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1 #$
%�
���&'��� Heisenberg �������(����. ������(���

Laguerre �����������, ��� [1, 2, 5, 14] �� !��. )"#, �����(
� m Æ$����*%) %&. Berenstein ' Chang �! [5] "' Laguerre �����(

)# Heisenberg �������(� m Æ$����. Laguerre ����$���(���
�%%*+, �
&���(����,�&'-.�����, ��� [5, 6, 8] �� !��.

/(#, )*+���,�0-+ Heisenberg ��$�����(� m Æ$�����./.

1 m = 1 0, , [26] 2-#-+ Heisenberg �������(����. 3)4#, Chang '

Markina [9] &� Tie ' Wong [19] ()#$�����(����. .1, 23)*"'���
Fourier 56������2--+ Heisenberg ��$�����(� m Æ$����.

7 q = (q1, . . . , qn) ∈ H
n, .1 H 84-+595. :

ql+1 = x4l+1 + x4l+2i1 + x4l+3i2 + x4l+4i3,

�/ x4l+j ∈ R, l = 0, . . . , n − 1, j = 1, . . . , 4, i1, i2, i3 $ H �6;<7+, =890
i21 = i22 = i23 = −1, i1i2 = i3.

x �>1: x = x0 − x1i1 − x2i2 − x3i3, Re x = x0, Im x = x1i1 + x2i2 + x3i3. '?@ x �6

;:2 (x1, x2, x3).

-+ Heisenberg � Hn $ H
n × R

3, 3�:

(q, t) · (q′, t′) =
(

q + q′, s + s′ + 2
n−1∑
l=0

Im(ql+1q
′
l+1)

)
,

�/ (q, t), (q′, t′) ∈ H
n × R

3.

� Hn ��$�����(: Δκ, +;:

Δκ := −
4n∑

j=1

X2
j + 4

3∑
β=1

iβκβ∂tβ
,

�/ κ = (κ1, κ2, κ3) ∈ R
3, Xj $ Hn ��4A5<=B ( �C 2 D).

: Δm
κ $ Δκ � m $Æ, 5 Heisenberg �/(, �( Δκ $ �b = ∂̄b∂̄

∗
b + ∂̄∗

b ∂̄b 2'6 Hn

�� (0, 1)- >?E@�. .1 ∂̄b $A< Cauchy–Riemann–Fueter �(, ∂̄∗
b $ ∂̄b �>?>1, F

7 Δκ �BFC���� [9, 19]. ���D�$2- Δm
κ ����.

:#GH89%�, 23E:F) IG.

7 λ ∈ R
3, :

Bλ =
3∑

β=1

λβBβ , (1.1)

�/ Bβ $)J 4n × 4n K;, +;:

Bβ = diag{bβ , bβ , . . . , bβ}, β = 1, 2, 3, (1.2)

�/ bβ , β = 1, 2, 3 $-+5<7+�K;84 (� (2.2)).
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: |Bλ| := [(Bλ)T Bλ]
1
2 ,

g(x, t;λ) := 〈|Bλ|coth(|Bλ|)x, x〉 − iλ(t), λ(t) =
3∑

β=1

λβtβ . (1.3)

>? 1.1 P κ /∈ εκ. QR Δm
κ ����:

G m
κ (x, t) :=

Γ(2n − m + 3)
22n+2m(2π)2n+3Γ(m)

∫
R3

det
( |Bλ|

sinh|Bλ|
) 1

2 e−i
∑3

β=1 iβκβλβ

g(x, t;λ)2n−m+3
dλ,

.1 (x, t) ∈ R
4n × R

3, x �= 0, �/

εκ =
{

i
3∑

β=1

iβκβλβ +
2n∑

j=1

|λ|(2αj + 1) = 0, α = (α1, . . . , α2n) ∈ N
2n

}
. (1.4)

��> 5 D. C 2 DGH#-+ Heisenberg ��S@&�.�� Fourier 56��. F7
Heisenberg ��� Fourier ��%�
A', ��� [10, 16, 25]. S3#, . ���&TT)�
U� H- V��,��-+ Heisenberg �'U+ Heisenberg �. W [22] 2-#VXY�A<��
���B7���. Z'W [18] "'.��2-#-+ Heisenberg �� k -CF W5� Szegö�.

W�! [24] "'#U+5 Heisenberg ���BF��[X#���BCW5. C 3 D()#

Δm
κ � Fourier 56, 56DY$)J Hilbert–Schmidt �(. C 4 D"' Plancherel Z?()

# Δm
κ �������84. EY, 7 m = 1, 2, 3 �\>, ()#���[+;�8\?.

2 FG Heisenberg HIJ Fourier KL
6]M]^_, -+ Heisenberg ��&`:

(x, t) · (x′, t′) =
(

x + x′, tβ + t′β + 2
n−1∑
l=0

4∑
k,j=1

bβ
kjx4l+kx′

4l+j

)
, (2.1)

.1 β = 1, 2, 3, x = (x1, . . . , x4n) ∈ R
4n, t = (t1, t2, t3) ∈ R

3, x′, t′ �&/(GHS@, b1, b2, b3

$^7_K;:

b1 =

⎛
⎜⎜⎝

0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0

⎞
⎟⎟⎠ , b2 =

⎛
⎜⎜⎝

0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0

⎞
⎟⎟⎠ , b3 =

⎛
⎜⎜⎝

0 0 0 1
0 0 −1 0
0 1 0 0
−1 0 0 0

⎞
⎟⎟⎠ . (2.2)

aNbO b1, b2, b3 90F^?:

(b1)2 = (b2)2 = (b3)2 = −I, b1b2 = b3.

23�&`3� (2.1) `:

(x, t)(x′, t′) =
(

x + x′, tβ + t′β + 2
4n∑

k,j=1

Bβ
kjxkx′

j

)
,

�/ Bβ P (1.2) GH. <=B

Xj = ∂xj + 2
3∑

β=1

4n∑
k=1

Bβ
kjxk∂tβ

, (2.3)
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j = 1, . . . , 4n, $ Hn ��4A5<=B, =890&_F^:

[Xk,Xj ] = 4δjk

3∑
β=1

Bβ
kj∂tβ

, (2.4)

�/ j, k = 1, . . . , 4n, Bβ P (1.2) GH.

c6239"'a4Æd����84��[X�( Δm
κ , b����� [16, 18, 22–25].

P Φ : R
4n × R

4n → R
3 :^7_Qe:

Φ(x, x′) = (Φ1(x, x′),Φ2(x, x′),Φ3(x, x′)), Φβ(x, x′) =
4n∑

j,k=1

Bβ
jkxkx′

j , β = 1, 2, 3,

�/ x, x′ ∈ R
2n, � Hn �3��&`:

(x, t) · (x′, t′) = (x + x′, t + t′ + 2Φ(x, x′)) .

F7a4Æd�� Hermitian Qe��84��& !� [16]. 3)4#, .��77^
7_Qe Φ *$cf�, +;�&�� [18, 22–24]. .1, `Rghi-+ Heisenberg ���

Fourier 56��.

P υ = (υ1, . . . , υ4n) ∈ R
4n, {ej} : R

4n �Bd�. P ∂υf $ f 6 R
4n j�< υ ��<e

5, f ∂υ =
∑4n

j=1 υj∂xj . gh

Xj = ∂xj + 2Φ(x, ej)∂t, j = 1, . . . , 4n.

k

Xυ :=
4n∑

j=1

υjXj = ∂υ + 2Φ(x, υ)∂t

$ H ��4A5<=B, ijk90
[Xυ,Xυ′ ] = 4Φ(υ, υ′) · ∂t,

�/ Φ(υ, υ′) · ∂s :=
∑3

β=1 Φβ(υ, υ′) · ∂tβ
. 7 λ ∈ R

3, :

Φλ(υ, υ′) := λ · (Φ(υ, υ′)) = υtBλυ′.

S: Φλ $^7_�, 6)TBd� {υλ
1 , . . . , υλ

4n} _�&`:]UV, f

Φλ(υλ
j , υλ

2n+j) = −Φλ(υλ
2n+j , υ

λ
j ) = |λ|, |λ| ≥ 0, j = 1, . . . , n

7�l�_]% Φλ(υλ
k , υλ

l ) = 0. aNbO ±i|λ| $ Bλ �mVW, j = 1, . . . , n.

P Xλ
j = Xυλ

j
, j = 1, 2, . . . , 4n. : π : H �A�XÆ84. 7$l6 λ ∈ R

p, n(

π(0, s) = eiλ(s), =8

dπ([Xυ,Xυ′ ]) = 4iλ(Φ(υ, υ′)) = 4iΦλ(υ, υ′). (2.5)

YZ)
[Xλ

j ,Xλ
2n+j ] = 4Φ(υλ

j , υλ
2n+j) · ∂s,

=87�l_]% [Xλ
k ,Xλ

l ] = 0. P (2.5) �&()
dπ([Xλ

j ,Xλ
2n+j ]) = 4i|λ|,
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&�7�l_]% dπ([Xλ
k ,Xλ

l ])= 0. P |λ| �= 0, π�&]c:H 6 L2(R2n)��A�XÆ84.

dπλ(Xλ
j ) = 2∂ξj , dπλ(Xλ

2n+j) = 2i|λ|ξj , j = 1, 2, . . . , 2n. (2.6)

o]�, 23�&@ x ∈ R
4n `: x = xλ′ + xλ′′ , �/

xλ′ :=
2n∑

j=1

xλ
j υλ

j ∈ R
4n, xλ′′ :=

2n∑
j=1

xλ
2n+jυ

λ
2n+j ∈ R

4n, (2.7)

.1 xλ
1 , . . . , xλ

4n ∈ R.

P
(x, t) =

(
0, t − 2Φ(xλ′′ , xλ′ )

) · (xλ′′ , 0) · (xλ′ , 0), (2.8)

�(

πλ(x, t) = πλ

(
0, t − 2Φ(xλ′′ , xλ′ )

) ◦ πλ(xλ′′ , 0) ◦ πλ(xλ′ , 0), (2.9)

�/ Φ(xλ′′ , xλ′ ) = −∑2n
j=1 xλ

2n+jx
λ
j |λ|. P φ ∈ L2(R2n), dπλ ���>?:

(πλ(xλ′ , 0)φ)(ξ) = φ(ξ + 2x̃), x̃ = (xλ
1 , . . . , xλ

2n),

(πλ(xλ′′ , 0)φ)(ξ) = ei2
∑2n

j=1 |λ|ξjxλ
2n+j φ(ξ).

(2.10)

P (2.7)–(2.10), 23%
[πλ(x, t)φ](ξ) = eiλ(t)+i2|λ|∑2n

j=1 xλ
2n+j(ξj+xλ

j )φ(ξ + 2x̃). (2.11)

πλ(x, t) $ L2(R2n) ��Æ�(. '-bO πλ((y, s) · (x, t)) = πλ(y, s)πλ(x, t) �[ πλ(x, t) $

Hn ��Æ84.

P f ∈ L1(Hn), S@
πλ(f) =

∫
Hn

f(x, t)πλ(x, t)−1dyds,

&� Hn ��m�:

f ∗ g(x, t) =
∫

Hn

g((y, s)−1 · (x, t))f(y, s)dyds.

�&bO&_p\cf.

]^ 2.1 (i) πλ(f)∗ = πλ(f∗), �/ f∗(x, t) = f(−x,−t).

(ii) πλ(f ∗ k) = πλ(k)πλ(f), f, k ∈ L1(Hn).

(iii) πλ(Y f) = πλ(Y )πλ(f), Y $qZ�4A5<=B.

7$�&()� Hn �� Plancherel Z?.

]^ 2.2 (Plancherel Z?'rZ?) P f, g ∈ L1(Hn) ∩ L2(Hn), λ ∈ R
3, πλ(f) $)J

Hilbert–Schmidt �(, =8

〈f, g〉 =
1

(2π)2n+3

∫
R3
〈πλ(f), πλ(g)〉HS|λ|2ndλ, (2.12)

�/ 〈πλ(f), πλ(g)〉HS = tr(πλ(f)πλ(g)∗). 7 f ∈ S (H ), Plancherel rZ?::

f(y, s) =
1

(2π)2n+3

∫
R3

tr(πλ(f)πλ(y, s))|λ|2ndλ. (2.13)
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1 n = 1 0, Z? (2.12) 6� [18, 22] /GH. -+ Heisenberg ��� Plancherel Z?�

Os5U+ Heisenberg ��Os/(, ��� [24, S� 4.1]. 6.1nA_i#.

3 Δm
κ J Fourier KL
: hj :C j J Hermitian W5:

hj(t) =
π− 1

4√
2jj!

et2/2 dj

dtj
e−t2 ,

l2c# L2(R) �)T�. GS
R`] α = (α1, . . . , α2n) ∈ N
2n, :

hλ
α(ξ) :=

2n∏
j=1

|λ|1/4hαj (|λ|1/2ξj).

P HS(L2(R2n)) : L2(R2n) �t%� Hilbert–Schmidt �(2c�op, 23%:��_.

a? 3.1 dπλ(Δm
κ ) ∈ HS(L2(R2n)), =8

dπλ(Δm
κ ) = 22m

[ 2n∑
j=1

(
∂2

ξj
− |λ|2ξ2

j

)
+ i

3∑
β=1

iβκβλβ

]m

,

dπλ(Δm
κ )hλ

α = 22m

[ 2n∑
j=1

|λ|(2αj + 1) + i
3∑

β=1

iβκβλβ

]m

hλ
α. (3.1)

bc P (2.6) �(

dπλ

(
−

4n∑
j=1

X2
j

)
= dπλ

(
−

4n∑
j=1

(Xλ
j )2

)
= −4

2n∑
j=1

(∂2
ξj

− |λ|2ξ2
j ).

dP dπλ(∂tβ
) = iλβ �[

dπλ(Δκ) = −4
2n∑

j=1

(
∂2

ξj
− |λ|2ξ2

j

)
+ 4i

3∑
β=1

iβκβλβ ,

S:
(−(d/dt)2 + t2)hj = (2j + 1)hj ,

7$

dπλ(Δκ)hλ
α = 4

[ 2n∑
j=1

|λ|(2αj + 1) + i
3∑

β=1

iβκβλβ

]
hλ

α.

EY�%�$g dπλ(Δm
κ ) = [dπλ(Δκ)]m (H. Oq.

g (3.1) �&rH, 18s1 κ /∈ εκ, �( dπλ(Δm
κ ) $�r�, �/ εκ P (1.4) GH, .u

n()#&_�:�.

a? 3.2 tP κ /∈ εκ, dπλ(Δm
κ ) $�r�, dπλ(Δm

κ ) �r�(:
Gm

κ (λ) =
∑
α

Aλ
α,α

22m
[∑2n

j=1 |λ|(2αj + 1) + i
∑3

β=1 iβκβλβ

]m ,
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�/ Aλ
k,l ∈ HS(L2(R2n)) 90:

Aλ
α,βhλ

α′ = δα′,βhλ
α.

7$
dπλ(Δm

κ )Gm
κ (λ) = id.

πλ �K;+S@:
χλ

α,α′(y, s) := 〈πλ(y, s)hλ
α, hλ

α′〉.
a? 3.3 7 (x, t) ∈ R

4n × R
3, λ ∈ R

3\{0}, 7$

χλ
α,α(x, t) = eiλ(t)

2n∏
j=1

e−|λ| |zλ
j |2L(0)

αj
(2|λ| |zλ

j |2),

�/ zλ
j = xλ

j + ixλ
2n+j , j = 1, . . . , 2n, L

(0)
j $ Laguerre 
v?:

L
(0)
j (x) =

j∑
m=0

j!
(j − m)!m!

(−x)m

m!
.

bc K;+�u���� [18, 22–24]. .1u�5 [22,:� 4.2]/(.P� [22,:� 4.1.1]

�( ∫
R

eiqshj(s + p/2)hj(s − p/2)ds = e−
1
4 |p+iq|2L(0)

αj
(|p + iq|2/2), (3.2)

�/ p, q ∈ R.

QR

χλ
α,α(x, t) =

∫
R2n

eiλ(t)+i
∑ 2n

j=1 2|λ|xλ
2n+j(ξj+xλ

j )
2n∏

j=1

hαj

(|λ| 12 (ξj + 2xλ
j )

)
hαj

(|λ| 12 ξj

)|λ| 12 dξ

= eiλ(t)

∫
R2n

ei2|λ| 12 ∑2n
j=1 xλ

2n+jξj

2n∏
j=1

hαj

(
ξj + |λ| 12 xλ

j

)
hαj

(
ξj − |λ| 12 xλ

j

)
dξ

= eiλ(t)
2n∏

j=1

e−|λ|(|xλ
j |2+|xλ

2n+j |2)L(0)
αj

(
2|λ|(|xλ

j |2 + |xλ
2n+j |2)

)
.

6CaJ�?/23"'#M]56
|λ| 12 (ξj + xλ

j ) �→ ξj .

EY��?$6 (3.2) /k
p = 2|λ| 12 xλ

j , q = 2|λ| 12 xλ
2n+j

()�. Oq.

4 Δm
κ Jefg
�Du� Δm

κ �������>?. 77 Heisenberg ��\>, Berenstein ' Chang � [5]

"' Laguerre �����()#���, h Kumar ' Mishra [15] "'#w)J��.

.123"'���5� [22–25] �BFu�$/(�.
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7 ϕ ∈ S (Hn), "' Plancherel Z?S@�v G m
κ ∈ S ′(Hn):

(2π)2n+3〈G m
κ , ϕ〉 : =

∫
R3
〈Gm

κ (λ), πλ(ϕ)〉HS|λ|2ndλ

=
∫

R3

∑
α

tr
(
Aλ

α,απ∗
λ(ϕ)

)
22m

[∑2n
j=1 |λ|(2αj + 1) + i

∑3
β=1 iβκβλβ

]m |λ|2ndλ

=
∫

R3

∑
α

〈πλ(ϕ)∗hλ
α, hλ

α〉
22m

[∑2n
j=1 |λ|(2αj + 1) + i

∑3
β=1 iβκβλβ

]m |λ|2ndλ

=
∫

R3

∑
α

〈πλ(ϕ∗)hλ
α, hλ

α〉[
22m

∑2n
j=1 |λ|(2αj + 1) + i

∑3
β=1 iβκβλβ

]m |λ|2ndλ, (4.1)

6C-J�?/')#p\ 2.1.

YZ)
〈πλ(f)hλ

α, hλ
α〉 =

∫
Hn

f(x, t)〈πλ(x, t)−1hλ
α, hλ

α〉dxdt

=
∫

Hn

f(x, t)χλ
α,α(−x,−t)dxdt,

(4.2)

�/ f ∈ S (Hn). ` (4.2) 9F (4.1), �(

22m(2π)2n+3〈G m
κ , ϕ〉 =

∫
R3

dλ

∫
Hn

Ψm(x, t, λ)ϕ(x, t)|λ|2ndxdt,

�/
Ψm(x, t, λ) =

∑
α

χλ
α,α(x, t)[∑2n

j=1 |λ|(2αj + 1) + i
∑3

β=1 iβκβλβ

]m . (4.3)

P f ∈ S (Hn), : f̂(λ;α,α) := 〈πλ(f)hλ
α, hλ

α〉. 7xJ N ≥ 2n − m + 1, l6)J Sobolev

w5 ‖ · ‖N ′ '?5 cN ≥ 0, n(7qZ f ∈ S (Hn),

f̂(λ;α,α) ≤ cN
‖f‖N ′

(1 + |λ|N )(1 +
∑2n

j=1 |λ|(2αj + 1))N

(�� [16, :� 3.6]). 3)4#, 7y)J N , l6 Cn,N ≥ 0, n(∑
k

1

(1 +
∑2n

j=1 |λ|(2αj + 1))[
N
m ] ∑2n

j=1 |λ|(2αj + 1)
≤ Cm,n,N

1 + |λ|n
|λ|2n

(4.4)

(�� [16, :� 6.2]). QR

|〈G m
κ , ϕ〉| ≤ C

∣∣∣∣
∫

ϕ̂(λ;α,α)[∑2n
j=1 |λ|(2αj + 1) + |λ|]m |λ|2ndλ

∣∣∣∣
≤ C‖ϕ‖N ′

∣∣∣∣
∫ ∑

κ

|λ|2n

(1 + |λ|N )(1 +
∑2n

j=1 |λ|(2αj + 1))N
[∑2n

j=1 |λ|(2αj + 1) + |λ|]m dλ

∣∣∣∣
≤ C′‖ϕ‖N ′

∫
Sm(λ, k)

|λ|2n

1 + |λ|N dλ ≤ C′′‖ϕ‖N ′ ,

�/ S(k, λ) $ (4.4) �4x, gh Km $)J�v.

c69u�.Jy5 (4.3). :#.JD�, 23)*@.J^5[ 2n∑
j=1

|λ|(2αj + 1) + i
3∑

β=1

iβκβλβ

]−m
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`:)J��>?. YZ)
1

Am
=

1
Γ(m)

∫ ∞

0

rm−1e−Ardr, Re(A) > 0. (4.5)

P�� (4.5) ':� 3.3, �(

Ψm(x, t, λ) =
∑
α

χλ
α,α(x, t)[∑2n

j=1 |λ|(2αj + 1) + i
∑3

β=1 iβκβλβ

]m

=
∑
α

eiλ(t)

Γ(m)

∫ ∞

0

rm−1e−ir
∑3

β=1 iβκβλβ−r(
∑2n

j=1 |λ|(2αj+1))

·
2n∏

j=1

e−|λ| |zλ
j |2L(0)

αj
(2|λ| |zλ

j |2)dr.

_Y"' Laguerre 
v?�@cZ?7�?�', P∑
α

L(0)
α (t)ω(λ)k =

1
1 − ω(λ)

e−
tω(λ)

1−ω(λ) ,

(

Ψm(x, t, λ) =
eiλ(t)

Γ(m)

∫ ∞

0

rm−1e−ir
∑3

β=1 iβκβλβ

2n∏
j=1

e−|λ|r−|λ| |zλ
j |2

∞∑
αj=0

(e−2|λ|r)αj L(0)
αj

(2|λ| |zλ
j |2)dr

=
eiλ(t)

Γ(m)

∫ ∞

0

rm−1e−ir
∑3

β=1 iβκβλβ

2n∏
j=1

e−|λ|r

1 − e−2|λ|r e
−|λ| |zλ

j |2
[
1+ 2e−2|λ|r

1−e−2|λ|r
]
dr

=
eiλ(t)

Γ(m)

∫ ∞

0

rm−1e−ir
∑3

β=1 iβκβλβ

2n∏
j=1

1
2sinh(|λ|r)e−|λ| |zλ

j |2coth(|λ|r)dr

=
eiλ(t)

Γ(m)|λ|m
∫ ∞

0

rm−1e−ir
∑3

β=1 iβκβ λ̂β

2n∏
j=1

1
2sinhr

e−|λ| |zλ
j |2cothrdr.

6EY��?/"'#M]56 |λ|r �→ r.

:#z{z�, 23:Fg�W5:

g(x, t; r, λ̂) = −iλ̂(t) + |z|2cothr,

�/ |z|2 =
∑2n

j=1 |zλ
j |2. 7 x �= 0, l6)J?5 c, n( |g(x, t; r, λ̂)| ≥ c|z|2 > 0, gh∫

R3
Ψm(x, t, λ)ϕ|λ|2ndλ

=
1

Γ(m)

∫
S2

dλ̂

∫ ∞

0

rm−1e−ir
∑3

β=1 iβκβλβdr

∫ ∞

0

|λ|2n−m+2
2n∏

j=1

1
2sinhr

e−g(x,t;r,λ̂)|λ|ϕd|λ|

=
Γ(2n − m + 3)

Γ(m)

∫
S2

dλ̂

∫ ∞

0

rm−1e−ir
∑3

β=1 iβκβ λ̂β

2n∏
j=1

1
2sinhr

1

g(x, t; r, λ̂)2n−m+3
ϕdr.

: λ := rλ̂, P |zλ̂
j | = |zλ

j |, 23(
g(x, t; r, λ̂)r = −iλ(t) + |λ| |z|2cothr.
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1 suppϕ ∩ {(x, t);x = 0} = ∅ 0,∫
R3

Ψm(x, t, λ)ϕ|λ|2ndλ =
Γ(2n − m + 3)

Γ(m)

∫
R3

det
( |Bλ|

2sinh|Bλ|
) 1

2 e−i
∑ 3

β=1 iβκβλβ

g(x, t;λ)2n−m+3
ϕdλ, (4.6)

�/ g(x, t;λ) P (1.3) GH.

7$

〈G m
κ , ϕ〉 =

Γ(2n − m + 3)
22n+2m(2π)2n+3Γ(m)

∫
R3

det
( |Bλ|

sinh|Bλ|
) 1

2 e−i
∑3

β=1 iβκβλβ

g(x, t;λ)2n−m+3
ϕdλ. (4.7)

>? 1.1 hbc P (2.12) ' īβ = −iβ , ī = −i �(

dπλ(Δm
κ ) = dπλ(Δm

κ )∗.

7 ϕ ∈ S (Hn), %
(2π)2n+3〈Δm

κ G m
κ , ϕ〉 =

∫
R3
〈dπλ(Δm

κ )πλ(G m
κ ), πλ(ϕ)〉HS|λ|2ndλ

=
∫

R3
〈πλ(G m

κ ), dπλ(Δm
κ )πλ(ϕ)〉HS|λ|2ndλ

=
∫

R3
〈Gm

κ (λ), dπλ(Δm
κ )πλ(ϕ)〉HS|λ|2ndλ

=
∫

R3

∑
α

〈πλ(ϕ∗)hλ
α, hλ

α〉|λ|2ndλ

=
∫

R3
tr(π∗

λ(ϕ))|λ|2ndλ

= (2π)2n+3ϕ(0, 0).

EY)J�?')#rZ? (2.13).

5 G 1
κ, G 2

κ, G 3
κ Jijkl

mnopq m = 1.

1 m = 1, n = 1 0, Tie ' Wong [19] GH#����+;8\?. U3*GH# Δ0 �

Green W5, h Chang ' Markina [9] '#w{)r��. 6�D/, 23)*�7Z? (4.7) 7

qZ� n ≥ 1 ,u�����+;8\?.

P λ(κ) =
∑3

β=1 iβκβλβ . 1 m = 1 0, �� (4.6) :∫
R3

Ψ1(x, t, λ)ϕ|λ|2ndλ =
Γ(2n + 2)

22n

∫
S2

dλ̂

∫ ∞

0

e−iλ(κ)r

sinh2nr
[ − iλ̂(t) + |z|2cothr

]2n+2 ϕdr

=
Γ(2n + 2)

22n+1

∫
S2

dλ̂

∫ ∞

−∞

e−iλ(κ)r

sinh2nr
[ − iλ̂(t) + |z|2cothr

]2n+2 ϕdr.

23)*u��� ∫ ∞

−∞

e−iλ(κ)r

sinh2nr
[ − iλ̂(t) + |z|2cothr

]2n+2 dr.
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P [ − iλ̂(t) + |z|2cothr
]−2n−2 = − 1

2n(2n − 1)λ̂2
k

∂2

∂t2k

[ − iλ̂(t) + |z|2cothr
]−2n

,

( ∫ ∞

−∞

e−iλ(κ)r

sinh2nr
[ − iλ̂(t) + |z|2cothr

]2n+2 dr

= − 1
2n(2n + 1)λ̂2

k

∂2

∂t2k

∫ ∞

−∞

e−iλ(κ)r

sinh2nr
[ − iλ̂(t) + |z|2cothr

]2n dr.

(5.1)

:#u��� (5.1) �sx, tP

r = [|z|4 + (λ̂(t))2]
1
4 (5.2)

'

eiφ = r−2(|z|2 − iλ̂(t)), (5.3)

�/
φ ∈

(
− π

2
,
π

2

)
.

"'|�?
cosh(r + iφ) = coshr cos φ + isinhr sin φ, (5.4)

() ∫ ∞

−∞

e−iλ(κ)r

sinh2nr
[ − iλ̂(t) + |z|2cothr

]2n dr =
1

r4n

∫ ∞

−∞

e−iλ(κ)r

cosh2n(r + iφ)
dr.

P7 ∫ ∞

−∞

e−ixy

coshv(ax + b)
dx =

2v−1

aΓ(v)
eiyb/aΓ

(
v

2
− i

y

2a

)
Γ
(

v

2
+ i

y

2a

)
,

QR ∫ ∞

−∞

e−iλ(κ)r

sinh2nr
[ − iλ̂(t) + |z|2cothr

]2n dr

=
1

r4n

22n−1

Γ(2n)
e−λ(κ)φΓ

(
n − iλ(κ)

2

)
Γ

(
n +

iλ(κ)
2

)
. (5.5)

` (5.2), (5.3) 9F (5.5), �&()∫ ∞

−∞

e−iλ(κ)r

sinh2nr
[ − iλ̂(t) + |z|2cothr

]2n dr =
22n−1Γ

(
n − iλ(κ)

2

)
Γ
(
n + iλ(κ)

2

)
Γ(2n)(|z|2 + iλ̂(t))n+

iλ(κ)
2 (|z|2 − iλ̂(t))n− iλ(κ)

2

.

k

a = n +
iλ(κ)

2
, b = n − iλ(κ)

2
.

'-u� (|z|2 + iλ̂(t))−a(|z|2 − iλ̂(t))−b F7 tk �)}&e5(
∂

∂tk

[
(|z|2 + iλ̂(t))−a(|z|2 − iλ̂(t))−b

]
=

[
(b − a)|z|2 + (a + b)iλ̂(t)

]
iλβ

(|z|2 + iλ̂(t))a+1(|z|2 − iλ̂(t))b+1
.
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tu�a}&e5, (5.1) +;:∫ ∞

−∞

e−iλ(κ)r

sinh2nr
[ − iλ̂(t) + |z|2cothr

]2n+2 dr

=
22n−1Γ(n+ iλ(κ)

2 )Γ(n− iλ(κ)
2 )

2n(2n+1)Γ(2n)
· (2n−λ2(κ))|z|2+(4n+2)λ(κ)λ̂(t)|z|2−2n(2n+1)λ̂2(t)

(|z|2 + iλ̂(t))n+2− iλ(κ)
2 (|z|2 − iλ̂(t))n+2+

iλ(κ)
2

.

)b, 23nOs#&_S�:

>? 5.1 P κ |}1�W. Δκ � Green W5 G 1
κ :

G 1
κ =

Γ̃(λ, κ)
8(2π)2n+3

∫
S2

(2n − λ2(κ))|z|2 + (4n + 2)λ(κ)λ̂(t)|z|2 − 2n(2n + 1)λ̂2(t)

(|z|2 + iλ̂(t))n+2− iλ(κ)
2 (|z|2 − iλ̂(t))n+2+ iλ(κ)

2

dλ̂,

�/

Γ̃(λ, κ) = Γ
(

n +
iλ(κ)

2

)
Γ
(

n − iλ(κ)
2

)
.

�& κ = 0, �( Δ0 :

Δ0 := −
4n∑

j=1

X2
j ,

PS� 5.1 23�&~�#()&_%�.

uv 5.2 Hn ��( Δ0 ����:

G 1
0 =

Γ(n + 1)Γ(n)
4(2π)2n+3

∫
S2

|z|2 − (2n + 1)λ̂2(t)
(|z|4 + λ̂2(t))n+2

dλ̂, (z, t) ∈ Hn. (5.6)

1 n = 1 0, Tie ' Wong [19] GH# G 1
0 [+;�Z?.

mwopq m = 2.

1 m = 2 0, �� (4.6) �&`:∫
R3

Ψ2(x, t, λ)ϕ|λ|2ndλ =
Γ(2n + 1)

22n

∫
S2

dλ̂

∫ ∞

−∞

re−iλ(κ)r

sinh2nr
[ − iλ̂(t) + |z|2cothr

]2n+1 ϕdr.

P
[ − iλ̂(t) + |z|2cothr

]−2n−1 =
1

2niλ̂k

∂

∂tk

[ − iλ̂(t) + |z|2cothr
]−2n

,

�( ∫ ∞

−∞

e−iλ(κ)r

sinh2nr

r[ − iλ̂(t) + |z|2cothr
]2n+1 dr

=
1

2niλ̂k

∂

∂tk

∫ ∞

0

−e−iλ(κ)r

sinh2nr

r[ − iλ̂(t) + |z|2cothr
]2n dr.

(5.7)
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t)$"'�? (5.4), 23�&()∫ ∞

−∞

e−iλ(κ)r

sinh2nr

r[ − iλ̂(t) + |z|2cothr
]2n dr

=
1

r4n

∫ ∞

−∞

re−iλ(κ)r

cosh2n(r + iφ)
dr

=
1

r4n
e−λ(κ)φ

∫ ∞

−∞

te−iλ(κ)t

cosh2n t
dt − 1

r4n
iφe−λ(κ)φ

∫ ∞

−∞

e−iλ(κ)t

cosh2n t
dt

=
22n−2

r4n
e−λ(κ)φ(I1 − I2).

(5.8)

�� (5.8) �C);�:

I1 = 22−2n

∫ ∞

−∞

te−iλ(κ)t

cosh2n t
dt =

∫ +∞

0

vn− iλ(κ)
2 −1 ln v

(1 + v)2n
dv

=
∫ 1

0

(
vn− iλ(κ)

2 −1 − vn+
iλ(κ)

2 −1
)
ln v

(1 + v)2n
dv.

"'y5x~?
1

(1 + v)2n
=

∞∑
k=0

(−1)k

(
2n + k − 1

k

)
vk, (5.9)

�( ∫ 1

0

(
vn− iλ(κ)

2 −1 − vn+ iλ(κ)
2 −1

)
ln v

(1 + v)2n
dv

=
∞∑

k=0

(−1)k

(
2n + k − 1

k

)[
1(

n + k + iλ(κ)
2

)2 − 1(
n + k − iλ(κ)

2

)2

]
.

QR

I1 =
e−λ(κ)φ

r4n

∞∑
k=0

(−1)k

(
2n + k − 1

k

)[
1(

n + k + iλ(κ)
2

)2 − 1(
n + k − iλ(κ)

2

)2

]
.

y[ ∫ ∞

−∞

e−at

cosh2n t
dt = 22n−1 Γ(n − a

2 )Γ(n + a
2 )

Γ(2n)
,

gh

I2 =
2iφe−λ(κ)φ

r4n
· Γ

(
n − iλ(κ)

2

)
Γ
(
n + iλ(κ)

2

)
Γ(2n)

.

:

ζ(κ) =
∞∑

k=0

(−1)k

(
2n + k − 1

k

)[
1(

n + k + iλ(κ)
2

)2 − 1(
n + k − iλ(κ)

2

)2

]
, (5.10)

η(κ) =
2Γ

(
n − iλ(κ)

2

)
Γ
(
n + iλ(κ)

2

)
Γ(2n)

. (5.11)
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'-u� I1 − I2 F7 tk �)}&e5, Z? (5.7) z�:∫ ∞

−∞

e−iλ(κ)r

sinh2nr

r[ − iλ̂(t) + |z|2cothr
]2n+1 dr

=
η(κ)

[|z|2 + arctan λ̂(t)
|z|2

(
λ(κ)|z|2 − 2nλ̂(t)

)] − iζ(κ)[λ(κ)|z|2 − 2nλ̂(t)]

2n(|z|2 + iλ̂(t))n+1+
iλ(κ)

2 (|z|2 − iλ̂(t))n+1− iλ(κ)
2

.

7$23%�_%&.

>? 5.3 P κ |}1�W. Δ2
κ � Green W5 G 2

κ :

G 2
κ =

Γ(2n)
26(2π)2n+3

∫
S2

η(κ)
[|z|2+ arctan λ̂(t)

|z|2 (λ(κ)|z|2− 2nλ̂(t))
] − iζ(κ)[λ(κ)|z|2− 2nλ̂(t)]

(|z|2 + iλ̂(t))n+1+ iλ(κ)
2 (|z|2 − iλ̂(t))n+1− iλ(κ)

2

dλ̂,

�/ ζ(κ), η(κ) P (5.10) GH.

/(#, Δ2
0 ����&�_T�GH.

uv 5.4 Δ2
0 ����:

G 2
0 =

Γ2(n)
26(2π)2n+3

∫
S2

|z|2 − 2nλ̂(t) arctan λ̂(t)
|z|2

[|z|4 + (λ̂(t))2]n+1
dλ̂, (z, t) ∈ Hn.

m{opq m = 3.

P m = 3, �� (4.6) �&`:∫
R3

Ψ3(x, t, λ)ϕ|λ|2ndλ =
Γ(2n)
22n+1

∫
S2

dλ̂

∫ ∞

0

e−iλ(κ)r

sinh2nr

r2[ − iλ̂(t) + |z|2cothr
]2n ϕdr.

YZ)∫ ∞

−∞

e−iλ(κ)r

sinh2nr

r2[ − iλ̂(t) + |z|2cothr
]2n dr

=
1

r4n

∫ ∞

−∞

r2e−iλ(κ)r

cosh2n(r + iφ)
dr

=
1

r4n
e−λ(κ)φ

[∫ ∞

−∞

t2e−iλ(κ)t

cosh2n t
dt − 2iφ

∫ ∞

−∞

te−iλ(κ)t

cosh2n t
dt − φ2

∫ ∞

−∞

e−iλ(κ)t

cosh2n t
dt

]

=
22n−2

r4n
e−λ(κ)φ(J1 − J2 − J3).

(5.12)

�� (5.12) �C);�:
J1 = 22−2n

∫ ∞

−∞

t2e−iλ(κ)t

cosh2n t
dt =

1
2

∫ +∞

0

vn− iλ(κ)
2 −1(ln v)2

(1 + v)2n
dv

=
1
2

∫ 1

0

(
vn− iλ(κ)

2 −1 + vn+ iλ(κ)
2 −1

)
(ln v)2

(1 + v)2n
dv.

Py5x~? (5.9) �&()∫ 1

0

(
vn− iλ(κ)

2 −1 + vn+ iλ(κ)
2 −1

)
(ln v)2

(1 + v)2n
dv

= 2
∞∑

k=0

(−1)k

(
2n + k − 1

k

)[
1(

n + k + iλ(κ)
2

)3 +
1(

n + k − iλ(κ)
2

)3

]
.
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QR

J1 =
∞∑

k=0

(−1)k

(
2n + k − 1

k

)[
1(

n + k + iλ(κ)
2

)3 +
1(

n + k − iλ(κ)
2

)3

]
, (5.13)

J2 = 2iφ
∞∑

k=0

(−1)k

(
2n + k − 1

k

)[
1(

n + k + iλ(κ)
2

)2 − 1(
n + k − iλ(κ)

2

)2

]
(5.14)

&�
J3 =

2φ2Γ
(
n − iλ(κ)

2

)
Γ
(
n + iλ(κ)

2

)
Γ(2n)

. (5.15)

>? 5.5 P κ |}1�W. Δ3
κ � Green W5 G 3

κ :

G 3
κ =

Γ(2n)
28(2π)2n+3

∫
S2

J1 − J2 − J3

(|z|2 + iλ̂(t))n+ iλ(κ)
2 (|z|2 − iλ̂(t))n− iλ(κ)

2

dλ̂,

�/ J1, J2, J3 �ÆP (5.13), (5.14), (5.15) GH.

>? 5.6 P κ |}1�W. Δ3
0 � Green W5 G 3

0 :

G 3
0 =

Γ(2n)
27(2π)2n+3

∫
S2

γn − δn

[|z|4 + (λ̂(t))2]n
dλ̂, (z, t) ∈ Hn,

�/
γn =

∞∑
k=0

(−1)k

(
2n + k − 1

k

)
1

(k + 1)3
, δn = φ2 Γ2(n)

Γ(2n)
.

1 n = 1 0,

γ1 =
∞∑

k=0

(−1)k

(
k + 1

k

)
1

(k + 1)3
=

∞∑
k=0

(−1)k 1
(k + 1)2

=
π2

12

&�
δ1 = φ2 =

[
arctan

λ̂(t)
|z|2

]2

,

7$%�_T�.

uv 5.7 P κ |}1�W. Δ3
0 � Green W5 G 3

0 :

G 3
0 =

1
27(2π)2n+3

∫
S2

π2

12 − [
arctan λ̂(t)

|z|2
]2

[|z|4 + (λ̂(t))2]n
dλ̂, (z, t) ∈ Hn.

| } ~ �
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