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1 ./
�
������ (0� Gauss �����) ��12��3�, ������

n+1Fn

(
a0, a1, . . . , an

b1, . . . , bn

∣∣∣∣ z ) :=
∞∑

k=0

(a0)k · · · (an)k

(b1)k · · · (bn)kk!
zk,

�4 ai, bj , z ∈ C, n ∈ Z+, Pochhammer �� (a)0 := 1, (a)k := a(a+1) · · · (a+k− 1), � k ≥ 1.

Gauss ������56�����2�����3�789:Æ.

1987 �, Greene �Æ7�3���� ; <!7�3�������. " Fq � q =7
�3, �4 q = pr, p �#$�, r ∈ Z+. Æ F̂∗

q !% Fq ��� ;&. "'>� A,B ∈ F̂∗
q , B̄

!% B �(, ?#$� Jacobi %
(

A
B

)
:= B(−1)

q

∑
x∈Fq

A(x)B̄(1 − x). Greene [11] �17�3�
�������

n+1Fn

(
A0, A1, . . . , An

B1, . . . , Bn

∣∣∣∣ c )
q

:=
q

q − 1

∑
χ∈F̂∗

q

(
A0χ

χ

)(
A1χ

B1χ

)
· · ·
(

Anχ

Bnχ

)
χ(c),

�4 Ai, Bj ∈ F̂∗
q , c ∈ Fq, n ∈ Z+. &), Katz [17] @ McCarthy [23] '()** <!7�3�

������ (�++A,�-,.- [23]). 7�3��������56�.B���/@
0C12/3���D��4567789, [1, 9, 12, 20, 22].

EF:Æ7�3�������:01�2434�F ;�$�, McCarthy [21−24] �Æ
p-adic Gamma���1! p-adic�����. Æ Zp !% p-adicG�5, Γp !% p-adic Gamma

��, ω !% Fq �� Teichmüller  ;. "F'>� x ∈ Q, �1 �x� �Æ6F x �H6G�
〈x〉 = x − �x�.

IJ 1.1 [24] " n �?G�, t ∈ Fq, ai, bi ∈ Q ∩ Zp, 1 ≤ i ≤ n. �1 p-adic �����

nGn

[
a1, a2, . . . , an

b1, b2, . . . , bn

∣∣∣∣ t ]
q

:=
−1

q − 1

q−2∑
j=0

(−1)jnω̄j(t)

×
n∏

i=1

r−1∏
k=0

(−p)−�〈aip
k〉−(jpk/(q−1))�−�〈−bip

k〉+(jpk/(q−1))�

×
Γp(〈(ai − j

q−1)pk〉)
Γp(〈aipk〉)

Γp(〈(−bi + j
q−1)pk〉)

Γp(〈−bipk〉) .

McCarthy �1� p-adic �����Æ3<K!@7�3������7-�24�=Æ
7>, 8/@���45679,.  (L0-M��, 9�?7Æ@NO�Æ p-adic ����

�A: Dwork �1B [2, 3, 10], ;ECD<=:E���1B
Dn

λ : xn
1 + xn

2 + · · · + xn
n = nλx1x2 · · ·xn, λ ∈ F∗

q . (1.1)

P Dwork [6−8] Æ p-adic 'F<�A:!�G�1B� Zeta ���QH! Weil >I� “7J
K” ?', @80L. Dwork �1B� Calabi–Yau A�RS89 M, /N� Zeta ��/�B

@ Picard–Fuch O'<=�C9,D7, P876P-QA:TR�1B [10,14,27]. S. Dn
λ �

TE�, Æ #Dn
λ(Fq) !%<= (1.1) :E�� Dwork �1B2UUV, Pn(Fq) 47JF�G

�. Goodson [10] 01!H q ≡ 1 (mod n) W, #Dn
λ(Fq) �!I�, �XJYC>I:
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XY 1.2 (.- [10, Conjecture 8.2]) " p �$�. � n �#$�/ p �≡ 1 (mod n), Z7

#Dn
λ(Fp) =

pn−1 − 1
p − 1

+ n−1Gn−1

[ 1
n

,
2
n

, . . . ,
n − 1

n
0, 0, . . . , 0

∣∣∣∣∣ λn

]
p

.

S-T_? Goodson >I4���U`�VRWQH
I[ 1.3 " q = pr, p �#$�, r, n a�?G�. � gcd(n, q(q − 1)) = 1, Z7

#Dn
λ(Fq) =

qn−1 − 1
q − 1

− n−1Gn−1

[ 1
n

,
2
n

, . . . ,
n − 1

n
0, 0, . . . , 0

∣∣∣∣∣ λn

]
q

. (1.2)

S-XT�ÆE�Y\T�G24��1ZTEb��c. [ 2 \]d+-�]^^e, H
_R\`J�J 1.3 /��4�QH.

2 _`ab
S\Ta9]d Gauss %bE�Y\@ p-adic Gamma ����1/�ccJ (f.-Q

[16, 18, 19, 25]). Æ Qp !% p-adic �3, Zp ��G�5, Cp � Qp �d�ef3�g^$. g

� ζp � Cp 4�RGSd p EhhB. Æ Tr !%i Fq 1$3 Fp �j"keU. " ω � Fq

� Teichmüller  ;, Z"F a ∈ F∗
q , ω(a) � (q − 1) EhhB. P ω �l� (q − 1), @ F∗

q �:

7�� ;iE ω jm, ; F̂∗
q = {ωk : k = 0, 1, . . . , q − 2}.

f[ 2.1 [5] " k �G�, Z7∑
a∈F∗

q

ω (a)k =
{

0,
q − 1,

� (q − 1) � k,

� (q − 1) | k.

IJ 2.2 [5] " 0 ≤ k ≤ q − 2, �1 Fq �� Gauss % G (k) =
∑

a∈F∗
q
ω (a)−k

ζ
Tr(a)
p .

f[ 2.3 [5] " a ∈ F∗
q , Z Gauss %�5CB�nL-, ζ

Tr(a)
p =

∑q−2
k=0

G(k)
q−1 ω(a)k

.

" n =�k� f(X) ∈ Fq[x1, . . . , xn] �7YC�g
f(X) = a1x1

d11 · · ·xn
dn1 + · · · + amx1

d1m · · ·xn
dnm , ai ∈ F∗

q , dij ∈ Z≥0, (2.1)

Z f(X) �E�Y\�1� n × m lY\ Df = (D1, . . . ,Dm), �4 Dj = (d1j , . . . , dnj)T, j =

1, . . . ,m; f(X) �h�Y\�1� D̃f = (D̃1, . . . , D̃m), �4 D̃T
j = (1,DT

j ); f(X) �,�lPo

� a = (a1, . . . , am). EF�k� f(X) gmE�E�Y\ Df /�,�lP a :p�, P&2
i^E�Y\ Df %,�lP a W, jao f(X) = (Df ;a). no'(Æ N(f) @ N∗(f) !%

<= f(X) = 0 2 Fq @ F∗
q 47JF�G�, ;

N(f)= #{(x1, . . . , xn) ∈ (Fq)n | f(X) = 0}, N∗(f)= #{(x1, . . . , xn) ∈ (F∗
q)

n | f(X) = 0}.
f[ 2.4 [5, 26] p�k� f(X) Y (2.1) :", Z7

N(f) =
1
q

∑
x0,x1,...,xn∈Fq

ζTr(x0f(X))
p , N∗(f) =

1
q

∑
x0∈Fq

x1,...,xn∈F∗q

ζTr(x0f(X))
p .

qC?, ]d p-adic Gamma �� Γp. "F n ∈ Z+, �1 Γp(n) = (−1)n
∏

0<j<n, p�j j. "

x ∈ Zp. qrCBrs��<�iT Γp ks1 Zp �:

Γp(x) = lim
n→x

Γp(n).
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p Γp(0) = 1. lQ p-adic Gamma �� Γp �7mCtSKn:

Γp(x + 1)
Γp(x)

=

{
−1, � x ∈ pZp,

−x, � x /∈ pZp.

Æ 〈x〉p !% x 3 p �HtZuuB, Z7
Γp(x)Γp(1 − x) = (−1)〈x〉p .

CB`J@ p-adic Gamma �� Γp v�7-�ÆvcJ.

f[ 2.5 [2] " q = pr, p �$�. � 0 ≤ k ≤ q − 2, t ∈ Z+, / p � t, Z7

ω(t−tk)
r−1∏
i=0

Γp

(〈−tpik

q − 1

〉) t−1∏
h=1

Γp

(〈
hpi

t

〉)
=

r−1∏
i=0

t−1∏
h=0

Γp

(〈
pi(1 + h)

t
− pik

q − 1

〉)
.

f[ 2.6 [3] " q = pr, p �$�. � 0 < k ≤ q − 2, Z7
r−1∏
i=0

Γp

(〈(
1 − k

q − 1

)
pi

〉)
Γp

(〈
kpi

q − 1

〉)
= (−1)rω̄k(−1).

p π � Zp[ζp] 4wR�5CD-,�=
πp−1 = −p, π ≡ ζp − 1 (mod (ζp − 1)2),

Z π �5 Zp[ζp] 4�RG$=. Ewk��J% Hensel cJi^, <= (1 + πt)p = 1 2 Zp[π]

4x7 p GÆ.�B, P& Zp[ζp] = Zp[π].

f[ 2.7 (Gross–Koblitz x�) [13,15] " 0 ≤ k ≤ q − 2, Z7

G(k) = −π(p−1)
∑r−1

i=0 〈 kpi

q−1 〉
r−1∏
i=0

Γp

(〈
kpi

q − 1

〉)
.

3 opqr
f[ 3.1 " q = pr, p�$�,?G� n@ q(q−1)+$."F 1 < k ≤ q−2/ 0 ≤ i ≤ r−1,

Z7
n

⌊
kpi

q − 1

⌋
+
⌊−nkpi

q − 1

⌋
= (n − 1)

⌊
kpi

q − 1

⌋
+

n−1∑
h=1

⌊〈
hpi

n

〉
− kpi

q − 1

⌋
− 1. (3.1)

st " �−nkpi

q−1 � = nt+s,�4 t, s ∈ Z, 0 ≤ s ≤ n−1. E 1 < k ≤ q−2/ gcd(n, p(q−1)) =

1 i^, −nkpi

q−1 Æ�G�, @i" nt + s < −nkpi

q−1 < nt + s + 1. E&i0 t + s
n < −kpi

q−1 < t + s+1
n .

i87 −t − s+1
n < kpi

q−1 < −t − s
n . P& � kpi

q−1� = −t − 1. :m (3.1) �uy�F s − n.

yR<B, EF gcd(n, p(q − 1)) = 1, @7
n−1∑
h=1

⌊〈
hpi

n

〉
− kpi

q − 1

⌋
=

n−1∑
h=1

⌊〈
h

n

〉
− kpi

q − 1

⌋

=
n−s−1∑

h=1

⌊〈
h

n

〉
− kpi

q − 1

⌋
+

n−1∑
h=n−s

⌊〈
h

n

〉
− kpi

q − 1

⌋
= (n − s − 1)t + s(t + 1) = nt − t + s.
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ziQ � kpi

q−1� = −t − 1, :m (3.1) �vyj�F s − n. E&cJ0Q.

" n ∈ Z+, λ ∈ F∗
q . �1 Fq ��ÆG n =�k�

g(X) = xn
1 + xn

2 + · · · + xn
n,

f(X) = xn
1 + xn

2 + · · · + xn
n − nλx1x2 · · · xn. (3.2)

f[ 3.2 [4] " b ∈ Fq. � gcd(n, q − 1) = 1, Z7

N∗(g − b) =

⎧⎪⎪⎨⎪⎪⎩
(q − 1)n − (−1)n

q
, H b �= 0,

(q − 1)n − (−1)n

q
+ (−1)n, H b = 0.

S{, E�k� f(X) :E���1Bz� Dwork �1B Dn
λ . f(X) �,�lP� a =

(1, . . . , 1,−nλ), f(X) �E�Y\� n × (n + 1) lY\

Df =

⎛⎜⎜⎜⎝
n 0 · · · 0 1
0 n · · · 0 1
...

...
. . .

...
...

0 0 · · · n 1

⎞⎟⎟⎟⎠ . (3.3)

o f(X) = (Df ;a). " A� n× (n+1)lG�Y\, � A4:7=$a�?�, Zao� A > 0;

� A @ Df 25 Z/(q − 1) 4|�{, Zao� A
rq∼Df .

I[ 1.3 wst S{7
#Dn

λ(Fq) =
N(f) − 1

q − 1
. (3.4)

qxnor N(f). EcJ 2.4,

N(f) =
1
q

∑
x0,x1,...,xn∈Fq

ζTr(x0f(X))
p

=
1
q

( ∑
x0=0

x1,...,xn∈Fq

ζTr(x0f(X))
p +

∑
x0 ∈ F

∗
q

x1, . . . , xn ∈ Fq
x1 · · · xn = 0

ζTr(x0f(X))
p +

∑
x0,x1,...,xn∈F∗

q

ζTr(x0f(X))
p

)

= qn−1 +
1
q

∑
x0 ∈ F

∗
q

x1, . . . , xn ∈ Fq
x1 · · · xn = 0

ζTr(x0f(X))
p +

1
q

∑
x0,x1,...,xn∈F∗

q

ζTr(x0f(X))
p . (3.5)

R}*, EcJ 2.4 % 3.2, i0

N(g) = qn−1 +
1
q

∑
x0 ∈ F

∗
q

x1, . . . , xn ∈ Fq
x1 · · · xn = 0

ζTr(x0g(X))
p +

1
q

∑
x0∈F∗q

x1,...,xn∈F∗q

ζTr(x0g(X))
p = qn−1, (3.6)

N∗(g) =
(q − 1)n

q
+

1
q

∑
x0∈F∗q

x1,...,xn∈F∗q

ζTr(x0g(X))
p =

(q − 1)n − (−1)n

q
+ (−1)n. (3.7)

|} (3.5), (3.6) % (3.7), no7∑
x0 ∈ F

∗
q

x1, . . . , xn ∈ Fq
x1 · · · xn = 0

ζTr(x0f(X))
p =

∑
x0 ∈ F

∗
q

x1, . . . , xn ∈ Fq
x1 · · · xn = 0

ζTr(x0g(X))
p = −

∑
x0∈F∗q

x1,...,xn∈F∗q

ζTr(x0g(X))
p = (−1)n+1(q−1). (3.8)
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o Δ(f) =
∑

x0,x1,...,xn∈F∗
q
ζ
Tr(x0f(X))
p . EcJ 2.1 % 2.3 i0

Δ(f) =
∑

x0,x1,...,xn∈F∗
q

n+1∏
j=1

ζTr(ajXD̃j )
p =

∑
x0,x1,...,xn∈F∗

q

n+1∏
j=1

q−2∑
kj=0

G(kj)
q − 1

ω(aj)kj ω(XD̃j )kj

=
q−2∑
k1=0

· · ·
q−2∑

kn+1=0

( n+1∏
j=1

G(kj)
q − 1

ω(aj)kj

) ∑
x0,x1,...,xn∈F∗

q

ω(Xk1D̃1+···+kn+1D̃n+1)

=
∑

∑n+1
j=1 kjD̃j≡0 (mod q−1)

n+1∏
j=1

ω(aj)kj G(kj). (3.9)

E (3.3) l0.B<=y ∑n+1
j=1 kjD̃j ≡ 0 (mod q − 1) �C� k1 = · · · = kn = k, kn+1 = −nk,

�4 k = 0, 1, . . . , q − 2. d~ (3.9) �:ÆcJ 2.7 4� Gross–Koblitz x�, no7

Δ(f) =
q−2∑
k=0

(G(k))nG(−nk)ω−nk(−nλ)

= (−1)n+1

q−2∑
k=0

π(p−1)
∑r−1

i=0 {n〈kpi

q−1 〉+〈−nkpi

q−1 〉}ω̄nk(−nλ)
r−1∏
i=0

Γn
p

(〈
kpi

q−1

〉)
Γp

(〈−nkpi

q−1

〉)
. (3.10)

EcJ 2.5 i0
r−1∏
i=0

Γp

(〈−nkpi

q − 1

〉)
= ωnk(n)

r−1∏
i=0

∏n
h=1 Γp

(〈(
h
n − k

q−1

)
pi
〉)∏n−1

h=1 Γp

(〈
hpi

n

〉) . (3.11)

M>1 πp−1 = −p. E (3.10) % (3.11) 0

(−1)n+1Δ(f) =
q−2∑
k=0

(−p)
∑r−1

i=0 {n〈 kpi

q−1 〉+〈−nkpi

q−1 〉}ω̄nk(−λ)

×
r−1∏
i=0

Γn
p

(〈
kpi

q − 1

〉) ∏n
h=1 Γp

(〈(
h
n− k

q−1

)
pi
〉)∏n−1

h=1 Γp

(〈
hpi

n

〉)
= 1+

q−2∑
k=1

(−p)
∑r−1

i=0 {−n�kpi

q−1�−�−nkpi

q−1 �}ω̄nk(−λ)
r−1∏
i=0

Γp

(〈
kpi

q−1

〉)
Γp

(〈(
1− k

q−1

)
pi

〉)
×

r−1∏
i=0

Γn−1
p

(〈
kpi

q − 1

〉) n−1∏
h=1

Γp

(〈(
h
n − k

q−1

)
pi
〉)∏n−1

h=1 Γp

(〈
hpi

n

〉) .

:ÆcJ 2.6 % 3.1, no7
(−1)n+1Δ(f) = 1 +

q−2∑
k=1

(−1)r(−p)
∑r−1

i=0 {1−(n−1)� kpi

q−1 �−
∑n−1

h=1�〈hpi

n 〉− kpi

q−1 �}ω̄k((−1)n+1λn)

×
r−1∏
i=0

Γn−1
p

(〈
kpi

q − 1

〉) n−1∏
h=1

Γp

(〈(
h
n − k

q−1

)
pi
〉)

Γp

(〈
hpi

n

〉)
= 1 − q + q

q−2∑
k=0

(−p)
∑r−1

i=0 {−(n−1)� kpi

q−1 �−
∑n−1

h=1�〈hpi

n 〉− kpi

q−1 �}ω̄k((−1)n+1λn)

×
r−1∏
i=0

Γn−1
p

(〈
kpi

q − 1

〉) n−1∏
h=1

Γp

(〈(
h
n − k

q−1

)
pi
〉)

Γp

(〈
hpi

n

〉)
= 1 − q − q(q − 1)n−1Gn−1

[ 1
n

,
2
n

, . . . ,
n − 1

n
0, 0, . . . , 0

∣∣∣∣∣ (−1)n+1λn

]
q

. (3.12)
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EF n @ q(q − 1) +$, @ n ~�#�. E (3.4), (3.5), (3.8) % (3.12), i0

#Dn
λ(Fq) =

qn−1 − 1
q − 1

− n−1Gn−1

[ 1
n

,
2
n

, . . . ,
n − 1

n
0, 0, . . . , 0

∣∣∣∣∣ λn

]
q

.

TzQH! (1.2). �J0Q.

z{ 3.3 " f(X) = (Df ;a), h(X) = (Dh;a) � Fq ��ÆG n =�k�, �4 f(X) Y

(3.2) :", n @ q(q − 1) +$.

(i) � Dh
rq∼ Df , Z7

N∗(h) =
(q − 1)n + 1

q
− 1 − (q − 1)n−1Gn−1

[ 1
n

,
2
n

, . . . ,
n − 1

n
0, 0, . . . , 0

∣∣∣∣∣ λn

]
q

. (3.13)

(ii) � 0 < Dh
rq∼ Df , Z7

N(h) = qn− (q−1)n+1−1
q

− 1 − (q − 1)n−1Gn−1

[ 1
n

,
2
n

, . . . ,
n−1
n

0, 0, . . . , 0

∣∣∣∣∣ λn

]
q

. (3.14)

st (i) " Dh
rq∼ Df . p Ω = {0, 1, . . . , q − 2}. R}�J 1.3 �QH, EcJ 2.1, 2.3 %

2.4, i0

N∗(h) =
(q − 1)n

q
+

1
q

∑
x0∈F∗q

x1,...,xn∈F∗q

ζTr(x0h(X))
p =

(q − 1)n

q
+
∑ n+1∏

j=1

ω(aj)kj G(kj), (3.15)

�4Hvy�4%���:7�lP k = (k1, . . . , km) ∈ Ωm /�5 D̃hkT ≡ 0 (mod q − 1). E
F Dh

rq∼ Df , @ D̃h
rq∼ D̃f , i8.B<=y D̃hkT ≡ 0 (mod q − 1) @ D̃fkT ≡ 0 (mod q − 1)

.C. P&, E (3.12) @ (3.15) i0

N∗(h) =
(q − 1)n + 1

q
− 1 − (q − 1)n−1Gn−1

[ 1
n

,
2
n

, . . . ,
n − 1

n
0, 0, . . . , 0

∣∣∣∣∣ λn

]
q

. (3.16)

E& (3.13) 0Q.

(ii) " 0 < Dh
rq∼ Df . no7

N(h) =
1
q

( ∑
x0 ∈ Fq

x1, . . . , xn ∈ Fq
x1 · · · xn = 0

ζTr(x0h(X))
p +

∑
x0 ∈ Fq

x1, . . . , xn ∈ F
∗
q

ζTr(x0h(X))
p

)
. (3.17)

EF Dh > 0, @
1
q

∑
x0 ∈ Fq

x1, . . . , xn ∈ Fq
x1 · · · xn = 0

ζTr(x0h(X))
p = qn − (q − 1)n. (3.18)

E (3.16), (3.17) % (3.18) i0

N(h) = qn − (q − 1)n+1 − 1
q

− 1 − (q − 1)n−1Gn−1

[ 1
n

,
2
n

, . . . ,
n − 1

n
0, 0, . . . , 0

∣∣∣∣∣ λn

]
q

.

E& (3.14) 0Q.
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