
� 63�� 3� � Æ Æ � ��� Vol.63, No.3

2020� 5� ACTA MATHEMATICA SINICA, CHINESE SERIES May, 2020

����: 0583-1431(2020)03-0245-08 �	
��: A


���� Grothendieck ���

� �

�����	�� �� 225300

E-mail: tangshuaixs@163.com

� � 
��
���������� monoidal ��, ��� Grothendieck ��
��Æ�� !"�#$�. %&'()* Grothendieck ��+,!"�, -./0
123)* Grothendieck �450Æ67��8�9:.

��� 
��
; Grothendieck �; ����
MR(2010) ���� 20C15, 22D20
���� O153.3

The Structure of Grothendieck Rings of Dihedral Groups

Shuai TANG

Department of Mathematics, Taizhou College,

Taizhou 225300, P. R. China

E-mail : tangshuaixs@163.com

Abstract The representation category of a dihedral group is a symmetric semisimple
monoidal category, so the Grothendieck ring of such a category is a commutative ring
generated by finitely many elements. In this paper, the minimal generators of the
Grothendieck ring are determined. Moreover, it is shown that the Grothendieck ring
is isomorphic to a quotient of a polynomial ring.

Keywords dihedral group; Grothendieck ring; representation category
MR(2010) Subject Classification 20C15, 22D20
Chinese Library Classification O153.3

1  !
�"#�� G �$, � G %��&���	�	 Rep(G) 
'
##���
�(��


)��	, *��+Æ��	�)��
�
� G ��	, *��,��
��-�	�.
�. /��$, 01)��������2���/��, 
���0/��, ��3��� G

� Grothendieck � G0(G) 0/)��	���. Grothendieck � G0(G) 4
56 Abelian �

����: 2018-08-22; ����: 2019-10-14

��7�: ��8 !9��:;7� (11871063);  "#8 !9��7� (BK20170589)



246 $ 9 9 ! ; < = 63�

,� G �%#"�#$���-�	
%, ��&'(&�	�.�)*'(&�	�)��.

�'��	�)������(>+
 Grothendieck � G0(G)?@(�*���. 01)*A
,-+./0/�� (1�
) )��	 [2, 3], %)��	?��2B" Green �0/�	��
�,C3�	?�(�)������.

-./4#��� Grothendieck �56&�#+D�74, 0�8�,9B��0�12
�+Æ��	�)�����, �3
C3 Grothendieck �54�/EFG (5 Frobenius F
G#) :;42. 67/E89��
)��	� Grothendieck �56A,</-.�/4. =

5 Verlinde modular �	� Grothendieck �56 [14])near-group �	� Grothendieck �56
[11])H
 3 � fusion �	� Grothendieck �56 [9] ##. /E1�
)��	� Green ��

56I</���,=5 (.D)Taft Hopf>�� Green�56 [1, 5])H�?
 1J 2� pointed

Hopf >�� Green �56 [6, 12, 13])#�K@)��	� Green � [4] ##.

A:.�&/;1BLM�#��, <�A:.�%��&����-�	,C�+Æ��
�-�	�)�����NA:=, D&> Grothendieck ��56 (?E@J?EF@) AGB

#CD/4. HEOM74(&2B",I� Dickson �P�, JK 2n L�A:.� Dn �

Grothendieck � G0(Dn) �?E@J?EF@. 5M�C: N n 
F�', G0(Dn) 
G�@(
?E�)HIJ�?EF@�Q@��P���K�; N n 
L�', G0(Dn) 
Æ�@(?E
�)HIG�?EF@�Q@��P���K�.

2 RSTUVWX
HOOMPMA:.�C>%��& C ����-�	, -.NOQE [10, 5.3 O]. A:.

� (dihedral group) &/1RSP:�Y n (n > 2) TZ���QF�U%6E��, VA:.

�6RSY n TZ��� n �[>� n �WR%\E, X
 Dn, Dn & 2n L1YU�. Z?E

@�?EF@�[\,]D, A:.� Dn &6?E@ r J s ?E, ^S]5T�?EF@:

rn = 1, s2 = 1, srs = r−1.

*�, A:.� Dn ?�U/�@(_�,^E rk, 0 ≤ k ≤ n− 1 ` srk, 0 ≤ k ≤ n− 1.

N n 
F�', A:.� Dn ���-�	�,��5T: V� 1 W�	 ψ1, ψ2, ψ3, ψ4, �

?]D
:
rk srk

ψ1 1 1
ψ2 1 −1
ψ3 (−1)k (−1)k

ψ4 (−1)k (−1)k+1

(2.1)

X ω = e2πi/n, _ Dn # (n/2) − 1 � 2 W��-�	 ρ1, ρ2, . . . , ρ(n/2)−1, �?]D
:

ρj(rk) =
(
ωjk 0
0 ω−jk

)
, ρj(srk) =

(
0 ω−jk

ωjk 0

)
, 1 ≤ j ≤ (n/2) − 1. (2.2)

�:6`� 1 WJ 2 W��-�	6E Dn �%#"�#$���-�	. YZ�, [��W�

Pa�
 Dn �L�:

4 × 1 + ((n/2) − 1) × 4 = 2n.
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N n
L�',A:.�Dn ���-�	�,��5T:Æ� 1W�	 ψ1, ψ2,�?]D
:

rk srk

ψ1 1 1
ψ2 1 −1

X ω = e2πi/n, _ Dn # (n− 1)/2 � 2 W��-�	 ρ1, ρ2, . . . , ρ(n−1)/2, >]DJ (2.2) ab.

�:6`� 1 WJ 2 W��-�	6E Dn �%#"�#$���-�	, *
[��W�P
a�
 Dn �L�:

2 × 1 + ((n− 1)/2) × 4 = 2n.

*
 Dn ��/�	%��& C �_&�-�, *��+Æ��	�)��4
 Dn ��

	a�,��
��-�	�.�. *
 Dn ��	�	
�g�	, *��+Æ��	 ρJ ψ,

a# ρ ⊗ ψ ∼= ψ ⊗ ρ, *�c�8de>?b/�)�����. ,TÆ�f�%���)��
����QE [8, ]g 4.2] ?�cC.

d� 2.1 N n 
F�', Dn �/W�	 {ψ1, ψ2, ψ3, ψ4}%)��ehT6Eij*V@
�, >f��-�	�)������5T:

N n = 4 ', ρ ⊗ ρ ∼= ψ1 ⊕ ψ2 ⊕ ψ3 ⊕ ψ4, ρ ⊗ ψj
∼= ρ, >? ρ 
k/�AW��-�	,

j = 1, 2, 3, 4.

N n > 4 ', �,TG1lZ:

(1) N 1 ≤ i ≤ (n/2) − 1 ',

ρi ⊗ ψj
∼=

{
ρi, j = 1, 2;
ρ(n/2)−i, j = 3, 4.

(2) N 1 ≤ i < j ≤ (n/2) − 1 ',

ρi ⊗ ρj
∼=

⎧⎨
⎩

ρj−i ⊕ ρj+i, i+ j < n/2;
ψ3 ⊕ ψ4 ⊕ ρj−i, i+ j = n/2;
ρj−i ⊕ ρn−(j+i), i+ j > n/2.

(3)

ρi ⊗ ρi
∼=

⎧⎪⎨
⎪⎩

ψ1 ⊕ ψ2 ⊕ ρ2i, 1 ≤ i < n/4;
ψ1 ⊕ ψ2 ⊕ ψ3 ⊕ ψ4, i = n/4 3 n/4 
Q�;
ψ1 ⊕ ψ2 ⊕ ρn−2i, n/4 < i ≤ (n/2) − 1.

d� 2.2 N n 
L�', Dn �/W�	 {ψ1, ψ2} %)��ehT6EALg��, >f
��-�	�)������5T:

N n = 3 ', ρ⊗ ρ ∼= ψ1 ⊕ ψ2 ⊕ ρ, ρ⊗ ψj
∼= ρ, >? ρ 
k/�AW��-�	, j = 1, 2.

N n > 3 ', �,TG1lZ:

(1) ρi ⊗ ψj
∼= ρi, >? j = 1, 2; 1 ≤ i ≤ (n− 1)/2.

(2) N 1 ≤ i < j ≤ (n− 1)/2 ',

ρi ⊗ ρj
∼=

{
ρj−i ⊕ ρj+i, i+ j < (n+ 1)/2;
ρj−i ⊕ ρn−(j+i), i+ j ≥ (n+ 1)/2.

(3)

ρi ⊗ ρi
∼=

⎧⎪⎨
⎪⎩

ψ1 ⊕ ψ2 ⊕ ρ2i, 1 ≤ i < (n+ 1)/4;
ψ1 ⊕ ψ2 ⊕ ρ(n−1)/2, i = (n+ 1)/4 3 (n+ 1)/4 
Q�;
ψ1 ⊕ ψ2 ⊕ ρn−2i, (n+ 1)/4 < i ≤ (n− 1)/2.
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3 RSTUV Grothendieck hij
k+/, A:.� Dn ��	�	
�g�
)��	, *� Grothendieck � G0(Dn) h


#��@(?E�YU�, Z�Jm/�P���K�b6. HOi2B"/;89��P�,

V Dickson �P�,-.��0/b6.

k+/, A:.� Dn �%#"�#$���-�	6E Grothendieck � G0(Dn) �/\
Z- %, VN n 
F�', jk {ψ1, ψ2, ψ3, ψ4, ρ1, ρ2, . . . , ρ(n/2)−1} 6E G0(Dn) �/\ Z- %; N

n 
L�', jk {ψ1, ψ2, ρ1, ρ2, . . . , ρ(n−1)/2} 6E G0(Dn) �/\ Z- %.

de5Tl+F@�: D0(X,Y ) = 2, D1(X,Y ) = X,

Dj(X,Y ) = XDj−1(X,Y ) − Y Dj−2(X,Y ), j ≥ 2,

_ Dj(X,Y ) g
m/;K� Dickson �P� [7], n�P��,-.��5T:

Dj(X,Y ) =
[ j
2 ]∑

i=0

j

j − i

(
j − i

i

)
Xj−2i(−Y )i. (3.1)

N X = ρ1, Y = (ψ1 + ψ2)/2 ',

Dj(ρ1, (ψ1 + ψ2)/2) =
[ j
2 ]∑

i=0

j

j − i

(
j − i

i

)
ρj−2i
1 (−(ψ1 + ψ2)/2)i,

n�Zo�
 G0(Dn)?�@(.*
% G0(Dn)? ρ1ψ1 = ρ1ψ2 = ρ1,*� ρ1(ψ1+ψ2)/2 = ρ1,

"&N j 
L�',

Dj(ρ1, (ψ1 + ψ2)/2) =

j−1
2∑

i=0

j

j − i

(
j − i

i

)
ρj−2i
1 (−(ψ1 + ψ2)/2)i

=

j−1
2∑

i=0

j

j − i

(
j − i

i

)
ρj−2i
1 (−1)i

= Dj(ρ1, 1) ∈ G0(Dn).

N j 
F�', /a: ρ1(ψ1 + ψ2)/2 = ρ1; n/a: (ψ1 + ψ2)/2 
o#@, *�

Dj(ρ1, (ψ1 + ψ2)/2) =

j
2∑

i=0

j

j − i

(
j − i

i

)
ρj−2i
1 (−(ψ1 + ψ2)/2)i

= 2(−(ψ1 + ψ2)/2)
j
2 +

j
2−1∑
i=0

j

j − i

(
j − i

i

)
ρj−2i
1 (−(ψ1 + ψ2)/2)i

= (−1)
j
2 (ψ1 + ψ2) +

j
2−1∑
i=0

j

j − i

(
j − i

i

)
ρj−2i
1 (−1)i

= Dj(ρ1, 1) + (−1)
j
2 (ψ2 − ψ1) ∈ G0(Dn).

T:PM G0(Dn) �np/\ Z- %. aÆqQ, p]

θn =
{

(n/2) − 1, 2 | n;
(n− 1)/2, 2 � n.
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lm 3.1 % Grothendieck � G0(Dn) ?, #5T5M:

(1) ��+ 1 ≤ j ≤ θn, ρj = Dj(ρ1, (ψ1 + ψ2)/2).

(2) ��+ 1 ≤ j ≤ θn, (ρ1)j a�,�	
 ψ1, ψ2, ρ1, ρ2, . . . , ρj �1qQ@�QF\k, 3

nQF\k? ρj 7:�@�
 1.

(3) N n 
F�', jk {ψ1, ψ2, ψ3, ψ4, ρ1, (ρ1)2, . . . , (ρ1)(n/2)−1} 6E G0(Dn) �/\ Z-

%; N n 
L�', jk {ψ1, ψ2, ρ1, (ρ1)2, . . . , (ρ1)(n−1)/2} 6E G0(Dn) �/\ Z- %.

no (1) � j 2�prr'. N j = 1 ', D1(ρ1, (ψ1 + ψ2)/2) = ρ1, 5sEt. rrsu

N 2 ≤ j ≤ s '#�Et. �" j = s + 1 ≤ θn lZ, 6 Dickson �P��l+F@�,Crr
suq

Ds+1(ρ1, (ψ1 + ψ2)/2) = ρ1Ds(ρ1, (ψ1 + ψ2)/2) − ((ψ1 + ψ2)/2)Ds−1(ρ1, (ψ1 + ψ2)/2)

= ρ1ρs − ((ψ1 + ψ2)/2)ρs−1

= (ρs+1 + ρs−1) − ρs−1

= ρs+1.

6�prr'q%c#�Et.

(2) � j 2�prr'. N j = 1 ', 5s5�Et; su5s� j = s Et, V

(ρ1)s = ρs +ms−1ρs−1 + · · · +m1ρ1 + aψ1 + bψ2


1qQ@�QF\k; �" j = s+ 1 ≤ θn lZ,

(ρ1)s+1 = (ρs +ms−1ρs−1 + · · · +m1ρ1 + aψ1 + bψ2)ρ1

= (ρs+1 + ρs−1) +ms−1(ρs + ρs−2) + · · · +m1(ρ2 + ψ1 + ψ2) + (a+ b)ρ1

= ρs+1 +ms−1ρs + (1 +ms−1)ρs−1 + · · · + (m2 + a+ b)ρ1 +m1(ψ1 + ψ2)


1qQ@�QF\k^3 ρs+1 7:�@�
 1.

(3) 8c n 
F��lZ. 6 (1) q ψ1, ψ2, ψ3, ψ4 ,C ρj , 1 ≤ j ≤ (n/2) − 1 _�,�	

ψ1, ψ2, ψ3, ψ4, ρ1, (ρ1)2, . . . , (ρ1)(n/2)−1 �QF\k. uQ@�QF\k

aψ1 + bψ2 + cψ3 + dψ4 +m1ρ1 +m2(ρ1)2 · · · +m(n/2)−1(ρ1)(n/2)−1 = 0.

6 (2) qU� (ρ1)j , 1 ≤ j ≤ (n/2) − 1 _�,�	
 ρj , ρj−1, . . . , ρ1, ψ1, ψ2 �1qQ@�QF
\k3 ρj 7:@�
 1, *�i 0 = aψ1 + bψ2 + cψ3 + dψ4 +m1ρ1 + · · · +m(n/2)−1(ρ1)(n/2)−1

�	
 ψ1, ψ2, ψ3, ψ4 ,C ρ1, ρ2, . . . , ρ(n/2)−1 �QF\k', ρ(n/2)−1 7:�@�
 m(n/2)−1,

0(+K m(n/2)−1 = 0. ,�;+, �<

m(n/2)−2 = m(n/2)−3 = · · · = m1 = a = b = c = d = 0.

"& ψ1, ψ2, ψ3, ψ4, ρ1, (ρ1)2, . . . , (ρ1)(n/2)−1 QFvF, Z�
 G0(Dn) �/\ Z- %. ct.

d� 3.2 Grothendieck � G0(Dn) �ur?E@s�5T:

(1) N n 
F�', G0(Dn) 6 ψ2, ψ3 ,C ρ1 ?E.

(2) N n 
L�', G0(Dn) 6 ψ2 J ρ1 ?E.

no (1) N n 
F�', {ψ1, ψ2, ψ3, ψ4} 6Eij*V@�, >?E@
 ψ2, ψ3; np, 6
3g 3.1 (1) qU� 2 W��-�	 ρj = Dj(ρ1, (ψ1 +ψ2)/2), V ρj �,6 ρ1 J ψ2 ?E. s�
%�, Dn �U/���-�	_�,6 ρ1, ψ2, ψ3 ?E.
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(2)N n
L�', {ψ1, ψ2}6E 2Lg��,>?E@
 ψ2;np63g 3.1 (1)qU� 2W

��-�	 ρj _�,6 ρ1, ψ2 ?E. *�, Dn �U/���-�	_�,6 ρ1, ψ2?E. ct.

N n 
F�', u I0 
�P�� Z[X,Y,Z] ?�5T@(?E�g*:

X2 − 1, Y 2 − 1,XZ − Z, Y Z −D(n/2)−1(Z, (1 +X)/2),

ZD(n/2)−1(Z, (1 +X)/2) − (Y +XY +D(n/2)−2(Z, (1 +X)/2)).

N n 
L�', u I1 
�P�� Z[X,Y ] ?�5T@(?E�g*:

X2−1, XY−Y, Y D(n−1)/2(Y, (1 +X)/2)−D(n−1)/2(Y, (1+X)/2)−D(n−3)/2(Y, (1+X)/2).

tm 3.3 Grothendieck � G0(Dn) J5TK�b6:

(1) N n > 4 3
F�', G0(Dn) ∼= Z[X,Y,Z]/I0.

(2) N n > 3 3
L�', G0(Dn) ∼= Z[X,Y ]/I1.

no 0w8JK (1) �cC, (2) �5M;A�c. 
aÆqQ, c�vX�P�
Dj = Dj(Z, (1 +X)/2), 1 ≤ j ≤ (n/2) − 1.

6f� 3.2 q Grothendieck � G0(Dn) &6 ψ2, ψ3 ,C ρ1 ?E�YU�, *�hw%Z�P
�� Z[X,Y,Z] / Grothendieck � G0(Dn) ��Sbx

Ψ : Z[X,Y,Z] → G0(Dn),

y<

Ψ(1) = ψ1, Ψ(X) = ψ2, Ψ(Y ) = ψ3, Ψ(Z) = ρ1.

k+/ I0 ⊆ ker Ψ, 0&*
6f� 2.1 q
Ψ(X2 − 1) = (ψ2)2 − 1 = 0, Ψ(Y 2 − 1) = (ψ3)2 − 1 = 0,

Ψ(XZ − Z) = ψ2ρ1 − ρ1 = 0, Ψ(Y Z −D(n/2)−1) = ψ3ρ1 − ρ(n/2)−1 = 0,

Ψ(ZD(n/2)−1 − (Y +XY +D(n/2)−2)) = ρ1ρ(n/2)−1 − (ψ3 + ψ2ψ3 + ρ(n/2)−2) = 0.

*�, �Sbx Ψ uxKK� Z[X,Y,Z]/I0 / G0(Dn) ��Sbx

Ψ : Z[X,Y,Z]/I0 → G0(Dn),

y< Ψ ◦ π = Ψ, >? π : Z[X,Y,Z] → Z[X,Y,Z]/I0 
5�bx.

T:cCK� Z[X,Y,Z]/I0 #/\ Z- %:

Ω = {1,X, Y ,XY ,Z,Z2, . . . , Z(n/2)−1}.
z{, uQ@�QF\k

a1 + bX + cY + dXY +m1Z + · · · +m(n/2)−1Z(n/2)−1 = 0,

_6 Ψ ◦ π = Ψ �q
0 = Ψ(a1 + bX + cY + dXY +m1Z + · · · +m(n/2)−1Z(n/2)−1)

= Ψ(a+ bX + cY + dXY +m1Z + · · · +m(n/2)−1Z
(n/2)−1)

= aψ1 + bψ2 + cψ3 + dψ4 +m1ρ1 + · · · +m(n/2)−1(ρ1)(n/2)−1.

63g 3.1 (3) q
m(n/2)−1 = m(n/2)−2 = · · · = m1 = a = b = c = d = 0.
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*�, jk Ω ?�@(QFvF. np, Z[X,Y,Z]/I0 ?��+@( XiY jZk _�,�	
jk
Ω ?�@(�QF\k. YZ�, N k = 0 ', 6g* I0 �?E@q

XiY jZk = XiY j =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1, 2 | i 3 2 | j;
X, 2 � i 3 2 | j;
Y , 2 | i 3 2 � j;
XY , 2 � i 3 2 � j.

N k > 0 ', 6" XZ = Z, y

XiY jZk = Y jZk =

{
Zk, 2 | j;
Y Zk, 2 � j.

�" Zk, N 1 ≤ k ≤ (n/2) − 1 ', A# Zk ∈ Ω, y'M|C Zn/2 I�,�	
jk Ω ?@(
�QF\k, Z�6�prr'�q�"�+ k > 0, Zk _�,�	
jk Ω ?@(�QF\
k. 6 (3.1) q

D(n/2)−1 = D(n/2)−1(Z, (1 +X)/2)

=
[ n−2

4 ]∑
i=0

(n/2) − 1
(n/2) − 1 − i

(
(n/2) − 1 − i

i

)
Z(n/2)−1−2i(−(1 +X)/2)i

= Z(n/2)−1 +
[ n−2

4 ]∑
i=1

(n/2) − 1
(n/2) − 1 − i

(
(n/2) − 1 − i

i

)
Z(n/2)−1−2i(−(1 +X)/2)i.

*�

Z(n/2)−1 = D(n/2)−1 −
[ n−2

4 ]∑
i=1

(n/2) − 1
(n/2) − 1 − i

(
(n/2) − 1 − i

i

)
Z(n/2)−1−2i(−(1 +X)/2)i.

Z�

Zn/2 = ZZ(n/2)−1

= ZD(n/2)−1 −
[ n−2

4 ]∑
i=1

(n/2) − 1
(n/2) − 1 − i

(
(n/2) − 1 − i

i

)
Z(n/2)−2i(−(1 +X)/2)i

= Y +XY +D(n/2)−2

−
[ n−2

4 ]∑
i=1

(n/2) − 1
(n/2) − 1 − i

(
(n/2) − 1 − i

i

)
Z(n/2)−2i(−(1 +X)/2)i


jk Ω ?�@(�QF\k. �" Y Zk, N k = 1 ', Y Z = D(n/2)−1 
jk Ω ?�@(�
QF\k; N k > 1 ', 6" Y Z = D(n/2)−1, y

Y Zk = (Y Z)Zk−1 = D(n/2)−1Zk−1.

6 XZ = Z �q, ���,�	
, Z 
����P�, �U� Zk _�,�	
jk Ω ?�
@(�QF\k, *�, Z 
����P�I�,�	
jk Ω ?�@(�QF\k. s�%
�, jk Ω 
K� Z[X,Y,Z]/I0 �/\%.
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vz, cC Ψ 

R. u

Ψ(a1 + bX + cY + dXY +m1Z + · · · +m(n/2)−1Z(n/2)−1) = 0,

_6�:YU}q
0 = Ψ(a1 + bX + cY + dXY +m1Z + · · · +m(n/2)−1Z(n/2)−1)

= Ψ(a+ bX + cY + dXY +m1Z + · · · +m(n/2)−1Z
(n/2)−1)

= aψ1 + bψ2 + cψ3 + dψ4 +m1ρ1 + · · · +m(n/2)−1(ρ1)(n/2)−1.

"&63g 3.1 (3) q%#@�
 0. s�%�, wR
Ψ : Z[X,Y,Z]/I0 → G0(Dn)


�b6, ct.

x 3.4 N n = 4',6f� 2.1q Grothendieck� G0(D4)b6"K� Z[X,Y,Z]/I2,>?
I2 
6 X2−1, Y 2−1,XZ−Z, Y Z−Z,Z2−1−X−Y −XY ?E�g*;N n = 3',6f� 2.2

q Grothendieck � G0(D3) b6"K� Z[X,Y ]/I3, >? I3 
 X2 − 1,XY −Y, Y 2 − 1−X −Y

?E�g*.

yz {{~|�%��}~|�+Q.
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