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Abstract The Lie algebra W (2, 2) is one kind of infinite-dimensional Lie algebras,
which plays a key role in classification of vertex operator algebras generated by weight
2 vectors. Hom-Lie algebras are algebras with an algebra structure and a Lie algebra
structure, both of which satisfy the Leibniz rule. This paper mainly determine all
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Hom-Lie structures on the Lie algebra W (2, 2). It is the main result that all Hom-Lie
algebra structures are trivial on the Lie algebra W (2, 2), which will be helpful to the
further researches on the Lie algebra W (2, 2).
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1 jk
Virasoro ��������������, �� �!�"#$���%&. '( [9] )�

� Virasoro ��*+�,*+-, '( [4] ����.)�/�� Virasoro ��.� Hom-

������ !�. ������"#$%&0!�%&1� '2, 3(� Heisenberg �

��Virasoro ���Poisson ���Weyl ��)���"*+� ,%!� ,4-5. ���
W (2, 2)��)�67 2�8+Æ.�/09:���12";34�, <5��, Virasoro �

�6=�7->?'8@. =9�� 6!� �$�'2":#A#$�%&.

Hom- ������;B<=>6 Hom-Jacobi )C�?�@��, DE0= Witt ��6
Virasoro ��FA�B�)� [2]. G7' [2] "HCID� q- ���EF�J#, Hartwig 6

Silvestrov )�' [1] "KC;3 Hom- ����EF. G4, Hom- ���K�IDL4L��
-5 (H' [3, 7] )). MI�5���.� Hom- �����, =0 Hom- ����'���J
#NO�KG. L'P�MI���� W (2, 2) .� Hom- ������ !�.

�L'", Z, Z∗ 6 C, C∗ '(MQR�N�?OR�N�P�N6?OP�N, 4#���
(8+QR) :IO� C ..

2 lSmn
To 2.1 [9] �5 Hom- ��� (L,ϕ) �U�5?�@�� L 6��+- σ : L → L 4M

I���, V=WN� x, y, z ∈ L, σ ;B:

(1) [x, y] = −[y, x];

(2) [σ(x), [y, z]] + [σ(y), [z, x]] + [σ(z), [x, y]] = 0, &" [−,−] 7 L "�ST. (2) >7 σ- U

Jacobi )C.

To 2.2 [9] ��� W (2, 2) V7 L , �X C .�8+QR, =#�Y� {Lm, Im, C,C′}
V;BZ[->C:

[Lm, Ln] = (n − m)Lm+n + δm+n,0
m3 − m

12
C,

[Lm, In] = (n − m)Im+n + δm+n,0
m3 − m

12
C′,

[Im, In] = 0, [L , C] = [L , C′] = 0, ∀m,n ∈ Z.

\]
L =

⊕
m∈Z

Lm,
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&" L ��5 C .� Z- 'C���.

Lm = spanC{Lm, Im |m ∈ Z, m �= 0}, L0 = spanC{L0, I0, C,C′},
`V

L+ =
∑
m≥1

Lm, L− =
∑

m≤−1

Lm.

��� W (2, 2) abG Virasoro �� Vir=spanC{Ln, C |n ∈ Z} ,&��5"R_c7�
d`T [10]. ab., W = spanC {Lm |m ∈ Z} � Witt �� (�"c� Virasoro ��), V =

spanC {In |n ∈ Z} � W - 7, ;B->C [Lm, In] = (n − m)Im+n, d W , V d`T�.��
��, V7 W (1) (e>7�"c� W (2, 2)). e��� W (2, 2) ���� W (1) �fg"ch
f. $�B')�� W (2, 2) ���,MQ�B (H' [5, 6, 8] )).

Tp 2.1 [9] Virasoro �� Vir .�W�*+- σ : Vir → Vir :#Z[FC:

σ(Ln) =
1
k

anLkn + δn,0
1 − k2

24k
C, σ(C) = kC,

&" k ∈ Z
∗, a ∈ C.

Tp 2.2 [4] Virasoro�� Vir.�W� Hom-����� (Vir, σ):� !�,i σ = id.

L'g1MI��� W (2, 2) .�*+-j, Dek3��� W (2, 2) .�4# Hom- ��

���.

3 qhr W (2,2) Æistuv
Tp 3.1 ��� W (1) (i�"c� W (2, 2)) .�W�?O*+- ϕ :l#Z[FC:

ϕ(Ln) =
1
k

anLkn + cnanIkn, ϕ(In) = anbIkn,

&" k ∈ Z
∗, a ∈ C

∗, b, c ∈ C.

wx `mj/.nIO� ϕ � W (1) .�*+-. <k, l ϕ � W (1) .�W�*+-.

opI� 2.2, �m� Witt �� W . ϕ(Ln) = 1
kanLkn, &" a ∈ C, k ∈ Z

∗. n�al
ϕ(Ln) =

1
k

anLkn + fnIkn, ϕ(In) = gnIkn,

&" fn, gn ∈ C. opIO#
ϕ[Lm, Ln] = [ϕ(Lm), ϕ(Ln)], ϕ[Lm, In] = [ϕ(Lm), ϕ(In)].

[n'q5ÆoDpqB:

ry 1 ϕ[Lm, Ln] = (n − m)ϕ(Lm+n) = (n − m)( 1
kam+nLk(m+n) + fm+nIk(m+n)).

[ϕ(Lm), ϕ(Ln)] =
[

1
k

amLkm + fmIkm,
1
k

anLkn + fnIkn

]

=
1
k2

am+n[Lkm, Lkn] +
1
k

amfn[Lkm, Ikn] +
1
k

anfm[Ikm, Lkn]

= (n − m)
1
k

am+nLk(m+n) + (n − m)(amfn + anfm)Ik(m+n).

U0 ϕ[Lm, Ln] = [ϕ(Lm), ϕ(Ln)], 4sasrs
fm+n = amfn + anfm.
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t m = 1, uC:v7 fn+1 = afn + anf1, qw+txs an+1, #
fn+1

an+1
=

fn

an
+

f1

a
.

ut hn = fn

an , \]# hn = nh1, t h1 = c, u hn = cn, i fn = cnan. 4sv9asrs
ϕ(Ln) =

1
k

anLkn + cnanIkn.

ry 2 ϕ[Lm, In] = (n − m)ϕIm+n = (n − m)gm+nIk(m+n).

[ϕ(Lm), ϕ(In)] =
[

1
k

amLkm + cmamIkm, gnIkn

]

=
1
k

amgn[Lkm, Ikn]

= (n − m)amgnIk(m+n).

U0 ϕ[Lm, In] = [ϕ(Lm), ϕ(In)], 4sv9asrs gm+n = amgn. t n = 0, uC:v7
gm = amg0, ut g0 = b, u gn = anb. 4sv9asrs:

ϕ(In) = anbIkn.

I�r/.

z{ 3.1 ��� W (2, 2) .�W�?O*+- ϕ :l#Z[FC:

ϕ(Ln) =
1
k

anLkn + cnanIkn + δn,0
1 − k2

24k
C,

ϕ(In) = anbIkn + δn,0
b(1 − k2)

24
C′,

ϕ(C) = kC, ϕ(C′) = k2bC′,

&" k ∈ Z
∗, a ∈ C

∗, b, c ∈ C.

wx opI� 3.1, y n �= 0 t, v9#
ϕ[L−n, Ln] = 2nϕ(L0) +

n − n3

12
ϕ(C)

6

[ϕ(L−n), ϕ(Ln)] =
[

1
k

a−nL−kn − cna−nI−kn,
1
k

anLkn + cnanIkn

]

=
1
k2

[L−kn, Lkn] +
cn

k
[L−kn, Ikn] − cn

k
[I−kn, Lkn]

=
1
k2

(
2knL0 +

kn − k3m3

12
C

)

=
2n
k

L0 +
n − k2n3

12k
C.

y n = 1 t, 2ϕ(L0) = 2
kL0 + 1−k2

12k C, uar

ϕ(L0) =
1
k

L0 +
1 − k2

24k
C.

U ϕ[L−n, Ln] = [ϕ(L−n), ϕ(Ln)], #
2nϕ(L0) +

n − n3

12
ϕ(C) =

2n
k

L0 +
n − k2n3

12k
C,
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ars ϕ(C) = kC.

op

ϕ[L−n, In] = 2nϕ(I0) +
n − n3

12
ϕ(C′)

6

[ϕ(L−n), ϕ(In)] =
[

1
k

a−nL−kn − cna−nI−kn, anBIkn

]
= 2bnI0 +

b(n − k2n3)
12k

C′,

y n = 1 t, 2ϕ(I0) = 2bI0 + b(1−k2)
12k C′, uar

ϕ(I0) = bI0 +
b(1 − k2)

24
C′.

U ϕ[L−n, In] = [ϕ(L−n), ϕ(In)], #
2nϕ(I0) +

n − n3

12
ϕ(C′) = 2bnI0 +

b(n − k2n3)
12

C′,

ars ϕ(C′) = bk2C′.

w.4x, JBr/.

4 qhr W (2,2) Æi Hom- qhr|y
Tp 4.1 Zz σ � W (2, 2) .��5?O*+-, (W (2, 2), σ) ��5 Hom- ���, d

σ = id. e{�z, W (2, 2) ��.� Hom- ������ !�.

wx U| 3 }a{, ?O*+-|# σ l#JB 3.1 �FC. =WN� m,n, p ∈ Z, σ- U

Jacobi )CA7
[σ(Lm), [Ln, Lp]] + [σ(Ln), [Lp, Lm]] + [σ(Lp), [Lm, Ln]] = 0.

e{� [
1
k

amLkm + cmamIkm, (p − n)Ln+p

]
+

[
1
k

anLkn + cnanIkn, (m − p)Lm+p

]

+
[

1
k

apLku + cuapIku, (n − m)Lm+n

]
= 0,

i

(p − n)
1
k

am(p + n − km)Lkm+n+p + cm(p − n)am(p + n − km)Ikm+p+n

+ (m − p)
1
k

an(p + m − kn)Lkn+m+p + cn(m − p)an(p + m − kn)Ikn+p+m

+ (n − m)
1
k

ap(m + n − ku)Lku+n+m + cu(n − m)ap(m + n − ku)Iku+m+n = 0.

U0 m,n, p ∈ Z �WN�, 3(~, '(} m = 3, n = 2, p = 1, v9#
− a3

k
(3 − 3k)L3k+3 + 3c(−1)a3(3 − 3k)I3k+3 +

2a2

k
(4 − 2k)L2k+4

+ 2ca22(4 − 2k)I2k+4 − a

k
(5 − k)Lk+5 + ca(−1)(5 − k)Ik+5 = 0.
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U0 k ∈ Z, d�# k = 1. +tv9# (4a2 − 4a)L6 + (8a2c − 4ac)I6 = 0, e{� 4a2 − 4a = 0

V 8a2c − 4ac = 0. U0 a �= 0, v9rs a = 1 V c = 0. u

σ(Ln) = Ln.

~U
[σ(Lm), [Ln, Ip]] + [σ(Ln), [Ip, Lm]] + [σ(Ip), [Lm, Ln]] = 0,

e{� [
1
k

amLkm + cmamIkm, (p − n)In+p

]
+

[
1
k

anLkn + cnanIkn, (m − p)Im+p

]

+
[

1
k

apLku + cuapIku, (n − m)Im+n

]
= 0,

i

(p − n)
1
k

am(p + n − km)Ikm+p+n + (m − p)
1
k

an(p + m − kn)Ikn+p+m

+ (n − m)apb(m + n − ku)Iku+m+n = 0.

U0 m,n, p ∈ Z �WN�, 3(~, } m = 3, n = 2, p = 1, v9#
−a3

k
(3 − 3k)I3k+3 +

2a2

k
(4 − 2k)I2k+4 + ba(−1)(5 − k)Ik+5 = 0.

U0 k ∈ Z, d�# k = 1. +t, v9# (4a2 − 4ab)I6 = 0, e{� 4a2 − 4a = 0. U0 a �= 0, v
9rs a = b = 1. u

σ(Ln) = Ln, σ(In) = In, σ(C) = C, σ(C′) = C′, ∀n ∈ Z.
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