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1 WX
����� m, n, k ≥ 2 � q ≥ 3, �!" ��#$ A(m,n, k; q),

A(m,n, k; q) =
q−1∑
a=1

e

(
mak + na

q

)
,

�% e(y) = e2πiy.

& χ '� q �(� Dirichelet )*, M � N '��+� � M > N , f(x) '�� x

� n �,�- �!., � q ��!.)*��#$ ∑N+M
a=N+1 χ(f(a)),  !� Gauss ��#$

τ(χ) =
∑q−1

a=1 χ(a)e
(

a
q

)
.

& χ '� q �"/)*,  !� Gauss �#0$%. [5, 7]

q∑
a=1

χ(a)e
(

na

q

)
= χ(n)τ(χ) 1� |τ(χ)| =

√
q.

2345, Gauss �&�!" �1��!.�)*�6'7 (%8,9):;�<=,

>� (?*�@A+,B��CD�E=�F- [1−3, 11, 12]. ).'6�!" �&�!.)
*��G/0123, HI456Æ7,�#�89.

:;, & p 'J , ���<K)*, Pólya � Vinogradov 5=01. [6, 8]∣∣∣∣
p∑

a=1

χ(a)
∣∣∣∣ ≤ c

√
p ln p, (1.1)

�% c '(�+> .

& p '?J , χ '� p �(� q �)*, f(x) @'� p � q �A, Weil LB6 [9]

N+M∑
x=N+1

χ (f(x)) � p
1
2 ln p, (1.2)

�%K! p
1
2 CD'ME�89.

FG6NO [4] %F-6HI�!" �P�!.�)*��JKLQ, M5=
p−1∑
m=1

∣∣∣∣
p−1∑
a=1

e

(
mak + na

p

) ∣∣∣∣
2∣∣∣∣

p−1∑
b=1

χ(mb + b)
∣∣∣∣
2

=

{
2p3 + O(|k|p2), R k 'N ,
2p3 + O(|k|p 5

2 ), R k '? .

ST�SNO6NO [10] %PQ6�!" ��U�LQ�(�,R�$%.. VGW@
A�ST, 8K�!" ��CD, "NK;U='72VF-�!.�)*�P�!X�" 
��JKLQ�1YZ[, MPQ(�WX�YZ[.. \\]^LB]3�8(:

^_ & p$?J , χ'� p���<K)*� χ(−1)= 1,`���� m� (m, p)=1,,
p−1∑
m=1

∣∣∣∣
p−1∑
a=1

χ(a3 + ma)
∣∣∣∣
2∣∣∣∣

p−1∑
a=0

e

(
ma3 + a

p

) ∣∣∣∣
4

=

{
4p4 + O(p

7
2 log p), R χ3 �= χ0,

2p4 + O(p
7
2 log p), R χ3 = χ0.

2 abWc
$6d_���LB, \]e;f`]3a�bc�f�.

Y_ 1 & p'?J , χ'� p���<K)*, ���� m� (m, p) = 1, χ(−1) = 1,
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;9 χ3 �= χ0, `,$%.∣∣∣∣
p−1∑
a=1

χ
(
a3 + ma

) ∣∣∣∣
2

= 2p +
χ2(m)τ2(χ2)

p

p−1∑
b=1

χ(b)
p−1∑
a=1

χ2

(
(b − a3)(b − a)

)
;

;9 χ3 = χ0, `,$%.∣∣∣∣
p−1∑
a=1

χ
(
a3 + ma

) ∣∣∣∣
2

= p + 1 +
χ2(m)τ2(χ2)

p

p−1∑
b=1

χ(b)
p−1∑
a=1

χ2

(
(b − a3)(b − a)

)
,

�% χ2 = ( ∗p ) nm� p � Legendre op.

Zn ���� m � (m, p) = 1, \],$%.
p−1∑
a=0

e

(
ma2

p

)
= 1 +

p−1∑
a=1

(1 + χ2(a)) e

(
ma

p

)
= χ2(m)τ(χ2). (2.1)

o�= χ '� p �<K)*, �',
p−1∑
a=1

χ(a) = 0. (2.2)

q χ3 �= χ0 p, 8K (2.1), (2.2) � ! Gauss ��CD, \],∣∣∣∣
p−1∑
a=1

χ
(
a3 + ma

) ∣∣∣∣
2

=
∣∣∣∣

p−1∑
a=1

χ(a)χ
(
a2 + m

) ∣∣∣∣
2

=
∣∣∣∣ 1
τ (χ)

p−1∑
b=1

χ(b)
p−1∑
a=1

χ(a) e

(
b
(
a2 + m

)
p

)∣∣∣∣
2

=
1
p

p−1∑
b=1

p−1∑
d=1

χ(bd)
p−1∑
a=1

p−1∑
c=1

χ(ac) e

(
b
(
a2 + m

) − d
(
c2 + m

)
p

)

=
1
p

p−1∑
b=1

p−1∑
d=1

χ(b)
p−1∑
a=1

p−1∑
c=0

χ(a) e

(
dc2

(
ba2 − 1

)
+ dm (b − 1)

p

)

=
1
p

p−1∑
a=1

p−1∑
b=1

χ
(
ab

)
τ(χ2)χ2

(
ba2 − 1

) p−1∑
d=1

χ2(d)e
(

dm (b − 1)
p

)

+
p−1∑
a=1

p−1∑
b=1

ba2≡1 mod p

χ
(
ab

) p−1∑
d=1

e

(
dm (b − 1)

p

)

=
χ2(m)τ2(χ2)

p

p−1∑
a=1

p−1∑
b=1

χ
(
ab

)
χ2

(
ba2 − 1

)
χ2(b − 1)

+ 2(p − 1) +
p−1∑
a=1

p−1∑
b=2

ba2≡1 mod p

χ
(
ab

) p−1∑
d=1

e

(
dm (b − 1)

p

)

=
χ2(m)τ2(χ2)

p

p−1∑
b=1

χ(b)
p−1∑
a=1

χ2

(
b − a3

)
χ2(b − a) + 2p −

p−1∑
a=1

χ3(a)

= 2p +
χ2(m)τ2(χ2)

p

p−1∑
b=1

χ(b)
p−1∑
a=1

χ2

(
b − a3

)
χ2(b − a). (2.3)
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q χ3 = χ0 p, \],∣∣∣∣
p−1∑
a=1

χ
(
a3 + ma

) ∣∣∣∣
2

= p + 1 +
χ2(m)τ2(χ2)

p

p−1∑
a=1

χ (a)
p−1∑
b=1

χ2

(
b − a3

)
χ2(b − a). (2.4)

rs (2.3) � (2.4), \]tC15=f� 1 �89.

Y_ 2 & p 'J , � p > 3, uv���� n � (n, p) = 1, ,
p−1∑
m=1

∣∣∣∣
p−1∑
a=0

e

(
ma3 + na

p

) ∣∣∣∣
4

=

{
2p3 − p2, R 3 � (p − 1),
2p3 − 7p2, R 3 | (p − 1).

Zn wqNO [10, ���LB].

Y_ 3 & p 'J , � p > 3, \], ∑p−1
m=1 χ2(m)

∣∣∑p−1
a=0 e

(
ma3+a

p

)∣∣4 � p
5
2 log p.

Zn rs, q χ '� p ���<K)*, � χ @'� p �(�Xx)*p, t Gauss �

�CD, \], (wqNO [10, f� 2 �LB])
p−1∑
m=1

χ(m)
∣∣∣∣

p−1∑
a=0

e

(
ma3 + a

p

) ∣∣∣∣
2

= χ(4)χ2(3)τ(χ3)τ(χ2)τ(χχ2) (2.5)

�
p−1∑
m=1

χ(m)χ2(m)
∣∣∣∣

p−1∑
a=0

e

(
ma3 + a

p

) ∣∣∣∣
2

= χ(4)χ2(3)τ(χ3χ2)τ(χ2)τ(χ). (2.6)

;9 χ = χ0 '� p �K)*, y χ = χ2, \]u5
p−1∑
m=1

χ0(m)
∣∣∣∣

p−1∑
a=0

e

(
ma3 + a

p

) ∣∣∣∣
2

= χ2(3)τ(χ0)τ2(χ2) = −χ2(3)τ2(χ2) (2.7)

�
p−1∑
m=1

χ2(m)
∣∣∣∣

p−1∑
a=0

e

(
ma3 + a

p

) ∣∣∣∣
2

= χ2(3)τ(1)τ2(χ2) = −χ2(3)τ2(χ2). (2.8)

z{, t (2.5)–(2.8) �)*�+|C, C5

(p − 1)
p−1∑
m=1

χ2(m)
∣∣∣∣

p−1∑
a=0

e

(
ma3 + a

p

) ∣∣∣∣
4

=
∑

χ�=χ0,χ2

( p−1∑
m=1

χ(m)
∣∣∣∣

p−1∑
a=0

e

(
ma3 + a

p

) ∣∣∣∣
2)( p−1∑

m=1

χ(m)χ2(m)
∣∣∣∣

p−1∑
a=0

e

(
ma3 + a

p

)∣∣∣∣
2)

+ 2
( p−1∑

m=1

χ0(m)
∣∣∣∣

p−1∑
a=0

e

(
ma3 + a

p

) ∣∣∣∣
2)( p−1∑

m=1

χ2(m)
∣∣∣∣

p−1∑
a=0

e

(
ma3 + a

p

) ∣∣∣∣
2)

= p
∑

χ�=χ0,χ2

τ(χ3)τ(χ3χ2) · τ(χ)τ(χχ2) + O(p2)

= p
∑

χ�=χ0,χ2

( p−1∑
a=1

χ3(a)e
(

a

p

)p−1∑
b=1

χ3(b)χ2(b)e
(

b

p

))( p−1∑
c=1

χ(c)e
(

c

p

)p−1∑
d=1

χ(d)χ2(d)e
(

d

p

))
+O(p2)

= p
∑

χ�=χ0,χ2

( p−1∑
a=1

p−1∑
b=1

χ3(a)χ2(b)e
(

b(a + 1)
p

))( p−1∑
c=1

p−1∑
d=1

χ(c)χ2(d)e
(

d(c + 1)
p

) )
+ O(p2)
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= p
∑

χ�=χ0,χ2

(
τ(χ2)

p−1∑
a=1

χ3(a)χ2(a + 1)
)(

τ(χ2)
p−1∑
c=1

χ(c)χ2(c + 1)
)

+ O(p2)

= p2
∑

χ�=χ0,χ2

p−1∑
a=1

p−1∑
c=1

χ(a3c)χ2((a + 1)(c + 1)) + O(p2)

= p2(p − 1)
p−1∑
a=1

p−1∑
c=1

χ(a3c)χ2((a + 1)(c + 1)) + O(p2)

= p2(p − 1)
p−1∑
a=1

p−1∑
c=1

a3c≡1 mod p

χ2((a + 1)(a3 + 1)) + O(p2)

= p2(p − 1)
p−1∑
a=1

χ2(a3)χ2((a + 1)(a3 + 1)) + O(p2)

= p2(p − 1)
p−1∑
a=1

χ2(a)χ2(a2 − a + 1) + O(p2)

= p2(p − 1)
p−1∑
a=1

χ2(a3 − a2 + a) + O(p2). (2.9)

8K (1.2) � (2.9), C15=

(p − 1)
p−1∑
m=1

χ2(m)
∣∣∣∣

p−1∑
a=0

e

(
ma3 + a

p

) ∣∣∣∣
4

� p2(p − 1)
√

p log p. (2.10)

t (2.10) uL ∑p−1
m=1 χ2(m)

∣∣∑p−1
a=0 e

(
ma3+a

p

)∣∣4 � p
5
2 log p. vw, td_6f� 3 �LB.

3 xcy[z
]3d_���LB. & p '?J , χ �' p ���<K)*, ���� m � (m, p) =

1, q χ3 �= χ0 p, 8Kf� 1, C5
p−1∑
m=1

∣∣∣∣
p−1∑
a=1

χ(a3 + ma)
∣∣∣∣
2∣∣∣∣

p−1∑
a=0

e

(
ma3 + a

p

) ∣∣∣∣
4

=
p−1∑
m=1

(
2p +

χ2(m)τ2(χ2)
p

p−1∑
b=1

χ(b)
p−1∑
a=1

χ2

(
(b − a3)(b − a)

) )∣∣∣∣
p−1∑
a=0

e

(
ma3 + a

p

) ∣∣∣∣
4

= 2p
p−1∑
m=1

∣∣∣∣
p−1∑
a=0

e

(
ma3 + a

p

) ∣∣∣∣
4

+
p−1∑
m=1

χ2(m)
∣∣∣∣

p−1∑
a=0

e

(
ma3 + a

p

)∣∣∣∣
4
τ2(χ2)

p

p−1∑
b=1

χ(b)
p−1∑
a=1

χ2

(
(b − a3)(b − a)

)
. (3.1)

rsf� 2, 5
p−1∑
m=1

∣∣∣∣
p−1∑
a=0

e

(
ma3 + na

p

) ∣∣∣∣
4

= 2p3 + O(p2). (3.2)
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rsf� 1, ����� p ���<{|, \]CL∣∣∣∣
p−1∑
a=1

χ
(
a3 + rma

) ∣∣∣∣
2

+
∣∣∣∣

p−1∑
a=1

χ
(
a3 + ma

) ∣∣∣∣
2

= 4p +
(χ2(r) + 1)χ2(m)τ2(χ2)

p

p−1∑
b=1

χ(b)
p−1∑
a=1

χ2

(
(b − a3)(b − a)

)
= 4p

� ∣∣∣∣
p−1∑
a=1

χ
(
a3 + ma

) ∣∣∣∣
2

≤ 4p. (3.3)

}(23, tf� 1 5∣∣∣∣
∣∣∣∣

p−1∑
a=1

χ
(
a3 + ma

) ∣∣∣∣
2

− 2p
∣∣∣∣ =

∣∣∣∣χ2(m)τ2(χ2)
p

p−1∑
b=1

χ(b)
p−1∑
a=1

χ2

(
(b − a3)(b − a)

) ∣∣∣∣
=

∣∣∣∣
p−1∑
b=1

χ(b)
p−1∑
a=1

χ2

(
(b − a3)(b − a)

) ∣∣∣∣. (3.4)

U=@%.�CD�. (1.2), (3.3) � (3.4), 5∣∣∣∣
p−1∑
b=1

χ(b)
p−1∑
a=1

χ2

(
(b − a3)(b − a)

) ∣∣∣∣ ≤
∣∣∣∣
∣∣∣∣

p−1∑
a=1

χ
(
a3 + ma

) ∣∣∣∣
2∣∣∣∣ + 2p ≤ 4p + 2p � p. (3.5)

8K (3.1), (3.2) � (3.5), CL5
p−1∑
m=1

∣∣∣∣
p−1∑
a=1

χ(a3 + ma)
∣∣∣∣
2∣∣∣∣

p−1∑
a=0

e

(
ma3 + a

p

) ∣∣∣∣
4

= 4p4 + O(p
5
2 log p · p) + O(p3)

= 4p4 + O(p
7
2 log p).

}w�2V, q χ3 = χ0 p, \]C1~�u5=89.
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