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Abstract In this paper, we prove the global existence of weak solutions to a 3D
Keller—Segel-Navier—Stokes system with logistic source. We also study the long time
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ARSI T Y =4 Keller-Segel-Navier—Stokes J7fa4H [9 131

Ou+u-Vu+ V1 — Au=nVo, (1.1)
divu = 0, (1.2)
o +u-Vn—An+bn® —an= -V - (nVp) — V- (nVq), (1.3)
owp+u-Vp—Ap= —np, (1.4)
Oq+u-Vg—Ag+q=n7EQx (0,00)H, (1.5)
u=0, %:%:%zOE&QX(O,m)E{J, (1.6)
(,1,9,4)(-,0) = (w0, 0, p0,40) (") 7E @ CR* (.7)

XH u FIRGRAERE, 7 FIRES, n, p Ml q 2 AIFIRASTE R, AT IERI L. £
oo = o(x) B—ICHEEL o BEHE b ZIEHE. Q 2—ARNMKBEACHEBA 09, v 2
AR AN
2oy =0 B, &S (1.3), (1.4) F1 (1.5), Bk Keller-Segel 7220 6781, Keller-Segel J7FE4H
EHREZHRFFRAR 245 102,
Bt 24 q = 0 i, Fan 1 Zhao B JERT T — R
EX 1.1 % @ € C3([0,00)) J2—IEHEREL 7E [0,00) £ @ >0 H ®(ng) € LN(Q). &
Vn, Vp, Vg, Ap Fil Aq H[H,
®(n), ®"(n)|Vn|?, ®(n)Ap,nd® (n)Ap, ®(n)Ag, n® (n)Ag,nd (n) Hl n2d®'(n)
BT Lho(@ % [0,00)) a
@' (n)Vn, ®(n)Vp, ®(n)Vq Fl ®(n)u J&TF Li,.(Q x [0,00)) (1

HAE D'(Q2 % (0,00)) H1 V- u = 0. IRAFK (n,p,q,u) 2 (1.3) BI—A & 55T (2 59 14#), %

—/OOO/d)(n)Etdxdt—/(I)(no £(-,0)dz 2 —/oo/@”(n)wnﬁgdxdt

/0 ®'(n)Vn - Vfdwdt—l—/ / Y(Vp - VE+ Ap)dxdt

©
~— ~—

/
/Ooo/nq)'( Apfdmdt—l—/ / (Vg - VE+ Agé)dxdt
L/

n@'(n)Aqﬁdwdt—i—a/ /n@ n)&dxdt
0

—b/ooo/n2<1>’(n)5dxdt+/Ooo/q>(n)u-vgdxdt (1.10)
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SRS € € O (Q x [0, 00)) #BALIL.

FM 1.2 BEE
[0,00); Wy,
Q % [0,00)),
1

ue Ll

loc

nELl

loc

1
p e L

oc

qge L ([0

o), Whi),
OO) Wl 1)

/-\/\,-,\

[0,
[0,
i 1

U, qu € Ligo (2 % [0,00)) H u® € Ly (Q x [0,00)),
AR m,p,q > 0 7 Q x (0,00) 1. FRAFK (n,p,q,u) J& (1.1)~(1.5) BJ—D)" S, R THI5%F

JRSL
_/Ooo/pgtdxdt—/pof('vo)dx

_/Oo/vp.vgdxdt—/Oo/npgdxdt+/ooo/pu~vgdxdt (1.11)

XA €€ C5°( Q x [0,0))

//q«stdmdt—/qog 0)da
/ /vq ngxdt—/ /qfdwdt—i—/ /qu Vedadt (1.12)

XA € € C5° (2 x [0,00)) H.

/ /u ftdxdtf/uof( 0)dx
_/0 /vu.vgdxdﬂ-/o /u®u):V£dwdt+/Ooo/nV¢~§dxdt (1.13)

XFFATR V- =01 & € C3°(Q x [0,00)), HHARAELE @1, @2 € C*([0,00)), WHRTE [0, 00)
E @) > 0F1 @, >0, B4 (n,p,q,u) R (1.3) B—4> O1- 55 TR o 55 B (X 1.1).

Y p = 0 B, Winkler '3 SIEBT T S3 @AY RTEAEEI RIS T HMEAT . AR SCRHESC [13]
HHAYSE R R p #£ 0 IHIE. FATRAE:

FIE 1.3 ¥ u € Hi NH?, ng € C(Q), po,q0, € WH(Q), divug = 0, ng, po,q0 > 0 1E Q
K ¢ = o(x) GRS, WXHER T > 0, 88 (1.1)(1.7) FEE—A SU# (u,n,p, q),
e we L=(0,T; L2) N L2(0,T; HY) N L= (Q x (0,T)),

ne L2(Qx (0,T)) N L1 (0,T; Whis),
peLE(0,T;W23), 0<p<C,
q e L>(0,T; LS N L3 (0,T; W23).

EIE 1.4 Ba>0Hb DK MWFE—DENE N C (0,00), #1524 (0,00)\N >t — oo

ik A5 A

(1.14)

[ul- D)l = 0,

‘n(-,t) -

— 0,
Lt (1.15)
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E 1.5 4 a <0 AERAISRIZEE, HAb AR

2 —MRETH

it P: L?(Q) — L2(Q) i Helmholtz #5%, D(A) := H} N H?, A := —PA & Stokes ${T1E
L2(Q) FHJsEEE (realization). € € (0,1) NHEL H Yu:= (1 +cA)"'u FIR Yosida i, H&
PORSERREE

Oiu+Yu - Vu+Vr — Au =nVe, (2.1)
divu = 0, (2.2)
. — 2 — —_ . — .
on+u-Vn—An+bn” —an \% 7 +Ean \% ] +€an7 (2.3)
op+u-Vp— Ap = —np, (2.4)
hg+u-Vg—Aqg+qg=nTE Qx(0,00)H, (2.5)
B On _9p _ 0q _
u=0, =3 5 =0 7E 99 x (0,00) H, (2.6)
(uvnapa q)(,O) = (UOanOaPanO)(') T QcC Rg EP (27)

glIE 2.1 [13] X‘Tﬁi% €€ (0, 1), I‘ﬂ@ (2 1) (2 7) ﬁfuﬁ#ﬁﬁlﬁ@ (Usanf-:»ps»‘kaﬂ'e) (W‘T/E
Ue, Ne,y Pe, g= € CO(Q x [0,00)) N C%H(Q x (0,00))
H
7. € CH9(Q x (0,00)),
#HE Q x (0,00) EF'7 ﬁ NeyPey Ge > 0 A pe < C.
TE T30, FATH C TR —DAUIT e, WHE] ¢ DL T @9IEF% dfise 18] AHE AT
Pt (HALTRITATER), FTLUEMXMER ¢ >0, &

/ns(x,t)dmgm:max{/nodz a|b |}, Vit >0, (2.8)
t+1
/ /n?(x,s)dxds < %m, vt >0, (2.9)
¢
/qs(az,t)dm < max {/qodaam} , V>0, (2.10)
/qg’(aj,t)dx <C, Vt>0, (2.11)
/\us(x,t)|2dx <C, Vt>0, (2.12)
t+1
/ |Vue(z,8)|*dzds < C, Vit >0, (2.13)
t
t+1 10
/ /|u5(x,s)|deds§C, Vit >0, (2.14)
¢
/\Vqs(x7t)|§dx§07 Wt >0, (2.15)

t+1
/ (|Vge|® +1)73|D?q.|*dxds < C, YVt >0, (2.16)
t
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t+1 .
/ Vg (z,s)|3dxds < C, V>0, (2.17)
t
t+1
/ /qf(x, s)dxds < C, Vt>0, (2.18)
t
t+1 .
/ |D2q.(z,s)|5dxzds < C, Vt>0, (2.19)
t
/\Vpg(x,t)|%dx§07 V>0, (2.20)
t+1 . .
/ /(|Vpg(ac,s)|§ +|V?p.(z,8)|5)dxds < C, YVt >0, (2.21)
t
t+1 B
/ /nE_Z|VnE|2dxds <C, Vt>0, (2.22)
t
t+1 »
/ |[Vne|8dzds < C, Vt>0, (2.23)
t
T
/ ||8tnaH(W3,2)*dt <C(T+1), VT >0, (2.24)
0
T 40 40
/ /(|atq€|ﬁ + |Ope|27)dxdt < C(T +1), VT >0, (2.25)
0
T 4
/ 10su]|® 1o dt < C(T+1), VT >0, (2.26)
0 (WO,g)

3 T 1.3 §9iE8H
B X 2§ Banach ZE[], Jy TIPS, A TSCH, 2 e — 0 B, 5L S
fe— FHE X H
BAS
fo— fHEX

FOR fo 18 X eREE] f UK fo 7E X PESURSE] f. BUTE, FRATTREMS I S Y IR R

TRB I T AL 4R F M3 (] AU
513 3.1 131 24 j — co B}, FEAETH € :=¢; — O, ({15

ne 7£ Q x (0,00) FULFLAYETF n,
Vi<p<2 A n.—n7EL (Ux[0,00))

loc

ne = n 1E L2 (2 x [0,00)) 7,

16
13

Vn, = Vn E Lloc(Q X [0700)) I:P?

V3 e <0, %} . B V(ne+1)P = V(n+1)P 1 L} (2 x [0,00)) H,

g= 7E Q2 x (0,00) HUJLPLLHELT ¢,
Vrell,8), A g — q71E L,.(Qx[0,00)) 7,
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Vg. — Vq 1& LIOC(Q x [0,00)) H, (3.8)

D?q. — D’q £ L, (@ x [0,00)) 1, (3.9)

pe FE Q x (0,00) FULTFLWELT p, (3.10)
Vsel[l,00), H p: —pFE L (Q x [0,00)) H, (3.11)

Vp. — Vp 1E LIOC(Q x [0,00)) M, (3.12)

D?p. — D*p 1 Lloc(ﬁ x [0,00)) H, (3.13)

ue — u 7E L (Q x [0,00)) H, (3.14)

e (-, t) — u(-,t) 78 L2 (Q)HXILFab4 ¢ > 0, (3.15)

—u fE Lk (0 % [0,00)) o, (3.16)

HA Vu, — Vu 7E L .(Q x [0,00)) H, (3.17)

XHEARPRREL n,q,p A w W2 (1.14) PLRAE Q x (0,00) HLPLATER n > 0, ¢ > 0 Al
0<p<C.
5|38 3.2 13 FRFRERE n,q,p Al w i (1.11), (1.12) AT (1.13).
532 3.3 n & (1.3) B—4 ©- 55 T F, X5
D(s):=s, s>0. (3.18)

EBA  (2.3) WHIFISRLL € € C§°(Q x [0,00)) FFAHBLY, XHER € € (0,1), A

/ / 2fdxdt—/ /nsatfdxdt+/n0£ (z,0 dxf/ /Vn8 Védxdt
e * dxdt e * dxdt
+/O /1+€n8Vp Védx Jr/o /1+€nqu Védx
+a/ /ngfdxdth/ /neus'V&ixdt. (3.19)

FIH (3.2) fl 34), Y e=¢; » OB}, A

//nsatgdzdtﬂ/ /n@tfdxdt //Vne V{d:cdtﬂ/ /Vn Védxdt
/O/negdxdtﬂ/o /nfdmdt.

HE—sEHh, 75 (3.2) Pl r =3 <2, Ye=¢;, - 00}, &
el 1 LIOC(Q x [0,00)) H,

I, B (3.8) il (3.12) 55]],4:‘[6—5]—>OHT H

// ng Vfdmdt—>/ /an Védzdt,
// VpE-ngxdtﬂ/ /qu~V§dmdt.
oJ 1+e

7E (3.2) HHLr =20 <2, A (3.14) A[HY e =¢; — OB, &

//ngu6 Vfdxdtﬁ/ /nu Védxdt.
0

UK
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1 (3.2) FHJLTAAEUEL, € BIAR TR Fatou 517, Alf:

b/ /n Edxdt <gm;1]1nf{ /O /nggdxdt}
:/0 /natqbdxdt—/noﬁ(m,())da:—/ooo/Vn-Vfdxdt
+/Ooo/anVfdxdt—i—/ooo/an~V§dmdt+a/ooo/n£dxdt
—&-/Ooo/nu-Vfdxdt.

JEEE.
BB 8.4 09 P ac (0.2) % c—c, 00 A
Vre|l, 2), (ne +1)* — (n+1)* £ L, .(Q x [0,00)) H, (3.20)
Vre —1, #3), (ne + 1) Rt . (n+ 1)~ 8 1E L. (2 x [0,00)) F, (3.21)
- (a - §)+
Vre|l, 2), ne(ne + 1) = n(n+ 1) FE L (Q x [0,00)) 7, (3.22)
vre L) D R ) e L@ ) (329
HHA
w(s)':a/s do $s>0, 0<e<l (3.24)
S o (c+D)—a(1+eo)2” ~ =7 ’ '
nmvre [1,%),%
Ne _
(ne + 1)=o(1 + en.) - (n+ 1)i- ;fp Lo (2 x [0,00)) H (3.25)
AR
Ye(ne) — (n+1)* 78 L], (2 x [0,00)) F. (3.26)
B AT RE AN 5 2
B 3.5 B oac(0.2), Ml n i (3.0) {4 o 55 L X
O(s):=(s+ 1), s>0. (3.27)
B EE A
Oy(ne +1)* = a(n. +1)* ' An,
TR EnE)VnE - Vpe — a(ng " 1)1_2(1 n gnE)Apg
- Vne : VCIE —Q fe AQE

(ne + ) (1 +ene)?
taan. (ne + 1) — abn?(n. + 1)1
—ue - V(ne+1)% z€Q, t>0, (3.28)

(ne + 1)'=(1 +ene)

XH, EEE

(0%
(ne + )= (1 4+ en,)?

Vne = Vibe(ne).
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(3.28) i[RI FELMER AR REL € € C5° (2 x [0, 00)) FHAHTESY, MIXHER € € (0,1), H
—/ /(ne—i—l)o‘@tgdxdt—/(no—&—1)a§(x70)dx
0
=ao(l -« Ne =2\ Un,|2¢dx
— a1 )/0/( +1)°2|Vn. [2ed 2dt

—a/ /(n5+1)a*1vns.vgd:cdt
0

Jr/OO/ Ye(ne)Vpe - V&dzdt+/ooo/we(ns)ﬁps§dzdt
_a/ / (ne + 1)@ 1+ )Apsﬁdxdt
/ /d)a ne) Ve - Vfdxdt—i—/ /wa ne)Ag:dxdt

_a// R a1+ )Aqsgdxdt

—|—aa/ /nE ne + 1) Yedadt — ab/ /ng(n6 + 1) tedadt
0 0

—|—/0C>O/(nE + )% - VEd zd t. (3.29)

FIH (3.20), (3.22) F1 (3.23) &I, 24 e =¢; — 0 B, (ne + 1), ne(ne + 1)1 UK nZ(n. +1)7!
1E LYN(Q x [0,00)) FAHERIELT (n+ 1D, n(n+ 1)L KL n(n+ 1)L FH5IHE 3.4 &1, 24
e=¢; - 00}, H

/ /ng aatfdxdtﬁ/ /n—|—1 *Opéd zdt, (3.30)

aa/ /nE (ne + D) Yedadt — aa/ /n n+1)*"tedadt, (3.31)
0 0

ab/ /ng(ng—i—l)a_lfdxdt —>ab/ /n2(n+1)"‘_1§dwdt. (3.32)

1E (3.26) A1 (3.25) U r o= § WM o < § &1 § < 2, FFIERH (3.9) A1 (3.13) H (Ape)e=c, 0
Al (Age)eee,—0 1 Ly (@ x [0,00)) EP%'%'W 8 E&J:‘f e=¢;— OB, A

/0 /¢a(n5)Ap8§dxdt—> /Ooo/(n—l—l)o‘Apfdxdt, (3.33)
/Ooo/¢s(ng)Aq5€dxdt — /OOO/(nJr 1)*Agédzdt, (3.34)

9S4

/ / (ne + 1)1-« 1_|_ )Apgfda:dta /Ooo/n(”‘Fl)a_lApﬁdxdt, (3.35)

/ / .+ 1)ie 1+ )Aqsfdxdt —>/0 /n(n+ D tAgédzdt.  (3.36)
2RIk, 7E (3.26) HEL r = 3 < E’ FHHRFIH (Ape)e=e;—0 Al (AGe)e=c, 0 FE Ll%c(ﬁ x [0,00))
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AISSUCBIPER, 2 e =5 — O IF, A

/OO/ Ye(ne)Vpe - Véd zdt — /Oo/(n +1)*“Vp - Ved zdt, (3.37)
0 0
/ /wa(na)an -Védzdt — / /(n + 1)*Vq - Védzdt. (3.38)
£ (3.20) HHEL r o= 22 < 2, FFFIH ue 1E L3, x [0,00)) BIBCHHERTAL, % & = 25 — 0 B, A
/ /na—i—l Ug - Vfdmdt—>/ /n—l—l u- Védzdt. (3.39)

FETOR, 7 (3.29) Bt s — AR, FIH
V(n. +1)8 = g(ng +1)"5Vn,,

&=l
//n +1)*"'Vn, - Vﬁdxdt——a/ /nE )4 n€—|—1) -Védxdt,
WNITIE (3.5) UL B o= 2. 72 (3:21) U v e= 2 < (& WY e = ¢, — 0 B, 4
- a—l a—$% s,
a/o /(ns—i—l) Vn. - Védzdt — ga/o /(n+1) V(n+1)8 -Védadt
= a/o /(n+1)a*1vn-vgdxdt. (3.40)

FF—IRTE (3.5) L 6 := §, FIH L*(Q x (0,00)) WEHSS THELE0E, H (3.29)-(3.40) W14,
MR ¢H

(1-a) / /n—i—l“ 2| Vn|?¢dzdt

V2 |2¢d xdt

<;1r151]12£{ ( / /|v |§dxdt}
—/Ooo/(n—i—l “8t£dxdt—/(no+1)“5(m,0)dm
—&-a/ooo/(n—l—l)“_an-Vfdxdt— /Om/(n+ 1)*Vp - Védadt

7/0@/ n+1 aApgdzdt+a/oo/n (n+ 1)* T Apéd zdt
// )*Vq - vgdxdt—/ /n+1 “Agéd xdt

+a/0 /n (n+1) aflAquxdt—aa/o /n n+1)*"edadt

+ab/ooo/n2(n+1)a—1§dazda:—/Om/(nﬂ)au.vgdxdt.

H @ A2 AL n A B IEEE.
BAERNTREAS UL EHE 1.3.
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TIE 1.3 Y8  H 503 3.1, 3.2, 3.3 FIS|F 3.5 B0 1.3 Jor. EEE.

4 FEIE 1.4 §YIEEA

ZREIER n*, X
n(s) :zs—n*—n*ln%, 5> 0, (4.1)

R SRR, FEEE (n) = ' (n) = 0, BT n(s) > 0, s > 0. 45513, 5 X
foupa) = [nda+ g [Pdo+ . [la-nPda (42)
KH B, b RPMERERE, n.p,q RAEFUESLRE S8 [(n*,0,n%) = 0.

SIEE 4.1 HUb>0 K, n = ¢, MFEFE L >0, B>0M C >0, (FEMMEE ¢ > 0 Ml
ee(0,1), &

d Vne|?
i O] [l 190 190+ (e g2 (=0 aef <0, (a)

MEBA 53¢ [13] HAIERT SE 42800, TEDLAN. JIEEE.
EHE 1.4 B9IEBA  HAEW]SC [13] Aoge—HE, .
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