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Abstract The aims of this paper are to investigate the statistical convergence in TVS-
cone metric spaces and to discuss statistical completeness of TVS-cone metric spaces.
Let (X,E,P, d) be a TVS-cone metric space. By applying Minkowski function ρ in the
ordered Hausdorff topological vector space E, we show that there exists a metric dρ (in
usual sense) on X such that a sequence (xn) in X is statistically convergent to x ∈ X

with respect to d if and only if it is statistically convergent to x with respect to dρ.
We then show that every TVS-cone statistically Cauchy sequence is an almost usual
TVS-cone Cauchy sequence, and every TVS-cone statistically convergent sequence is
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an almost usual TVS-cone convergent sequence. As a result, a TVS-cone metric space
(X, d) is d-complete if and only if it is d-statistically complete. Based on the results
obtained above, many properties of statistical convergence in the metric space can be
generalized in parallel to the statistical convergence in the cone metric space.

Keywords statistical convergence; TVS-cone metric space; TVS-cone statistically
Cauchy sequence; Minkowski function; statistically complete
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1 st
���������� Fast [8]� Steinhaus [19] 1951����!�,����"#$%�

�����&'��(�.  ��� 60)�*,+&���,���(��  � !-�.*
�/0!"1�!-#"�$�2#. 3$%%&4*�& '5, (&& [1–6, 9, 12–17]. )*

+' X *�%� (xn)($����6 x ∈ X �7) x�,*-8 U , limn
1
n

∑n
j=1 χAU (j) = 0,

 * AU = {n ∈ N : xn /∈ U}, χA +.,- A �/9.!.

0/�������� X = R *!��, 0126�'�:�1�, 2" 3$&4�
+'*5#����. '3, 465+' [16], 768;7)*� Banach +' [2, 6, 12, 13] �&4
)*+' [17]. <9, Li :2 [15]  =;%+'*!��������. 8">9:=;%+'
(X, d) *�%� (xn) ����6 x ∈ (X, d), <;=<� ?<=;"#$>?@@��6 x,

AB ?<=;$ 1 �?<!5, G ⊂ N, >! (xn)n∈G  ��"#$��6 x. C>9:?
& ��@D�=;%+'@�@D�. ABE?<�A3$CD:

u� 1.1 @D�=;%+'@���@D�EF
G&H 2 I, F" 3&4� TVS- =;%+'*5#�������, Æ>9:J5#�

G :KHL.

H 3 IIJ: TVS- =;%+'���@DB. K (X,E,P, d) +. TVS- =;%+'. L

05# A% Hausdorff )*C%+' E M� Minkowski .! ρ, >9: X MB & ��
"#$�;% dρ, >! X *�%� (xn)  =;% d "#$����" x ∈ X, <;=< (xn)

 ;% dρ "#$����" x. M60, >9:,"& TVS- =�� Cauchy %��>?@@
TVS- = Cauchy %� (+N>?@@�D)6?<=;NE). >9:,"& TVS- =���
��%��>?@@ TVS- =���. ON, TVS- =;%+' (X, d) � d- @D�, <;=<�

� d- ��@D�.

M6MO�IJ,  H 4 I*72��;%+'*�����DPBFQ(GRSPH�
��"=;%+'*�����Q(.

2 TVS- vIJKLwMNOPQ
G&RA���TUQ��&�. S E $T Hausdorff )*C%+' (RT$ TVS), θ $ E

�UC%. S P $ E �& V+W�R5,, ( P $ E �& 5=, 3X P VS:

(i) P ∩ (−P ) = θ;
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(ii) P + P ⊂ P ;

(iii) ),"� λ ≥ 0, λP ⊂ P .

3X5= P AV+�Z^ (A intP �= ∅), W( P �TÆ�. _5 $&*[\�5=Q�
TÆ�. `5& 5= P , 5# E M�& ]% � 3$: S a, b ∈ E, a � b <;=< b − a ∈ P .

0 a ≺ b +. a � b ; a �= b, a 
 b +. b − a ∈ intP . TU (E,P ) +.& A%� TVS.

Xx 2.1 [7] S X $V+,, (E,P ) $& A%� TVS. C%Y.! d : X ×X → E ($

X M�& TVS- =;%, 3XVSG$^a:

(i) ),"� x, y ∈ X, A θ � d(x, y), ;A d(x, y) = θ <;=< x = y;

(ii) ),"� x, y ∈ X, d(x, y) = d(y, x);

(iii) ),"� x, y, z ∈ X, d(x, z) � d(x, y) + d(y, z).

(A%) (X,E,P, d) $ TVS- =;%+', RZ$ (X, d).

Xx 2.2 [7] S (X, d) $ TVS- =;%+', (xn) � X *�%�, x ∈ X.

(i) 3X),"� θ 
 c, B n0 ∈ N, >!< n ≥ n0 _, A d(xn, x) 
 c, W( (xn) TVS-

=��6 x, T$ d-limn→∞ xn = x.

(ii) 3X),"� θ 
 c, B n0 ∈ N, >!)RA m,n ≥ n0, A d(xm, xn) 
 c b�, W(
(xn) �& TVS- = Cauchy %�.

(iii) 3X X *�? TVS- = Cauchy %�� TVS- =���, W( (X, d) � TVS-

=@D�.

S A ⊂ N, A� +. A �`. 3X

δ(A) ≡ lim
n→∞

{k ≤ n : k ∈ A}�

n

c[B , (c[Y δ(A) $ A �?<=;. �����5#(G\]^a$: )*+' X *�
%� (xn) ($����" x ∈ X, 3X) x �,*-8 U , δ(AU ) = 0,  * AU = {n ∈ N :

xn /∈ U}. 3X,- A VS δ(A) = 0, W( A $��U,. dbc2 A ⊂ N ���U,<;=

< N \ A dA?<=; 1.

Li :2 [15]  =;%+'*5#:����, $OeJ5# 3$&4� TVS- =;%+
'*\]5#3$ (&4 [15] * E $ Banach +').

Xx 2.3 S (X, d) $ TVS- =;%+', (xn) � X *�%�, x ∈ X.

(i) 3X),"� θ 
 c, {n ∈ N : d(xn, x) 
 c} dA?<=; 1, W( (xn) TVS- =���
�6 x, T$ d-st-limn→∞ xn = x.

(ii) 3XB & ��U, A ⊂ N, >! (xn)n∈N\A TVS- =��6 x, W( (xn) �>?@

@ TVS- =��6 x.

(iii) 3X),"� θ 
 c, B n0 ∈ N, >! {n ∈ N : d(xn, xn0) � c} dA?<=; 1, W
( (xn) �& TVS- =�� Cauchy %�.

(iv) 3XB & ��U, A ⊂ N, >! (xn)n∈N\A � TVS- = Cauchy %�, W (xn) �&
 >?@@ TVS- = Cauchy %�.

(v) 3X X *�? TVS- =�� Cauchy %�Q� TVS- =�����, W( (X, d) �

TVS- =��@D�.
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y 2.4 (ii) "e_ (i), A3X (xn) >?@@ TVS- =��6 x �, WA (xn) TVS- =�
���6 x. fg�, (iv) "e_ (iii).

y 2.5 & [14] 5#:<&4(������, Ah`��. F" +NiA5# TVS- =
;%+'*�h` I (:K�, j5 F ) ��, & RS�ab�:  h` I dA AP �_S$,

$&RAfXQ(GPH���"D/h`���Q( (P6 AP ���, (g[& [14]).

5# 2.3*�hU “
”(G0hU “≺”ic “�”kj. lTM,,"`5 θ 
 c, (xn) ⊂ X

G� x ∈ X, K
B(c, x, (xn)) = {n ∈ N : d(xn, x) 
 c},
B′(c, x, (xn)) = {n ∈ N : d(xn, x) ≺ c},
B′′(c, x, (xn)) = {n ∈ N : d(xn, x) � c}.

 +N��RT$ B(c), B′(c) � B′′(c).

Xd 2.6 S (X, d)$ TVS-=;%+', (xn)� X *�%�, x ∈ X,W$Omk�:K�.

(i) (xn) TVS- =����6 x, A),"� θ 
 c, B(c) dA?<=; 1;

(ii) )6,"� θ 
 c, B′(c) dA?<=; 1;

(iii) )6,"� θ 
 c, B′′(c) dA?<=; 1.

ze )6,"� θ 
 c,dbc2 B(c) ⊆ B′(c) ⊆ B′′(c),ONA (i) ⇒ (ii) ⇒ (iii). $Of
g>9 (iii) ⇒ (i). )6,"� θ 
 c, � (iii) (h δ({n ∈ N : d(xn, x) � c

2}) = 1. 0n, i""
a � b � b 
 c ⇒ a 
 c,

ONA {
n ∈ N : d(xn, x) � c

2

}
⊆ {n ∈ N : d(xn, x) 
 c}.

+"e_ B(c) dA?<=; 1. >l.

 foGIjp, mn$O& '5.

k 2.7 [15] S E = R
2 Æ8G���q>N!o!, P = {(x, y) ∈ E : x, y ≥ 0}, X = R.

X M�=;% d1 5#$
d1(x, y) =

(∣∣∣∣ x

1 + |x| −
y

1 + |y|
∣∣∣∣,
√

3
∣∣∣∣ x

1 + |x| −
y

1 + |y|
∣∣∣∣
)

, x, y ∈ X,

W (X, d1) d���@D�=;%+'.

jRG30, GFM�b$ (X, d1) d�@D�=;%+'. 3X X M5#=;% d2,

d2(x, y) = (|x − y|, |x − y|), x, y ∈ X,

db>9 (X, d2) �@D�=;%+'. pr1l�5h 3.5, (X, d2) ���@D�=;%+'.

 $&I*e>9, ,"& @D�=;%+'@���@D�.

3 NO{mMvIJKL
GI�1��IJ TVS- =;%+'���@DB. F"gn&oP6 TVS-=;%+'(

;%B�hU�MGlT. S V �)*C%+' E �& 5,, >! θ ∈ int V , W V �s��,
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A) E *? C% a, B Sqp�qT! λ, >! λa ∈ V . V � Minkowski .!5#$
ρV (a) = inf{λ > 0 : a ∈ λV }, a ∈ E.

ρV �qtr�. 3X V �5�, AB ρV �rrB�. 3X V �u)5�, AB ρV �u)tr

�. 0n, 3X V � θ �& u)5-8, AB ρV �vl�, ;A
{a ∈ E : ρV (a) < 1} = int V ⊂ V ⊂ V = {a ∈ E : ρV (a) ≤ 1}.

S (X,E,P, d) $ TVS- =;%+'. ),"� a � b, 5#%w' [x, y] $

[x, y] = {z ∈ E : x � z � y}.
,x e ∈ intP , W

[−e, e] = (P − e) ∩ (e − P ) = {x ∈ E : −e � x � e}
� θ �& u)5�-8, ρe +. [−e, e] � Minkowski .!. K dρ = ρe ◦ d. Kadelburg–

Radenovic–Rakocevic [11] >9: dρ � X M�& ��"#$�;%, Æ>9:G$fX.

Xd 3.1 [11] S (X, d) � TVS- =;%+', dρ �3M5#�;%. S (xn) � X *�&
 %�, x ∈ X, W

(i) d-limn→∞ xn = x <;=< dρ-limn→∞ xn = x.

(ii) (xn) � d-Cauchy %�<;=<�� dρ-Cauchy %�.

(iii) (X, d) �@D�<;=< (X, dρ) �@D�.

Minkowski .!�BF� TVS- =;%+'�(;%s�3�sI, (g[ Holmes [10] �

Kadelburg :2 [11] �&4. $Oe>9����tG� Kadelburg–Radenovic–Rakocevic 5h.

Xd 3.2 S (X, d) $ TVS- =;%+', hU e, ρe � dρ 3M5#. S (xn) � X *�&
 %�, x ∈ X, W

(i) d-st-limn→∞ xn = x <;=< dρ-st-limn→∞ xn = x.

(ii) (xn) � d- �� Cauchy %�<;=<�� dρ- �� Cauchy %�.

(iii) (X, d) � d- ��@D�<;=< (X, dρ) � d- ��@D�.

ze _S (xn) TVS- =����6 x. ),"� ε > 0, i"" dρ �5#,

{n ∈ N : dρ(xn, x) < ε} = {n ∈ N : d(xn, x) 
 εe}
dA?<=; 1. b0 dρ-st-limn→∞ xn = x. u�y, _S (xn) dρ- ����" x. ),"�
c � θ, i""

c = lim
n→∞

(
c − 1

n
e

)
∈ intP,

B n0 ∈ N, >! c − 1
n0

e ∈ int P , A 1
n0

e 
 c. "e_
{n ∈ N : d(xn, x) 
 c} ⊇

{
n ∈ N : d(xn, x) 
 1

n0
e

}
=

{
n ∈ N : dρ(xn, x) <

1
n0

}
.

ONA
δ({n ∈ N : d(xn, x) 
 c}) ≥ δ

({
n ∈ N : dρ(xn, x) <

1
n0

})
= 1.

+>9:
d-st- lim

n→∞xn = x.
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ON (i) b�. fg�(G>9 (ii). (iii) (� (i) t (ii) uv!". >l.

3X N �& 5,v F VS:

(i) ∅ /∈ F ;

(ii) A, B ∈ F , A A ∩ B ∈ F ;

(iii) A ∈ F ; A ⊂ B ⊂ N, A B ∈ F , W( F $ N M�& j5. K F1 = {A ⊂ N :

AdA?<=; 1, A δ(A) = 1}, Wdbw> F1 � N M�& j5.

|d 3.3 _S (X, d)�& TVS-=;%+', (xn)� X *�& %�,W (xn)� TVS-

=�� Cauchy %�<;=<��& >?@@ TVS- = Cauchy %�.

ze wSB�i 2.4 A!.

z>xnB. _S (xn) �& TVS- =�� Cauchy %�. TU e ∈ intP , ρe G� dρ 3M

5#. $:>9 (xn) & >?@@ TVS- = Cauchy %�, pr5h 3.1, fg>9B & ?
<=;$ 1 �5, G ⊂ N, >! (xn)n∈G  ;% dρ "#$�& Cauchy %�. lTM, pr

5h 3.2, (xn)  ;% dρ "#$�& �� Cauchy %�. ON(Gxy N,N1 ∈ N, >!

B0 ≡ {n ∈ N : dρ(xN , xn) ≤ 1} ∈ F1,

B′
1 ≡

{
n ∈ N : dρ(xN1 , xn) ≤ 1

2

}
∈ F1.

K B1 = B0 ∩ B′
1, W B1 ∈ F1. z xx N2 ∈ N, >!

B′
2 ≡

{
n ∈ N : dρ(xN2 , xn) ≤ 1

4

}
∈ F1.

K B2 = B1 ∩ B′
2, W B2 ∈ F1. y{�, (G!" N �& Szd{�5,� (Bm), >!

Bm ∈ F1 G� sup{dρ(xk, xn) : xk, xn ∈ Bm} ≤ 1
2m−1

)RA� m ∈ N.

),"� m ∈ N, �6 δ(Bm) = 1, x& w�%� im ∈ N, >!
1
n
{k ≤ n : k /∈ Bm}� <

1
m
)RA� n > im.

K Gm = Bm ∩ (im, im+1], m = 1, 2, . . ., ;K G =
⋃∞

m=1 Gm. ),"� ε > 0, B m0 ∈ N, >

! 1
2m0−1 < ε. &{O, ),"� m,n ∈ G ; m,n > im0 , A

dρ(xm, xn) <
1

2m0−1
< ε.

+"e_ (xn)n∈G  ;% dρ "#$�& Cauchy %�. |&{O, ),"w�%� n ∈ N, B

 m(n) ∈ N, >! im(n) < n ≤ im(n)+1. ONA
1
n
{k ≤ n : k /∈ G}� ≤ 1

n
{k ≤ n : k /∈ Bm(n)}� <

1
m(n)

.

i""< n → ∞ A m(n) → ∞, ONA
0 ≤ δ(N\G) = lim

n→∞
1
n
{k ≤ n : k /∈ G}� ≤ lim

m(n)→∞
1

m(n)
= 0.

RG δ(N\G) = 0, A G dA?<=; 1. >l.

G$G 5hm|:!E*}2�CD.
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Xd 3.4 _S (X, d) �& @D� TVS- =;%+', WG$mk�:K�.

(i) (xn) � TVS- =����%�.

(ii) (xn) � TVS- =�� Cauchy %�.

(iii) (xn) �>?@@ TVS- = Cauchy %�.

(iv) (xn) �>?@@ TVS- =��%�.

ze (i)⇒(ii) _S (xn) TVS- =����6 x ∈ X. ),"� c � θ, W{
n ∈ N : d(xn, x) 
 c

2

}

dA?<=; 1. xx n0 ∈ N, >! d(xn0 , x) 
 c
2 , ;i""

d(xn, xn0) � d(xn, x) + d(xn0 , x),

WA {
n ∈ N : d(xn, x) 
 c

2

}
⊆ {n ∈ N : d(xn, xn0) 
 c}.

ON

{n ∈ N : d(xn, xn0) 
 c}

dA?<=; 1. +"e_ (xn)�& TVS- =�� Cauchy %�.

(ii)⇒(iii) �!h 3.3 A!.

(iii)⇒(iv) � (X, d) �@DBA!.

(iii)⇒(iv) �i 2.4 A!. >l.

Xd 3.5 S (X, d) �& @D� TVS- =;%+', W X � d- ��@D�.

ze +�5h 3.4 A(�2. >l.

4 }|
gn72��, F">9:=;%+'*5#�����:K6��;%"#$����

�. M60, ��;%+'*�����,�BFQ(GPH���"=;%+'*����
�Q(.

'3, 3$5h 3.2 �}&~/0, $O>9����2#~8*�& \nfJ.

Xd 4.1 _S (X, d) �& TVS- =;%+', (xn) � X �& %�� x ∈ X, W (xn)

TVS- =����6 x, <;=<�>?@@ TVS- =��" x.

ze w�Bf�i 2.4 �&6�.

z>xnB. _S (xn) TVS- =����6 x, pr5h3.2, (xn) dρ- ����6 x. i""
(X, dρ) ;%+', (X, dρ) �& H&(!+'. pr& [17, 5h 2.2], (xn)  dρ >?@@��

6 x. }rL05h 3.2, (xn)  d "#$>?@@��6 x. >l.

y 4.2 5h 4.1 "e_ 5h 3.4 *P6 (i)⇔(iv) �>9(G��@DB�_S.

y 4.3 L05h 3.2, Li :2 [15] }2�,�P6=;%+'��@DB�fX�(GR
s>9.
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