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1 EF
� G ������, eG � G ��	�, X ���� Banach 
�. � 1 ≤ p < +∞, 	

lp(G,X) =
{
f : G→ X

∣∣∣∣ ∑
s∈G

‖f(s)‖p < +∞
}
.

lp(G,X) 
��� ‖ · ‖p �
����� Banach 
�, ��
‖f‖p =

( ∑
s∈G

‖f(s)‖p

) 1
p

(f ∈ lp(G,X)).


���: 2019-09-04; ����: 2019-12-03



466 � � � � G H I 63�

G � lp(G,X) ������� �!"#: � s ∈ G $� f ∈ lp(G,X), �% sf ∈ lp(G,X) �

(sf)(t) = f(s−1t) (t ∈ G). Gromov �� [4] &��������: � V � W �Æ�����
� Banach 
�, ��� lp(G,V ) � lp(G,W ) � G- �� (������� G- ���� '!
T : lp(G,V ) → lp(G,W ), �� T : lp(G,V ) → lp(G,W ) � G- ���( T (sf) = sT (f) (s ∈
G, f ∈ lp(G,V ))) �"�� dimC(V ) = dimC(W )?

� G���#��$,�%��)��*��Æ"�&�� !. Voiculescu �� [14]&�
� Banach 
� X ����#�� G �"#��"# G � X ������� vdim(G � X)

($%�& 4 '). '#����, ()�$���#���*+��%��(+&�� !.

�%�&, ()�� Banach 
� X ���� sofic � G �"#��"# G � X ���

���� dimΣ,ω(G � X), ,)� Voiculescu ��.

-., '#� [8] */01���#��� sofic+,� Rokhlin ,2, -.�%�-.�2.

/0 1.1 � X ���� Banach 
�, G �����#��"� X ����"#���
"# G � X. � Σ = {σi : G→ Sym(di)}∞i=1 � G ��� sofic +,34, 1

dimΣ,ω(G � X) = vdim(G � X).

�/����� dimΣ,ω(G � X) ,)� Voiculescu ��.

0�1, �512.�"#��"#26��� dimΣ,ω(G � X).

3� 1.2 � X ���� Banach 
�, G �����7� sofic �"� X ����3�
"#��"# G � X. � Σ = {σi : G→ Sym(di)}∞i=1 � G ��� sofic +,34, 1

dimΣ,ω(G � X) = 0.

3� 1.3 � G ����� sofic �" Σ = {σi : G → Sym(di)}∞i=1 � G ��� sofic +,

34, 1�8�� 1 ≤ p ≤ 2,

dimΣ,ω(G � lp(G,C)⊕n) = n.

44"������5#, ()��� sofic ��*+ !� Gromov ����%��.

3� 1.4 � G ����� sofic �" 1 ≤ p < +∞. � V � W �Æ����� Banach


�, 1 lp(G,V ) � lp(G,W ) � G- ���"�� dimC(V ) = dimC(W ).

%�5���. & 2 '�� Banach 
� X ���� sofic � G �"#��"# G � X

������� dimΣ,ω(G � X). & 3 '*/� dimΣ,ω(G � X) ��96%��6. & 4 '

7:��7 X ���� Banach 
�, G �����#��"� X ����"#���"#
G � X, ;< dimΣ,ω(G � X) = vdim(G � X). & 5 '26���7� sofic � G "#�
�3�"#��"# G � X ��� dimΣ,ω(G � X). & 6 '�8�� 1 ≤ p ≤ 2 26�

dimΣ,ω(G � lp(G,C)⊕n). & 7 '��� sofic ��*+ !� Gromov �������.

2 89:;<J
	 N∗ �=>��=>, |F | �89 F �6�. � d ∈ N∗, ()	 [d] �89 {1, . . . , d}, 	

Sym(d) � [d] �?:�.

/K 2.1 ����� G ;��#��, �7� G�?@<
��A8 K �?@� ε > 0,

�� G ���<
��A8 F , @- |KF\F | < ε|F |. "=>, G ��� � Følner 34
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{Fn}∞n=1, EBG� Fn � G ���<
��A8"�G� s ∈ G, �
lim

n→∞
|sFn\Fn|

|Fn| = 0.

�
#���HICJKDL�M [2].

�N4E�9#���OA�<#���OA.

F 2.2 (1) G����F�#��.

(2) G���G:�F�#��.

(3) G����H�F�#��.

(4) G n (n ≥ 2) ��P8Q
��G� Fn I�#��.

/K 2.3 ����� G ;��RH���, �7��?@� s �= t ∈ G, �������
H ����S ϕ : G→ H, @- ϕ(s) �= ϕ(t).

�
RH����HICJKDL�M [2].

�N4E�9RH����OA�<RH����OA.

F 2.4 (1) G����F�RH���.

(2) G���Q
�G:�F�RH���.

(3) G n (n ≥ 2) ��P8Q
��G� Fn �RH���.

(4) �2�J� (Q,+) I�RH���.

Gottschalk �� [3] &�����KL��: �I�G����F� surjunctive �? �

surjunctive��M>�%KDL�M [2]. ��*�����, Gromov�� [5]&,T� sofic�

�NU, �$V7:�G��� sofic �� surjunctive �.

/K 2.5 ����� G;�� sofic�, �7�� G��� sofic+,34 Σ = {σi : G→
Sym(di)}∞i=1, EB�%W�XOFYI:

(1) �?@� s, t ∈ G, � limi→∞
|{a∈[di]:σi(s)σi(t)(a)=σi(st)(a)}|

di
= 1;

(2) �?@I�� s, t ∈ G, � limi→∞
|{a∈[di]:σi(s)(a)=σi(t)(a)}|

di
= 0;

(3) limi→∞ di = +∞.

�
 sofic ��HICJKDL�M [2, 9, 12, 13].

�N4E�9 sofic ��OA.

F 2.6 (1) G����F� sofic �.

(2) G���7�#��F� sofic �.

� G �����7�#��, �/ G ��� � Følner 34 {Fn}∞n=1. ��G� s ∈ G �

n ∈ N∗, ()JZ��[! τn(s) : Fn\s−1Fn → Fn\sFn. �%'! σn : G→ Sym(Fn) ��:

σn(s)(t) =

{
st, t ∈ Fn ∩ s−1Fn,

τn(s)(t), t ∈ Fn\s−1Fn.

�� Σ = {σn : G→ Sym(Fn)}∞n=1 � G ��� sofic +,34, �/ G � sofic �.

(3) G���7�RH���F� sofic �.

� G �����7�RH���, �/���4M���(P�=QA� {Hn}∞n=1, @-

H1 ⊇ · · ·Hn ⊇ · · · " ⋂∞
n=1Hn = {eG}.
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�%'! σn : G→ Sym(G/Hn) ��:

σn(s)(tHn) = stHn,

�� Σ = {σn : G→ Sym(G/Hn)}∞n=1 � G ��� sofic +,34, �/ G � sofic �.

��G����F� sofic �, �\����K/]R���. ��^�S_�, ��#��

"#�L2`��T��2`)��,).�� sofic ��"# [1, 6–10].

� G ������, d ∈ N∗, σ ���� G . Sym(d) �'!, ()U σ(s)(a) 	" σs(a)

VM sa. (); σ � G ���IWX� sofic +,, �7� G �a�Y���A8 F N�
(1) �8�� s, t ∈ F , |{a∈[d]:σ(s)σ(t)(a)=σ(st)(a)}|

d <Z0, 1;

(2) �8�I�� s, t ∈ F , |{a∈[d]:σ(s)(a)=σ(t)(a)}|
d <Z0, 0.

/K 2.7 � V ��� Banach 
�. � A � V ���<
A8" ε > 0, ��<
A8
W ⊆ V ;�� ε- [\ A, 	� A ⊆ε W , �7�G� u ∈ A, ��a� v ∈W , @- ‖u− v‖ < ε.

� A � V ���<
��A8, ()	 dε(A) � ε- [\ A ���A
��4b��.

dε(A) �G Voiculescu �� [14] &-.,T�.

��&, N�]� X ���� Banach 
�, G ����� sofic �"� X ����"#�
��"# G � X. ()^� G ��� sofic +,34 Σ = {σi : G → Sym(di)}∞i=1. O^� N∗

����_cA ω, @- ω ��G�, �@dP�?@� j ∈ N∗ � {i ∈ N∗ : i ≥ j} ∈ ω. ()	

F (X) � X �<
��A8�=>, F (G) � G �<
��A8�=>.

/K 2.8 � A,B ∈ F (X), F ∈ F (G), ε > 0 $� c > 0. � d ∈ N∗ " σ ���� G .

Sym(d) �'!.

()���
�� Xd `+ l1- ��

‖(x1, . . . , xd)‖1 = ‖x1‖ + · · · + ‖xd‖.
�?@� i ∈ [d] $� x ∈ X, 	 δix ∈ Xd ��& i �	?ZQ� x, �eH	?ZQ� 0.

	 X(F,B, σ) �G δjb− δsjsb (s ∈ F, j ∈ [d], b ∈ B) 8R
���A
�.

	 X(F,B, c, σ) �89{
u ∈ X(F,B, σ) :�� αsjb ∈ C (s ∈ F, j ∈ [d], b ∈ B) "

∑
s∈F

∑
j∈[d]

∑
b∈B

|αsjb| ≤ c,@-

u =
∑
s∈F

∑
j∈[d]

∑
b∈B

αsjb(δjb− δsjsb)
}
.

	

dimε(A,F,B, c, σ) = inf
{
dimCU : U �Xd�����A
�, "YI
{δia : i ∈ [d], a ∈ A} ⊆ε U +X(F,B, c, σ)

}
.

/K 2.9 � A,B ∈ F (X), F ∈ F (G), ε > 0 $� c > 0, ()�%
dimΣ,ω(A, ε |F,B, c) = lim

i→ω

dimε(A,F,B, c, σi)
di

.

/K 2.10 � A ∈ F (X), ε > 0, ()�%
dimΣ,ω(A, ε) = inf

F∈F (G)
inf

B∈F (X)
inf
c>0

dimΣ,ω(A, ε |F,B, c).
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/K 2.11 �%
dimΣ,ω(X) = sup

A∈F (X)

sup
ε>0

dimΣ,ω(A, ε).

�7��"#��"# G � X f.�ga, ;<()U dimΣ,ω(X) 	� dimΣ,ω(G � X).

/K 2.12 � Y � X �����A
�. �%
dimΣ,ω(Y |X) = sup

A∈F (Y )

sup
ε>0

inf
F∈F (G)

inf
B∈F (X)

inf
c>0

lim
i→ω

dimε(A,F,B, c, σi)
di

.

3 dimΣ,ω(X) ;LMNO
()7:�&�X�6��M�bhQS� G- ����c��'!����di�.

3� 3.1 � X,Y �Æ�� Banach 
�. � G ����� sofic �"� X ����"#
���"# G � X, � Y �O���"#���"# G � Y . � Σ = {σi : G → Sym(di)}∞i=1

� G ��� sofic +,34. ]����� G- ����c��'! T : X → Y "M�bh�
QS, 1

dimΣ,ω(Y ) ≤ dimΣ,ω(X).

PT � A ∈ F (Y ) " ε > 0. ()Uf7:
dimΣ,ω(A, (‖T‖ + 1)ε) ≤ dimΣ,ω(X).

G� T (X) � Y &�bh�, ()�$V.a� B ∈ F (X), @-�G� y ∈ A ��a�
x ∈ B, @- ‖y − T (x)‖ < ε. ()Uf7:

dimΣ,ω(A, (‖T‖ + 1)ε) ≤ dimΣ,ω(B, ε).

� F ∈ F (G),D ∈ F (X) " c > 0. ()Uf7:
dimΣ,ω(A, (‖T‖ + 1)ε |F, T (D), c) ≤ dimΣ,ω(B, ε |F,D, c).

� d ∈ N∗ " σ ���� G . Sym(d) �'!. ()Uf7:
dim(‖T‖+1)ε(A,F, T (D), c, σ) ≤ dimε(B,F,D, c, σ).

� T̃ : Xd → Y d �%�
T̃ (x1, . . . , xd) = (T (x1), . . . , T (xd)).

W@. T̃ ��c�" ‖T̃‖ ≤ ‖T‖. � U ⊆ Xd �����A
�"YI {δib : i ∈ [d], b ∈ B} ⊆ε

U +X(F,D, c, σ) $�
dimCU = dimε(B,F,D, c, σ).

�/

{δia : i ∈ [d], a ∈ A} ⊆(‖T‖+1)ε T̃ (U) + Y (F, T (D), c, σ).

8$
dim(‖T‖+1)ε(A,F, T (D), c, σ) ≤ dimε(B,F,D, c, σ).

7e.
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XY 3.2 � X,Y �Æ�� Banach 
�. � G ����� sofic �"� X ����"#
���"# G � X, � Y �O���"#���"# G � Y . � Σ = {σi : G → Sym(di)}∞i=1

� G ��� sofic +,34. ]������� G- ���� '! T : X → Y , 1
dimΣ,ω(X) = dimΣ,ω(Y ).

PT Gj� 3.1 Z0-.. 7e.

XY 3.3 � X ���� Hilbert 
�. � G ����� sofic �"� X ����"#�
��"# G � X. � Σ = {σi : G → Sym(di)}∞i=1 � G ��� sofic +,34. � Y ⊆ X ��
�f� G- I���A
�, 1

dimΣ,ω(Y ) ≤ dimΣ,ω(X).

PT � P : X → Y �G X . Y ��=Gk[6A. W@. P ��c�gY�gG- ��

�. Gj� 3.1 �
dimΣ,ω(Y ) ≤ dimΣ,ω(X).

7e.

0�1hN�9 dimΣ,ω(X) �6%�6.

3� 3.4 � X ���� Banach 
�. � G ����� sofic �"� X ����"#�
��"# G � X. � Σ = {σi : G → Sym(di)}∞i=1 � G ��� sofic +,34, 1�%lm�

/�:

(1) �7 Y1, Y2 � X �Æ���A
�" Y1 ⊆ Y2, ;<

dimΣ,ω(Y1 |X) ≤ dimΣ,ω(Y2 |X).

(2) �7 Y1, Y2 � X �Æ���A
�, ;<

dimΣ,ω(Y1 + Y2 |X) ≤ dimΣ,ω(Y1 |X) + dimΣ,ω(Y2 |X).

(3) �7 Y � X ���f� G- I����A
�, ;<

dimΣ,ω(Y |X) ≤ dimΣ,ω(Y ).

(4) �7 {Xj}j∈J ���G X ���A
��
��a\J�n, ;<

dimΣ,ω

( ⋃
j∈J

Xj

∣∣∣∣X)
= sup

j∈J
dimΣ,ω(Xj |X).

0�17:���Z���i�J�.

3� 3.5 � X,Y �Æ�� Banach 
�. � G ����� sofic �"� X ����"#
���"# G � X, � Y �O���"#���"# G � Y . � Σ = {σi : G → Sym(di)}∞i=1

� G ��� sofic +,34, 1
dimΣ,ω(X ⊕ Y ) ≤ dimΣ,ω(X) + dimΣ,ω(Y ).

PT � A ∈ F (X ⊕ Y ) " ε > 0. ()Uf7:
dimΣ,ω(A, ε) ≤ dimΣ,ω(X) + dimΣ,ω(Y ).
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� π1 : X ⊕ Y → X �%� π1(x, y) = x. � π2 : X ⊕ Y → Y �%� π2(x, y) = y. ()U
f7:

dimΣ,ω(A, ε) ≤ dimΣ,ω

(
π1(A),

ε

2

)
+ dimΣ,ω

(
π2(A),

ε

2

)
.

� F1, F2 ∈ F (G), B1 ∈ F (X), B2 ∈ F (Y ) " c1, c2 > 0. ()Uf7:
dimΣ,ω(A, ε) ≤ dimΣ,ω

(
π1(A),

ε

2

∣∣∣F1, B1, c1

)
+ dimΣ,ω

(
π2(A),

ε

2

∣∣∣F2, B2, c2

)
.

� l1 : X → X ⊕ Y �%� l1(x) = (x, 0). � l2 : Y → X ⊕ Y �%� l2(y) = (0, y). ()U
f7:

dimΣ,ω(A, ε |F1 ∪ F2, l1(B1) ∪ l2(B2), c1 + c2)

≤ dimΣ,ω

(
π1(A),

ε

2

∣∣∣F1, B1, c1

)
+ dimΣ,ω

(
π2(A),

ε

2

∣∣∣F2, B2, c2

)
.

� d ∈ N∗ " σ ���� G . Sym(d) �'!. ()Uf7:
dimε(A,F1 ∪ F2, l1(B1) ∪ l2(B2), c1 + c2, σ)

≤ dim ε
2
(π1(A), F1, B1, c1, σ) + dim ε

2
(π2(A), F2, B2, c2, σ).

� l̃1 : Xd → (X⊕Y )d �%� l̃1(x1, . . . , xd) = (l1(x1), . . . , l1(xd)). ]� l̃2 : Y d → (X⊕Y )d

�%� l̃2(y1, . . . , yd) = (l2(y1), . . . , l2(yd)). ^� U ⊆ Xd �����A
�"YI {δix : i ∈
[d], x ∈ π1(A)} ⊆ ε

2
U +X(F1, B1, c1, σ) $�

dimCU = dim ε
2
(π1(A), F1, B1, c1, σ).

� V ⊆ Y d �����A
�"YI {δiy : i ∈ [d], y ∈ π2(A)} ⊆ ε
2
V + Y (F2, B2, c2, σ) $�

dimCV = dim ε
2
(π2(A), F2, B2, c2, σ).

�/

{δiζ : i ∈ [d], ζ ∈ A} ⊆ε l̃1(U) + l̃2(V ) + (X ⊕ Y )(F1 ∪ F2, l1(B1) ∪ l2(B2), c1 + c2, σ).

8$
dimε(A,F1 ∪ F2, l1(B1) ∪ l2(B2), c1 + c2, σ)

≤ dim ε
2
(π1(A), F1, B1, c1, σ) + dim ε

2
(π2(A), F2, B2, c2, σ).

7e.

XY 3.6 � X ���� Hilbert 
�. � G ����� sofic �"� X ����"#�
��"# G � X. � Σ = {σi : G → Sym(di)}∞i=1 � G ��� sofic +,34. � Y ⊆ X ��
�f G- I���A
�, 1

dimΣ,ω(X) ≤ dimΣ,ω(Y ) + dimΣ,ω(X/Y ).

PT Gj� 3.5 �
dimΣ,ω(X) ≤ dimΣ,ω(Y ) + dimΣ,ω(Y ⊥),

�� Y ⊥ jk Y �=Gl.

G� Y ⊥ � X/Y � G- ���, G,` 3.2 �
dimΣ,ω(Y ⊥) = dimΣ,ω(X/Y ).
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8$
dimΣ,ω(X) ≤ dimΣ,ω(Y ) + dimΣ,ω(X/Y ).

7e.

44(� dimΣ,ω(X) ��9�#�c, ��$m_()o426�9M>�OA.

3� 3.7 � X ���� Banach 
�. � G ����� sofic �"� X ����"#�
��"# G � X. � Σ = {σi : G→ Sym(di)}∞i=1 � G ��� sofic +,34, 1

dimΣ,ω(X) ≥ sup
A∈F (X)

sup
ε>0

inf
F∈F (G)

inf
B∈F (X)

lim
i→ω

dε({δja+X(F,B, σi) : j ∈ [di], a ∈ A})
di

.

PT ��p��. 7e.

3� 3.8 � X ���� Banach 
�. � G ����� sofic �"� X ����"#�
��"# G � X. � Σ = {σi : G → Sym(di)}∞i=1 � G ��� sofic +,34. ]� S � X �

��<
��A8"nqQ
� X, EB spanC{gx : g ∈ G, x ∈ S} � X &�bh�, 1
dimΣ,ω(X) ≤ |S|.

PT 	 S = {x1, . . . , xn}. � θ > 0. ()Uf7:
dimΣ,ω(X) ≤ n+ θ.

� A ∈ F (X) " ε > 0. ()Uf7:
dimΣ,ω(A, 2ε) ≤ n+ θ.

JZ 0 < τ < 1 " τ · |A| ≤ θ. 	 A = {f1, . . . , fm}. �G� 1 ≤ k ≤ m, �� αkvl ∈ C $�
gkvl ∈ G (1 ≤ l ≤ qkv, 1 ≤ v ≤ n), @-∥∥∥∥fk −

n∑
v=1

qkv∑
l=1

αkvlgkvlxv

∥∥∥∥ < ε.

	 hk =
∑n

v=1

∑qkv

l=1 αkvlgkvlxv, 1 ‖fk − hk‖ < ε. 	 B = {h1, . . . , hm}.
	 F = {gkvl | 1 ≤ l ≤ qkv, 1 ≤ v ≤ n, 1 ≤ k ≤ m}. ()�$V. c > 0, @-

max
1≤k≤m

n∑
v=1

qkv∑
l=1

|αkvl| ≤ c.

()Uf7:
dimΣ,ω(A, 2ε |F, S, c) ≤ n+ θ.

� σ : G→ Sym(d) � G ���IWX� sofic +,, @- |W | ≥ (1 − τ)d, ��
W = {i ∈ [d] :�s ∈ F ∪ {eG}�σsσs−1(i) = σeG(i) = i}.

()Uf7:
dim2ε(A,F, S, c, σ)

d
≤ n+ θ.

G� dim2ε(A,F, S, c, σ) ≤ dimε(B,F, S, c, σ), ()Uf7:
dimε(B,F, S, c, σ)

d
≤ n+ θ.
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W@.
dimε(B,F, S, c, σ) ≤ inf{dimCU : {δia : i ∈W, a ∈ B} ⊆ε U +X(F, S, c, σ)}

+ inf{dimCU : {δia : i ∈ [d]\W, a ∈ B} ⊆ε U +X(F, S, c, σ)}
≤ inf{dimCU : {δia : i ∈W, a ∈ B} ⊆ε U +X(F, S, c, σ)} + dθ.

()Uf7:
inf{dimCU : {δia : i ∈W, a ∈ B} ⊆ε U +X(F, S, c, σ)} ≤ dn.

()r;

{δia : i ∈W, a ∈ B} ⊆ spanC{δix : i ∈ [d], x ∈ S} +X(F, S, c, σ).

�?@� i ∈W $� 1 ≤ k ≤ m, �

δihk = δi

( n∑
v=1

qkv∑
l=1

αkvlgkvlxv

)

=
n∑

v=1

qkv∑
l=1

αkvlδigkvlxv =
n∑

v=1

qkv∑
l=1

αkvlδσgkvl
σ

g
−1
kvl

(i)gkvlxv

=
n∑

v=1

qkv∑
l=1

αkvl

(
δσgkvl

σ
g
−1
kvl

(i)gkvlxv − δσ
g
−1
kvl

(i)xv

)
+

n∑
v=1

qkv∑
l=1

αkvlδσ
g
−1
kvl

(i)xv .

W@.
δihk ∈ spanC{δix : i ∈ [d], x ∈ S} +X(F, S, c, σ).

�o7:�
{δia : i ∈W, a ∈ B} ⊆ spanC{δix : i ∈ [d], x ∈ S} +X(F, S, c, σ).

8$
inf{dimCU : {δia : i ∈W, a ∈ B} ⊆ε U +X(F, S, c, σ)} ≤ dn.

7e.

4 `abcd;eQ
%']� X ���� Banach 
�, G �����#��"� X ����"#���"#

G � X.

. p�� Voiculescu �� [14] &����� vdim(X).

� K ∈ F (G) $� δ > 0, 	 B(K, δ) = {F ∈ F (G) : |KF\F | < δ|F |}. � ϕ : F (G) → R �

��mQq�, ();� F ∈ F (G) f1f I�$, ϕ(F ) st� c ∈ R, 	� limF ϕ(F ) = c,

�7�?@� ε > 0 ��a� K ∈ F (G) $� δ > 0, @-�?@� F ∈ B(K, δ), �
|ϕ(F ) − c| < ε.

�%i�J57��u� Ornstein–Weiss ,2 [11].
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3� 4.1 �7 ϕ : F (G) → R ���mQq�"YI:

(1) �?@� F ∈ F (G), � 0 ≤ ϕ(F ) < +∞;

(2) �?@� F,F ′ ∈ F (G) " F ⊆ F ′, � ϕ(F ) ≤ ϕ(F ′);

(3) �?@� F ∈ F (G) $� s ∈ G, � ϕ(Fs) = ϕ(F );

(4) �?@� F,F ′ ∈ F (G) " F ∩ F ′ = ∅, � ϕ(F ∪ F ′) ≤ ϕ(F ) + ϕ(F ′),

1� F ∈ F (G) f1f I�$, 1
|F |ϕ(F ) st�a�r� b.

R0 4.2 � A ∈ F (X) " ε > 0. �% ϕA,ε : F (G) → R � ϕA,ε(F ) = dε(F−1A), 1�%
lm�
/�:

(1) �?@� F ∈ F (G), � 0 ≤ ϕA,ε(F ) < +∞;

(2) �?@� F1, F2 ∈ F (G) " F1 ⊆ F2, � ϕA,ε(F1) ≤ ϕA,ε(F2);

(3) �?@� F ∈ F (G) $� s ∈ G, � ϕA,ε(Fs) = ϕA,ε(F );

(4) �?@� F1, F2 ∈ F (G), � ϕA,ε(F1 ∪ F2) ≤ ϕA,ε(F1) + ϕA,ε(F2).

PT `s (1)–(4) �:p�. 7e.

Gj� 4.1 �,2 4.2, ()� limF
ϕA,ε(F )

|F | ��.

/K 4.3 � A ∈ F (X) " ε > 0, ()�%

vdim(A, ε) = lim
F

dε(F−1A)
|F | , vdim(X) = sup

A∈F (X)

sup
ε>0

vdim(A, ε).

�7��"#��"# G � X f.�ga, ;<()U vdim(X) 	" vdim(G � X).

%'7:���#�� G�"#��"# G � X, dimΣ,ω(X)� Voiculescu�� vdim(X)

�v"�.

/0 4.4 � X ���� Banach 
�. � G �����#��"� X ����"#�
��"# G � X. � Σ = {σi : G→ Sym(di)}∞i=1 � G ��� sofic +,34, 1

dimΣ,ω(X) = vdim(X).

�2 4.4 �$Gj� 4.9 $� 4.15 Z0-..

()f.ti#.�%� Rokhlin ,2.

R0 4.5 [8] � G �����#��. � 0 ≤ τ < 1, 0 < η < 1, δ > 0, K � G ���
<
��A8, 1�� l ∈ N∗ $� G �<
��A8 F1, . . . , Fl "�?@� k = 1, . . . , l, �
|KFk\Fk| < δ|Fk|,@-� G�?@IWX� sofic+, σ : G→ Sym(d)$�G�89W ⊆ [d],

" |W | ≥ (1 − τ)d, F�� C1, . . . , Cl ⊆W , @-

(1) �G� k = 1, . . . , l, '! (s, c) �→ σs(c) � Fk × Ck . σ(Fk)Ck �[!;

(2) σ(F1)C1, . . . , σ(Fl)Cl �ÆÆuIvG" |⋃l
k=1 σ(Fk)Ck| ≥ (1 − τ − η)d.

S 4.6 � G ������. W@.YI |GF\F | < 1
|G| |F | �w�<
��A8 F � G.

G,2 4.5 ()�$,��%�5`: � 0 ≤ τ < 1 " 0 < η < 1, 1� G �?@IWX�
sofic +, σ : G → Sym(d) $�G�89 W ⊆ [d] " |W | ≥ (1 − τ)d, �� C ⊆ W , @-'!
(s, c) �→ σs(c) � G× C . σ(G)C �[!" |σ(G)C| ≥ (1 − τ − η)d.

()-.���7�#�� G 7: dimΣ,ω(X) = vdim(X).
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R0 4.7 � X ���� Banach 
�. � G �����#��"� X ����"#�
��"# G � X. � Σ = {σi : G→ Sym(di)}∞i=1 � G ��� sofic +,34, 1

dimΣ,ω(X) ≤ vdim(X).

PT � θ > 0. ()Uf7:
dimΣ,ω(X) ≤ vdim(X) + 2θ.

� A ∈ F (X) " ε > 0. ()Uf7:
dimΣ,ω(A, ε) ≤ vdim(A, ε) + 2θ.

JZ G���<
��A8 K $� δ > 0,@-� G�?@<
��A8 F ′" |KF ′\F ′| <
δ|F ′|, �

dε(F ′−1A)
|F ′| ≤ vdim(A, ε) + θ.

JZ 0 < τ < 1" τ · |A| ≤ θ. G,2 4.5,�� l ∈ N∗ $� G�<
��A8 F1, . . . , Fl,"

�?@� k = 1, . . . , l� |KFk\Fk| < δ|Fk|,@-� G�?@IWX� sofic+, σ : G→ Sym(d)

$�G�89 W ⊆ [d] " |W | ≥ (1 − τ
2 )d, F�� C1, . . . , Cl ⊆W , @-

(1) �G� k = 1, . . . , l, '! (s, c) �→ σs(c) � Fk × Ck . σ(Fk)Ck �[!;

(2) σ(F1)C1, . . . , σ(Fl)Cl ÆÆuIvG" |⋃l
k=1 σ(Fk)Ck| ≥ (1 − τ)d.

	 F =
⋃l

k=1 Fk $� B =
⋃l

k=1 F
−1
k A. � σ : G → Sym(d) � G ���IWX� sofic +

,, 1()�$V.$�� C1, . . . , Cl ⊆ [d].

()Uf7:
dimε(A,F,B, 1, σ)

d
≤ vdim(A, ε) + 2θ.

	 Z = [d]\⋃l
k=1 σ(Fk)Ck, 1 |Z| ≤ τd.

�G� m ∈ {1, . . . , d}, � lm : X → Xd �%� lm(x) = δmx. G� Xd �`+ l1- ��, �

/�?@� m ∈ {1, . . . , d} $� x ∈ X � ‖lm(x)‖ = ‖x‖.
�?@� k ∈ {1, . . . , l},� Vk ⊆ X �����A
�"YI F−1

k A ⊆ε Vk $� dimC(Vk) =

dε(F−1
k A).

()r;

{δia : i ∈ [d], a ∈ A} ⊆ε

( l∑
k=1

∑
m∈Ck

lm(Vk) + spanC{δja : j ∈ Z, a ∈ A}
)

+X(F,B, 1, σ).

()vÆg*+.

hT 1 �7 i ∈ Z " x ∈ A, 1 δix ∈ spanC{δja : j ∈ Z, a ∈ A} " ‖δix− δix‖ = 0 < ε.

hT 2 �7 i ∈ ⋃l
k=1 σ(Fk)Ck " x ∈ A, ()�$V.��w�� n ∈ {1, . . . , l}, @-

i ∈ σ(Fn)Cn. ���� t ∈ Fn $� p ∈ Cn, @- i = σt(p).

G� t−1x ∈ F−1
n A " F−1

n A ⊆ε Vn, ��a� ν ∈ Vn, @- ‖t−1x− ν‖ < ε. �/

‖δix− (δσt(p)x− δpt
−1x+ lp(ν))‖ = ‖δpt−1x− lp(ν)‖ = ‖lp(t−1x− ν)‖

= ‖t−1x− ν‖ < ε.
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W@. δσt(p)x− δpt
−1x+ lp(ν) ∈

∑l
k=1

∑
m∈Ck

lm(Vk) +X(F,B, 1, σ). �o7:�

{δia : i ∈ [d], a ∈ A} ⊆ε

( l∑
k=1

∑
m∈Ck

lm(Vk) + spanC{δja : j ∈ Z, a ∈ A}
)

+X(F,B, 1, σ).

8$

dimε(A,F,B, 1, σ) ≤ dimC

( l∑
k=1

∑
m∈Ck

lm(Vk) + spanC{δja : j ∈ Z, a ∈ A}
)

≤
l∑

k=1

∑
m∈Ck

dimC(Vk) + dimC(spanC{δja : j ∈ Z, a ∈ A})

≤
l∑

k=1

|Ck|dε(F−1
k A) + |Z| · |A|

≤
l∑

k=1

|Ck|(vdim(A, ε) + θ)|Fk| + τ · |A| · d

≤ d(vdim(A, ε) + θ) + dθ

= d(vdim(A, ε) + 2θ).

7e.

R0 4.8 � X ���� Banach 
�. � G �����7�#��"� X ����"
#���"# G � X. � Σ = {σi : G→ Sym(di)}∞i=1 � G ��� sofic +,34, 1

dimΣ,ω(X) ≥ vdim(X).

PT Gj� 3.7 �
dimΣ,ω(X) ≥ sup

A∈F (X)

sup
ε>0

inf
F∈F (G)

inf
B∈F (X)

lim
i→ω

dε({δja+X(F,B, σi) : j ∈ [di], a ∈ A})
di

.

()Uf7:
sup

A∈F (X)

sup
ε>0

inf
F∈F (G)

inf
B∈F (X)

lim
i→ω

dε({δja+X(F,B, σi) : j ∈ [di], a ∈ A})
di

≥ vdim(X).

� θ > 0. ()Uf7:
sup

A∈F (X)

sup
ε>0

inf
F∈F (G)

inf
B∈F (X)

lim
i→ω

dε({δja+X(F,B, σi) : j ∈ [di], a ∈ A})
di

≥ vdim(X) − 4θ.

� A ∈ F (X) " ε > 0. ()Uf7:
inf

F∈F (G)
inf

B∈F (X)
lim
i→ω

dε({δja+X(F,B, σi) : j ∈ [di], a ∈ A})
di

≥ vdim(A, ε) − 4θ.

� F ∈ F (G) " B ∈ F (X). JZ G ���<
��A8 K " K ⊇ F $� δ > 0, @-�

G �?@<
��A8 F ′ " |KF ′\F ′| < δ|F ′|, �
dε(F ′−1A)

|F ′| ≥ vdim(A, ε) − θ.

JZ 0 < τ < 1, @- (vdim(A, ε) − θ)(1 − τ) ≥ vdim(A, ε) − 2θ " τ · |F | · |B| ≤ θ.
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G,2 4.5 i�� l ∈ N∗ $� G �<
��A8 F1, . . . , Fl "�?@� k = 1, . . . , l, �
|KFk\Fk| < min(δ, τ)|Fk|, @-� G �?@IWX� sofic +, σ : G→ Sym(d), $�G�89
W ⊆ [d] " |W | ≥ (1 − τ

2 )d, F�� C1, . . . , Cl ⊆W , @-

(1) �G� k = 1, . . . , l, '! (s, c) �→ σs(c) � Fk × Ck . σ(Fk)Ck �[!;

(2) σ(F1)C1, . . . , σ(Fl)Cl ÆÆuIvG" |⋃l
k=1 σ(Fk)Ck| ≥ (1 − τ)d.

� σ : G→ Sym(d) � G ���IWX� sofic +,, @- |W | ≥ (1 − τ
2 )d, ��

W =
{
i ∈ [d] : �?@� t ∈ F, s ∈

l⋃
k=1

Fk � σtσs(i) = σts(i)
}
,

1()�$V.$�� C1, . . . , Cl ⊆W .

()Uf7:
dε({δia+X(F,B, σ) : i ∈ [d], a ∈ A})

d
≥ vdim(A, ε) − 4θ.

	 M = {(s, j) ∈ F × ⋃l
k=1 σ(Fk)Ck : j ∈ ⋃l

k=1 σ(Fk ∩ s−1Fk)Ck}.
	 X†(F,B, σ) �G δjb − δsjsb (s ∈ F, j ∈ ⋃l

k=1 σ(Fk)Ck, b ∈ B) 8R
���A

�, X‡(F,B, σ) �G δjb − δsjsb (s ∈ F, j ∈ [d]\⋃l

k=1 σ(Fk)Ck, b ∈ B) 8R
���A
�,

X�(F,B, σ) �G δjb− δsjsb ((s, j) ∈ (F × ⋃l
k=1 σ(Fk)Ck)\M, b ∈ B) 8R
���A
�.

Yj I

dε({δia+X(F,B, σ) : i ∈ [d], a ∈ A}) ≥ dε({δia+X†(F,B, σ) : i ∈ [d], a ∈ A}) − dθ.

	 π1 : Xd → Xd/X(F,B, σ) $� π2 : Xd → Xd/X†(F,B, σ) �x'!.

� V ⊆ Xd/X(F,B, σ) �����A
�"YI {δia +X(F,B, σ) : i ∈ [d], a ∈ A} ⊆ε V

$� dimCV = dε({δia+X(F,B, σ) : i ∈ [d], a ∈ A}), 1()�$V.����A
� V ⊆ Xd,

@- π1(V ) = V " dimCV = dimCV . �/

{δia+X†(F,B, σ) : i ∈ [d], a ∈ A} ⊆ε π2(V +X‡(F,B, σ)).

8$
dε({δia+X†(F,B, σ) : i ∈ [d], a ∈ A}) ≤ dimC(V +X‡(F,B, σ))

≤ dε({δia+X(F,B, σ) : i ∈ [d], a ∈ A})+τ · |F | · |B| · d
≤ dε({δia+X(F,B, σ) : i ∈ [d], a ∈ A}) + dθ.

�o7:�`s I.

y�()Uf7:
dε({δia+X†(F,B, σ) : i ∈ [d], a ∈ A})

d
≥ vdim(A, ε) − 3θ.

G� G �7��, ��'! ψk : Ck → G (k = 1, . . . , l), @-'! Ψ �
⊔l

k=1 Fk × Ck .

G U (s, c) ∈ Fk × Ck '� sψk(c) ��!. 	 F̃ � Ψ �QS. G��G� k = 1, . . . , l, F�
|KFk\Fk| < δ|Fk|, �/ |KF̃\F̃ | < δ|F̃ |. ��

dε(F̃−1A)

|F̃ | ≥ vdim(A, ε) − θ.
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Yj II

dε({δia+X†(F,B, σ) : i ∈ [d], a ∈ A}) ≥ dε(F̃−1A) − dθ.

	 π : Xd → Xd/X†(F,B, σ) �x'!.

� T : Xd → X �%� T (f) =
∑l

k=1

∑
(s,c)∈Fk×Ck

(sψk(c))−1f(σs(c)). G� Xd �`+ l1-

��, �/ T ��c�" ‖T‖ ≤ 1.

� U ⊆ Xd/X†(F,B, σ) �����A
�"YI {δia+X†(F,B, σ) : i ∈ [d], a ∈ A} ⊆ε U

$� dimCU = dε({δia+X†(F,B, σ) : i ∈ [d], a ∈ A}),1()�$V.����A
� U ⊆ Xd,

@- π(U) = U " dimCU = dimCU .

()r;

F̃−1A ⊆ε T (U +X�(F,B, σ)).

�?@� n ∈ {1, . . . , l}, (t, c) ∈ Fn × Cn $� a ∈ A, ��a� u ∈ U , @-

‖(δσt(c)a− u) +X†(F,B, σ)‖ < ε.

�/��a� v ∈ X†(F,B, σ), @-

‖δσt(c)a− u− v‖ < ε.

	 v =
∑

s∈F

∑
j∈⋃ l

k=1 σ(Fk)Ck

∑
b∈B csjb(δjb− δsjsb). ��∥∥∥∥(tψn(c))−1a− T

(
u+

∑
(s,j)∈(F×⋃ l

k=1 σ(Fk)Ck)\M

∑
b∈B

csjb(δjb− δsjsb)
)∥∥∥∥

= ‖(tψn(c))−1a− T (u+ v)‖ = ‖T (δσt(c)a− u− v)‖
≤ ‖δσt(c)a− u− v‖ < ε.

W@.
u+

∑
(s,j)∈(F×⋃ l

k=1 σ(Fk)Ck)\M

∑
b∈B

csjb(δjb− δsjsb) ∈ U +X�(F,B, σ).

�o7:�
F̃−1A ⊆ε T (U +X�(F,B, σ)).

��
dε(F̃−1A) ≤ dimCU + dimC(X�(F,B, σ))

= dε({δia+X†(F,B, σ) : i ∈ [d], a ∈ A}) + dimC(X�(F,B, σ)).

�G� s ∈ F , ()�∣∣∣∣ l⋃
k=1

σ(Fk)Ck

∣∣∣∣ − ∣∣∣∣ l⋃
k=1

σ(Fk ∩ s−1Fk)Ck

∣∣∣∣ =
∣∣∣∣ l⋃

k=1

σ(Fk\s−1Fk)Ck

∣∣∣∣
≤ τ

∣∣∣∣ l⋃
k=1

σ(Fk)Ck

∣∣∣∣ ≤ τd.

�/

dimC(X�(F,B, σ)) ≤ τ · |F | · |B| · d ≤ dθ,
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"

dε({δia+X†(F,B, σ) : i ∈ [d], a ∈ A}) ≥ dε(F̃−1A) − dθ.

�o7:�`s II.

8$
dε({δia+X†(F,B, σ) : i ∈ [d], a ∈ A})

d
≥ dε(F̃−1A)

d
− θ =

dε(F̃−1A)

|F̃ | · |F̃ |
d

− θ

≥ (vdim(A, ε) − θ)(1 − τ) − θ

≥ vdim(A, ε) − 2θ − θ = vdim(A, ε) − 3θ.

7e.

3� 4.9 � X ���� Banach 
�. � G �����7�#��"� X ����"
#���"# G � X. � Σ = {σi : G→ Sym(di)}∞i=1 � G ��� sofic +,34, 1

dimΣ,ω(X) = vdim(X).

PT �G,2 4.7 � 4.8 -.. 7e.

0�1���� G 7: dimΣ,ω(X) = vdim(X).

R0 4.10 [14] � H ���� Hilbert 
�, W = {e1, . . . , en} � H ���=GQ�A8
" ε > 0, 1 dε(W ) ≥ n(1 − ε2).

R0 4.11 � X ���� Banach 
�, W = {x1, . . . , xn} � X �����7
A8, 1
lim

ε→0+
dε(W ) = n.

PT G� limε→0+ dε(W ) = supε>0 dε(W ), ()Uf7: supε>0 dε(W ) = n.

#w7x, ]� supε>0 dε(W ) < n. G� spanC(W ) � X &�l, �� X ���f��A

� Z, @- X = spanC(W ) + Z " spanC(W ) ∩ Z = {0}. � P : X → spanC(W ) �kP Z G
X . spanC(W ) ��k[6A. W@. P ��c�.

zÆiy����Z� C > 0, @-�?@��� β1, . . . , βn, �
|β1| + · · · + |βn| ≤ C‖β1x1 + · · · + βnxn‖.

� 0 < δ < 1
C‖P‖ . G� supε>0 dε(W ) < n, ()� dδ(W ) < n.

� V ⊆ X �����A
�"YIW ⊆δ V $� dimC(V ) = dδ(W ),1 P (V )� spanC(W )

���f�l��A
�. G Riesz ,2, ��a� xδ ∈ spanC(W ) " ‖xδ‖ = 1, @-�?@�
x ∈ V , � ‖xδ − P (x)‖ ≥ C‖P‖δ.

G� xδ ∈ spanC(W ), �� α1, . . . , αn ∈ C, @- xδ = α1x1 + · · · + αnxn. �G� xi ∈
W (1 ≤ i ≤ n), ��a� yi ∈ V , @- ‖xi − yi‖ < δ. �/

‖xδ − P (α1y1 + · · · + αnyn)‖ = ‖α1x1 + · · · + αnxn − P (α1y1 + · · · + αnyn)‖
= ‖α1P (x1) + · · · + αnP (xn) − P (α1y1 + · · · + αnyn)‖
< (|α1| + · · · + |αn|)‖P‖δ ≤ C‖P‖δ.

�� ‖xδ − P (α1y1 + · · · + αnyn)‖ ≥ C‖P‖δ v{z. 8$
lim

ε→0+
dε(W ) = n.

7e.



480 � � � � G H I 63�

R0 4.12 � X ���� Banach 
�. � G ������"� X ����"#���
"# G � X, 1

vdim(X) =

⎧⎨⎩
dimCX

|G| , �7 dimCX < +∞,

+∞, �7 dimCX = +∞.

PT ()vÆg*+.

hT 1 ]� X �����.

().7: vdim(X) ≤ dimCX
|G| . lm��

vdim(X) = sup
A∈F (X)

sup
ε>0

dε(G−1A)
|G| ≤ dimCX

|G| .

0�17: vdim(X) ≥ dimCX
|G| . � H � X ���6, 1

vdim(X) = sup
A∈F (X)

sup
ε>0

dε(G−1A)
|G| ≥ sup

ε>0

dε(G−1H)
|G| ≥ sup

ε>0

dε(H)
|G| .

G,2 4.11 �
sup
ε>0

dε(H)
|G| =

|H|
|G| =

dimCX

|G| .

8$ vdim(X) ≥ dimCX
|G| .

hT 2 ]� X �7���.

� n ∈ N∗. ()�$V. X �����7
�A8 W = {x1, . . . , xn}. ��
vdim(X) = sup

A∈F (X)

sup
ε>0

dε(G−1A)
|G| ≥ sup

ε>0

dε(G−1W )
|G| ≥ sup

ε>0

dε(W )
|G| .

G,2 4.11 �
sup
ε>0

dε(W )
|G| =

|W |
|G| =

n

|G| .

�/ vdim(X) = +∞. 7e.

R0 4.13 � X ���� Banach 
�. � G ������"� X ����"#���
"# G � X. � Σ = {σi : G → Sym(di)}∞i=1 � G ��� sofic +,34. � Y ⊆ X ����
�� G- I����A
�, 1

dimΣ,ω(Y |X) = dimΣ,ω(Y ).

PT Gj� 3.4 (3), � dimΣ,ω(Y |X) ≤ dimΣ,ω(Y ).

()Uf7:
dimΣ,ω(Y |X) ≥ dimΣ,ω(Y ).

G� Y ����, �� X ���f��A
� Z, @- X = Y + Z " Y ∩ Z = {0}.
� P : X → Y �kP Z G X . Y ��k[6A. W@. P ����c���Y!.

� P : X → Y �%�
P (x) =

1
|G|

∑
s∈G

(s−1 ◦ P ◦ s)(x),
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1 P ��� G- ����c��Y!" ‖P‖ ≤ ‖P‖.
� A ∈ F (Y ) " ε > 0. � F ∈ F (G), B ∈ F (X), c > 0. � d ∈ N∗ " σ ���� G .

Sym(d) �'!.

()Uf7:
dimε(A,F,B, c, σ) ≥ dim(‖P‖+1)ε(A,F, P (B), c, σ).

� P̃ : Xd → Y d �%�
P̃ (x1, . . . , xd) = (P (x1), . . . , P (xd)).

W@. P̃ ��c�" ‖P̃‖ ≤ ‖P‖.
� U ⊆ Xd �����A
�"YI {δia : i ∈ [d], a ∈ A} ⊆ε U + X(F,B, c, σ) $�

dimC(U) = dimε(A,F,B, c, σ). �/

{δia : i ∈ [d], a ∈ A} ⊆(‖P‖+1)ε P̃ (U) + Y (F,P (B), c, σ).

8$
dimε(A,F,B, c, σ) ≥ dim(‖P‖+1)ε(A,F, P (B), c, σ).

7e.

R0 4.14 � X ���� Banach 
�. � G ������"� X ����"#���
"# G � X. � Σ = {σi : G→ Sym(di)}∞i=1 � G ��� sofic +,34, 1

dimΣ,ω(X) =

⎧⎨⎩
dimCX

|G| , �7 dimCX < +∞,

+∞, �7 dimCX = +∞.

PT ()vÆg*+.

hT 1 ]� X �����.

()�$]� X ���� Hilbert 
�.

.7: dimΣ,ω(X) ≤ dimCX
|G| . G,2 4.7, � dimΣ,ω(X) ≤ vdim(X); G,2 4.12, �

vdim(X) = dimCX
|G| , �/

dimΣ,ω(X) ≤ dimCX

|G| .

0�17: dimΣ,ω(X) ≥ dimCX
|G| . Gj� 3.7 �

dimΣ,ω(X) ≥ sup
A∈F (X)

sup
ε>0

inf
F∈F (G)

inf
B∈F (X)

lim
i→ω

dε({δja+X(F,B, σi) : j ∈ [di], a ∈ A})
di

.

()Uf7:
sup

A∈F (X)

sup
ε>0

inf
F∈F (G)

inf
B∈F (X)

lim
i→ω

dε({δja+X(F,B, σi) : j ∈ [di], a ∈ A})
di

≥ dimCX

|G| .

� Y � X ���=GQ�6. � ε > 0. � F ∈ F (G) " B ∈ F (X). ()Uf7:
lim
i→ω

dε({δja+X(F,B, σi) : j ∈ [di], a ∈ Y })
di

≥ dimCX

|G| [1 − (2|G|ε)2].
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� 0 < τ < 1. GW 4.6 i� G �?@IWX� sofic +, σ : G → Sym(d) $�G�89
W ⊆ [d], " |W | ≥ (1 − τ

2 )d �� C ⊆W , @-'!
(s, c) �→ σs(c)

� G× C . σ(G)C �[!" |σ(G)C| ≥ (1 − τ)d.

� σ : G→ Sym(d) � G ���IWX� sofic +,, @- |W | ≥ (1 − τ
2 )d, ��

W = {i ∈ [d] : �?@� s, t ∈ G � σsσt(i) = σst(i)},
1()�$V.�%� C ⊆W .

()Uf7:
dε({δia+X(F,B, σ) : i ∈ [d], a ∈ Y })

d
≥ dimCX

|G| [1 − (2|G|ε)2].

W@.
dε({δia+X(F,B, σ) : i ∈ [d], a ∈ Y })

≥ dε({δia+X(F,B, σ) : i ∈ σ(G)C, a ∈ Y })
≥ dε({δia+X(G,B ∪GY, σ) : i ∈ σ(G)C, a ∈ Y })
= dε({δct−1a+X(G,B ∪GY, σ) : t ∈ G, c ∈ C, a ∈ Y }).

	 X†(G,B ∪ GY, σ) �G δjb − δsjsb (s ∈ G, j ∈ σ(G)C, b ∈ B ∪ GY ) 8R
���A

�. � T : Xd/X(G,B ∪GY, σ) → Xd/X†(G,B ∪GY, σ) �%�

T (f +X(G,B ∪GY, σ)) = χσ(G)C · f +X†(G,B ∪GY, σ).

W@. T ��%�:|�, {} T ��c�" ‖T‖ ≤ 1. ��
dε({δct−1a+X(G,B ∪GY, σ) : t ∈ G, c ∈ C, a ∈ Y })

≥ dε({δct−1a+X†(G,B ∪GY, σ) : t ∈ G, c ∈ C, a ∈ Y }).
� S : Xd/X†(G,B ∪GY, σ) → XC �%�

S(f +X†(G,B ∪GY, σ)) =
∑

s∈G(s ◦ f ◦ s−1)|C
|G| .

W@. S ��%�:|�, {} S ��c�" ‖S‖ ≤ 2. �/

dε({δct−1a+X†(G,B ∪GY, σ) : t ∈ G, c ∈ C, a ∈ Y })

≥ d2ε

({∑
g∈G(δgcgt

−1a)|C
|G| : t ∈ G, c ∈ C, a ∈ Y

})
= d2ε

({
(δct−1a)|C

|G| : t ∈ G, c ∈ C, a ∈ Y

})
= d2|G|ε({(δct−1a)|C : t ∈ G, c ∈ C, a ∈ Y })
≥ d2|G|ε({(δca)|C : c ∈ C, a ∈ Y }).

G,2 4.10 �
d2|G|ε({(δca)|C : c ∈ C, a ∈ Y }) ≥ |C| · dimCX · [1 − (2|G|ε)2].
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8$
dε({δia+X(F,B, σ) : i ∈ [d], a ∈ Y })

d
≥ |C| · dimCX · [1 − (2|G|ε)2]

d

≥ dimCX

|G| · [1 − (2|G|ε)2] · (1 − τ).

�/
dε({δia+X(F,B, σ) : i ∈ [d], a ∈ Y })

d
≥ dimCX

|G| [1 − (2|G|ε)2].

hT 2 ]� X �7���. ()�$V.��G X ���A
��
��a\J�n
{Xj}j∈J YI:

(1) G� Xj �����"� G- I��;

(2) supj∈J dimCXj = +∞.

Gj� 3.4 (1) � (4), ()� dimΣ,ω(X) ≥ supj∈J dimΣ,ω(Xj |X); ]G,2 4.13, ()�
dimΣ,ω(Xj |X) = dimΣ,ω(Xj); ^G*+ 1, ()� dimΣ,ω(Xj) = dimCXj

|G| . �/

dimΣ,ω(X) = +∞.

7e.

3� 4.15 � X ���� Banach 
�. � G ������"� X ����"#���
"# G � X. � Σ = {σi : G→ Sym(di)}∞i=1 � G ��� sofic +,34, 1

dimΣ,ω(X) = vdim(X).

PT �$G,2 4.12 $� 4.14 Z0-.. 7e.

5 m;nopNUÆ
� G ������" X ���� Banach 
�. ��"#��"# G � X ;��3�,

�7�?@� x ∈ X, � {sx : s ∈ G} �3�.

%', ()7:���57.

3� 5.1 � X ���� Banach 
�. � G �����7� sofic �"� X ����3
�"#��"# G � X. � Σ = {σi : G→ Sym(di)}∞i=1 � G ��� sofic +,34, 1

dimΣ,ω(X) = 0.

PT � A ∈ F (X) " ε > 0. ()Uf7: dimΣ,ω(A, ε) = 0.

� 0 < θ < 1. ()Uf7: dimΣ,ω(A, ε) ≤ θ.

G� G � X �3�, �/ {sx : s ∈ G, x ∈ A} �3�. ���� X �����A8 B =

{x1, . . . , xn}, @- {sx : s ∈ G, x ∈ A} ⊆ ε
5
B.

G� G �7�8, ()�$V.a� F ∈ F (G), @- 1
|F | ≤ θ

2n .

� σ : G→ Sym(d) � G ���IWX� sofic +,, @- |D| ≥ d(1 − θ
2n ), ��

D = {i ∈ [d] : �?@I�� s, t ∈ F � σs(i) �= σt(i)}.
()Uf7:

dimε(A,F,B, 2, σ)
d

≤ θ.
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JZ [d] ���4YA8 W , @- σ(F )j (j ∈W ) �ÆÆuIvG�, 1
|W | = |D ∩W | + |([d]\D) ∩W | ≤ d

|F | +
dθ

2n
≤ dθ

n
.

�G� m ∈ {1, . . . , d}, � lm : X → Xd �%� lm(x) = δmx. ()r;

{δia : i ∈ [d], a ∈ A} ⊆ε

∑
m∈W

lm(spanC{x1, . . . , xn}) +X(F,B, 2, σ).

�?@� i ∈ [d] $� a ∈ A, ()�$V.a� p ∈W , @- σ(F )i ∩ σ(F )p �= ∅. ����
s, t ∈ F , @- σs(i) = σt(p). W@.

δia = (δia− δσs(i)sa) + δσs(i)sa

= (δia− δσs(i)sa) + δσt(p)sa

= (δia− δσs(i)sa) + (δσt(p)tt
−1sa− δpt

−1sa) + δpt
−1sa.

G� {sx : s ∈ G, x ∈ A} ⊆ ε
5
{x1, . . . , xn}, �/�� 1 ≤ j, k ≤ n, @- ‖a − xj‖ < ε

5 $�
‖t−1sa− xk‖ < ε

5 . |

‖δia− [(δixj − δσs(i)sxj) + (δσt(p)txk − δpxk) + δpxk]‖ < ε.

W@.
(δixj − δσs(i)sxj) + (δσt(p)txk − δpxk) ∈ X(F,B, 2, σ)

"

δpxk ∈
∑

m∈W

lm(spanC{x1, . . . , xn}).

�o7:�
{δia : i ∈ [d], a ∈ A} ⊆ε

∑
m∈W

lm(spanC{x1, . . . , xn}) +X(F,B, 2, σ).

8$
dimε(A,F,B, 2, σ) ≤ dimC

( ∑
m∈W

lm(spanC{x1, . . . , xn})
)

≤ dθ.

7e.

XY 5.2 � X �������� Banach 
�. � G �����7� sofic �"� X �

���"#���"# G � X. �

Σ = {σi : G→ Sym(di)}∞i=1

� G ��� sofic +,34, 1
dimΣ,ω(X) = 0.

PT G� X �����, �/�?@� x ∈ X � {sx : s ∈ G} �3�, �k:"#��
"# G � X �3�. Gj� 5.1 i

dimΣ,ω(X) = 0.

7e.
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6 dimΣ,ω(G ��� lp(G, V )) ;qr
%'� G ����� sofic �, V �������� Banach 
�. G � lp(G,V ) ����

��� �!"#:� s ∈ G$� f ∈ lp(G,X),�% sf ∈ lp(G,X)� (sf)(t) = f(s−1t) (t ∈ G).

�N}�8�� 1 ≤ p ≤ 2 26 dimΣ,ω(G � lp(G,V )).

� n = dimC(V ). G� lp(G,V )� lp(G,C)⊕n� G-���,8$()Uf26 dimΣ,ω(G �

lp(G,C)⊕n).

� s ∈ G, � γs ∈ CG �%�

γs(t) =

{
1, t = s,

0, t �= s.

R0 6.1 � G ����� sofic �" Σ = {σi : G → Sym(di)}∞i=1 � G ��� sofic +,

34, 1�?@� 1 ≤ p < +∞, �
dimΣ,ω(G � lp(G,C)⊕n) ≤ n.

PT G� {δiγeG : i ∈ [n]} nqQ
� lp(G,C)⊕n, Gj� 3.8 �
dimΣ,ω(G � lp(G,C)⊕n) ≤ n.

7e.

3� 6.2 � G ����� sofic �" Σ = {σi : G → Sym(di)}∞i=1 � G ��� sofic +,

34, 1�?@� 1 ≤ p ≤ 2, �
dimΣ,ω(G � lp(G,C)⊕n) = n.

PT G,2 6.1 � dimΣ,ω(G � lp(G,C)⊕n) ≤ n. ()Uf7:
dimΣ,ω(G � lp(G,C)⊕n) ≥ n.

� I : lp(G,C)⊕n → l2(G,C)⊕n �%� I(f1, . . . , fn) = (f1, . . . , fn). W@. I � G-���,

���c"�bh�QS.

Gj� 3.1 �
dimΣ,ω(G � lp(G,C)⊕n) ≥ dimΣ,ω(G � l2(G,C)⊕n).

()Uf7: dimΣ,ω(G � l2(G,C)⊕n) ≥ n.

� ε > 0. ()Uf7:
dimΣ,ω({δaγeG : a ∈ [n]}, ε) ≥ n(1 − 4ε2).

� F ∈ F (G) " eG ∈ F , B ∈ F (l2(G,C)⊕n) $� c > 0. ()Uf7:
dimΣ,ω({δaγeG : a ∈ [n]}, ε |F,B, c) ≥ n(1 − 4ε2).

�G� b ∈ B, ()�$V.����s~�q� gb ∈ l2(G,C)⊕n, @- ‖b− gb‖ < ε
2c .��

dimΣ,ω({δaγeG : a ∈ [n]}, ε |F,B, c)
≥ dimΣ,ω({δaγeG : a ∈ [n]}, 2ε |F, {gb : b ∈ B}, c).

()Uf7:
dimΣ,ω({δaγeG : a ∈ [n]}, 2ε |F, {gb : b ∈ B}, c) ≥ n(1 − 4ε2).
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� θ > 0. ()Uf7:
dimΣ,ω({δaγeG : a ∈ [n]}, 2ε |F, {gb : b ∈ B}, c) ≥ n(1 − 4ε2) − θ.

()�$V. K ∈ F (G) " eG ∈ K, @-

{gb : b ∈ B} ⊆ spanC{δqγu : q ∈ [n], u ∈ K}.
	 F ′ = FK ∈ F (G). W@. F ′ ⊇ K " F ′ ⊇ F . JZ 0 < τ < 1, @- τ · |F | · n ≤ θ.

� σ : G→ Sym(d) � G ���IWX� sofic +,, @- |W | ≥ (1 − τ
|K|2 )d, ��

W = {i ∈ [d] : �?@� s ∈ F, t ∈ K, � σsσt(i) = σst(i)} ∩ {i ∈ [d] :

�?@I�� s, t ∈ F ′, � σs(i) �= σt(i)}.
y�()Uf7:

dim2ε({δaγeG : a ∈ [n]}, F, {gb : b ∈ B}, c, σ)
d

≥ n(1 − 4ε2) − θ.

W@.
dim2ε({δaγeG : a ∈ [n]}, F, {gb : b ∈ B}, c, σ)

≥ d2ε({δi(δaγeG) + spanC{δjgb − δsjsgb : s ∈ F, j ∈ [d], b ∈ B} : i ∈ [d], a ∈ [n]}).
G� {gb : b ∈ B} ⊆ spanC{δqγu : q ∈ [n], u ∈ K}, �/

d2ε({δi(δaγeG) + spanC{δjgb − δsjsgb : s ∈ F, j ∈ [d], b ∈ B} : i ∈ [d], a ∈ [n]})
≥ d2ε({δi(δaγeG) + spanC{δj(δqγu) − δsj(δqγsu) : s ∈ F, j ∈ [d], q ∈ [n], u ∈ K} :

i ∈ [d], a ∈ [n]}).
W@.
d2ε({δi(δaγeG)+spanC{δj(δqγu)−δsj(δqγsu) : s ∈F, j ∈ [d], q ∈ [n], u ∈K} : i ∈ [d], a ∈ [n]})

≥ d2ε

({
δi(δaγeG)+spanC

{
δj(δqγu)−δsj(δqγsu) : s ∈ F, j ∈

⋂
t∈K

tW, q ∈ [n], u ∈ K

}
:

i ∈ [d], a ∈ [n]
})

− dθ.

()r;

spanC

{
δj(δqγu) − δsj(δqγsu) : s ∈ F, j ∈

⋂
t∈K

tW, q ∈ [n], u ∈ K

}
⊆ spanC{δj(δqγeG) − δsj(δqγs) : s ∈ F ′, j ∈W, q ∈ [n]}.

�?@� s ∈ F, j ∈ ⋂
t∈K tW, q ∈ [n], u ∈ K, ��a� i ∈W , @- j = σu(i), ()�

δj(δqγu) − δsj(δqγsu) = (δi(δqγeG) − δσsσu(i)(δqγsu)) − (δi(δqγeG) − δσu(i)(δqγu))

= (δi(δqγeG) − δσsu(i)(δqγsu)) − (δi(δqγeG) − δσu(i)(δqγu)).

�o7:�
spanC

{
δj(δqγu) − δsj(δqγsu) : s ∈ F, j ∈

⋂
t∈K

tW, q ∈ [n], u ∈ K

}
⊆ spanC{δj(δqγeG) − δsj(δqγs) : s ∈ F ′, j ∈W, q ∈ [n]}.
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��
d2ε

({
δi(δaγeG) + spanC{δj(δqγu) − δsj(δqγsu) : s ∈ F, j ∈

⋂
t∈K

tW, q ∈ [n], u ∈ K

}
:

i ∈ [d], a ∈ [n]}
)

≥ d2ε({δi(δaγeG) + spanC{δj(δqγeG) − δsj(δqγs) : s ∈ F ′, j ∈W, q ∈ [n]} :

i ∈ [d], a ∈ [n]})
= d2ε({δi(δaγeG) + spanC{δj(δqγeG) − δsj(δqγs) : s ∈ F ′\{eG}, j ∈W, q ∈ [n]} :

i ∈ [d], a ∈ [n]}).
W@.

{δi(δaγeG) + spanC{δj(δqγeG) − δsj(δqγs) : s ∈ F ′\{eG}, j ∈W, q ∈ [n]} : i ∈ [d], a ∈ [n]}
���7
�. � T : spanC{δi(δaγeG) + spanC{δj(δqγeG) − δsj(δqγs) : s ∈ F ′\{eG}, j ∈ W, q ∈
[n]} : i ∈ [d], a ∈ [n]} → Cdn �%�

T

( d∑
i=1

n∑
a=1

ciaδi(δaγeG) + spanC{δj(δqγeG) − δsj(δqγs) : s ∈ F ′\{eG}, j ∈W, q ∈ [n]}
)

= (c11, . . . , c1n, . . . , cd1, . . . , cdn).

G� ∥∥∥∥ d∑
i=1

n∑
a=1

ciaδi(δaγeG) + spanC{δj(δqγeG) − δsj(δqγs) : s ∈ F ′\{eG}, j ∈W, q ∈ [n]}
∥∥∥∥

≥
( d∑

i=1

n∑
a=1

|cia|2
) 1

2

,

()� T ����c�" ‖T‖ ≤ 1.

G Hahn–Banach �2, ����~t���6A
T̃ : (l2(G,C)⊕n)d/spanC{δj(δqγeG) − δsj(δqγs) : s ∈ F ′\{eG}, j ∈W, q ∈ [n]} → Cdn,

@- ‖T̃‖ = ‖T‖ " T̃ � T ���u�.

� i ∈ [dn], 	 ei ∈ Cdn ��& i �	?ZQ� 1, �eH	?ZQ� 0. ��
d2ε

({
δi(δaγeG)+spanC{δj(δqγeG)−δsj(δqγs) : s ∈ F ′\{eG}, j ∈W, q ∈ [n]

}
: i ∈ [d], a ∈ [n]}

)
≥ d2ε({T̃ (δi(δaγeG) + spanC{δj(δqγeG) − δsj(δqγs) : s ∈ F ′\{eG}, j ∈W, q ∈ [n]}) :

i ∈ [d], a ∈ [n]})
= d2ε({T (δi(δaγeG) + spanC{δj(δqγeG) − δsj(δqγs) : s ∈ F ′\{eG}, j ∈W, q ∈ [n]}) :

i ∈ [d], a ∈ [n]})
= d2ε({e1, . . . , edn}) ≥ dn(1 − 4ε2).

8$
dim2ε({δaγeG : a ∈ [n]}, F, {gb : b ∈ B}, c, σ)

d
≥ n(1 − 4ε2) − θ.

7e.
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Gromov �� [4] &��������:

z� 7.1 � G ������, 1 ≤ p < +∞, V � W �Æ������ Banach 
�. �

�� lp(G,V ) � lp(G,W ) � G- ���"�� dimC(V ) = dimC(W )?

3� 7.2 � G ����� sofic �, 1 ≤ p < +∞, V � W �Æ������ Banach 


�, 1 lp(G,V ) � lp(G,W ) � G- ���"�� dimC(V ) = dimC(W ).

PT � Σ = {σi : G→ Sym(di)}∞i=1 � G ��� sofic +,34. ()vÆg*+.

hT 1 �7 1 ≤ p ≤ 2. G,` 3.2 �j� 6.2, ()� lp(G,V ) � lp(G,W ) � G- ���

"�� dimC(V ) = dimC(W ).

hT 2 �7 2 < p < +∞. 	 p′ � p ��{(P, EB 1
p + 1

p′ = 1. W@. 1 < p′ < 2. (

)Uf7:�7 lp(G,V ) � lp(G,W ) � G- ��, ;<()� dimC(V ) = dimC(W ).

�7 lp(G,V ) � lp(G,W ) � G- ��, ;< lp
′
(G,V ) � lp

′
(G,W ) O� G- ��. G*+ 1,

()� dimC(V ) = dimC(W ). 7e.
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