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Abstract p-adic hypergeometric functions are hypergeometric functions over finite
fields analogous to the classical Gaussian hypergeometric functions, which have been
found applications in diverse number theory problems. Let IF, be the finite field of ¢
elements, A € F, and n be a positive integer. This paper investigates the [F,-rational
points on the Dwork hypersurface XY} : o + a4 +--- + 2], = nAz1z2- -z, as well as
its generalized form, and provides the formula for the number of the F,-rational points
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1 58
ZePRATRLATRR R (UPR Gauss L L(TeRRY) e SCER RO b, HAfe BN
ag, a1, ..., Qn o - (Qo)k"'(an)k k
"“F"( bi, ..oy by Z) - ;0 (b1) - (bo)ik!

HA a;,b;,2 € C, n € ZT, Pochhammer 5 (a)o :=1, (a)y :==ala+1)---(a+k—1), % k > 1.
Gauss 8 JLAT R ¥ 2 R AE SRRV 2R U R A M.

1987 4, Greene | A RIS AR Em & 1A R LR L R%. X Fy 2 ¢ Th
BRI, Ho g = 7, p RARE v € 21 ] Ty FR F, WTEFHERE. XHERM A B eF;, B
FR B [, IERALEY Jacobi (g) = B(;l) > ser, A(x)B(1 — z). Greene M & AR, |
P EDIREITE &)

Ao, A1, oo, Ap ) q (AOX> <A1X> (AnX)

i F c) =1 o),

+ ( By, ..., B, g qg—1 %\* X Bix B, x x(€)
xeF;

Het A, B; € Fy, ¢ € Fy, n € ZF. BEAh, Katz 17 55 McCarthy 231 43 5l 57 ks T 4B 1
LT ek R (HAHELZ A S AR W SC (23]). A BRI b r e LAl ol i i AR 2 Rl R 155 X HL S
i1 Hh 2k R BOB RS 2 R0 Mg iR 09122022

B T 7 FH A R 3 A LA e 5P A 8 A 25 30 (SR R TR A 2, McCarthy (21240 Fi[
p-adic Gamma PEREE LT p-adic #ILAEEL H Z, 3275R p-adic #803F, T, F/R p-adic Gamma
PREL, w FoR Fy BBy Teichmiiller F#AE. XM TAEER = € Q, B X [z] HAKT = BHRRBEEL
(z) = — |=].

EX 1.1 P en HIEEL ¢t € Fy, 05,0 € QN Zp, 1< i <. X padic BIUTHRE

ai, a a 1 =2
15 25 ey n - in—1q
= N (—1)ne

Gl b by t]q q—1j:0( yren)

n r—1

x H H(_p)*L<am’“>*(jp’“/(q*1))J*L(*bip"'>+(jp’“/(q*1))J
i=1 k=0
Ly (((ai — 729)p")) Tp(((=bi + 225)p"))
F,,((aipk}) Fp(<_bipk>)

McCarthy & HJ p-adic BLTRRECAY & T 54 BRI LR 80A er 4 e i i
TLH, T HS 2RO BA KA. FRAHES SRR, ST A A MEE R p-adic # LR
BOF5E Dwork JHITE 125100, B e "R 805 Ret et e ol T

DY 2l +x5 + -+ a2y =nAviz2 -1, A€ (1.1)

Dwork =81 [ p-adic M ikirss 7 LR M A Zeta sRECIFIER T Weil S48 <7
PR Ay, W44, Dwork BT /& Calabi-Yau R —FEZRH, HER Zeta pRELSHAR
5 Picard-Fuch 5 77 TR MR 22 X2, R K SR sk 26 il 101427 g WL DY J&
FRA, H #DY(F,) FRm7irfe (1.1) FrfE Ry Dwork #HEIZES sE 25 6] P (F,) HA RS0
$. Goodson ' 857 ¢ =1 (mod n) B, #D7(F,) AR, HEH TR
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548 1.2 (W3¢ [10, Conjecture 8.2]) % p BEEL. & n A EHH p#£ 1 (mod n), A

1 1 2 n—1
#DK(FP) = +n—1Gn—1 n’ n’ Y n )\n .
p—1 0, 0, ..., 0 )

ASCRHBIE Goodson 5§ B8 A A5 HH R I — 2 UER]
EE 1.3 Wq=p", p BARE r,n BINIEEEL % ged(n,q(¢— 1)) = 1, WA

n—1 1 2 n—1
4 -1 PO U ) n
#D}(Fy) = 1 —n—1Gn-1|n’ n n | A . (1.2)
q- 0, 0, ..., 0 q

ASSGEREA I RBOE Fef Bk giie e S r e B &, 26 2 W AR Biis ik, &%
JE—anth B 1.3 RHAER AR
2 FEANA

AR BN Gauss Fl, IREHERES p-adic Gamma pRELSEE XA T512E (PSR
16,18,19,25]). H Q, F/R p-adic UK, Z, HHBEHIR, C, h Q, HAEEH A 5E1L.
FE G N Cp FI—DARE p AR, H Tr FRRMN Fy BRI F, AT % o & Fy
[) Teichmiiller 41, JrlUX‘H:/ciE Fr, wla) & (¢ — 1) WHAAR. B w BBHR (¢ — 1), 8 F; @987
HTBEAFAETT ) w W, B F; = {wb sk =0,1,...,q— 2},

5138 2.1 B 3% & oMEE A

k _ 0, % (q - ]‘) J{ kV
a%éw(a) _{ g—1, #(q—1) |k
EX 2.2 BWO0<k<q—2 ELF, LY Gauss fil G (k) = ¥ e @ (a)F .
B132 2.3 i a € Fy, M Gauss FIEE FHMEERR ¢ = N $Buw(a).
W n 2R f(X) € Fyl, ...z, BAMTIER
fX) =aim ™ w4 a0 €Fy, diy € Zso, (2.1)

M F(X) ARECEREE SCR nox m AR Dy = (D, ..., Dy), o Dj = (dvj,...,dn;)T, j =
1,...,m; f(X) B9 HEiMEE XN Dy = (D1, D), Hot DT = (1, DF); f(X) B9 R %mkiT
Ka=(an,....am). HFETHR F(X) SEREHKEEEE Dy BRI a JreE, FitE
EAIKEHRE Dy FIRBAE a B, IREHE £(X) = (Dpsa). BATMHA N(f) 5 N*(f) #5
IR F(X) =076 Fy 5 F; o3 SN, B
N(f)=#{(21,...,20) € (F)" | f(X) =0}, N*(f)=#{(21,...,2) € (F;)"| f(X) = 0},
BIE2 2.4 520 AZIHK £(X) 1 (2.1) BRL, WA

1 . 1 .
N(fy=— D Gl N =— Y e
q q xzg€F
T0,T 1,50 EFg zl,“?,anew

FETH, Sr4 p-adic Gamma BREL Tp. 3T n € 21, @ Tp(n) = (=1)" [Tocjcp ppj - B
x € Lp. Sl NHSRIRA T FHE T, 8307 Z, b
Ip(z) = lim I'p(n).
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4 T,(0) = 1. Bk p-adic Gamma pREL T, BAG AT HEAPER:

Ipy(z+1) ) -1, T € ply,
Lp(z) —x, #fx ¢ ply.

H (z)p R = 8 p B/ METHRIZR, NIA
T, (2)T,(1 — z) = (—1)@».

T4 H '3 p-adic Gamma pRH( T, FIA LR PS5 .
G 251 Fq=p,p BEH H0<k<q-2,tcZ Hptt,

w(tw@u«gf»nr« ) =T (70 - 25)).

I3 2.6 B Fqg=p",p BEH H0<k<qg-2 A4

:=H:Fp<<(1 N L1) i>>Fp(<qkpi1>> = (~1)"@"(-1).

Pl =—p = ¢p—1 (mod (¢p — 1)2),

M) 7 J&38 Z,[Cp) REy—AFT0. i i @B Hensel 1P, J7FE (1 + mt)P = 1 1E Zy[n]
A p DARFERR, B Z,[C] = Zy[7].
5|3 2.7 (Gross Koblitz 245%) 1319 & 0<k<q—2, A

r—1 .
r— pt k't
G(k) = —nP DS ED [T FP<<q L 1 >)
i=0

3 FELER
S 3.1 Kq=p ,pBEE FE¥n5qq-1) BERXR XNF1l<k<qg-2R0<i<r—1,

! L}WlJ " En’ﬁ” (= Lq 1J +Z K n > qkpllJ -t 31

ifBR & L_q”_kf | =nt+s, HFt,s€Z,0<s<n—-1. 1<k <qg-2FKged(n,plg—1)) =

1A, = R BT nt+ 5 < T2 <t s+ L IRATE E 4 2 < B < oL

WA —t — =2 < 220 < g s I K2 ) = - 1 R (3.1) AT s - n.
H—J7H, BT ged(n,p(g — 1)) = 1, A

() -5 - ) -]

- -2 £ (8-

h=n—s

h
=n—s—Dt+st+1)=nt—t+s.
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TEAE [X27) = —¢ — 1, BFRA (3.1) BAT00R T s — n. HHS I BRAEHE.
WnelZt, NeF,. EXF, LMHA n 2K
9(X) =z + a5 + -+,
f(X)=al+a8 + -+ 2} —ndz1zy - - Ty, (3.2)
532 3.2 R bel, # ged(ng—1)=1,NFH
(¢—1)" — (—1)"’ Y
N*(g—b) = !

(¢g—1" (=) +(=1)", % b=o0.
q

AR, m2H f(X) Frife i 2 Dwork @I DY. f(X) MREMER a =
(1,...,1,—nX), f(X) BRBEEREN n x (n+ 1) BrsERE

n 0 --- 0 1
0O n --- 01

Di=|(. . . . | (3.3)
0O 0 -~ n 1

it f(X) = (Dg;a). AN nx (n+1) PHEBUarE, # A b TG CEH R IER, NIFHC Y A > 0;
A5 Dy {55 Z/(q — 1) FAFEM, MIFICH ASD;.
I 1.3 Wik BRE
N(f)—1

#DX(Fq) = -1 (3.4)

FEERNTR N(f). H5H 2.4,
N(f) == Z Cgr(mof(X))

T0,T1,--,Tn €EFg

1 X r(x X
_< IR < SC CCV/CO N S of(X)))

4 z0=0 zg €T} mo,zl,...,mnelb‘j;
z1,...,xn EFq o1 en € Fy
21 xp =0

1 1
_ n—1 Tr(x X Tr(x X
=gq 4z E Cp (o f( ))_|__ E Cp (o f( )) (35)

q zqg € Fy q ‘T07w17u~;$n€F;

x1,...,an € Fq

@y @y =0

Kol di5[HE 2.4 71 3.2, A[15
1 1
N(g)=q" '+ p Z C;Pr(wog(x)) + p Z C;Pr(wog(x)) =¢"', (3.6

zo € Fyy zo€Fg
@1, ..., an € Fq @15 sn EF
T xp =0
* q_ln 1 T q_ln_ -1)" n
v =L L5 g JOE S Z BN o

Le# (3.5), (3.6) #1 (3.7), FliThH
Z Cg‘r(xof(x)): Z CpTr(xOg(X)): _ Z CpTr(:cog(X)) = (=1)"*(g—1). (3.8)

xg € Fy zg € F} zo€Fy
x1,...,2n € Fq T1, ..., @n € Fq L2 @n €FY
@ T =0 Ty @y =0
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B A) = Ym0 BB 2.1 F1 2.3 W43

n+1 D ntl g—2 k
INTTED DU | (e SR | O D= PORCWEL I
L0O,T15-0 zn €Fy ] 1 £0,E150mms T EFs 321 h=0 q—
n+1 G(k ) ks K f) vk f)
Z Z (H 1 (aj) 3) Z W(X 1D1+-+kni1 n+1)
k1=0 kny1=0 L0, E140ens anFZ
n+1
= > [T w(an™ae,). (3.9)
T'L;H k;D;=0 (mod q—1) =1
Hi (3.3) GRFERITREA Zn+1 k; D =0 (mod q—1) (AN k1 = - = ky = k, kny1 = —nk,
Hrk=0,1,....,¢ -2 1JQ)\ (3.9) I HEIHE 2.7 H1f Gross-Koblitz AZ, 1A
q—2
A(F) = 3 (CUR) " C=nk)w= (=N
k=0

—(~1) nﬂ,;)ﬂ(p DY 20 2+ nk(—n)) Zl‘!)pn<<fp; >)rp <<q72€fi >> (3.10)
g3 2.5 A[E . kN
HF << —nkp' >) — )HHh 1 (<(z(zi>1))1’ >). (3.11)

=0

HERE ! = », Eia (3.10) A1 (3.11) 1%

(F1)"PA(S) = Y () DI I gy

XE? (<q_1>> [T (<(Z(<;Ell>;pi>)
SR (R (EDY)

k—l
n—1 nlr(<(n_q ) >)
XHF (<q1>),ﬂ o ()
L HGIHE 2.6 Fi 3.1, %aﬂ]fz
(1™ A(f) = 1+Z(_1)r(_p)z:;&{1 (=) 27 -T2

A (<qj>) ﬁn(«%@;)) »)

’L

)— %J}@k((_l)n—‘rl)\n)

h=1
= 1—q—|—qz YT~ )Lq/Tle*ZZ;llL(%)*;—fi“wk((_l)fﬂrl/\n)
X Hl-wn 1 << >) H P(<(n hqi—l)p )
=1/755 T((FF)
Loz e
=1-¢-4(@=DnaGna|n’ 8’ B n ( )”“/\”] L (312
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HT n 5 qlg—1) BE, #n b RNEE. B (3.4), (3.5), (3.8) fl (3.12), Al

ani_q 1 2 n—1
#DX(F,) = ! 1 —n-1Gro1jn’ o0’ n | A" | .
q- 0, 0, ... 0 ,

HERIER T (1.2). EFEAIE.

#it 3.3 ¥ f(X) = (Dy;a), h(X) = (Dy;a) & F, ERPIA n T2 5, Hp f(X)
(3.2) rizg, n 5 q(qg — 1) HE.

(i) # Dy ~ Dy, WA

1 2 n—1
i} —1)n 41 )
N(h)=u—1—(q—1)nflanl nn n [ A" . (3.13)
q 0, 0, ..., 0
q
(i) # 0 < Dy, ~ Dy, M4
1 2 n—1
1 n+171 - “ n—=u
N(h):qnfuflf(qfl)n_l(?n_l nn Con AL (314)
q 0, 0, ..., 0

q
SEBA () % Dy N Dy A Q={0,1,...,q— 2} KUEF 1.3 (IEH, H5I3E 2.1, 2.3 f
2.4, W15
n+1

N*(h) = (g —q1)n + é Yo X)) = % +y H w(a))* G(k;),  (3.15)

EOEF;
@1, Tn €EFY

Hor AT RSB BT A B TR K = (b, ki) € Q7 HLRE DykT =0 (mod g —1). i
F Dy, % Dy, ik Dy = Dy, WA 41 Dyk™ = 0 (mod ¢ — 1) 5 Dyk™ = 0 (mod ¢ — 1)
. L, i (3.12) 5 (3.15) W75

1 2 n—1
" —1)"+1 — = ey, ——— | \m
N(h):uflf(qfl)n_lGn_l n n n [\ . (3.16)
q .0, ..., 0 .
B (3.13) fEHIF.
(i) #% 0 < Dy, ~ Dy. FfiT
1
N(h) = ( Z Cg‘r(moh(x)) + Z g)IY(zoh(X))>. (3.17)
q zg € Fq zg € Fq
z1,...,on € Fq zl,u,,zn":‘]FZ
wy - --xp =0
BT Dn >0, % )
S S e U (3.18)
q zg € Fqg
z1,...,2n € Fq
x] -z =0
i (3.16), (3.17) il (3.18) T[f5
1 2 n—1
— 1)t —1 -z 0=
N(h):qn_u_l_(q_l)n_lGn_l n o , ” e )
q 0, O, , 0

B (3.14) fEHIF.
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