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Abstract The Lie algebra W(2,2) is one kind of infinite-dimensional Lie algebras,
which plays a key role in classification of vertex operator algebras generated by weight
2 vectors. Hom-Lie algebras are algebras with an algebra structure and a Lie algebra
structure, both of which satisfy the Leibniz rule. This paper mainly determine all
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Hom-Lie structures on the Lie algebra W (2,2). It is the main result that all Hom-Lie
algebra structures are trivial on the Lie algebra W (2,2), which will be helpful to the
further researches on the Lie algebra W(2,2).
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1 5|8

Virasoro fRECE—REEM TCRAERLL, FE50E. AP AFZHEENH. STk (9] BF5
T Virasoro X% H [F#5 H FZ, SCik [4] e FERE ERFSRIERA T Virasoro ft% Ay Hom-
AU T L. %Fﬁﬁﬁ%ﬁﬁﬁf 2N T R A 57, FRlJE Heisenberg X,
¥, Virasoro {04, Poisson &, Weyl REFZERBG R EFA R LR 235K
W (2,2) BAEWFFACH 2 (4 i AR B T S FRE s R HR H R , iX R3S Virasoro 8,
BAEMBOER 0% ENEECFM RS20 S P a &) 12N H.

Hom- %ﬁﬁm—%iﬁ/@ﬁﬂ PrFl Hom-Jacobi XAy ARZS &A%, EIETXT Witt AAHFI
Virasoro fCHUEATICHIRFTE B MER3C [2] ke o 2B, Hartwig il
Silvestrov SF7E3C [1] EPIEEWEIEH Hom- ZEREXAIMEE. IR, Hom- ZERENEAES [ EBOERZ 1
Kk (W [3, 7) &) B —DZEREER Hom- 225 H, XM+ Hom- ZEREA I —1F
AE TR ASCFERE T 2% W(2,2) EfY Hom- 2R JLIY.

FEASCH, Z, 72 fl C,C* 4y RIFRR R AR . EREMAERZ R, Ira %k
(123 H]) #RE XAE C E.

2 FEANRA

X 2.1 00 —A4 Hom- ZERREL (L, o) 2l — MR A RE L AUREURIES o - L — L iy
ERARE, BAMEEN ©,y,2 € L, 0 WiE:

(1) [z,y] = [y, zl;

(2) lo(@), [y, 2] + o (), [2,2]] + [o(2), [z, 9]] = 0, Hert [—, =] N L iR (2) B5N o- 1
Jacobi Z£5L.

BN 2.2 0 ZEREW(2,2) B £, B C LiymEZEE, BE 4% {Ln, I, C,C'}
Hi R e R
m3 —m

12
m3 —m
12
U, 1] =0, [Z.C]=]2,C'=0, Vm,ne L.

[Lma Ln] = (TL - m)Lm+n + 5m+n,0 C,

[Lma In] = (’I’L - m)Im-‘rn + 5m+n,0 Cl7

L =B L,

meZ
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He 2 B—4 C ki Z- miREEREL
L = spang{ Ly, L, |m € Z, m # 0}, % = spanc{Lo, ly,C,C"},
IHid
L= Lo, L= L.
m>1 m<—1

S5 RBC W (2,2) TTAIE Virasoro OB Viemspane (L. C | n € Z) 55— -eh i F5 Ay
EMA 0 Hsz bW = spang {L,, |m € Z} & Witt 8% (o0 Virasoro f£%0), V =
spanc {1, [n € Z} J& W- 8L, R RARK (L, L] = (n = m) Lnn, W W 5V L ERME—Z
&L 2 W(1) (B TEHOR W(2,2)). TTERE W(2,2) B2AE W) fEsH.of
5. VP2 T W (2,2) gt 5Re (W3 [5, 6, 8] 4%).

FIH 2.1 0 Virasoro % Vir EAE—HFZ o Vir — Vir #40 FER:

1— k2

1
O'(Ln) = Ea”le + 6774)0%0, U(C) = kC,

HrkeZ*, acC.
T 2.2 4 Virasoro 0% Vir EffE— Hom- ZERELLEH (Vir, o) #H2F-MAY, Bl o = id.
ASCESE A W(2,2) B EFSER, #Emgs b2 A% W (2,2) ERFra Hom- 224X
piEtof

3 FRHK W(2,2) LHYEESK

FI 3.1 ZFRE W) Eidbm W(2,2) ERE—AEF A RS ¢ #ERAM TR

o(Ly) = %a”Lkn + cena Iy, @(I,) = a™blg,,

HrkeZ*, acC* bceC.

WEEA EFEERUE BWEE A o 2 W(1) B ERS. RZ, % e 2 W) EfiE—E RS
RIGER 2.2, RHIE Witt RBW E o(Ln) = ta"Lin, i a € C, k € 2. FILATE
HAF f,90 € C. W HE A

PlLm, Ln] = [(Lm), o(Ln)l; [Lin, In] = [o(Lm), ¢(In)].
THE IR T
i'@é 1 <P[Lm7 Ln] = (n - m)‘P(Lm-‘rn) = (n - m)(%am—i_n[’k(ern) + fm-i—nIk:(ern))-

(L) (L)) = | 10" i+ forlin 70" Li + i
= %amM[Lkm, Lin] + %amfn[Lkm,Ikn] + %a"fm[jkvakn]
= (n—m) %a”‘*"ﬂumm +(n—m) (@™ fr + a" fon) I (mesn)-
HF @[Lm, L] = [p(Lim), ¢(Ln)], BTLARTEATHE]
fman = a" fro +a" fn.
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/7"\ m = ]-7 ﬁﬁ%,ﬂ:yy fn+1 - af’n + anflv wjijl[ﬁjﬁjﬁl%u anJrla ﬁ
fer _fu

artl  an  q
A hy = Lo, BIRA hy = nha, 2 by = ¢, B by = cn, B f,, = cna™. FRUARATAT A E]

1
©(Ln) = EanLkn + cna” Iy,

p @[Lm, In] =n—=m)plnin=(n— m)gm+nIk(m+n)~

1
(L) ()] = | 0™ Lo + ma™ I, gnTin

1
= Eamgn [Lkm7 Ikn}

= (n—m)a" gndy(mn)-
BT ©lLm, In] = [o(Lm), o(In)], BFRAFRATATLAEE] gmin = a™gn. 2 n = 0, BXFAILH
gm = @™ go, P go = b, B gn = a™b. FrLAFRATAT LAAFE:
w(Ip) = a"blgy,.

FEFRASHIE.
#i 3.1 B W(2,2) EAAE—IEFRHES ¢ #EAM TR
1 1 — k2
o(L,) = EanLkn + cna™ Iy + 00 WC,
b(1 — k2
o(I,) = a"blyy, + 0y OQC’,
’ 24
©(C) =kC, ¢(C") =kbC",
HftkeZ, acC* bceC.
JEBA AR 3.1, X4 n #£ 0 B, HATH
3
n—mn
¢[L-n, Ln] = 2np(Lo) + —5—#(C)
A
1 _ 1
(L)L) = [ 107 Lo = 0™ Lo, 20" L+ en o
1 cn cn
= E[L—knsz:n] + ?[L—k:n; Ikn] - ?[I—k’ruLkn]
1 kn — k®m3
2n n — k%n?
“a bt Ty ©
M n =10, 20(Lo) = $Lo + %O, [FCIEES
1 1— k2
‘P(LO) - ELO + WC
55| I, Lp] = [p(L_pn), (Ln)], H
n—nd 2n n — k?n3
2p(Lo) + T T0(C) = Lo+ P



434 PRI A7 2 W(2,2) LY Hom- 22845 407

A[EE] o(C) = kC.
R

—n3

n
90[L—na[n] = 2”@(10) + 12

@(C")

1 b(n — k?n?
[o(L_pn),o(In)] = |70 "L_gn — cna™"I_pp,a" Bl, | = 2bnly + bn — ¥n’)

!
k 12k <

b = 1B, 20(Io) = 261 + YA5EL O, waT
b(1— k2)
24

QO(I()) = b.[o + C/.

H o[L—n, In] = [p(L—n), o(In)], A

_ n3 b(n — k2n3
2np(lo) + 5 —(C") = 2bnlo + %C',

A[EE] p(C") = bk2C.
L5 LR, HERAHE.

4 FRE W(2,2) £ Hom- FRBLEH

FIE 4.1 @R o & W(2,2) EW—MEFARE, (W(2,2),0) &1 Hom- Z2%L, N
o = id. WHEtEUL, W (2,2) A% B8 Hom- ZEEE M2 LY.
JEBA B 3 WETAL ERERSHE o BAHR 3.1 fPEX. MMEER mn,p e Z, o-
Jacobi A5k
[0(Lin)s [Lns Lpl] + [0(Ln), [Lp, Lin]] + [0(Lyp), [Lin, Ln]] = 0.

52
1 m m 1 n n
[Ea Lim + ecma™ Iy, (p — n)Lner} + [Ea Lin + cna™ Iy, (m — p) Lty
1
+ [Eaka" + cuaP Iy, (n — m)Lm+n} =0,
al
1
(p— n)Eam (p+n—km)Limiyntp +cm(p —n)a™(p+n — km)Igmipin

1
+ (m—p)—a"(p+m —kn)Ligptm+p + cn(m —p)a”(p +m — kn)Ipnipim

k

—~

+(n— m)%ap(m +n — ku)Lgytntm + cu(n — m)a?(m +n — ku) Igysman = 0.
BT m,n,p € Z LR, Fehl, 25 m =3, n=2p=1, EiH
3 2

a 2a
- ?(3 — 3k)Lak+a + 3¢(—1)a’(3 — 3k) Lap13 + 7(4 — 2k)Loj44

+ 26&22(4 - 2k)12k+4 — %(5 — k)Lk+5 + ca(—l)(5 — k))]k+5 =0.
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HT keZ WA k=1. FEANTA (4a® — 4a) L + (8ac — dac)ls = 0, tHHE 40> —4a =0
H 8a*c—4dac=0. T a#0, H#fi1H5F a=1H c=0.

o(Ly) = Ly.

M H

[J(Lm)» [Ln»—rp]] + [U(Ln)v [Ipa LmH + [U(Ip)v [Lmv Ln]] =0,
38 2

1 1
[EamLkm + ema™ I, (p — n)Inﬂ,} + [Ea"Lkn + ena™ Iy, (M — p) Lnyp
1
+ [Eakau + cuad? Iy, (n — m)ImHl} =0,

il

1 1
(p— n)Eam(p +n — km)Ipmsptn + (M — p)Ea”(p +m — kn)Igntptm

+ (n — m)aPb(m + n — ku)Iyytmsn = 0.

BT m,n,p € Z ZAEEN, FRl, fm =3, n=2,p=1, ®ATH

@
k

2a?

(3 —3k) I3k 43 + 2

(4 — 2k)[2k+4 + ba(—l)(5 — k)[k+5 =0.

BT keZ MdA k=1 [, BTG (40® — 4ab)Is = 0, WHE 4a® —4a=0. HF a #0, &
1158 a =b=1.Hk

O'(L,,L)ZL,L7 O‘([n):[n, U(C):C7 O'(CI):C/’ Vne€Z.
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