω), C

f#(z) = sup
|v|=1

√
Lz

(
log(1 + |f |2), v)

.

V 2.1 kjl

f#(z) = sup
‖v‖=1

|〈v,∇f(z)〉|
1 + |f(z)|2 =

‖∇f(z)‖
1 + |f(z)|2 ,

F>-0Æ����3�)��(&.

3�4M���� Marty =? [6] ÆF8�?:

<= G /F ⊂ H (Ω),?F *�S7SS%T\mKK ⊂ Ω,-(��M(K) > 0,)�

f#(z) ≤ M(K), ∀ z ∈ K, f ∈ F

'R.

/ α ∈ R, 0 < r < 1, $F81Æ=G
F (z, t) =

(1 − ‖z‖2/r2)1+αt1+α‖∇f(z)‖
(1 − ‖z‖2/r2)2αt2α + |f(z)|2 ,

6@ z ∈ B(0, 1), 0 < t ≤ 1.

VW�eij+^R�?4�.

k= 2.2 / f ∈ H (B(0, 1)), −∞ < α < 1, 0 < r < 1. 2-( z∗ ∈ B(0, r), )�

F (z∗, 1) > 1, (2.1)

?-( w0 ∈ B(0, r), 0 < t < 1, )�

sup
‖z‖<r

F (z, t) = F (w0, t) = 1. (2.2)

lm C E = {(z, t); z ∈ B(0, r), 0 < t ≤ 1}, ? F (z, t) ∈ C (E). VWkn
lim sup

(1−‖z‖2/r2)t→0

F (z, t) = 0. (2.3)

$ln zj ∈ B(0, r), 0 < tj < 1 7 (1 − ‖zj‖2/r2)tj → 0. �m/ zj → z0 ∈ B(0, r).

o\
 −∞ < α < 1, ?
lim sup

j→∞
F (zj , tj) ≤ lim sup

j→∞
(1 − ‖zj‖2/r2)1−αt1−α

j ‖∇f(zj)‖ = 0.
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Tkn'R.

C

U = {(z, t) ∈ E; F (z, t) > 1},

R�� (2.1) : (z∗, 1) ∈ U, T U �= ∅. D t0 = inf{t; (z, t) ∈ U}, Rkn (2.3) a t0 > 0. n

w0 : (w0, t0) ∈ U. Rkn (2.3) a w0 ∈ B(0, r). K,R F ∈ C (E), :
sup

‖z‖<r

F (z, t) = F (w0, t) = 1.

K,!4��e. en.

2 f(z) �= 0, ?�84�� o% −1 < α < +∞ p'R.

k= 2.3 / f ∈ H (B(0, 1)), −1 < α < +∞, 0 < r < 1, 7%T\ z ∈ B(0, 1), f(z) �= 0.

2-( z∗ ∈ B(0, r), )�

F (z∗, 1) > 1,

?-( w0 ∈ B(0, r), 0 < t < 1, )�

sup
‖z‖<r

F (z, t) = F (w0, t) = 1.

lm (4� 2.2 �eiIo@, o\
l` f(z0) �= 0, −1 < α < +∞, ?
lim sup

j→∞
F (zj , tj) ≤ lim sup

j→∞
(1 − ‖zj‖2/r2)1+αt1+α

j

‖∇f(zj)‖
|f(zj)|2 = 0.

knq'R, pl=rpÆ� o. en.

s=� A–C �tY, VW�
3�4M���� Pang–Zalcman 4�.

<= 2.4 /1> Ω ⊂ C
n, F ⊂ H (Ω). 2 F ( z0 ∈ Ω ,�*�, ?%T\ −∞ < α < 1,

-(
(1) ��� fj ∈ F ;

(2) �� zj , zj → z0;

(3) *�� ρj → 0,

)�

gj(z) = ρ−α
j fj(zj + ρjz) → g(z)

( C
n ���).��, 6@ g ∈ H (Cn) �0���7c^

g#(z) ≤ g#(0) = 1.

lm $1ÆF8, �m/ Ω = B(0, 1), z0 = 0. p F ( z = 0 ,�*�, R=� G, -(
fj ∈ F , r∗ : 0 < r∗ < 1, z∗j ∈ B(0, r∗), )�

f#
j (z∗j ) =

‖∇f(z∗j )‖
1 + |fj(z∗j )|2 → ∞. (2.4)

D

Fj(z, t) =
(1 − ‖z‖2/r2)1+αt1+α‖∇fj(z)‖
(1 − ‖z‖2/r2)2αt2α + |fj(z)|2 .
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C= r : r∗ < r < 1, ?
Fj(z∗j , 1) ≥ (1 − ‖z∗j ‖2/r2)1+αf#

j (z∗j ), (2.5)

TR (2.4), (2.5) a Fj(z∗j , 1) → ∞. R4� 2.2 a, -( zj ∈ B(0, r), tj : 0 < tj < 1, )�

sup
‖z‖<r

Fj(z, tj) = Fj(zj , tj) = 1. (2.6)

u/p, :
1 ≥ Fj(z∗j , tj) ≥ t1+α

j Fj(z∗j , 1).

qR F (z∗j , 1) → ∞, o\
 0 < tj < 1, Æ� tj → 0.

C

ρj = (1 − ‖zj‖2/r2)tj, (2.7)

?
ρj

r − ‖zj‖ → 0 (j → ∞). (2.8)

=G
gj(z) = ρ−α

j fj(zj + ρjz),

6@ ‖z‖ < Rj := r−|zj |
ρj

.

?e {gj(z)} ( C
n �*�. $l, Tn R > 0, ‖z‖ ≤ R, R (2.8) a Rj → ∞, T j ��V

q: ‖z‖ ≤ R < Rj , r` ‖zj + ρjz‖ ≤ ‖zj‖ + ρj‖z‖ < r. p$
‖zj‖2 − 2ρjR − ρ2

jR
2 ≤ ‖zj + ρjz‖2 ≤ ‖zj‖2 + 2ρjR + ρ2

jR
2,

qR (2.8) : 1−‖zj‖2/r2

1−‖zj+ρjz‖2/r2 5$ ‖z‖ ≤ R ).��$ 1. plkIs\�jl, %T\� ε > 0,

R gj(z), Fj(z, t) �=G( (2.7), j ��Vq:
g#

j (z) =
‖∇gj(z)‖

1 + |gj(z)|2

=
ρ1−α

j ‖∇fj(zj + ρjz)‖
1 + ρ−2α

j |fj(zj + ρjz)|2

=
ρ1+α

j ‖∇fj(zj + ρjz)‖
ρ2α

j + |fj(zj + ρjz)|2

=
(1 − ‖zj‖2/r2)1+αt1+α

j ‖∇fj(zj + ρjz)‖
(1 − ‖zj‖2/r2)2αt2α

j + |fj(zj + ρjz)|2

≤ (1 + ε)
(1 − ‖zj + ρjz‖2/r2)1+αt1+α

j ‖∇fj(zj + ρjz)‖
(1 − ‖zj + ρjz‖2/r2)2αt2α

j + |fj(zj + ρjz)|2
= (1 + ε)Fj(zj + ρjz, tj)

≤ (1 + ε) sup
‖z‖<r

Fj(z, tj)

= (1 + ε).

R=� G, {gj(z)} ( C
n �*�. vIXnY��m/ gj(z) → g(z), qR (2.6) :

g#
j (0) = Fj(zj , tj) = 1,
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T g �0���7c^
g#(z) ≤ g#(0) = 1.

l, ‖zj‖ < r, _2. [11, 4� 4.1] �ei1tÆ,9)uXnX zj → z0. T=��e. en.

ReiIo(4� 2.3 Æ+, 2 f �= 0, f ∈ F , ?=� o% −1 < α < +∞ p'R, .�

<= 2.5 /1> Ω ⊂ C
n, F ⊂ H (Ω), 7 f �= 0, f ∈ F . 2 F ( z0 ∈ Ω ,�*�, ?%

T\ −1 < α < +∞, -(
(1) ��� fj ∈ F ;

(2) �� zj , zj → z0;

(3) *�� ρj → 0,

)�

gj(z) = ρ−α
j fj(zj + ρjz) → g(z)

( C
n ���).��, 6@ g ∈ H (Cn) �0���7c^ g#(z) ≤ g#(0) = 1.

3 rs
_2��v��3�4 Pang–Zalcman 4�, VW2=� D 0=� E �/f9�?.

<= 3.1 /1> Ω ⊂ C
n, F ⊂ H (Ω), h ∈ C (Ω) : h �= 0, k ∈ Z≥1. 2T\ f ∈ F , 1 ≤

i ≤ n, : fk · fzi �= h(z), ? F ( Ω �*�.

lm w/ F ( z0 ∈ Ω �*�, ?R=� 2.4, n α = 1
k+1 , -( fj ∈ F , zj → z0, ρj → 0,

)�

gj(z) = ρ
− 1

k+1
j fj(zj + ρjz)

( C
n ���).��$)������ g ∈ H (Cn).

R$
gk

j (z)
∂gj(z)

∂zi
− h(zj + ρjz) ⇒ gk(z)

∂g(z)
∂zi

− h(z0),

6@ z ∈ C
n, 1 ≤ i ≤ n, j → ∞, `

fk
j (zj + ρjz)

∂fj(zj + ρjz)
∂zi

− h(zj + ρjz) = gk
j (z)

∂gj(z)
∂zi

− h(zj + ρjz) �= 0.

pl, R Hurwitz =� (+. [17, 13 ;]), % 1 ≤ i ≤ n,

gk(z)
∂g(z)
∂zi

≡ h(z0), W gk(z)
∂g(z)
∂zi

�= h(z0).

2% 1 ≤ i ≤ n, gk(z)∂g(z)
∂zi

�= h(z0), ?RÆ��� Picard t=�: g 05$X�4D0)��
�, r` g 0)���. �w)b8, /% 1 ≤ i ≤ i0, :

gk(z)
∂g(z)
∂zi

≡ h(z0);

% i0 < i ≤ n, :
gk(z)

∂g(z)
∂zi

�= h(z0).
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?RÆ��� Picard t=�:
gk+1(z) = (k + 1)h(z0)(z1 + · · · + zi0) + c,

6@ c 0)���. 0).xx. K, F ( Ω �*�. en.

<= 3.2 /1> Ω ⊂ C
n, F ⊂ H (Ω), h ∈ C (Ω) : h �= 0, k ∈ Z≥3. 2T\ f ∈ F , 1 ≤

i ≤ n, : fzi − fk �= h(z), ? F ( Ω �*�.

lm w/ F ( z0 ∈ Ω �*�, ?R=� 2.4, n α = 1
1−k , -( fj ∈ F , zj → z0, ρj → 0,

)�

gj(z) = ρ
1

k−1
j fj(zj + ρjz)

( C
n ���).��$)������ g ∈ H (Cn).

R$
∂gj(z)

∂zi
− gk

j (z) − ρ
k

k−1
j h(zj + ρjz) ⇒ ∂g(z)

∂zi
− gk(z),

6@ z ∈ C
n, 1 ≤ i ≤ n, j → ∞. `

∂gj(z)
∂zi

− gk
j (z) = ρ

k
k−1
j

[
∂fj(zj + ρjz)

∂zi
− fk

j (zj + ρjz)
]
�= ρ

k
k−1
j h(zj + ρjz).

pl, R Hurwitz =�, % 1 ≤ i ≤ n,

∂g(z)
∂zi

− gk(z) ≡ 0, W
∂g(z)
∂zi

− gk(z) �= 0.

2% 1 ≤ i ≤ n, ∂g(z)
∂zi

− gk(z) �= 0, C G(z) = 1
g(z) , ?

Gk−2(z)
∂G

∂zi
�= −1, 1 ≤ i ≤ n,

?RÆ��� Picard t=�, g 5$X�4D0)���, r` g 0)���. pl, �m/%

1 ≤ i ≤ i0, : ∂g(z)
∂zi

− gk(z) ≡ 0; % i0 < i ≤ n, : ∂g(z)
∂zi

− gk(z) �= 0, ?RÆ��� Picard t=
�, :

1
gk−1

(z) = (1 − k)(z1 + · · · + zi0) + c,

6@ c 0)���. 0).xx. T F ( Ω �*�. en.

o\
, Marty Ji)'Æ����3�)���).:�G`, !��'*�. Grahl 0

Nevo (. [7] @v�):y� �: 3�)���).:*�?G�Æ���'A0*��.

<= H /1> D ⊂ C, ε > 0, ?
F =

{
f ∈ M (D); f#(z) ≥ ε, z ∈ D

}
( D �*�.

TY, Dovbush [5] _2=� F 26(&C34D<D.

<= I / ε > 0, ?
F =

{
f ∈ H (Ω);

|〈v,∇f(z)〉|
1 + |f(z)|2 ≥ ε‖v‖2, z ∈ Ω, v ∈ C

n

}

( Ω �*�.
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uy�0VWYz!=�0gh�. ?�dX=� I @� F = ∅. o\

F =

{
f ∈ H (Ω);

|〈v, ∇f(z)〉|
1 + |f(z)|2 ≥ ε, z ∈ Ω, v ∈ C

n : ‖v‖ = 1
}

,

.+bJU1H v, |〈v,∇f(z)〉|
1+|f(z)|2 p:*�?G. ?�{iT\ z ∈ Ωv-( v = v(z) ∈ C

n : ‖v‖=1,

)�

|〈v,∇f(z)〉| = 0.

$l, Tn z ∈ Ω, C ϕ(v) = 〈v, ∇f(z)〉, v ∈ C
n : ‖v‖ = 1. T\C= v0 ∈ C

n : ‖v0‖ = 1, ?
ϕ(v0) ∈ C, 2 ϕ(v0) �= 0, /6)�z{$ θ0, ?

e−iθ0ϕ(v0) = ϕ(e−iθ0v0) ∈ R,

K, 0 |$ ϕ(e−iθ0v0) S ϕ(−e−iθ0v0) 9<, RLL���|/8Æ+, -( v∗ ∈ C
n : v∗ �= 0,

)� ϕ(v∗) = 0, r`

ϕ

(
v∗

‖v∗‖
)

= 0.

_2VW(&�4�0&Æ���`�,�}tÆ2=� H (&C3�4M���<D,

�


F =
{

f ∈ H (Ω);
‖∇f(z)||

1 + |f(z)|2 ≥ ε, z ∈ Ω
}

( Ω �*�, .

<= 3.3 /1> Ω ⊂ C
n, ε > 0, ?
F =

{
f ∈ H (Ω); f#(z) ≥ ε, z ∈ Ω

}
( Ω �*�.

lm w/ F ( z0 ∈ Ω �*�, ?R=� 2.4, n α = −2, -( fj ∈ F , zj → z0, ρj → 0,

)�

gj(z) = ρ2
jfj(zj + ρjz)

( C
n ���).��$)������ g ∈ H (Cn). n z∗ ∈ C

n : g(z∗) �= 0, `

‖∇gj(z∗)‖ = ρ3
j‖∇fj(zj + ρjz

∗)‖

=
1
ρj

|g2
j (z∗)| ‖∇fj(zj + ρjz

∗)‖
|fj(zj + ρjz∗)|2

≥ 1
ρj

|g2
j (z∗)|f#

j (zj + ρjz
∗)

≥ 1
ρj

|g2
j (z∗)|ε → ∞ (j → ∞).

;)1�,

∇gj(z∗) → ∇g(z∗) ∈ C (j → ∞).

xx. T F ( Ω �*�. en.

wx ~y��|}~�X:z�^{.
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