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1 67
� p > 1, 1

p + 1
q = 1, f(x), g(y) ≥ 0, f ∈ Lp(R+), g ∈ Lq(R+), �8

‖f‖p =
( ∫ ∞

0

fp(x)dx
) 1

p

> 0

� ‖g‖q > 0, 9��:�� Hardy–Hilbert ����� [3]:∫ ∞

0

∫ ∞

0

f(x)g(y)
x+ y

dxdy <
π

sin(π/p)
‖f‖p‖g‖q, (1.1)

;�, ��<= π
sin(π/p) �>�?. � am, bn ≥ 0, a = {am}∞m=1 ∈ lp, b = {bn}∞n=1 ∈ lq, �8

‖a‖p =
( ∞∑
m=1

apm

) 1
p

> 0

� ‖b‖q > 0, ���:���������:��>���<= π
sin(π/p) �� !�:

∞∑
m=1

∞∑
n=1

ambn
m+ n

<
π

sin(π/p)
‖a‖p‖b‖q. (1.2)

(1.1) � (1.2) ��"#���$@�A%��� [3, 13, 22–24, 26].

1998 &, '�B(�) � λ ∈ (0, 1], !Æ p = q = 2, * [25] "#+� (1.1) �,$-%.

2009–2011&,* [22, 23]"#+� (1.1)� (1.2)���-%: � λ1, λ2 ∈ R = (−∞,∞), λ1+λ2 =

λ, kλ(x, y) �,$ −λ .&'()�, �8
kλ(tx, ty) = t−λkλ(x, y) (t, x, y > 0),

k(λ1) =
∫ ∞

0

kλ(t, 1)tλ1−1dt ∈ R+ = (0,∞),

C� φ(x) = xp(1−λ1)−1, ψ(y) = yq(1−λ2)−1, f(x), g(y) ≥ 0,

f ∈ Lp,φ(R+) =
{
f ; ‖f‖p,φ :=

{ ∫ ∞

0

φ(x)|f(x)|pdx
} 1

p

<∞
}
,

g ∈ Lq,ψ(R+), ‖f‖p,φ, ‖g‖q,ψ > 0, 9:∫ ∞

0

∫ ∞

0

kλ(x, y)f(x)g(y)dxdy < k(λ1)‖f‖p,φ‖g‖q,ψ, (1.3)

;�, ��<= k(λ1)�>�?. */, �+ kλ(x, y) �:0�,1 kλ(x, y)xλ1−1 (kλ(x, y)yλ2−1)

�Æ x > 0 (y > 0) -., 23! am,bn ≥ 0,

a ∈ lp,φ =
{
a; ‖a‖p,φ :=

{ ∞∑
n=1

φ(n)|an|p
} 1

p

<∞
}
,

b = {bn}∞n=1 ∈ lq,ψ, ‖a‖p,φ, ‖b‖q,ψ > 0, ��:
∞∑
m=1

∞∑
n=1

kλ(m,n)ambn < k(λ1)‖a‖p,φ‖b‖q,ψ, (1.4)

;�, ��<= k(λ1) �>�?. 45, 67 λ = 1, k1(x, y) = 1
x+y , λ1 = 1

q , λ2 = 1
p , 9� (1.3)

/8� (1.1), �9� (1.4) /8� (1.2). : [1, 2, 4–7, 10–12, 17, 21, 28, 30, 33–35, 38, 42] "#

+0A��1� � Hilbert ;����<=,>2+.
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�Æ'.&=�>� Hilbert ;���, Hardy�F<GH [3, ?G 351] "#+,>2+.

@H:II<��<=�>�J. A* [18] '�B(JB/Æ"#+,$=8 1
(1+nx)λ �2+,

,II<��<=�>��. 2011 &, * [19] "#+���:>���<= B (λ1, λ2) �>� 

� Hardy–Hilbert ���:∫ ∞

0

f (x)
∞∑
n=1

an

(x+ n)λ
dx < B (λ1, λ2) ‖f‖p,φ‖a‖q,ψ, (1.5)

;�, λ1, λ2 > 0, λ2 ≤ 1, λ1 + λ2 = λ,

B (u, v) =
∫ ∞

0

1
(1 + t)u+v

tu−1dt (u, v > 0)

� beta )�. K�K [36, 37, 39−43] LC+D$�:MN=�>� Hilbert ;���.

*�E [29] LMO)��FG, '�F� ��� Hilbert ;����=PHQI, J)+

,$K,L −λ ∈ R .&=��:>���<= k (λ1) �>� Hilbert ;���:∫ ∞

0

f(x)
∞∑
n=1

kλ(x, n)andx < k(λ1)‖f‖p,φ‖a‖q,ψ, (1.6)

R�� (1.5) �,$-%. * [20] �"#+,$K,L'.&=��:>���<=�>� 
Hilbert ;���. 2013 N 2014 &B, Micheal �* [15, 16] "#+S$KMN'.&=�0T>

� Hilbert ;���.

O 1.1 (1) MNU&V, #W+X0�:LMO?�� �>� ���� Hilbert ;��

�. MP� 2009–2014 &YBQII�,>Z2+. <JR[� �>� ���� Hilbert ;

����X0ST�-%�,LU, \�X0MN)��V]�P^�WDX�_Y�̀ a�Q]�
Zbc)�, R�Zbc��de���.

(2) *�f[gJ (\ [22–24, 26, 27, 32]) "#+�:,L.&h�=�ijS!]ST�
� Hilbert ;k=R�������X0Z2+. ;>LCGHR^+� �>� ���l;
�k=�����>Z_U, ,"#+II�m=�LM`

[:cMO)��Vab��h�"cn, "#,$�:,L.&=�>���<=�0T
>� Hardy–Hilbert ;���, R� (1.6) �-%. */, �op+�O!��k=dqR�D
WMNLMm=.

2 XY6Z
! μ

(k)
i > 0 (k = 1, . . . , i0; i = 1, . . . ,m), υ(l)

j > 0 (l = 1, . . . , j0; j=1, . . . , n), ��[
V (l)
n :=

n∑
j=1

υ
(l)
j (l = 1, . . . , j0),

Vn = (V (1)
n , . . . , V (j0)

n ) (n ∈ N = {1,2, . . . }). (2.1)

\� μi(t) := μ
(i)
m , t ∈ (m− 1,m] (m ∈ N); υj(t) := υ

(j)
n , t ∈ (n− 1, n] (n ∈ N), R�

Ui(x) :=
∫ x

0

μi(t)dt (i = 1, . . . , i0), (2.2)

Vj(y) :=
∫ y

0

υj(t)dt (j = 1, . . . , j0), (2.3)
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U(x) := (U1(x), . . . , Ui0(x)),

V (y) := (V1(y), . . . , Vj0(y)) (x, y ≥ 0), (2.4)

45:
Vj(n) = V (j)

n (j = 1, . . . , j0; n ∈ N),

,1, e x ∈ (m − 1,m) 9, U ′
i(x) = μi(x) = μ

(i)
m (i = 1, . . . , i0; m ∈ N); e y ∈ (n − 1, n) 9,

V ′
j (y) = υj(y) = υ

(j)
n (j = 1, . . . , j0; n ∈ N), 1:

dU(x) =
i0∑
i=1

μi(x)dx (x ∈ R
i0
+), dV (y) =

j0∑
j=1

υj(y)dy (y ∈ R
j0
+ ).

]^ 2.1 [31] � g(t)(> 0) F R+ fg-., 1F [n0,∞) (n0 ∈ N) rh-., �8∫ ∞

0

g(t)dt ∈ R+,

9: ∫ ∞

1

g(t)dt <
∞∑
n=1

g(n) <
∫ ∞

0

g(t)dt. (2.5)

]^ 2.2 � i0 ∈ N, α, M > 0, Ψ(u) � (0, 1] ��'(ij)�, 1

DM :=
{
x ∈ R

i0
+ ; u =

i0∑
i=1

(
xi
M

)α
≤ 1

}
, (2.6)

9:��Vab� [24]:∫
· · ·

∫
DM

Ψ
( i0∑
i=1

(
xi
M

)α)
dx1 · · · dxi0 =

M i0Γi0( 1
α )

αi0Γ( i0α )

∫ 1

0

Ψ(u)u
i0
α −1du. (2.7)

]^ 2.3 ! i0, j0 ∈ N, υ
(l)
n ≥ υ

(l)
n+1 (n ∈ N; l = 1, . . . , j0), α, β, ε > 0,

b = min
1≤i≤i0, 1≤j≤j0

{μ(i)
1 , υ

(j)
1 }, [1,∞)i0 := {x ∈ R

i0
+ ;xi ≥ 1 (i = 1, . . . , i0)},

��: ∫
[1,∞)i0

‖U(x)‖−i0−εα

i0∏
k=1

μk(x)dx ≤ Γi0( 1
α )

εbεi
ε/α
0 αi0−1Γ( i0α )

, (2.8)

∑
n

‖Vn‖−j0−εβ

j0∏
k=1

υ(k)
n ≤

Γj0( 1
β )

εbεj
ε/β
0 βj0−1Γ( j0β )

+O(1), (2.9)

<J,
∑
n =

∑∞
nj0

. . .
∑∞

n1
,

‖x‖α =
( i0∑
i=1

xαi

) 1
α

(x ∈ R
i0
+), ‖y‖β =

( j0∑
j=1

yβj

) 1
β

(y ∈ R
j0
+ ).

_` � v = U(x), 9:∫
[1,∞)i0

‖U(x)‖−i0−εα

i0∏
k=1

μk(x)dx =
∫
{v∈R

i0
+ ;vi≥μ(i)

1 }

dv

‖v‖i0+εα

≤
∫

[b,∞)i0

dv

‖v‖i0+εα

.
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! M > bi
1/α
0 , a (2.7) kl∫

[b,∞)i0

dv

‖v‖i0+εα

= lim
M→∞

∫
{v∈R

i0
+ ;

bαi0
Mα <

∑ i0
i=1(

vi
M )α≤1}

dv1 · · · dvi0
{M [

∑i0
i=1

(
vi

M

)α]
1
α }i0+ε

= lim
M→∞

M i0Γi0( 1
α )

αi0Γ( i0α )

∫ 1

bαi0/Mα

u
i0
α −1

(Mu1/α)i0+ε
du

=
Γi0( 1

α )

εbεi
ε/α
0 αi0−1Γ( i0α )

.

<*� (2.8) m).

��: ∑
n

‖Vn‖−j0−εβ

j0∏
k=1

υ(k)
n ≤ H0 +

j0∑
i=1

Hi,

H0 :=
∑

{n∈Nj0 ;nj≥2}
‖Vn‖−j0−εβ

j0∏
k=1

υ(k)
n ,

Hi :=
∑

{n∈Nj0 ;ni=1;nj≥1(j �=i)}
‖Vn‖−j0−εβ

j0∏
l=1

υ(l)
n .

b��kl� (2.8) �FG��, a� (2.5) :

0 < H0 =
∑

{n∈Nj0 ;nj≥2}

∫
{y∈Nj0 ;nj−1≤yj<nj}

‖V (n)‖−j0−εβ

j0∏
l=1

υ(l)
n dy

<
∑

{n∈Nj0 ;nj≥2}

∫
{y∈R

j0
+ ;nj−1≤yj<nj}

‖V (y)‖−j0−εβ

j0∏
l=1

υl(y)dy

=
∫

[1,∞)j0

‖V (y)‖−j0−εβ

j0∏
l=1

υl(y)dy (v = V (y))

≤
∫

[b,∞)j0

‖v‖−j0−εβ dv

=
Γi0( 1

β )

εbεj
ε/α
0 βj0−1Γ( j0β )

.

�s,LJ, ��no Hj0 . �+ j0 = 1, 9
0 < Hj0 = (υ(1)

1 )−1−ευ(1)
1 = (υ(1)

1 )−ε <∞;

�+ j0 ≥ 2, 9:

Hj0 =
∑

{n∈Nj0−1}

∫
{y∈R

j0−1
+ ;nj−1<yj≤nj}

υ
(j0)
1

∏j0−1
l=1 υl(y)dy

[(υ(j0)
1 )β +

∑j0−1
j=1 (V (j)

n )β ]
j0+ε

β

≤ υ
(j0)
1

∫
R

j0−1
+

∏j0−1
l=1 υl(y)

[(υ(j0)
1 )β +

∑j0−1
j=1 (V (j)(y))β]

1
β (j0+ε)

dy.
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� v = V (y) = (V1(y), . . . , Vj0−1(y)), a� (2.7) :
0 < Hj0 ≤ υ

(j0)
1

∫
R

j0−1
+

1

[(υ(j0)
1 )β +

∑j0−1
j=1 vβj ]

1
β (j0+ε)

dv

= υ
(j0)
1 lim

M→∞
M j0−1Γj0−1( 1

β )

βj0−1Γ( j0−1
β )

∫ 1

0

u
j0−1

β −1du

[(υ(j0)
1 )β +Mβu]

1
β (j0+ε)

t= Mβu

(υ
(j0)
1 )β

============================= (υ(j0)
1 )−ε

Γj0−1( 1
β )

βj0−1Γ( j0−1
β )

∫ ∞

0

t
j0−1

β −1

(1 + t)
1
β (j0+ε)

dt

= (υ(j0)
1 )−ε

Γj0−1( 1
β )

βj0−1Γ( j0−1
β )

B

(
j0 − 1
β

,
1 + ε

β

)
<∞.

<*, ��kl∑
n

‖Vn‖−j0−εβ

j0∏
k=1

υ(k)
n ≤

Γi0( 1
β )

εbεj
ε/α
0 βj0−1Γ( j0β )

+
j0∑
i=1

Oi(1) ,

p� (2.9) m). Iq.

cd 2.4 � i0, j0 ∈ N, α, β > 0, λ1, λ2 ∈ R, λ1 + λ2 = λ, kλ(x, y) �,$ −λ .&'()
�, 6!ter?� x > 0, kλ(x, y) 1

yj0−λ2
!/Æ y ∈ R+ -., 1FuB (bx,∞) ⊂ (0,∞) rh

-.,

k(λ1) =
∫ ∞

0

kλ(u, 1)uλ1−1du ∈ R+,

?f��S$O)� w(λ1, n) (n ∈ N
j0) � W (λ2, x) (x ∈ R

i0
+) :

w(λ1, n) :=
∫

R
i0
+

kλ(‖U(x)‖α, ‖Vn‖β)
‖Vn‖λ2

β

‖U(x)‖i0−λ1
α

i0∏
k=1

μk(x)dx, (2.10)

W (λ2, x) :=
∑
n

kλ(‖U(x)‖α, ‖Vn‖β) ‖U(x)‖λ1
α

‖Vn‖j0−λ2
β

j0∏
l=1

υ(l)
n . (2.11)

g 2.5 ! λ1, λ2 ∈ R, λ1 + λ2 = λ, λ1 + η > 0, 0 < λ2 + η ≤ j0, �

kλ(x, y) =
(min{x, y})η

(max{x, y})λ+η
(x, y > 0),

9!ter?� x > 0,

kλ(x, y)
1

yj0−λ2
=

⎧⎪⎪⎨⎪⎪⎩
1

xλ+ηyj0−λ2−η , 0 < y < x,

xη

yj0+λ1+η
, y ≥ x

!/Æ y ∈ R+ -., 1FuB ([x] + 1,∞) ⊂ (0,∞) rh-.. R�:
k(λ1) =

∫ ∞

0

(min{u, 1})η
(max{u, 1})λ+η

1
u1−λ1

du

=
∫ 1

0

uη

u1−λ1
du+

∫ ∞

1

1
uλ+η

1
u1−λ1

du

=
λ+ 2η

(λ1 + η)(λ2 + η)
∈ R+.
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O 2.6 � b, β > 0, :
d

dy
(b+ yβ)

1
β = (b+ yβ)

1
β −1yβ−1 > 0 (y > 0).

<*, s?f 2.4 QI, ! nj − 1 < yj < nj (j = 1, . . . , j0; n ∈ N
j0), :

‖V (n)‖β > ‖V (y)‖β
�

kλ(‖U(x)‖α, ‖V (n)‖β)
‖V (n)‖j0−λ2

β

<
kλ(‖U(x)‖α, ‖V (y)‖β)

‖V (y)‖j0−λ2
β

;

! nj < yj < nj + 1 (j = 1, . . . , j0; n ∈ N
j0), εq > 0, 9:

‖V (n)‖β < ‖V (y)‖β
�

kλ(‖U(x)‖α, ‖Vn‖β)
‖Vn‖j0−λ2+

ε
q

β

=
kλ(‖U(x)‖α, ‖V (n)‖β)

‖V (n)‖j0−λ2
β

1

‖V (n)‖
ε
q

β

>
kλ(‖U(x)‖α, ‖V (y)‖β)

‖V (y)‖j0−λ2
β

1

‖V (y)‖
ε
q

β

=
kλ(‖U(x)‖α, ‖V (y)‖β)

‖V (y)‖j0−λ2+
ε
q

β

. (2.12)

]^ 2.7 F?f 2.4 �QI�, ��:
w(λ1, n) ≤ Kα(λ1) (n ∈ N

j0), (2.13)

W (λ2, x) < Kβ(λ1) (x ∈ R
i0
+), (2.14)

<J
Kβ(λ1) =

Γj0( 1
β )

βj0−1Γ( j0β )
k(λ1), Kα(λ1) =

Γi0( 1
α )

αi0−1Γ( i0α )
k(λ1); (2.15)

_` � v = U(x)
‖Vn‖β

, < Uk(∞) ≤ ∞ (k = 1, . . . , i0), ��:
w(λ1, n) ≤

∫
R

i0
+

kλ(‖v‖α, 1) 1
vi0−λ1

dv.

a (2.7) kl∫
R

i0
+

kλ(‖v‖α, 1) dv

vi0−λ1
= lim

M→∞

∫
DM

kλ(M [
∑i0

i=1

(
vi

M

)α]
1
α , 1)dv1 · · · dvi0

{M [
∑i0

i=1

(
vi

M

)α]
1
α }i0−λ1

= lim
M→∞

M i0Γi0( 1
α )

αi0Γ( i0α )

∫ 1

0

kλ(Mu
1
α , 1)u

i0
α −1du

(Mu1/α)i0−λ1

=
Γi0( 1

α )
αi0−1Γ( i0α )

∫ ∞

0

kλ(v, 1)vλ1−1dv

=
Γi0( 1

α )
αi0−1Γ( i0α )

k(λ1).

<*, � (2.13) m).
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a� (2.5), � (2.7) �h 2.6, ��:
W (λ2, x) =

∑
n

∫
{y∈R

j0
+ ;nj−1<yj≤nj}

kλ(‖U(x)‖α, ‖V (n)‖β) ‖U(x)‖λ1
α

‖V (n)‖j0−λ2
β

j0∏
l=1

υl(y)dy

<
∑
n

∫
{y∈R

j0
+ ;nj−1<yj≤nj}

kλ(‖U(x)‖α, ‖V (y)‖β) ‖U(x)‖λ1
α

‖V (y)‖j0−λ2
β

j0∏
l=1

υl(y)dy

=
∫

R
j0
+

kλ(‖U(x)‖α, ‖V (y)‖β) ‖U(x)‖λ1
α

‖V (y)‖j0−λ2
β

j0∏
l=1

υl(y)dy (v = V (y))

≤
∫

R
j0
+

kλ(‖U(x)‖α, ‖v‖β)
‖U(x)‖λ1

α

‖v‖j0−λ2
β

dv

= lim
M→∞

∫
{v∈R

j0
+ ;

∑ j0
j=1(

vj
M )α≤1}

kλ

(
‖U(x)‖α,M

[ j0∑
j=1

(
vj
M

)β]1/β)

× ‖U(x)‖λ1
α

{M [
∑j0

j=1(
vj

M )β ]
1
β }j0−λ2

dv1 . . . dvj0

= lim
M→∞

M j0Γj0( 1
β )

βj0Γ( j0β )

∫ 1

0

kλ(‖U(x)‖α,Mv1/β)
‖U(x)‖λ1

α v
j0
β −1

(Mv
1
β )j0−λ2

dv

t= Mv1/β

‖U(x)‖α=============================
Γj0( 1

β )

βj0−1Γ( j0β )

∫ ∞

0

kλ(1, t)tλ2−1dt

=
Γj0( 1

β )

βj0−1Γ( j0β )

∫ ∞

0

kλ(v, 1)vλ1−1dv.

<*, � (2.14) m). Iq.

O 2.8 �+ Uk(∞) = ∞ (k = 1, . . . , i0), 9: w(λ1, n) = Kα(λ1) (n ∈ N
j0).

3 ijklmno
! p > 1, 1

p + 1
q = 1, ��[)�

Φ(x) :=
‖U(x)‖p(i0−λ1)−i0

α

(
∏i0
k=1 μk(x))p−1

(x ∈ R
i0
+), Ψ(n) :=

‖Vn‖q(j0−λ2)−j0
β

(
∏j0
l=1 υ

(l)
n )q−1

(n ∈ N
j0),

R���tuvB
Lp,Φ(Ri0+) :=

{
f = f(x); ‖f‖p,Φ :=

( ∫
R

i0
+

Φ(x)|f(x)|pdx
) 1

p

<∞
}
,

lq,Ψ :=
{
b = {bn}; ‖b‖q,Ψ :=

( ∑
n

Ψ(n)|bn|q
) 1

q

<∞
}
,

Lq,Φ1−q(Ri0+) :=
{
g = g(x); ‖g‖q,Φ1−q :=

( ∫
R

i0
+

Φ1−q(x)|g(x)|qdx
) 1

q

<∞
}
,

lp,Ψ1−p :=
{
c = {cn}; ‖c‖p,Ψ1−p :=

( ∑
n

Ψ1−p(n)|cn|p
) 1

p

<∞
}
,
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��:
c^ 3.1 F?f 2.4 QI�, �+ p > 1, 1

p + 1
q = 1, f(x), bn ≥ 0, f = f(x) ∈ Lp,Φ(Ri0+),

b = {bn} ∈ lq,Ψ, ‖f‖p,Φ, ‖b‖q,Ψ > 0, 9:���O���
I :=

∑
n

bn

∫
R

i0
+

kλ(‖U(x)‖α, ‖Vn‖β)f(x)dx

< K
1
p

β (λ1)K
1
q
α (λ1)‖f‖p,Φ‖b‖q,Ψ, (3.1)

J1 :=
{ ∑

n

∏j0
j=1 υ

(j)
n

‖Vn‖j0−pλ2
β

[ ∫
R

i0
+

kλ(‖U(x)‖α, ‖Vn‖β)f(x)dx
]p} 1

p

< K
1
p

β (λ1)K
1
q
α (λ1)‖f‖p,Φ, (3.2)

J2 :=
{ ∫

R
i0
+

∏i0
i=1 μi(x)

‖U(x)‖i0−qλ1
α

[ ∑
n

kλ(‖U(x)‖α, ‖Vn‖β)bn
]q
dx

} 1
q

< K
1
p

β (λ1)K
1
q
α (λ1)‖b‖q,Ψ, (3.3)

<J
K

1
p

β (λ1)K
1
q
α (λ1) =

[ Γj0( 1
β )

βj0−1Γ( j0β )

] 1
p
[

Γi0( 1
α )

βi0−1Γ( i0α )

] 1
q

k(λ1).

_` aKO� Hölder ��� [8], ��:
I =

∑
n

∫
R

i0
+

kλ(‖U(x)‖α, ‖Vn‖β)

×
[‖U(x)‖

i0−λ1
q

α (
∏j0
j=1 υ

(j)
n )

1
p f(x)

‖Vn‖
j0−λ2

p

β (
∏i0
i=1 μk(x))

1
q

][‖Vn‖ j0−λ2
p

β (
∏i0
i=1 μk(x))

1
q bn

‖U(x)‖
i0−λ1

q
α (

∏j0
j=1 υ

(j)
n )

1
p

]
dx

≤
[ ∫

R
i0
+

W (λ2, x)
‖U(x)‖p(i0−λ1)−i0

α fp(x)

(
∏i0
i=1 μi(x))p−1

dx

] 1
p
[ ∑

n

w(λ1, n)
‖Vn‖q(j0−λ2)−j0

β bqn

(
∏j0
j=1 υ

(j)
n )

] 1
q

.

<*, ��a (2.13) � (2.14) �, kl (3.1) �. �

bn :=

∏j0
j=1 υ

(j)
n

‖Vn‖j0−pλ2
β

[ ∫
R

i0
+

kλ(‖U(x)‖α, ‖Vn‖β)f(x)dx
]p−1

, n ∈ N
j0 ,

9: J1 = ‖b‖q−1
q,Ψ . <� (3.2) �pv�=�:0�, w J1 <∞. �+ J1 = 0, 9� (3.2) m); �

+ J1 > 0, 9a� (3.1), :
‖b‖qq,Ψ = Jp1 = I < K

1
p

β (λ1)K
1
q
α (λ1)‖f‖p,Φ‖b‖q,Ψ,

‖b‖q−1
q,Ψ = J1 < K

1
p

β (λ1)K
1
q
α (λ1)‖f‖p,Φ,

p� (3.2) m).

xq, �� (3.2) m), a Hölder ��� [8], :

I =
∑
n

[ (
∏j0
j=1 υ

(j)
n )1/p

‖Vn‖(j0/p)−λ2
β

∫
R

i0
+

kλ(‖U(x)‖α, ‖Vn‖β)f(x)dx
]‖Vn‖(j0/p)−λ2

β

(
∏j0
j=1υ

(j)
n )1/p

bn ≤ J1‖b‖q,Ψ. (3.4)
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a� (3.2) r� (3.1) m). � (3.1) b� (3.2) �O.

�w�FG, ��iRII
I ≤ ‖f‖p,ΦJ2, (3.5)

1� (3.1) �OÆ� (3.3). <*, � (3.1), (3.2) � (3.3) ��O�. Iq.

c^ 3.2 F?G 3.1 QI�, �+ υ
(j)
n ≥ υ

(j)
n+1 (n ∈ N), Ui(∞) = V

(j)
∞ = ∞ (i = 1,

. . . , i0, j = 1, . . . , j0), 9F� (3.1)–(3.3) J���<= K
1
p

β (λ1)K
1
q
α (λ1) �>��.

_` ! ε > 0, ��[

f̃ = f̃(x), f̃(x) :=

⎧⎪⎨⎪⎩
0, x ∈ R

i0
+\[1,∞)i0 ,

‖U(x)‖−i0+λ1− ε
p

α

i0∏
i=1

μi(x), x ∈ [1,∞)i0 ,

b̃ = {b̃n}, b̃n := ‖Vn‖−j0+λ2− ε
q

β

j0∏
j=1

υ(j)
n (n ∈ N

j0).

a� (2.8) � (2.9), ik

‖f̃‖p,Φ‖b̃‖q,Ψ =
[ ∫

R
i0
+

‖U(x)‖p(i0−λ1)−i0
α f̃p(x)

(
∏i0
i=1 μi(x))p−1

dx

] 1
p
[ ∑

n

‖Vn‖q(j0−λ2)−j0
β b̃qn

(
∏j0
j=1 υ

(j)
n )q−1

] 1
q

=
( ∫

[1,∞)i0

‖U(x)‖−i0−εα

i0∏
i=1

μi(x)dx
) 1

p
(∑

n

‖Vn‖−j0−εβ

j0∏
j=1

υ(j)
n

) 1
q

≤ 1
ε

(
Γi0( 1

α )

bεi
ε/α
0 αi0−1Γ( i0α )

) 1
p
( Γj0( 1

β )

bεj
ε/β
0 βj0−1Γ( j0β )

+ εO(1)
) 1

q

.

a� (2.12), hel υ
(j)
n ≥ υ

(j)
n+1 = υj(y) (nj < yj < nj + 1), :

Ĩ :=
∑
n

∫
R

i0
+

kλ(‖U(x)‖α, ‖Vn‖β)f̃(x)̃bndx

=
∑
n

∫
[1,∞)i0

∫
{y∈R

j0
+ ;nj≤yj<nj+1}

kλ(‖U(x)‖α, ‖Vn‖β)
‖U(x)‖i0−λ1+

ε
p

α ‖Vn‖j0−λ2+
ε
q

β

j0∏
j=1

υj(y)
i0∏
i=1

μk(x)dydx

>

∫
[1,∞)i0

∑
n

∫
{y∈R

j0
+ ;nj≤yj<nj+1}

kλ(‖U(x)‖α, ‖V (y)‖β)
‖U(x)‖i0−λ1+

ε
p

α ‖V (y)‖j0−λ2+
ε
q

β

j0∏
l=1

υl(y)
i0∏
k=1

μk(x)dydx

=
∫

[1,∞)i0

∫
[1,∞)j0

kλ(‖U(x)‖α, ‖V (y)‖β)
∏j0
l=1 υl(y)

‖U(x)‖i0−λ1+
ε
p

α ‖V (y)‖j0−λ2+
ε
q

β

i0∏
k=1

μk(x)dydx.

� u = U(x), v = V (y), c := max1≤i≤i0,1≤j≤j0{μ(i)
1 , υ

(j)
1 } , < U

(k)
∞ = V

(l)
∞ = ∞, ��:

Ĩ >

∫
[c,∞)i0

∫
[c,∞)j0

kλ(‖u‖α, ‖v‖β)

‖u‖i0−λ1+
ε
p

α ‖v‖j0−λ2+
ε
q

β

dvdu

=
∫

[c,∞)i0

∫
[c,∞)j0

kλ(M1[
∑i0

i=1(
xi

M1
)α]

1
α ,M2[

∑j0
j=1(

yj

M2
)β]

1
β )dydx

{M1[
∑i0

i=1(
xi

M1
)α]

1
α }i0−λ1+

ε
p {M2[

∑j0
j=1(

yj

M2
)β]

1
β }j0−λ2+

ε
q

.
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!

M1 > ci
1/α
0 , M2 > cj

1/β
0 ,

��[

Ψ1(u) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0, 0 < u ≤ cαi0

Mα
1

,

kλ

(
M1u

1/α,M2

[ j0∑
j=1

(
yj
M2

)β] 1
β
)

1
(M1u1/α)i0−λ1

,
cαi0
Mα

1

< u ≤ 1,

Ψ2(v) =

⎧⎪⎪⎨⎪⎪⎩
0, 0 < v ≤ cβj0

Mβ
2

,

kλ(M1u
1/α,M2v

1/β)
1

(M2v1/β)j0−λ2
,
cβj0

Mβ
2

< v ≤ 1.

\&sM� (2.7), :

Ĩ > lim
M1→∞

lim
M2→∞

M i0
1 Γi0( 1

α )
αi0Γ( i0α )

M j0
2 Γj0( 1

β )

βi0Γ( j0β )

∫ 1

cαi0/Mα
1

u
i0
α −1

×
[ ∫ 1

cβj0/M
β
2

kλ(M1u
1
α ,M2v

1
β )v

j0
β −1

(M1u
1
α )i0−λ1+

ε
p (M2v

1
β )j0−λ2+

ε
q

dv

]
du.

F����Jt/a
x = M1u

1
α , y = M2v

1
β ,

k

Ĩ >
Γi0( 1

α )
αi0−1Γ( i0α )

Γj0( 1
β )

βi0−1Γ( j0β )

∫ ∞

ci
1/α
0

xλ1− ε
p−1

( ∫ ∞

cj
1/β
0

kλ(x, y)yλ2− ε
q −1dy

)
dx

=
Γi0( 1

α )
αi0−1Γ( i0α )

Γj0( 1
β )

βi0−1Γ( j0β )

∫ ∞

ci
1/α
0

x−ε−1

( ∫ x/cj
1/β
0

0

kλ(v, 1)vλ1+
ε
q −1dv

)
dx

=
Γi0( 1

α )
αi0−1Γ( i0α )

Γj0( 1
β )

βi0−1Γ( j0β )

[ ∫ ∞

ci
1/α
0

x−ε−1

( ∫ i
1/α
0 /j

1/β
0

0

kλ(v, 1)vλ1+
ε
q −1dv

)
dx

+
∫ ∞

ci
1/α
0

x−ε−1

( ∫ x/cj
1/β
0

i
1/α
0 /j

1/β
0

kλ(v, 1)vλ1+
ε
q −1dv

)
dx

]

=
Γi0( 1

α )
αi0−1Γ( i0α )

Γj0( 1
β )

βi0−1Γ( j0β )

[
1

ε(ci1/α0 )ε

∫ i
1/α
0 /j

1/β
0

0

kλ(v, 1)vλ1+
ε
q −1dv

+
∫ ∞

i
1/α
0 /j

1/β
0

( ∫ ∞

cj
1/β
0 v

x−ε−1dx

)
kλ(v, 1)vλ1+

ε
q −1dv

]

=
Γi0( 1

α )
εαi0−1Γ( i0α )

Γj0( 1
β )

βi0−1Γ( j0β )
×

[
1

(ci1/α0 )ε

∫ i
1/α
0 /j

1/β
0

0

kλ(v, 1)vλ1+
ε
q −1dv

+
1

(cj1/β0 )ε

∫ ∞

i
1/α
0 /j

1/β
0

kλ(v, 1)vλ1− ε
p−1dv

]
.
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�+yF�� K ≤ K
1
p

β (λ1)K
1
q
α (λ1), xkM K ya K

1
p

β (λ1)K
1
q
α (λ1) qz, � (3.1) z5m

), 9: εĨ < εK‖ã‖p,Φ‖b̃‖q,Ψ, up
Γi0( 1

α)
αi0−1Γ( i0α )

Γj0( 1
β )

βi0−1Γ( j0β )

×
[

1

(ci1/α0 )ε

∫ i
1/α
0 /j

1/β
0

0

kλ(v, 1)vλ1+
ε
q −1dv +

1

(cj1/β0 )ε

∫ ∞

i
1/α
0 /j

1/β
0

kλ(v, 1)vλ1− ε
p−1dv

]

< K

(
Γi0( 1

α )

bεi
ε/α
0 αi0−1Γ( i0α )

) 1
p
( Γj0( 1

β )

bεj
ε/β
0 βj0−1Γ( j0β )

+ εO(1)
) 1

q

.

{ ε→ 0+, a Fatou BG [9] :
Γj0( 1

β )

βj0−1Γ( j0β )

Γi0( 1
α )

αi0−1Γ( i0α )
k(λ1) ≤ K

[
Γi0( 1

α )
αi0−1Γ( i0α )

] 1
p
[ Γj0( 1

β )

βj0−1Γ( j0β )

] 1
q

,

-#

K
1
p

β (λ1)K
1
q
α (λ1) ≤ K.

<*, K = K
1
p

β (λ1)K
1
q
α (λ1) �� (3.1) �>���<=. � (3.2) (� (3.3)) J���<=|�>

��, {9, a� (3.4) (� (3.5)) , ��|k#� (3.1) ���<=��>�?�}}. Iq.

MP~,F?G 3.1–3.2J,7 μi(t) = 1 (i = 1, . . . , i0), υ
(l)
j = 1 (l = 1, . . . , j0; j = 1, . . . , n),[

ϕ(x) := ‖x‖p(i0−λ1)−i0
α (x ∈ Ri0

+), ψ(n) := ‖n‖q(j0−λ2)−j0
β (n ∈ N

j0),

��:
vw 3.3 F?f 2.4 QI�, � p > 1, 1

p + 1
q = 1, f(x), bn ≥ 0, f = f(x) ∈ Lp,ϕ(Ri0+),

b = {bn} ∈ lq,ψ, ‖f‖p,ϕ, ‖b‖q,ψ > 0, 9:���O���:∑
n

bn

∫
R

i0
+

kλ(‖x‖α, ‖n‖β)f(x)dx < K
1
p

β (λ1)K
1
q
α (λ1)‖f‖p,ϕ‖b‖q,ψ, (3.6)

{ ∑
n

1

‖n‖j0−pλ2
β

[ ∫
R

i0
+

kλ(‖x‖α, ‖n‖β)f(x)dx
]p} 1

p

< K
1
p

β (λ1)K
1
q
α (λ1)‖f‖p,ϕ, (3.7)

{ ∫
R

i0
+

1

‖x‖i0−qλ1
α

[ ∑
n

kλ(‖x‖α, ‖n‖β)bn

]q
dx

} 1
q

< K
1
p

β (λ1)K
1
q
α (λ1)‖b‖q,ψ, (3.8)

<J, ��<=
K

1
p

β (λ1)K
1
q
α (λ1) =

[ Γj0( 1
β )

βj0−1Γ( j0β )

] 1
p
[

Γi0( 1
α )

βi0−1Γ( i0α )

] 1
q

k(λ1)

�>�?.

vw 3.4 F?f 2.4 QI� (� i0 = j0 = 1), [
Φ1(x) :=

(U1(x))p(1−λ1)−1

(μ1(x))p−1
,

Ψ1(n) :=
(V (1)
n )q(1−λ2)−1

(υ(1)
n )q−1

(x ∈ R+, n ∈ N),
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�+ p > 1, 1
p + 1

q = 1, f(x), bn ≥ 0, f = f(x) ∈ Lp,Φ1(R+), b = {bn} ∈ lq,Ψ1 , ‖f‖p,Φ1 , ‖b‖q,Ψ1>0,

9:���O���:
∞∑
n=1

bn

∫ ∞

0

kλ(U1(x), V (1)
n )f(x)dx < k(λ1)‖f‖p,Φ1‖b‖q,Ψ1 , (3.9)

{ ∞∑
n=1

υ
(1)
n

(V (1)
n )1−pλ2

[ ∫ ∞

0

kλ(U1(x), V (1)
n )f(x)dx

]p} 1
p

< k(λ1)‖f‖p,Φ1 , (3.10)

{ ∫ ∞

0

μ1(x)
(U1(x))1−qλ1

[ ∞∑
n=1

kλ(U1(x), V (1)
n )bn

]q
dx

} 1
q

< k(λ1)‖b‖q,Ψ1 . (3.11)

*/,�+��8QI υ
(1)
n ≥ υ

(1)
n+1 (n ∈ N), U1(∞) = V

(1)
∞ = ∞,9��<= k(λ1)�>�?.

O 3.5 7 i0 = j0 = 1 (μ1(t) = 1, υ(1)
j = 1 (j = 1, . . . , n)), 9� (3.6) (� (3.9)) /8 (1.6).

<*, � (3.6) (� (3.9)) � (1.6) �-%. � (3.1) |��*.

4 xyz{
F?G 3.2 QI�, [

cn :=

∏j0
j=1 υ

(j)
n

‖Vn‖j0−pλ2
β

[ ∫
R

i0
+

kλ(‖U(x)‖α, ‖Vn‖β)f(x)dx
]p−1

, n ∈ N
j0 ,

c = {cn}, ‖c‖p,Ψ1−p = J1 < K
1
p

β (λ1)K
1
q
α (λ1)‖f‖p,Φ <∞,

��"#R�?f:

cd 4.1 ?f,$>� 0A Hardy–Hilbert ;k= T1 : Lp,Φ(Ri0+) → lp,Ψ1−p ��: !t

e� f ∈ Lp,Φ(Ri0
+), yF~,�dq T1f = c ∈ lp,Ψ1−p , xk

T1f(n) :=
∫

R
i0
+

kλ(‖U(x)‖α, ‖Vn‖β)f(x)dx (n ∈ N
j0). (4.1)

! b ∈ lq,Ψ, ��?f T1f � b �!�����:

(T1f, b) :=
∑
n

[∫
R

i0
+

kλ(‖U(x)‖α, ‖Vn‖β)f(x)dx
]
bn. (4.2)

23a� (3.1) � (3.2), ��:���O���:

(T1f, b) < K
1
p

β (λ1)K
1
q
α (λ1)‖f‖p,Φ‖b‖q,Ψ, (4.3)

‖T1f‖p,Ψ1−p < K
1
p

β (λ1)K
1
q
α (λ1)‖f‖p,Φ, (4.4)

9k= T1 :�1�8
‖T1‖ := sup

f( �=θ)∈Lp,Φ(R
i0
+ )

‖T1f‖p,Ψ1−p

‖f‖p,Φ ≤ K
1
p

β (λ1)K
1
q
α (λ1). (4.5)

a?G 3.2, � (4.4) J���<= K
1
p

β (λ1)K
1
q
α (λ1) �>��, ��kl

‖T1‖ = K
1
p

β (λ1)K
1
q
α (λ1) =

[ Γj0( 1
β )

βj0−1Γ( j0β )

] 1
p
[

Γi0( 1
α )

αi0−1Γ( i0α )

] 1
q

k(λ1). (4.6)
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F?G 3.2 QI�, [
g(x) :=

∏i0
i=1 μi(x)

‖U(x)‖i0−qλ1
α

[ ∑
n

kλ(‖U(x)‖α, ‖Vn‖β)bn
]q−1

, x ∈ R
i0
+ ,

g = g(x), ‖g‖q,Φ1−q = J2 < K
1
p

β (λ1)K
1
q
α (λ1)‖b‖q,Ψ <∞,

��"#R�?f:

cd 4.2 ?f,$>� 0A Hardy–Hilbert ;k= T2 : lq,Ψ → Lq,Φ1−q(Ri0+) ��: !t

e� b ∈ lq,Ψ, yF~,�dq T2b = g ∈ Lq,Φ1−q (Ri0+), xk

T2b(x) :=
∑
n

kλ(‖U(x)‖α, ‖Vn‖β)bn (x ∈ R
i0
+). (4.7)

! f ∈ Lp,Φ(Ri0+), ��?f T2b � f �!�����:

(f, T2b) :=
∫

R
i0
+

f(x)
[∑

n

kλ(‖U(x)‖α, ‖Vn‖β)bn

]
dx. (4.8)

9a� (3.1) � (3.3), :����O���:

(f, T2b) < K
1
p

β (λ1)K
1
q
α (λ1)‖f‖p,Φ‖b‖q,Ψ, (4.9)

‖T2b‖q,Φ1−q < K
1
p

β (λ1)K
1
q
α (λ1)‖b‖q,Ψ. (4.10)

i\ T2 �:�k=, �8
‖T2‖ := sup

b( �=θ)∈lq,Ψ

‖T2b‖q,Φ1−q

‖b‖q,Ψ ≤ K
1
p

β (λ1)K
1
q
α (λ1). (4.11)

a?G 3.2, � (4.10) ���<= K
1
p

β (λ1)K
1
q
α (λ1) �>��, <*

‖T2‖ = K
1
p

β (λ1)K
1
q
α (λ1) =

[ Γj0( 1
β )

βj0−1Γ( j0β )

] 1
p
[

Γi0( 1
α )

αi0−1Γ( i0α )

] 1
q

k(λ1). (4.12)

g 4.3 (i) Fm 2.5 J, ! kλ(x, y) = (min{x,y})η

(max{x,y})λ+η , a� (4.6) � (4.12), ��:

‖T1‖ = ‖T2‖ =

[
Γj0( 1

β )

βj0−1Γ( j0β )

] 1
p

[
Γi0( 1

α )
αi0−1Γ( i0α )

] 1
q

λ+ 2η
(λ1 + η)(λ2 + η)

.

(ii) ! kλ(x, y) = 1
xλ+yλ (λ1 > 0, 0 < λ2 ≤ j0, λ1 + λ2 = λ), ��:

k(λ1) =
π

λ sin(πλ1
λ )

,

9a� (4.6) � (4.12), ik

‖T1‖ = ‖T2‖ =
[ Γj0( 1

β )

βj0−1Γ( j0β )

] 1
p
[

Γi0( 1
α )

αi0−1Γ( i0α )

] 1
q π

λ sin(πλ1
λ )

.

(iii) ! kλ(x, y) = ln(x/y)
xλ−yλ (λ1 > 0, 0 < λ2 ≤ j0, λ1 + λ2 = λ), ��:

k(λ1) =
[

π

λ sin(πλ1
λ )

]2

,
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9a� (4.6) � (4.12), ik

‖T1‖ = ‖T2‖ =
[ Γj0( 1

β )

βj0−1Γ( j0β )

] 1
p
[

Γi0( 1
α )

αi0−1Γ( i0α )

] 1
q
[

π

λ sin(πλ1
λ )

]2

.

O 4.4 7 0 < λ1 + η ≤ i0, 0 < λ2 + η ≤ j0,

kλ(x, y) =
(min{x, y})η

(max{x, y})λ+η
(x, y > 0),

9� (3.1) /8: [41, � (23)], R�� (1.4) (7 μi = υj = 1 (i, j ∈ N)) �-%.
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