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Abstract Hamiltonian of a classical quantum system is a self-adjoint operator which
ensures that the energy eigenvalues are real and the eigenstates (unit eigenvectors) form
an orthonormal basis for the state space. However, there exists the parity-time-reversal
(PT ) symmetric physical system, the Hermiticity (transpose and complex conjugate)
of a Hamiltonian is replaced by the physically transparent condition of PT -symmetry.
If a Hamiltonian has an unbroken PT -symmetry, then the spectrum is real and further
more one can construct a CPT inner product with a positive-definite inner product.
In this paper, we discuss the PT -symmetric operator in the system. First, given the
fixed time reversal operator T as the complex conjugation, the matrix representations
of both the parity operator P and PT -symmetric Hamiltonian H are obtained. Then
all possible concrete forms of P and the corresponding forms of H are expressed. Next,
as an application, it is established that PT -symmetric quantum theory for realizing
the discrimination of two quantum states which are not orthogonal in the conventional
quantum mechanics.
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1 mn

������, �������� �!��������"�#����. �����

!�$���%���&'()�, ���%�������� !"�*+�#,� (�-�
��#,.�) � ���$!� /0"0#$. %�, &!%1 23'��, (����

�)!��, &���*')!". 1998 +, Bender (,-)� .*!�����, + PT -

,+���� [2]. PT - ,+ ()415+-. P //!0) T 6�-) ����7 
���
���01, 8239   �145�6:�;72< [3–5, 14]. PT - ,+'3828194
3Æ=�5:�39 [6, 9–12]. 1 PT - ,+����>, �����!�$8 PT - ,+$6;
7.  < PT - ,+�����#,? !"=@>A ,)Æ�?", 8B� PT - ,+���

�, (#,?9@ !". :����;=8B� PT - ,+$, C<D �E$=� C >., ?

F=� C >G�H �0�@A, I�, PT - ,+'3���;=0�BA�(/!)�� 
.J���'3.

 �����,+ �?�K�C#$! K . 1 PT - ,+����>, P ) �=D�E



6� BLEF: PT - GHCMIJD
KNLEMFIGM 559

$=�, T   �=D�?>A=�. :=� P, T HO P 2 = T 2 = I � PT = TP , C+ {P, T}
 K >� � PT - IN [8]. J {P, T}  $! K >O�� � PT - IN, : �E$=�
H D P, T �PA=� PT >., Q [H,PT ] = HPT − PTH = 0, C+ H  K K� � PT -

,+=�. LR H  PT - ,+��<�#,�� PT �#,�, MN+ H ;=8B� PT -

,+$. 1S$TK, PO �=DE$=� C HO: (i) CPT = TPC, C2 = I; (ii) PC ) 
�
�@A6�0=�, C+ {C,P, T}  $!>� � CPT - IN. U�, VP�$! K K�

 �0�@A 〈· | ·〉CPT (CPT @A), Q 〈x | y〉CPT = 〈PCx | y〉 = 〈x |PCy〉, ∀x, y ∈ K .

Q6RS, ����QWD6�T�@A=6 [1, 7, 13]. #XY, -R����>Z�1US
���K�VW, SXY[Z>\]��]�, MN]�^R ( _�BA)S-`�����K
�T2VW. *a0#����Ub]��G&��BAQW<V. W����)c0#R�[
<V�@A)c X. �[ PT - ,+'3 ����-`�J�@A, IS, <=\[!Æ
�
@A6�0#����QW.

6[W�����QW>G]^1�_W����Y � 2 Z�$!>43, Æ� 2 Z�
�>����;=def[, Q Bloch \]f[. I�, g`43K�C#$! C

2 K� PT - ,

+f[. h�/!0) T  ?>A=�, O)*+�5+=� P �;^a_, GiO� PT - I

N6, PT - ,+���� H �`bf[. jc, de / {P, T} IN/k=W�l"� PT - ,

+���� H, �H � CPT - @A, U�!Æ
��0#�W����QW.

2 PT - fgophiq
�[=]ZK�C#$!>�aj �E$=�1O� /0"0#$6';=*+�`

bf[�f[b , MN1g`>=�D(`bf[m�ZQW.

J/!0) T : Tϕ = ϕ  0E$=� (?>A=�) [15], (a_ 
T

(
ϕ1

ϕ2

)
=

(
ϕ1

ϕ2

)
, ∀ϕ =

(
ϕ1

ϕ2

)
∈ C

2, (2.1)

C,[aj M =
(
m11 m12
m21 m22

) ∈M2(C), = TMT = M .

5+=� P HO P 2 = I � PT = TP , I� P ) �>c�!=�, Q P = P = P−1. d

P =
(
a b
c d

)
, (> a, b, c, d ∈ R. P �Ze_ |P | = ad− bc �= 0, � P−1 = 1

ad−bc

(
d −b
−c a

)
. U�, k

Vn4 ⎧⎪⎪⎨
⎪⎪⎩

a(ad− bc) = d;
b(ad− bc) = −b;
c(ad− bc) = −c;
d(ad− bc) = a.

rs 1 o b = 0, c = 0, = a2d = d, d2a = a. MN a2 = 1, d2 = 1. I� P =
(
a 0
0 d

)
, (>

a, d ∈ {1,−1}.
rs 2 o b �= 0, = ad − bc = −1, a = −d. MN −a2 − bc = −1, c = 1−a2

b . I�
P =

( a b
1−a2

b −a

)
.

rs 3 o c �= 0, = ad − bc = −1, a = −d. MN −a2 − bc = −1, b = 1−a2

c . I�
P =

(
a 1−a2

c
c −a

)
.



560 � � � � j k l 63�

IS, h�=� T L (2.1) _, kVn4=� P �6=>�a_. ?n:j�)=� P 1

�jT6� �)!��. [ p, kV431f , {P, T}- IN6, PT - ,+����� H

�`ba_. �[ [H,PT ] = 0 � T L (2.1) _6[, MN H HO HP = PTHT = PH.

J H =
(

x y
z w

)
, (> x, y, z, w ∈ C, kV=6e^3.

rs i : P =
(
a 0
0 a

)
, (> a ∈ {1,−1}, C H = H̄.

rs ii : P =
(

a 0
0 −a

)
,(> a ∈ {1,−1}, C x = x̄, w = w̄, −y = ȳ, −z = z̄,I� x,w ∈ R,

y, z ∈ C \ R.

rs iii : P =
( a b

1−a2
b −a

)
, (> a, b ∈ R � b �= 0, C⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ax̄+ bz̄ = ax+
1 − a2

b
y;

aȳ + bw̄ = bx− ay;
1 − a2

b
x̄− az̄ = az +

1 − a2

b
w;

1 − a2

b
ȳ − aw̄ = bz − aw.

o a = 0 /, = x = w̄, ȳ = b2z.

cC, = x − x̄ = w̄ − w, z + z̄ = (1−a2)(x̄−w)
ab , y + ȳ = b(x−w̄)

a . d x = α + iγ, w = β − iγ,

z = (1−a2)(α−β)
2ab + iθ, y = b(α−β)

2a + iϑ, (> α, β, γ, θ, ϑ ∈ R. MN θ = −2aγ
b − (1−a2)ϑ

b2 .

rs iv J P =
(
a 1−a2

c
c −a

)
, (> a, c ∈ R � c �= 0, g', Whi43.

o a = 0 /, = x = w̄ / z̄ = c2y.

o a �= 0 /, = Im(x) = −Im(w), Re(y) = (1−a2)(Re(x)−Re(w))
2ac , Re(z) = c(Re(x)−Re(w))

2a �

Im(y) = 2aIm(w)
c − 1−a2

c2 Im(z).

I�, kV=6]��'.

lt 2.1 J T  K�C#$! K = C
2 K�?>A=�, �T (2.1) _, C5+=� P

Gi PT - ,+�����6=>�a_L6.

(i) P =
(
a 0
0 a

)
, (> a ∈ {1,−1}, �*+� H =

(
x y
z w

)
, (> x, y, z, w ∈ R.

(ii) P =
(

a 0
0 −a

)
, (> a ∈ {1,−1}, �*+� H =

(
x iy
iz w

)
, (> x, y, z, w ∈ R.

(iii) P =
(

0 b
1
b 0

)
, (> b �= 0, �*+� H =

(
x b2z̄
z x̄

)
, (> x, z ∈ C.

(iv) P =
(

1 b
0 −1

)
, (> b �= 0, �*+� H =

(x− i bz
2

b(x−w)
2 + iy

iz w + i bz
2

)
, (> x, y, z, w ∈ R.

(v) P =
(−1 b

0 1

)
, (> b �= 0, �*+� H =

(x+ i bz
2

b(w−x)
2 + iy

iz w − i bz
2

)
, (> x, y, z, w ∈ R.

(vi) P =
(

1 0
c −1

)
, (> c �= 0, �*+� H =

( x− i cy
2 iy

c(x−w)
2 + iz w + i cy

2

)
, (> x, y, z, w ∈ R.

(vii) P =
(−1 0

c 1

)
, (> c �= 0, �*+� H =

( x+ i cy
2 iy

c(w−x)
2 + iz w − i cy

2

)
, (> x, y, z, w ∈ R.

(viii) P =
( a b

1−a2
b −a

)
, (> b �= 0, a /∈ {−1, 0, 1}, =

H =

⎛
⎜⎝ α+ iγ

b(α− β)
2a

+ iϑ
(1 − a2)(α− β)

2ab
− i

(
2aγ
b

+
(1 − a2)ϑ

b2

)
β − iγ

⎞
⎟⎠ ,



6� BLEF: PT - GHCMIJD
KNLEMFIGM 561

(> α, β, γ, ϑ ∈ R.

u 2.2 1ae=]Z�K�C#$!>, mY/!0) T 7F1.�K)4m.�>�
f�nj- >Anj, MN=� P  �)!`b, Q`b>�f�nj !". �[=� P )

,q�, C(#,? ±1. :=� P )!��, C%1(`b V , kn V PV † =
(

I 0
0 −I

)
= P0.

d H0 = V HV †, T0 = V TV †, C P 2
0 = T 2

0 = I. g/, [P, T ] = 0 o��o [P0, T0] = 0, U� H

) PT - ,+�o��o H0 ) P0T0- ,+�.

[ p, ,[ �O�� PT - IN {P, T}, 6=� PT - ,+����a � �;"l:

(1) : A / B ') PT - ,+�, C A±B, AB / BA ') PT - ,+�;

(2) : A1, A2, . . . , An ') PT - ,+�, C ∑n
j=1 ajAj (aj ∈ R) /

∏
nj
Anj ({nj} )

{1, 2, . . . , n} �ajom) ') PT - ,+�;

(3) : A )>c� PT - ,+=�, C A−1 p) PT - ,+�;

(4) : A ) PT - ,+�, C AT ) PTTT - ,+�, A† ) P †T †- ,+�.

3 qvwxpyhzr
$[n]1K�C#$! K = C

2 K�43, 6]O) ����QW�+F. kVrFs
optu | · 〉 Æf[ ����, 〈 · | f[_���>Ast. 
������>, W�����
vQWo��oW����0#, QW�����@A X. %�, 1 PT - ,+����>, ,

[8B� PT - ,+����, Ub�H �=D�E$=� C, knW�1
�@A6�0#
����1 CPT - @A60#. MNkVS>G!Æ�0#����QW. 6], kVO);^
�!Æb�.

J |ψ1〉, |ψ2〉  $! C
2 >�W����� |〈ψ1 |ψ2〉| = cos ε, (> ε ∈ (0, π

2 ). u%, _W�
���1
���'36)�>QW�. kV�qw)�H CPT - @Akn |ψ1〉 D |ψ2〉 0#.

143vn, kVdeqr�l", kn |ψ1〉 / |ψ2〉 �f[a_ w. d

|ψ1〉 =

⎛
⎜⎝ cos

θ

2
eiφ sin

θ

2

⎞
⎟⎠ , |ψ2〉 =

⎛
⎜⎝ cos

θ + 2ε
2

eiφ sin
θ + 2ε

2

⎞
⎟⎠ , θ ∈ [0, π], φ ∈ [0, 2π].

J/!0) T L (2.1)_6[,5+=� P =
(

1 0
0 −1

)
, H  PT -,+�����.��' 2.1,

H ;=�a_ H =
(
w is
it r

)
, (> r, s, t, w ∈ R.  ��x, kVde w = 3r, s = t. d

H =
(

3r is
is r

)
, (3.1)

(> r, s  !"� |r| > |s|, _x�%� H ;=8B� PT - ,+.

Uby=, H �W�#,�WX 

|ε1〉 = α

⎛
⎜⎝

1
r −√

r2 − s2

i
1
s

⎞
⎟⎠ , |ε2〉 = β

⎛
⎜⎝

1
r +

√
r2 − s2

i
1
s

⎞
⎟⎠ ,
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(> 1
α2 = ( 1

r−√
r2−s2 )2 − 1

s2 , 1
β2 = 1

s2 − ( 1
r+

√
r2−s2 )2. U��HE$=� C  

C = (|ε1〉〈ε1| + |ε2〉〈ε2|)P =

⎛
⎝

r

u
i
s

u

i
s

u
− r

u

⎞
⎠ ,

(> u =
√
r2 − s2. ?n:j�), =� C ��HÆ�)s �. MN?F CPT =�, =

〈ψ1|CPT =: 〈ψ1|PC =
1
u

(
r cos

θ

2
− ise−iφ sin

θ

2
is cos

θ

2
+ re−iφ sin

θ

2

)
/

〈ψ2|CPT =: 〈ψ2|PC =
1
u

(
r cos λ− ise−iφ sinλ is cos λ+ re−iφ sinλ

)
,

(> λ = θ+2ε
2 , Gi

〈ψ1|ψ2〉CPT = 〈ψ1|PC|ψ2〉 =
1
u

(r cos ε− s sinφ sin(θ + ε) + is cosφ sin ε).

U�

〈ψ1|ψ2〉CPT = 0 ⇔ r cos ε− s sinφ sin(θ + ε) = s cosφ sin ε = 0.

�[ 0 < cos ε < 1 >S sin ε �= 0, _SXY
cosφ = 0. (3.2)

U�

r

s
=

⎧⎪⎪⎨
⎪⎪⎩

sin(θ + ε)
cos ε

, φ =
π

2
;

− sin(θ + ε)
cos ε

, φ =
3π
2
.

� |r| > |s| n4 | sin(θ + ε)| > | cos ε|, MN= π
2 − 2ε < θ < π

2 .

t!K, W����)c�QWR�[��]�z�BA)c 1. j6Æ, kV�H*+
�uy]�Æ!Æ����QW. zWXy= |ψ1〉 / |ψ2〉 � CPT - {".  �y=�x, dR
φ = π

2 , θ = π
2 − ε Gi s = r cos ε.

‖ |ψ1〉‖2
CPT = 〈ψ1 |ψ1〉CPT =

1
u

(r − s sinφ sin θ) =
1
u

(r − s cos ε).

.vY

‖|ψ2〉‖2
CPT = 〈ψ2 |ψ2〉CPT =

1
u

(r − s sinφ sin(θ + 2ε)) =
1
u

(r − s cos ε).

U�, |ψ1〉 / |ψ2〉 1 CPT - @A6��-�WX 

|ψ̃1〉 =
√

u

r − s cos ε

⎛
⎜⎝ cos

π − 2ε
4

i sin
π − 2ε

4

⎞
⎟⎠ / |ψ̃2〉 =

√
u

r − s cos ε

⎛
⎜⎝ cos

π + 2ε
4

i sin
π + 2ε

4

⎞
⎟⎠ .

g/

〈ψ̃1|CPT =
1√

u(r − s cos ε)

(
r cos

π − 2ε
4

− s sin
π − 2ε

4
is cos

π − 2ε
4

− ir sin
π − 2ε

4

)
,

〈ψ̃2|CPT =
1√

u(r − s cos ε)

(
r cos

π + 2ε
4

− s sin
π + 2ε

4
is cos

π + 2ε
4

− ir sin
π + 2ε

4

)
.
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MN, W�uy]�=�WX 
|ψ̃1〉〈ψ̃1|CPT

=
1

r−s cos ε

⎛
⎜⎜⎝

cos
π−2ε

4

(
r cos

π−2ε
4

−s sin
π−2ε

4

)
i cos

π−2ε
4

(
s cos

π−2ε
4

−r sin
π−2ε

4

)
i sin

π−2ε
4

(
r cos

π−2ε
4

−s sin
π−2ε

4

)
sin

π−2ε
4

(
r sin

π−2ε
4

−s cos
π−2ε

4

)
⎞
⎟⎟⎠

/

|ψ̃2〉〈ψ̃2|CPT

=
1

r−s cos ε

⎛
⎜⎜⎝

cos
π+2ε

4

(
r cos

π+2ε
4

−s sin
π+2ε

4

)
i cos

π+2ε
4

(
s cos

π+2ε
4

−r sin
π+2ε

4

)
i sin

π+2ε
4

(
r cos

π+2ε
4

−s sin
π+2ε

4

)
sin

π+2ε
4

(
r sin

π+2ε
4

−s cos
π+2ε

4

)
⎞
⎟⎟⎠ ,

�HO8|$��
|ψ̃1〉〈ψ̃1|CPT + |ψ̃2〉〈ψ̃2|CPT = I.

d M1 = |ψ̃1〉〈ψ̃1|CPT , M2 = |ψ̃2〉〈ψ̃2|CPT , C Mi|ψj〉 = δij |ψj〉 (i, j = 1, 2). I�, uy��]�
{M1,M2} 1 CPT - @A6>GQW��� |ψ1〉 / |ψ2〉.

{z, kVO �;^!wÆxy PT - ,+���QW.

$[K��=� P, T /*+����� H, dR�W����WX 

|ψ1〉 =
(

1
0

)
, |ψ2〉 =

⎛
⎜⎝

1
2

i
√

3
2

⎞
⎟⎠ ,

C |ψ1〉 / |ψ2〉 1
�@A6�)0#�, Q 〈ψ1|ψ2〉 = 1
2 �= 0, MNzV1
�����>)�

>QW�.

}{ CPT -@A, n4 〈ψ1|ψ2〉CPT = 〈ψ1|PC|ψ2〉 = 1
2u (r−√

3s).d s = 1, r =
√

3, C PT -

,+���� H /=� C WX 

H =
(

3
√

3 i
i

√
3

)
, C =

1√
2

( √
3 i
i −√

3

)
.

m |ψ1〉 / |ψ2〉 1 CPT - @A6�-�.

|ψ̃1〉 = 4

√
2
3

(
1
0

)
, |ψ̃2〉 =

√
2 4

√
2
3

⎛
⎜⎝

1
2

i
√

3
2

⎞
⎟⎠ ,

〈ψ̃1|CPT =
1√
2

4

√
2
3

( √
3, i

)
, 〈ψ̃2|CPT = 4

√
2
3

(
0 −i

)
.

IS, kVn4

|ψ̃1〉〈ψ̃1|CPT =

⎛
⎝ 1

i√
3

0 0

⎞
⎠ , |ψ̃2〉〈ψ̃2|CPT =

⎛
⎝ 0 − i√

3
0 1

⎞
⎠ .

d Mk = |ψ̃k〉〈ψ̃k|CPT , MCPT
k = (PC)−1M†

k(PC) (k = 1, 2), C
MCPT

k = Mk, M2
k = Mk, M1 +M2 = I.
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I�, {M1,M2} ) �uy]�, (> Mk|ψl〉 = δkl|ψl〉 (k, l = 1, 2). U�

|ψ1〉 =
(

1
0

)
/ |ψ2〉 =

⎛
⎜⎝

1
2

i
√

3
2

⎞
⎟⎠

1 CPT - @A6)>QW�.

4 {|
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