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	!�"�#�. 1941$, Ljunggren [11] %&� (a, b) = (2, 3)', (1.1)�( (x, y, z) = (3, 2, 1);

1998 $, Bennett [1] %&� (1.1) 	 �!"# 3; 2004 $, )*+ [16] %&� a > 3.31 × 1035

', (1.1) 	 �!"# 2. ,$, )*+ [17] $%&� a = 4m(m + 1) ', (1.1) 	 �!"# 1,

%&': (-. a, b ∈ N∗, (1.1) /)0( 1 M ; 2007 $, Cipu [5] %&� a = 4m2 − 1 ', (1.1)

	 �!"# 1. /*, ( a = c2 − 1 (1 < c ∈ N∗), #+%& (1.1) /)0( 1 M . 2008 $, ,

- [9] %&�(-. a, b ∈ N∗, (1.1) 	 �!"# 2. .12 [1, 5, 9, 16, 17] /3012		4

 
3.

2017 $, Keskin 45 [10] 01� a = c2 − 1 (1 < c ∈ Z), b = p (p 67�) ', 
� (1.1) 	

�5
�� ; 2018 $, Cipu [6] !�� a = c2 − 1 (1 < c ∈ Z), b = 2p1, 6 p1p2, 6 2p1p2, 6

p1p2p3 (p1, p2, p3 6!,	87�) ', 
� (1.1) 	4 9:, %789;	:<.

;1=>1 [10] ?	@A
3�B<=>C
�	(�DE, ?FÆG< b = 2p1p2p3 '


� (1.1) 	4 9:, 81HIF@D	:A.

ST 1.1 � p1, p2, p3 6!,	87�, 1 < c ∈ Z, %B
Vm

2
+ Um

√
c2 − 1 = (c +

√
c2 − 1)m, m ∈ N∗,

J Pell 
�M {
x2 − (c2 − 1)y2 = 1,

y2 − 2p1p2p3z
2 = 1, x, y, z ∈ N

(1.2)

CD*E (x, y, z) = (c, 1, 0) K, $(L9MF:

(i) G 2c2 − 1 = p1p2p3l
2 (l ∈ N∗) ', (1.2) �( (x, y, z) = (V3

2 , U3, 2cl);

(ii) G 2c2 − 1 �= p1p2p3l
2 (l ∈ N∗) . (4c2 − 3)(4c2 − 1)(2c2 − 1) = p1p2p3h

2 (h ∈ N∗) ',

(1.2) �( (x, y, z) = (V5
2 , U5, 2ch);

(iii) G 2c2 − 1 �= p1p2p3l
2 (l ∈ N∗) N (4c2 − 3)(4c2 − 1)(2c2 − 1) �= p1p2p3h

2 (h ∈ N∗) ',

(1.2) O .

HIJK 1.1 	 (i) PLM8:

UV 1.2 G

(c, p1p2p3) = (37, 7 × 17 × 23), (65, 7 × 17 × 71), (82, 7 × 17 × 113), (89, 7 × 31 × 73),

(114, 7 × 47 × 79), (121, 7 × 47 × 89), (124, 7 × 23 × 191), (128, 7 × 31 × 151),

(135, 7× 41× 127), (156, 7× 17× 409), (159, 7× 31× 233), (170, 7× 23× 359),

(173, 7×17×503), (184, 7×17×569), (187, 7×97×103), (190, 17×31×137),

(193, 23 × 41 × 79), (198, 7 × 23 × 487)

', (1.2) CD*E (x, y, z) = (c, 1, 0) K, ��$(�*E 

(x, y, z) = (202501, 5475, 74), (1098305, 16899, 130), (2205226, 26895, 164),

(2819609, 31683, 178), (5925834, 51983, 228), (7085881, 58563, 242),

(7626124, 61503, 248), (8388224, 65535, 256), (9841095, 72899, 270),

(15185196, 97343, 312), (16078239, 101123, 318), (19651490, 115599, 340),

(20710349, 119715, 346), (24917464, 135423, 368), (26156251, 139875, 374),

(27435430, 144399, 380), (28755649, 148995, 386), (31048974, 156815, 396).
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HIJK 1.1 	 (ii) PLM8:

UV 1.3 G

(c, p1p2p3) = (4, 7 × 31 × 61), (13, 3 × 337 × 673), (181, 3 × 65521 × 131041)

', (1.2) CD*E (x, y, z) = (c, 1, 0) K, ��$(�*E 

(x, y, z) = (15124, 3905, 24), (5896813, 454949, 390), (3108109324501, 17172136805, 75658).

HIJK 1.1 	 (iii) PLM8:

UV 1.4 � p1, p2, p3 6!,	87�, 1 < c ∈ Z, R c �≡ ±4 (mod 9) N c �= Cn (n ≡
0, 1 (mod 3)) HU 2c2 − 1 �= p1p2p3l

2 (l ∈ N∗), J (1.2) �(*E (x, y, z) = (c, 1, 0),SV

Cn =
(1 +

√
3)4n−2 + (1 −√

3)4n−2

22n+1
, 1 < n ∈ Z.

UV 1.5 � 1 < c ∈ Z, p1, p2, p3 6!,	87�, R pi ≡ ±3 (mod 8) (i = 1, 2, 3), J

(1.2) �(*E (x, y, z) = (c, 1, 0).

2 XYZF[
� P,Q 6�W��, )TU x2 − Px − Q 	H6 α, β. (-. n ∈ N, JV Un = Un(P,Q),

Vn = Vn(P,Q), %W\IXYX�YU:

U0 = 0, U1 = 1, Un+1 = PUn + QUn−1 (n ∈ N∗),

V0 = 2, V1 = P, Vn+1 = PVn + QVn−1 (n ∈ N∗).

!Z[% Un = αn−βn

α−β , Vn = αn + βn, N(

]T 2.1 R D ∈ N∗ 6�*
�, x1 + y1

√
D � Pell 
�

x2 − Dy2 = 1, x, y ∈ N∗ (2.1)

	Z; , J (2.1) 	�5 M[\6

xn =
Vn(2x1,−1)

2
, yn = y1Un(2x1,−1), n ∈ N∗.

^_ \ P = 2x1, Q = −1, J(

α = x1 +
√

x2
1 − 1 = x1 + y1

√
D, β = x1 −

√
x2

1 − 1 = x1 − y1

√
D.

]^, (2.1) 	�5 M[\6

xn + yn

√
D = (x1 + y1

√
D)n, n ∈ N∗. (2.2)


�" (2.2) UM8

xn =
(x1 + y1

√
D)n + (x1 − y1

√
D)n

2
=

αn + βn

2
=

Vn(2x1,−1)
2

,

yn =
(x1 + y1

√
D)n − (x1 − y1

√
D)n

2
√

D
= y1

αn − βn

α − β
= y1Un(2x1,−1).

_K 2.1 8%.

(
 Un = Un(P,−1), Vn = Vn(P,−1), ]%&HI_K 2.2–2.7 (M]^1 [10]).

]T 2.2 R d = gcd(m,n), J gcd(Um, Un) = Ud.
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]T 2.3 (i) U2
n − 1 = Un−1Un+1; (ii) U2n = UnVn; (iii) V2n = V 2

n − 2.

]T 2.4 R P ≥ 3, J P |Uk GN�G 2 | k, P |Vk GN�G 2 � k.

]T 2.5 � m = 2ak, n = 2bl (a, b ∈ N, k, l ∈ N∗, 2 � kl), d = gcd(m,n), 2 |P , JG

a > b ', gcd(Um, Vn) = Vd; G a ≤ b N 2 � m ', gcd(Um, Vn) = 1; G a ≤ b N 2 |m ',

gcd(Um, Vn) = 2.

]T 2.6 � 2 |P . R n ≡ 1 (mod 2), J gcd(U2n

P , V2n) = 1; R n ≡ 0 (mod 2), J

gcd(U2n

P , V2n) = 2.

]T 2.7 (-. m ∈ N∗, > τ2(m) [\ m 	_`� U? 2 	`�, R 2 |P , JG

n ≡ 1 (mod 2) ',

τ2(Un(P,−1)) = 0, τ2(Vn(P,−1)) = τ2(P );

G n ≡ 0 (mod 2) ',

τ2(Un(P,−1)) = τ2(P ) + τ2(n) − 1, τ2(Vn(P,−1)) = 1.

]T 2.8 � P ≥ 3, R Un = x2, J (P, n) = (338, 4), (3, 6) 6 n ≤ 2.

^_ ]^1 [12].

]T 2.9 !J
�

2Y 2 = X4 − 4X2 + 2, X, Y ∈ N

�( (X,Y ) = (2, 1) � (0, 1).

^_ ]^1 [2].

]T 2.10 R 1 < A ∈ Z, J!J
�

A2x4 − (A2 − 1)y2 = 1, x, y ∈ N∗

�( (x, y) = (1, 1).

^_ ]^1 [3].

]T 2.11 � D ∈ N∗ N!�*
�, J!J
�

x4 − Dy2 = 1, x, y ∈ N∗ (2.3)

CD D = 1785, 4 · 1785, 16 · 1785 ��(`M (x, y) = (13, 4), (239, 1352); (x, y) = (13, 2),

(239, 676); (x, y) = (13, 1), (239, 338) K, (2.3) a)0(FM (x1, y1), NW\ x2
1 = u1 6

2u2
1 − 1, SV u1 + v1

√
D � Pell 
� U2 − DV 2 = 1 	Z; .

^_ ]^1 [13].

"_K 2.11 a8:

]T 2.12 � 1 < c ∈ Z, J!J
�

x4 − (c2 − 1)y2 = 1, x, y ∈ N∗

�( (x, y) = (c, 1).

]T 2.13 � D ∈ N∗ N!�*
�, J!J
�

x2 − Dy4 = 1, x, y ∈ N∗ (2.4)

/)(`M (x, y), bN (2.4) a(`M 	cbcd� D = 1785 6 D = 28560 6 2u1 � v1

e�*
�, SV u1 + v1

√
D � Pell 
� U2 − DV 2 = 1 	Z; .
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^_ ]^1 [15].

"_K 2.13 a8:

]T 2.14 � 1 < c ∈ Z, J!J
�

x2 − 4c2(c2 − 1)y4 = 1, x, y ∈ N∗

�( (x, y) = (2c2 − 1, 1).

]T 2.15 � D ∈ N∗ N!�*
�. R!J
� (2.4) �(FM (x, y2) = (un, vn), J

G 2 |n ', f( n = 2; G 2 � n ', f( n = 16 p, SV un +vn

√
D � Pell
� U2−DV 2 = 1

	 , p �d� p ≡ 3 (mod 4) 	7�.

^_ ]^1 [14].

]T 2.16 !J
�

Y 2 − 2
(

X2 + 1
2

)2

= −1, X, Y ∈ N∗

�( (X,Y ) = (1, 1) � (3, 7).

^_ ]^1 [7].

]T 2.17 !J
�

Y 2 − 2
(

3X2 − 1
2

)2

= −1, X, Y ∈ N∗

�( (X,Y ) = (1, 1).

^_ ]^1 [8].

]T 2.18 � D ∈ N∗ N!�*
�, R!J
�

X2 − DY 2 = −2, X, Y ∈ N∗ (2.5)

( , Jf(Oe)M . � X1 + Y1

√
D � (2.5) 	Z; , J (2.5) (CD X2 − 2Y 2 = −2 K)

	�5 M[\6

X + Y
√

D =
(X1 + Y1

√
D)2n−1

2n−1
, n ∈ N∗.

^_ ]^1 [4].

3 b[ZcLdef
ST 1.1 g^_ ]^ Pell 
� x2 − (c2 − 1)y2 = 1 	Z; 6 α = c +

√
c2 − 1, fHI

_K 2.1, g
�	�5 M[\6

xm =
Vm(2c,−1)

2
, ym = Um(2c,−1), m ∈ N∗,

N {Um}, {Vm} W\YX�YU:

U0 = 0, U1 = 1, Un+1 = 2cUn − Un−1 (n ∈ N∗),

V0 = 2, V1 = 2c, Vn+1 = 2cVn − Vn−1 (n ∈ N∗).

\ (Vm

2 , Um, z) � (1.2) 	-FM , R m = 1, J (V1
2 , U1, z) 01 (1.2) 	*E (x, y, z) =

(c, 1, 0), I� m �= 1.
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G 2 |m ', M� m = 2k (k ∈ N∗), J" (1.2) 	hiU8

U2
2k − 1 = 2p1p2p3z

2. (3.1)

. 2 |U2k, j (3.1) U!ka. g* 2 � m.

� m = 2k + 1 (k ∈ N), J" (1.2) 	hiU8 U2
2k+1 − 1 = 2p1p2p3z

2. HI_K 2.3 	 (i),

M8

U2kU2k+2 = 2p1p2p3z
2. (3.2)

g6 gcd(2k, 2k + 2) = 2, j"_K 2.2 ^ gcd(U2k, U2k+2) = U2 = 2c, 
� (3.2) UMl6

U2k = 2cs2, U2k+2 = 4cQ0t
2, (3.3)

6

U2k = 2cQ0s
2, U2k+2 = 4ct2, (3.4)

6

U2k = 4cs2, U2k+2 = 2cQ0t
2, (3.5)

6

U2k = 4cQ0s
2, U2k+2 = 2ct2, (3.6)

6

U2k = 2cpis
2, U2k+2 = 4cQit

2, (3.7)

6

U2k = 2cQis
2, U2k+2 = 4cpit

2, (3.8)

6

U2k = 4cpis
2, U2k+2 = 2cQit

2, (3.9)

6

U2k = 4cQis
2, U2k+2 = 2cpit

2, (3.10)

SV s, t ∈ N∗, gcd(s, t) = 1, z = 2cst, Q0 = p1p2p3 = piQi, i = 1, 2, 3.

Ih�`iMjG<.

hi 1 2 � k '.

hi 1.1 R (3.3)ka,J" (3.3)	hFU:�_K 2.3	 (ii)�_K 2.4M8 Uk · Vk

2c = s2.

HI_K 2.5 ^ gcd(Uk, Vk

2c ) = 1. j Uk = u2 (u ∈ N∗). f"_K 2.8 ^ k = 1. *' m = 3. 


� (1.2) 	hiUk6

p1p2p3z
2 = 4c2(2c2 − 1).

G 2c2 − 1 = p1p2p3l
2 (l ∈ N∗) ', z = 2cl, g* (1.2) ( (x, y, z) = (V3

2 , U3, 2cl); G 2c2 − 1 �=
p1p2p3l

2 (l ∈ N∗) ', (1.2) O .

hi 1.2 R (3.4) Uka, J" (3.4) 	hiU:�_K 2.3 	 (ii) �_K 2.4, M8
Uk+1

2c
· Vk+1 = 2t2. (3.11)
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G k = 4r + 1 (r ∈ N) ', HI_K 2.6 ^ gcd(U2(2r+1)

2c , V2(2r+1)) = 1. *' (3.11) UMl6

U2(2r+1)

2c
= 2u2, V2(2r+1) = v2, (3.12)

6
U2(2r+1)

2c
= u2, V2(2r+1) = 2v2, (3.13)

SV u, v ∈ N∗, gcd(u, v) = 1, t = uv.

" (3.12) 	hiU:�_K 2.3 	 (iii) ^ V 2
2r+1 − 2 = v2, kl!Mm.

" (3.13) 	hFU^ U2(2r+1) = 2cu2, HI (3.3) 	hFUG<M8 2r +1 = 1, nH r = 0.

*' k = 1, ?bo( m = 3.

G k = 4r + 3 (r ∈ N) ', HI_K 2.6 ^ gcd(U4(r+1)

2c , V4(r+1)) = 2. *' (3.11) UMl6

U4(r+1)

2c
= 4u2, V4(r+1) = 2v2, (3.14)

6
U4(r+1)

2c
= 2u2, V4(r+1) = 4v2, (3.15)

SV u, v ∈ N∗, gcd(u, v) = 1, t = 2uv.

" (3.14) 	hiU:�_K 2.3 	 (iii), M8

2v2 = V 2
2(r+1) − 2 = (V 2

r+1 − 2)2 − 2 = V 4
r+1 − 4V 2

r+1 + 2.

HI_K 2.9, Vr+1 = 2 6 0, j r + 1 = 0, m r = −1, !�:..

" (3.15) 	hiU8 (2v)2 = V 2
2(r+1) − 2, kl!Mm.

hi 1.3 R (3.5) Uka, J" (3.5) 	hFU:�_K 2.3 	 (ii), M8

UkVk = 4cs2. (3.16)

G 2 � k ', 2 � Uk. \ τ2(c) = w, J"_K 2.7 ^ τ2(Vk) = τ2(2c) = w + 1, j τ2(UkVk) = w + 1,

b τ2(4cs2) ≥ w + 2, pn, nH (3.16) U!ka, ob (3.5) U!ka.

hi 1.4 9; (3.5) U	G<^ (3.6) Uo!ka.

hi 1.5 R (3.7) Uka, J" (3.7) 	hFU:�_K 2.3 	 (ii) �_K 2.4 M8

Uk · Vk

2c = pis
2 (i = 1, 2, 3). HI_K 2.5 ^ gcd(Uk, Vk

2c ) = 1, j

Uk = f2 6
Vk

2c
= g2,

SV f, g ∈ N∗.

G Uk = f2 ', "_K 2.8 ^ k = 1, *' m = 3.

G Vk

2c = g2 ', Vk

2 = cg2, " (1.2) 	hFU8

c2g4 − (c2 − 1)U2
k = 1. (3.17)

HI_K 2.10 U (3.17) U01 Uk = 1, j k = 1, *'q8 m = 3.

hi 1.6 R (3.8) Uka, J" (3.8) 	hiU:�_K 2.3 	 (ii) �_K 2.4, M8
Uk+1

2c
· Vk+1 = 2pit

2, i = 1, 2, 3. (3.18)
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G k = 4r + 1 (r ∈ N) ', HI_K 2.6 ^ gcd(U2(2r+1)

2c , V2(2r+1)) = 1. j (3.18) U01

U2(2r+1)

2c
= u2 6

U2(2r+1)

2c
= 2u2 6 V2(2r+1) = v2 6 V2(2r+1) = 2v2,

SV u, v ∈ N∗.

R
U2(2r+1)

2c = u2, J" (3.3) 	hFUG<^ 2r + 1 = 1, m r = 0, ob k = 1, *' m = 3.

R
U2(2r+1)

2c = 2u2, J" (1.2) 	hFU8(
V2(2r+1)

2

)2

− c2(c2 − 1)(2u)4 = 1. (3.19)

g Pell
� X2−c2(c2−1)Y 2 = 1 (X,Y ∈ N∗)	Z; 6 (u1, v1) = (2c2−1, 2), j"_K 2.13

^ (3.19) U/)(FM , fHI_K 2.15 U 2 |n ^ (2u)2 = v2 = 4(2c2 − 1), m u2 = 2c2 − 1,

j U2(2r+1) = 4cu2 = 4c(2c2 − 1). g* 2(2r + 1) = 4. kl!Mm.

R V2(2r+1) = v2, J" (3.12) 	hiUG<^!Mm.

R V2(2r+1) = 2v2, J" (1.2) 	hFU8

v4 − (c2 − 1)U2
2(2r+1) = 1. (3.20)

HI_K 2.12 U (3.20) U01 U2(2r+1) = 1, j 2(2r + 1) = 1. o!Mm.

G k = 4r + 3 (r ∈ N) ', HI_K 2.6 ^ gcd(U4(r+1)

2c , V4(r+1)) = 2. j (3.18) U01

U4(r+1)

2c
= 2u2 6

U4(r+1)

2c
= 4u2 6 V4(r+1) = 2v2 6 V4(r+1) = 4v2,

SV u, v ∈ N∗.

R
U4(r+1)

2c = 2u2, J" (1.2) 	hFU8(
V4(r+1)

2

)2

− c2(c2 − 1)(2u)4 = 1. (3.21)

" (3.19) U	G<^ (3.21) U01 4(r + 1) = 4, X1 r = 0, ob k = 3. *' m = 7. 
�

(1.2) 	hiUk6

p1p2p3z
2 = 8c2(2c2 − 1)(8c4 − 8c2 + 1)(16c4 − 16c2 + 3). (3.22)

. (3.22) Ujp 2 	
r6Æ�, bsp 2 	
r68�, !Mm.

R
U4(r+1)

2c = 4u2, J" (1.2) 	hFU8(
V4(r+1)

2

)2

− 4c2(c2 − 1)(2u)4 = 1. (3.23)

HI_K 2.14 U (3.23) U01 2u = 1. !Mm.

R V4(r+1) = 2v2, J" (3.14) 	hiUG<^ r = −1, !�:.; R V4(r+1) = 4v2, J"

(3.15) 	hiUG<^o!Mm.

hi 1.7 k 1.8 9; (3.5) U	G<^ (3.9) Ut (3.10) U/!ka.

hi 2 2 | k '.

hi 2.1 R (3.3) Uka, J" (3.3) 	hFU:�_K 2.3 	 (ii) �_K 2.4, M8
Uk

2c
· Vk = s2. (3.24)
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G k = 4r + 2 (r ∈ N) ', HI_K 2.6 ^ gcd(U2(2r+1)

2c , V2(2r+1)) = 1. *' (3.24) U01

V2(2r+1) = v2 (v ∈ N∗), fHI_K 2.3 	 (iii) ^ V 2
2r+1 − 2 = v2, kl!Mm.

G k = 4r (r ∈ N) ', HI_K 2.6 ^ gcd(U4r

2c , V4r) = 2. *' (3.24) U01 V4r = 2v2, m

2v2 = V 4
r − 4V 2

r + 2, fHI_K 2.9 M8 Vr = 2 6 0, j r = 0, X8 k = 0, ob m = 1, t

m �= 1 pn.

hi 2.2 R (3.4) Uka, J" (3.4) 	hiU:�_K 2.3 	 (ii), M8

Uk+1Vk+1 = 4ct2. (3.25)

G 2 | k', 2 � Uk+1. \ τ2(c) = w,J"_K 2.7^ τ2(Vk+1) = τ2(2c) = w+1,j τ2(Uk+1Vk+1) =

w + 1, b τ2(4ct2) ≥ w + 2, pn, nH (3.25) U!ka, ob (3.4) U!ka.

hi 2.3 R (3.5) Uka, J" (3.5) 	hFU:�_K 2.3 	 (ii) �_K 2.4, M8

Uk

2c
· Vk = 2s2. (3.26)

G k = 4r + 2 (r ∈ N) ', HI_K 2.6 ^ gcd(U2(2r+1)

2c , V2(2r+1)) = 1. *' (3.26) UMl6

U2(2r+1)

2c
= 2u2, V2(2r+1) = v2, (3.27)

6
U2(2r+1)

2c
= u2, V2(2r+1) = 2v2, (3.28)

SV u, v ∈ N∗, gcd(u, v) = 1, s = uv.

" (3.27) 	hiU:�_K 2.3 	 (iii) ^ V 2
2r+1 − 2 = v2, kl!Mm. " (3.28) 	hF

UM8 U2(2r+1) = 2cu2, HI (3.3) 	hFUG<^ 2r + 1 = 1, nH r = 0. *' k = 2, ?b

m = 5. 
� (1.2) 	hiUk6

p1p2p3z
2 = 4c2(4c2 − 3)(2c2 − 1)(2c + 1)(2c − 1). (3.29)

G (2c2 − 1)(4c2 − 3)(4c2 − 1) = p1p2p3h
2 (h ∈ N∗) ', (1.2) �( 

(x, y, z) =
(

V5

2
, U5, 2ch

)
.

qJO .

Ih2	G< (1.2) ,'O .

]^ 4c2 − 3, 2c2 − 1, 2c + 1, 2c − 1 ``r7.

R 4c2 − 3 = A2 (A ∈ N∗), J c = 1 t c > 1 pn, j 4c2 − 3 �*
�.

R 2c2 − 1 = U2, 2c + 1 = V 2 (U, V ∈ N∗), J(

U2 − 2
(

V 2 − 1
2

)2

= −1. (3.30)

l.s 2 � V ,( (3.30)Uuv 8^ U2 ≡ 7 (mod 8),!Mm;R 2c2−1 = U2, 2c−1 = V 2 (U, V ∈
N∗), J(

U2 − 2
(

V 2 + 1
2

)2

= −1. (3.31)
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HI_K 2.16 U (3.31) U01 V = 1 6 3, j c = 1 (!�:.) 6 c = 5. . c = 5 ', (3.29) U

k6 p1p2p3z
2 = 11 · 97 · 2102, kl!ka. g*, 2c2 − 1 t 2c + 1, 2c2 − 1 t 2c− 1 HU 2c + 1

t 2c − 1 !Mm,6*
�.

HI�LiMFG<:

(i) R c = 3j (j ∈ N∗), J 4c2 − 3 = 3(12j2 − 1).

g gcd(3, 12j2 − 1) = 1 N 12j2 − 1 �*
�, m 4c2 − 3 /wxt 2 u!,	�*
7g

m, j (3.29) Usp/wxt 4 u!,	�*
7gm, bjp0( 3 u!,	�*
7gm,

pn.

(ii) R c = 3j + 1 (j ∈ N∗), J 2c + 1 = 3(2j + 1).

vys c �≡ 4 (mod 9) ', j �≡ 1 (mod 3), 
�( gcd(3, 2j + 1) = 1.

G 2c2 − 1 6*
�', 2c + 1 t 2c − 1 w�*
�. R 2c2 − 1 = U2, 2c + 1 = 3V 2

(U, V ∈ N∗), J(

U2 − 2
(

3V 2 − 1
2

)2

= −1. (3.32)

HI_K 2.17 U (3.32) U01 V = 1, X1 c = 1 (!�:.), j (3.29) Usp/wxt 4 u!

,	�*
7gm, m (3.29) U!ka.

G 2c + 1 6*
�', 2c2 − 1 t 2c − 1 w�*
�. *' 2j + 1 = 3a2 (a ∈ N∗), X1

j ≡ 1 (mod 3). kl!Mm, j (3.29) Usp/wxt 4 u!,	�*
7gm, m (3.29) U!

ka.

G 2c−16*
�', 2c2−1t 2c+1w�*
�. R 2c−1 = U2, 2c+1 = 3V 2 (U, V ∈ N∗),

J(

U2 − 3V 2 = −2. (3.33)

HI_K 2.18, 
� (3.33) 	�5 M[\6

U + V
√

3 =
(1 +

√
3)2n−1

2n−1
, 1 < n ∈ Z,

m

U =
(1 +

√
3)2n−1 + (1 −√

3)2n−1

2n
, 1 < n ∈ Z.


�

c =
(1 +

√
3)4n−2 + (1 −√

3)4n−2

22n+1
= Cn,

%N n ≡ 0, 1 (mod 3) ', Cn ≡ 1 (mod 9); n ≡ 2 (mod 3) ', Cn ≡ 4 (mod 9). g*, R c �= Cn

(n ≡ 0, 1 (mod 3)), J (3.29) Usp/wxt 4 u!,	�*
7gm, m (3.29) U!ka.

(iii) R c = 3j − 1 (j ∈ N∗), J 2c − 1 = 3(2j − 1).

vys c �≡ −4 (mod 9) ', j �≡ −1 (mod 3), 
�( gcd(3, 2j − 1) = 1.

G 2c2 − 1 6*
�', 2c + 1 t 2c − 1 w�*
�. R 2c2 − 1 = U2, 2c − 1 = 3V 2

(U, V ∈ N∗), J(

U2 − 2
(

3V 2 + 1
2

)2

= −1. (3.34)



2� NQO: Pell PQW x2 − (c2 − 1)y2 = y2 − 2p1p2p3z
2 = 1 RST 167

l.s 2 � V , ( (3.34) Uuv 8 ^ U2 ≡ 7 (mod 8), !Mm, j (3.29) Usp/wxt 4 u!

,	�*
7gm, m (3.29) U!ka.

G 2c+16*
�', 2c2−1t 2c−1w�*
�. R 2c+1 = U2, 2c−1 = 3V 2 (U, V ∈ N∗),

J(

U2 − 3V 2 = 2. (3.35)

uv 3 ^!Mm, j (3.35) U!ka, ob (3.29) U!ka.

G 2c − 1 6*
�', 2c2 − 1 t 2c + 1 w�*
�. *' 2j − 1 = 3a2 (a ∈ N∗), X1

j ≡ −1 (mod 3), kl!Mm, j (3.29) Usp/wxt 4 u!,	�*
7gm, m (3.29) U

!ka.

G k = 4r (r ∈ N) ', HI_K 2.6 ^ gcd(U4r

2c , V4r) = 2. *' (3.26) UMl6
U4r

2c
= 2u2, V4r = 4v2, (3.36)

6
U4r

2c
= 4u2, V4r = 2v2, (3.37)

SV u, v ∈ N∗, gcd(u, v) = 1, s = 2uv.

" (3.36) 	hiU:�_K 2.3 	 (iii) M8 (2v)2 = V 2
2r − 2, kl!Mm. " (3.37) 	h

iU8 2v2 = V 4
r − 4V 2

r + 2. HI_K 2.9, Vr = 2 6 0, j r = 0, X8 k = 0, ob m = 1, t

m �= 1 pn.

hi 2.4 R (3.6) Uka, J" (3.6) 	hiU:�_K 2.3 	 (ii) M8 Uk+1Vk+1 = 2ct2.

"
 2 | k, j 2 � (k + 1). 
�"_K 2.4 M8

Uk+1 · Vk+1

2c
= t2. (3.38)

HI_K 2.5 ^ gcd(Uk+1,
Vk+1
2c ) = 1, j (3.38) U01 Uk+1 = g2 (g ∈ N∗). "_K 2.8 ^

k + 1 ≤ 2, m k ≤ 1, j k = 0, X1 m = 1, t m �= 1 pn.

hi 2.5 R (3.7) Uka, J" (3.7) 	hiU:�_K 2.3 	 (ii), M8

Uk+1Vk+1 = 4cQit
2, i = 1, 2, 3. (3.39)

G 2 | k', 2 � Uk+1. \ τ2(c) = w,J"_K 2.7^ τ2(Vk+1) = τ2(2c) = w+1,j τ2(Uk+1Vk+1) =

w + 1, b τ2(4cQit
2) ≥ w + 2, pn, nH (3.39) U!ka, ob (3.7) U!ka.

hi 2.6 9; (3.7) U	G<^ (3.8) U!ka.

hi 2.7 R (3.9) Uka, J" (3.9) 	hFU:�_K 2.3 	 (ii) �_K 2.4, M8
Uk

2c
· Vk = 2pis

2, i = 1, 2, 3. (3.40)

G k = 4r + 2 (r ∈ N) ', HI_K 2.6 ^ gcd(U2(2r+1)

2c , V2(2r+1)) = 1. *' (3.40) U01
U2(2r+1)

2c
= u2 6

U2(2r+1)

2c
= 2u2 6 V2(2r+1) = v2 6 V2(2r+1) = 2v2,

SV u, v ∈ N∗.

R
U2(2r+1)

2c = u2, J" (3.13) 	hFUG<^ m = 3; R U2(2r+1)

2c = 2u2, J" (3.19) U	G

<^!Mm.
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R V2(2r+1) = v2, J" (3.12) 	hiUG<^!Mm; R V2(2r+1) = 2v2, J" (3.20) U	

G<^!Mm.

G k = 4r (r ∈ N) ', HI_K 2.6 ^ gcd(U4r

2c , V4r) = 2. *' (3.40) U01

U4r

2c
= 2u2 6

U4r

2c
= 4u2 6 V4r = 2v2 6 V4r = 4v2,

SV u, v ∈ N∗.

R U4r

2c = 2u2, J" (1.2) 	hFU8(
V4r

2

)2

− c2(c2 − 1)(2u)4 = 1. (3.41)

" (3.19) U	G<^ (3.41) U01 4r = 4, nH r = 1, *' k = 4, ?b m = 9. 
� (1.2) 	

hiUk6

p1p2p3z
2 = 8c2(2c2 − 1)(16c4 − 12c2 + 1)(8c4 − 8c2 + 1)(16c4 − 20c2 + 5). (3.42)

. (3.42) Ujp 2 	
r6Æ�, bsp 2 	
r68�, !Mm.

R U4r

2c = 4u2, J" (1.2) 	hFU8(
V4r

2

)2

− 4c2(c2 − 1)(2u)4 = 1. (3.43)

HI_K 2.14, (3.43) U01 2u = 1, kl!Mm.

R V4r = 2v2, J" (3.37) 	hiUG<^ m = 1, t m �= 1 pn; R V4r = 4v2, J" (3.36)

	hiUG<^!Mm. g* (3.9) U!ka.

hi 2.8 R (3.10) Uka, J" (3.10) 	hiU:�_K 2.3 	 (ii), M8

Uk+1Vk+1 = 2cpit
2, i = 1, 2, 3.

"
 2 | k, j 2 � (k + 1), 
�"_K 2.4 M8

Uk+1 · Vk+1

2c
= pit

2, i = 1, 2, 3. (3.44)

HI_K 2.5 ^ gcd(Uk+1,
Vk+1
2c ) = 1, j (3.44) U01

Uk+1 = f2 6
Vk+1

2c
= g2,

SV f, g ∈ N∗.

G Uk+1 = f2 ', "_K 2.8 ^ k + 1 ≤ 2, m k ≤ 1. j k = 0 X1 m = 1, t m �= 1 pn.

G Vk+1
2c = g2 ', " (1.2) 	hFU8

c2g4 − (c2 − 1)U2
k+1 = 1. (3.45)

HI_K 2.10 U (3.45) U01 Uk+1 = 1, j k = 0. ,z, X1 m = 1, t m �= 1 pn. JK 1.1

8%.

UV 1.2 g^_ "


2 × 372 − 1 = 7 × 17 × 23 × 12, 2 × 652 − 1 = 7 × 17 × 71 × 12,

2 × 822 − 1 = 7 × 17 × 113 × 12, 2 × 892 − 1 = 7 × 31 × 73 × 12,

2 × 1142 − 1 = 7 × 47 × 79 × 12, 2 × 1212 − 1 = 7 × 47 × 89 × 12,
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2 × 1242 − 1 = 7 × 23 × 191 × 12, 2 × 1282 − 1 = 7 × 31 × 151 × 12,

2 × 1352 − 1 = 7 × 41 × 127 × 12, 2 × 1562 − 1 = 7 × 17 × 409 × 12,

2 × 1592 − 1 = 7 × 31 × 233 × 12, 2 × 1702 − 1 = 7 × 23 × 359 × 12,

2 × 1732 − 1 = 7 × 17 × 503 × 12, 2 × 1842 − 1 = 7 × 17 × 569 × 12,

2 × 1872 − 1 = 7 × 97 × 103 × 12, 2 × 1902 − 1 = 17 × 31 × 137 × 12,

2 × 1932 − 1 = 23 × 41 × 79 × 12, 2 × 1982 − 1 = 7 × 23 × 487 × 12.

g*:<ka. X< 1.2 8%.

UV 1.3 g^_ G c = 4 ', 2c2 − 1 = 31 �= p1p2p3l
2, N

(4c2 − 3)(4c2 − 1)(2c2 − 1) = 7 × 31 × 61 × 32;

G c = 13 ', 2c2 − 1 = 337 �= p1p2p3l
2, N

(4c2 − 3)(4c2 − 1)(2c2 − 1) = 3 × 337 × 673 × 152;

G c = C3 = 181 ', 2c2 − 1 = 65521 �= p1p2p3l
2, N

(4c2 − 3)(4c2 − 1)(2c2 − 1) = 3 × 65521 × 131041 × 2092.

g*, :<ka. X< 1.3 8%.

UV 1.4g^_ " (3.29)U	G<^,G c �≡ ±4 (mod 9),N c �= Cn (n ≡ 0, 1 (mod 3))',

(4c2 − 3)(4c2 − 1)(2c2 − 1) �= p1p2p3h
2, h ∈ N∗.

"cd{^ 2c2 − 1 �= p1p2p3l
2 (l ∈ N∗). jHIJK 1.1 	 (iii) 81 (1.2) �(*E 

(x, y, z) = (c, 1, 0).

X< 1.4 8%.

UV 1.5 g^_ G pi ≡ ±3 (mod 8) (i = 1, 2, 3) ',

2c2 − 1 �= p1p2p3l
2, l ∈ N∗.

*K, " (3.29) U8

p1p2p3z
2 = 4c2(4c2 − 3)(4c2 − 1)(2c2 − 1). (3.46)

]^ 4c2 − 3, 4c2 − 1, 2c2 − 1 ``r7, N 4c2 − 3 (c > 1), 4c2 − 1 w�*
�.

R 2c2 − 1 6�*
�, Jx| pi (i = 1, 2, 3), }8 pi | (2c2 − 1), m

2c2 ≡ 1 (mod pi).

. pi ≡ ±3 (mod 8), j" Legendre yz	DEX^

1 =
(

2
pi

)
= −1.

pn, nH 2c2 − 1 6*
�, !{B6 2c2 − 1 = d2 (d ∈ N∗), *' 4c2 − 3 = 2d2 − 1, b

4c2 − 3 (c > 1) 6�*
�, jx| pi (i = 1, 2, 3), }8 pi | (2d2 − 1), m

2d2 ≡ 1 (mod pi).

,zX1pn, g* (3.46) U!ka, m

(4c2 − 3)(4c2 − 1)(2c2 − 1) �= p1p2p3h
2, h ∈ N∗.
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jHIJK 1.1 	 (iii) 81 (1.2) �(*E 

(x, y, z) = (c, 1, 0).

X< 1.5 8%.

no |~�}5(;1x1	~�.^.
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[12] Mignotte M., Pethö A., Sur les carrés dans certaines suites de Lucas, J. Théor. Nombers Bordeaux, 1993,
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