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0��5��
�. Biane [3] � Carlen � Lieb ��-�2� q-Ornstein–Uhlenbeck semigroup

(−1 < q < 1) (��� 2 !), "��6#$	*
�/�0��� Sobolev �������

�. %��&7�'�$(, .8)����* +,!-�

"9 Markov �	�	*
�
/�0��� Sobolev ��������.

.,/:������* +,�"9 Markov �	�	*
�0���12����+

;3#$4 [8, 11, 15, 19, 20], �%<0=,"9&'�"95(�+
>? [2, 18]. 7�, %�

�+
�6)*@A�0=�B.

�+�%��CD67:

EF 1.1 , {Tt}t≥0 = e−tL �8A.���* +,G Lp(A, τ) (p ≥ 1) ��"9
Markov �	, �0;H Dirichlet - ε[x] = 〈√Lx,√Lx〉, ∀x ∈ D(ε), D(ε) � Dirichlet -�

8AI, �? (A, τ) �#8�6. von Neumann 9�, τ �/�6.:J0:;;<12. �,
3@#8� p > 1, 4 p(t) = 1 + (p − 1)e2t/a, b(t) = b( 1

p − 1
p(t) ), a > 0 � b ≥ 0 =5;�. 6

x ∈ L2
+(A, τ), > Ent(x) = τ(x log x) − ‖x‖L2 log ‖x‖L2 5 x ���K, H����:

(1) ‖Ttx‖p(t) ≤ eb(t)‖x‖p, �,3@� x ∈ A 0 p > 1, t ≥ 0;

(2) Ent(|x|2) ≤ 4 aε[x] + b‖x‖2
2, �,3@� x ∈ D(ε).

? x ∈ Dh := D(ε) ∩ L2
h(A, τ), �����?��� 4a @
75 2a.

EF 1.2 , {U (q)
t }t≥0 = {e−tNq}t≥058A. von Neumann9� Γq(H )�� q-Ornstein–

Uhlenbeck �	, q ≥ 1, Nq ��897:�L. ε[x] = 〈x,Nqx〉 5��0� Dirichlet -, H��
��:

(1) ‖U (q)
t x‖p(t) ≤ ‖x‖p, �,3@� x ∈ Γq(H ) 0 p > 1, t ≥ 0;

(2) Ent(|x|2) ≤ 2 ε[x], �,3@� x ∈ D(ε).

2 MNOPQQ'()RST
, (A, τ) �6. von Neumann 9�, τ � A�J0:;;<12. �,3@#8� 1 ≤ p <

∞, > Lp(A, τ) 5 A �,A� ‖x‖p = (τ(|x|p)) 1
p , x ∈ A ;BC����* +,, L∞(A, τ) �

, A ��(9A�D� A %<.

EU 2.1 8A. L∞(A, τ) ��= ∗- >V��E(9�	 {Tt}t≥0 E5"9 Markov �

	, 6/?W:

�, x ∈ L∞(A, τ) ⊗Mn(C), 6 0 ≤ x ≤ 1 ⊗ In, H
0 ≤ {Tt ⊗ In}(x) ≤ 1 ⊗ In,

�? Mn(C) � n FGX9�, �� In ��H@X, 1 � A �H@L, ∀n ≥ 1.

��, 6I?W Tt(1) = 1, ∀ t ≥ 0, HE>5JA�"9 Markov �	.

Y� [10, BC 3.4] Z, ��"9 Markov �	@JD[�� Lp(A, τ) �, E>5 Tt.

> L5 Tt�897:�L,� Tt = e−tL,Æ3 L�ÆK8��L(9.4 ε[x] = 〈√Lx,√Lx〉,
�8AI D(ε) �

√
L �8AI, H ε[x] ���0�F Dirichlet -, �/�6���\:

(1) 6 a ∈ D(ε) H J(a) ∈ D(ε), �% ε[J(a)] = ε[a], �? J : L2(A, τ) → L2(A, τ) 5](
∗ : a→ a∗, A→ A �[�.

(2) �, a ∈ D(ε) ∩ L2
h(A, τ), H ε[a ∧ 1] ≤ ε[a].
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(3) ��, (εn,D(εn)) (L2(A, τ) ⊗Mn(C), τn): εn[[aij ]ni,j=1] :=
∑n

i,j=1 ε[aij ] 5�6�� (2)

�N
�\, �? n ≥ 1, [aij ]ni,j=1 ∈ D(εn) := D(ε) ⊗Mn(C), τn = τ ⊗ trn � von Neumann 9

� A⊗Mn(C) ��J0:;;<12, trn � Mn(C) ��<12.

O�8T: UV�� (1) � (2) PQ�WX-5 Dirichlet -. ��@YZ� [1], [9] 0 [10].

RS, #8 Dirichlet - ε[ ], 6 1 ∈ D(ε), HE>5JA�; 6 A ∩D(ε) . A ?A�K, T

U. D(ε) ?�,VA� ‖|x|‖2
1 = ε[x] + τ(|x|2) 5K, HE>5;H�.

c 2.2 (�� [1, d) 2.3], [10, BC 2.12] � [9, BC 4.5 0 4.10]) , (ε,D(ε)) �8A
. L2(A, τ) ?�Æ:K8:�LWX-, H����:

(1) (ε,D(ε)) � Dirichlet -.

(2) �,3@ Lipschitz 2� ϕ : R → R, � |ϕ(t)−ϕ(s)| ≤ cϕ|t− s|, ∀ t, s ∈ R, ϕ(0) = 0, �

? cϕ �;;�, H? x ∈ D(ε) ∩ L2
h(A, τ) U�
 ε[ϕ(x)] ≤ c2ϕε[x].

�8[, 6 (ε,D(ε)) �JA�, H�� (1) � (2) ��,�+� (3):

(3) �,3@ x ∈ D(ε) ∩ L2
+(A, τ), \6 ε(1, x) ≥ 0; �%�,3@ x ∈ D(ε) ∩ L2

h(A, τ), \

6 ε[|x|] ≤ ε[x].

U 2.3 #8 Dirichlet - ε[, ], Y� [10, BC 1.2] Z ε[|x|] ≤ 2 ε[x], ∀x ∈ D(ε). ? x ∈
D(ε) ∩ L2

h(A, τ), Y��BC 2.2 (2) @] ε[|x|] ≤ ε[x].

�+#$	*
�	�*W.

EU 2.4 8A.���* +,G Lp(A, τ) (p ≥ 1) ��"9 Markov �	 {Tt}t≥0 E5

	*
�	, e6/�6���\: �,3@� p > 1, 03@;� a > 0 � b ≥ 0, > p(t) =

1 + (p− 1) e2t/a, H�

‖Ttx‖p(t) ≤ eb( 1

p− 1
p(t) )‖x‖p, ∀ t ≥ 0, ∀x ∈ Lp(A, τ).

53�8) 1.1 XD�+�d). �d)Y= (8^) �L(9�Z_`, 1[, Biane �

� [3, d) 3] �3��].

fF 2.5 �,3@@\;(9 x ∈ A ∩D(ε) 0 1 < p <∞, �+����
:

ε[xp/2] ≤ p2

4(p− 1)
ε(x, xp−1),

�

〈xp/2, Lxp/2〉 ≤ p2

4(p− 1)
〈x,Lxp−1〉.

.,��gB�-, �+#$8) 1.1 �3�:

hi ]^j@�,7 Tt�F;k_,Y� [19,j 9]Z, Tt' Lp
h(A, τ)� Lq

h(A, τ) (p, q > 1)

�A� ‖Tt‖Lp→Lq @.;l Lp
+(A, τ) �`�. a�+mX.;l�Za	*
��@. #8@

\;L x ∈ A ∩D(ε), > ϕ(t) = e−b(t)‖Ttx‖p(t). Y=� [12, d) 2] � [16, d) 3.1], bbcd

5(]

d

dt
logϕ(t) =

d

dt
(−b(t) + log ‖Ttx‖p(t)) = −b′(t) +

1
‖Ttx‖p(t)

d‖Ttx‖p(t)

dt

= −b′(t) +
1

‖Ttx‖p(t)

d

dt
[τ(Ttx)p(t)]

1
p(t) . (I)
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7
d

dt
[τ(Ttx)p(t)]

1
p(t) = ‖Ttx‖p(t)

d

dt

[
1
p(t)

log τq(Ttx)p(t)

]

= ‖Ttx‖p(t)

[
− p′(t)
p2(t)

log ‖Ttx‖p(t)
p(t) +

1
p(t)

1

‖Ttx‖p(t)
p(t)

d‖Ttx‖p(t)
p(t)

dt

]
,

17
d‖Ttx‖p(t)

p(t)

dt
=

d

dt
τ [(Ttx)p(t)]

= τ

[
(Ttx)p(t)

(
p′(t) log Ttx+ p(t)(Ttx)−1 dTtx

dt

)]
,

�����9e� (I), ]
d

dt
logϕ(t) = −b′(t) − p′(t)

p2(t)
log ‖Ttx‖p(t)

p(t)

+
1

p(t)‖Ttx‖p(t)
p(t)

τ

[
(Ttx)p(t)

(
p′(t) log Ttx+ p(t)(Ttx)−1 dTtx

dt

)]

= −b′(t) − p′(t)
p2(t)

log ‖Ttx‖p(t)
p(t) +

1

p(t)‖Ttx‖p(t)
p(t)

τ [p′(t)(Ttx)p(t) log Ttx]

+ τ

[
p(t)(Ttx)p(t)−1 dTtx

dt

]
. (II)

j@� dTtx
dt = −L(Ttx), ,�

τ

[
(Ttx)p(t)−1 dTtx

dt

]
= −ε((Ttx)p(t)−1, Ttx).

R83+,

Ent((Ttx)p(t)) = τ [(Ttx)p(t) log(Ttx)p(t)] − τ [(Ttx)p(t) log τ [(Ttx)p(t)]]

= τ [(Ttx)p(t) log(Ttx)p(t)] − ‖Ttx‖p(t)
p(t) log ‖Ttx‖p(t)

p(t).

6V��� (II) @]
d

dt
logϕ(t) = −b′(t) +

p′(t)
p(t)2

1

‖Ttx‖p(t)
p(t)

Ent((Ttx)p(t)) − 1

‖Ttx‖p(t)
p(t)

ε((Ttx)p(t)−1, Ttx). (III)

.��.c�, 6� (I) �
. 7 b(0) = 0 0 p(0) = p, '� ϕ(0) = ‖x‖p. bbY Tt �	*

�] ϕ′(0) ≤ 0, Y=��� (III) ]

Ent((Ttx)p(t)) ≤
p2(t)‖Ttx‖p(t)

p(t)

p′(t)

[
b′(t) +

1

‖Ttx‖p(t)
p(t)

ε((Ttx)p(t)−1, Ttx)
]
.

4 t = 0 0 p = 2 ] p(0) = 2, p′(0) = 2
a , b′(0) = 1

2a . 7�, Y�����]
Ent(x2) ≤ 2aε[x] + b‖x‖2

2.

�+nZa3@;L x ∈ D(ε). 7 ε[, ]�;H�,ad.Y A∩D(ε)?@\;Lo��DÆ
(xn), f] |‖xn − x‖|1 → 0, n→ ∞, �? |‖x‖|1 = ε[x] + τ(|x|2) �VA�. ,�] ε[xn] → ε[x]
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0 ‖xn‖2 → ‖x‖2, n→ ∞. �,3@e8� n ∈ N, Y��3�]
Ent(x2

n) ≤ 2aε[xn] + b‖xn‖2
2.

4 n→ ∞, 6VA��>V�, ]

Ent(x2) ≤ 2aε[x] + b‖x‖2
2.

'��,3@� y ∈ D(ε) ∩ L2
h(A, τ), Y�����]

Ent(|y|2) ≤ 2aε[|y|] + b‖y‖2
2.

7 ε[|y|] ≤ ε[y], ��]

Ent(|y|2) ≤ 2aε[y] + b‖y‖2
2.

pb, j@� ε[|z|] ≤ 2 ε[z], ∀ z ∈ D(ε), 1[,�+�3�@]
Ent(|z|2) ≤ 4 aε[z] + b‖z‖2

2.

f>, 6� (II) �
. 3@#8@\;L x ∈ A ∩D(ε), 6
Ent(x2) ≤ 2aε[x] + b‖x‖2

2.

� x g�� x
p
2 , H]

Ent(xp) ≤ 2aε[x
p
2 ] + b‖x p

2 ‖2
2.

nY=��d) 2.5 ]

Ent(xp) ≤ ap2

2(p− 1)
ε(xp−1, x) + b‖x‖p

p.

.����?� x g�� Ttx, p g�� p(t), ,�
Ent((Ttx)p(t)) ≤ ap(t)2

2(p(t) − 1)
ε((Ttx))p−1, Ttx) + b‖Ttx‖p(t)

p(t). (IV)

Y=h+�� (III) ]
d

dt
logϕ(t)

=
p′(t)

p2(t)‖Ttx‖p(t)
p(t)

[
Ent((Ttx)p(t)) − p(t)2

p′(t)
ε((Ttx)p(t)−1, Ttx) − b′(t)p(t)2

p′(t)
‖Ttx‖p(t)

p(t)

]
. (V)

7 b(t) = b( 1
p − 1

p(t) ), p(t) = 1 + (p− 1)e
2t
a , a

b′(t) =
p′(t)
p(t)2

, p′(t) =
2
a
(p− 1)e

2t
a .

,� p(t)2

p′(t) = ap(t)2

2(p(t)−1) , �%6 b′(t)p(t)2

p′(t) = b. 6V� (IV) � (V) ] d
dt logϕ(t) ≤ 0, Y�]�

d
dtϕ(t) ≤ 0. '� ϕ(t) ≤ ϕ(0) = ‖x‖p. nY ε[, ] �;H�, Æ3 A∩D(ε) ?@\;LF��g.
ih Lp(A, τ) ?�, Lp- A�K, ∀ p > 1. j@� ϕ(t) �,(9A�>V, '�]� {Tt} �	
*
�. 3i.

Y��8) 1.1 
]�+�j*.

qr 2.6 >jT8) 1.1. 6 ε[|J(x)|] = ε[|x|], ∀x ∈ D(ε), H����:

(1) ‖Ttx‖p(t) ≤ eb(t)‖x‖p, ∀x ∈ A, ∀ p > 1, ∀ t ≥ 0;

(2) Ent(|x|2) ≤ 2 a ε[x] + b ‖x‖2
2, ∀x ∈ D(ε).
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53�8) 1.2, ^kk q-Ornstein–Uhlenbeck �	�ls, ��@�� [3, 5] � [6].

, H �89l@_0 Hilbert +,, HC 5��0�m Hilbert +,, � HC = H + iH. >

Ω 5 1- lmH@m", H9� Fock +,8A5
F (H) =

∞⊕
n=0

H⊗n
C ,

�?> H⊗0
C ≡ CΩ. bbn��3�8A F (H) ?�no 〈·, ·〉q.

�,3@ ξ, η ∈ F (H),

〈ξ, η〉q = 〈ξ, Pqη〉,
�? 〈 , 〉 9p HC �no,

Pq =
∞⊕

n=0

P (n)
q , P (n)

q (f1 ⊗ f2 ⊗ · · · ⊗ fn) =
∑

π∈Sn

qi(π)fπ(1) ⊗ fπ(2) ⊗ · · · ⊗ fπ(n),

�,3@� fk ∈ F (H), k = 1, 2, . . . , n, ∀n ∈ N.

>j Sn 9p n htU��E	, i(π) � π(∈ Sn) �\D�, �

i(π) = �{(i, j) : 1 ≤ i < j ≤ k, π(i) > π(j)}.
F (H ) �,no 〈·, ·〉q �;BC>5 Fq(H), E5 q-Fock +,.

�,3@ f ∈ H ⊂ HC , 8Au:(9 cq(f) o�:

cq(f)Ω = f,

cq(f)f1 ⊗ · · · ⊗ fk = f ⊗ f1 ⊗ · · · ⊗ fk.

vp(9 c∗q(f) ���q, ?W����:

c∗q(f)Ω = 0,

c∗q(f)f1 ⊗ · · · ⊗ fk =
k∑

j=1

qj−1〈fj , f〉f1 ⊗ · · · ⊗ fj−1 ⊗ fj+1 ⊗ · · · ⊗ fk.

cq(f) � c∗q(f) \� Fq(H) ��6^(9, ��q

‖cq(f)‖ = ‖c∗q(f)‖ =

{
‖f‖(1 − q)−1/2, 6 0 ≤ q < 1,
‖f‖, 6 − 1 < q < 0.

q-Gaussian von Neumann 9� Γq(H) �Ywr(9 ω(f) = cq(f) + c∗q(f), f ∈ H :��. Y
� [4, 8) 2.10] Z Γq(H) � II1- 79, �% τq(a) = 〈Ω, aΩ〉q, a ∈ Γq(H) � Γq(H) r8J
0:;;<12. x�5.c, . q-Gaussian von Neumann 9� Γq(H) (−1 < q < 1) �8A
q-Ornstein–Uhlenbeck �	o�:

, T : HC → HC � H ��N
(9, 4

Fq(T ) : Fq(H) → Fq(H), Fq(T )(f1 ⊗ · · · ⊗ fn) = TCf1 ⊗ · · · ⊗ TCfn,

H Fq(T ) �N
(9. sy@x8A q-Gaussian 29 Γq o�

Γq(T ) : Γq(H) → Γq(H) :

(1) Γq(T )ω(f) = ω(Tf), ∀ f ∈ H.

(2) (Γq(T )(X))Ω = Fq(T )(XΩ).
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Y� [4, 8) 2.11] Z Γq(T ) �6^�, JH@LJ<12�F;st29. 4 Tt = e−tIH ,

t ≥ 0, �? IH � B(H) ?�H@L, H Γq(H) �� q-Ornstein–Uhlenbeck �	8A5
{U (q)

t }t≥0 = {Γq(Tt)}t≥0.

Y��lsZ {U (q)
t }t≥0 � Γq(H)�JA:F;Markov�	,Y� [10,BC 3.4]Z {U (q)

t }t≥0 @

xt2����* +,G Lp(Γq(H), τq) (p ≥ 1) ��5"9 Markov �	, E>5 {U (q)
t }t≥0.

uuq, /.+, L2(Γq(H), τq) ��:�L Nq �5�(9:

NqΩ = 0,

%

Nq(f1 ⊗ · · · ⊗ fn) = n(f1 ⊗ · · · ⊗ fn), fj ∈ HC (j = 1, 2, . . . , n).

'�/�0� Dirichlet - ε[x] = 〈√Nqx,
√
Nqx〉q, ∀x ∈ D(

√
Nq), �JA�F; Dirichlet -.

Biane [3] vw� q-Ornstein–Uhlenbeck �	 {U (q)
t }t≥0 �	*
� (�� [3, 8)]), xY

	*
�jy$��0��� Sobolev ��� (�� [3, j* 1]). �%�8) 1.2 p�, �,
q-Ornstein–Uhlenbeck �	 {U (q)

t }t≥0, �	*
�/�0��� Sobolev �������, '�

;v� Biane [3] ��-.

pb#$8) 1.2 �3�.

hi 53�6*, Yj* 2.6 mX3� Dirichlet - ε[x] = 〈x, Nqx〉q, x ∈ D(ε) �;H�,

�%?WQz ε[|J(x)|] = ε[|x|], ∀x ∈ D(ε) �@.

3@e8 H �8h{g;�. {ei}i∈N. �,3@9g I = {i1, i2, . . . , in} ⊆ N, Y=� [4,

BC 2.7] |wls q-Wick o ψI = ψ(ei1 ⊗ ei2 ⊗ · · · ⊗ ein) ∈ Γq(H ) o�:

ψ(eik
) = ω(eik

) = cq(eik
) + c∗q(eik

);

ψ(ei1 ⊗ ei2 ⊗ · · · ⊗ ein)

= ω(ei1)ψ(ei2 ⊗ · · · ⊗ ein)−
n∑

k=1

qk−1〈ei1 , eik
〉ψ(ei1 ⊗ · · · ⊗ ěik

⊗ · · · ⊗ ein),

�?Uj ěik
px eik

.}oy?z~.

8A
Φ : Γq(H) → Fq(H), Φ(a) = a(Ω).

7 τq �J0�<12, ,� Φ �' Γq(H) � Fq(H) �>V{e, ��@t25 L2(Γq(H), τq)

� Fq(H) ����Tl. cd5(]

Φ(ψI) = ψIΩ = ei1 ⊗ ei2 ⊗ · · · ⊗ ein .

nY q-Ornstein–Uhlenbeck �	 U
(q)
t = e−tNq

�ls, 6 U
(q)
t ψI = e−tnψI , '� NqψI = nψI ,

p� ψI ∈ D(ε). > Γ̃q(H) 5 ψI , I = {i1, i2, . . . , in} ⊆ N ?3@6.L|�oV���g. ,
� Γ̃q(H) ⊂ D(ε). R83+, 7 Γ̃q(H) . Γq(H) ?�,(9A�K, a A ∩D(ε)(⊃ Γ̃q(H)) .
Γq(H) ?�,(9A�5K. 7�, Dirichlet - ε[ , ] �;H�.

pb3� ε[|J(x)|] = ε[|x|], ∀x ∈ D(ε), mXz3
ε[|(ψI)∗|] = ε[|ψI |], ∀ψI = ψ(ei1 ⊗ ei2 ⊗ · · · ⊗ ein) ∈ Γq(H) ∩D(ε).
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〈ψIΩ, ψIΩ〉q = τq((ψI)∗ψI) = τq(ψI(ψI)∗) = 〈(ψI)∗Ω, (ψI)∗Ω〉q,

ad.{(9
U : L2(Γq(H), τq) → L2(Γq(H), τq),

f] U |ψI | = |(ψI)∗|, .�� ψI / ψIΩ �T~�. �8[, nY NqU = UNq, a

ε[|(ψI)∗|] = 〈|(ψI)∗|, Nq|(ψI)∗|〉q = 〈U |ψI |, Nq(U |ψI |)〉q
= 〈U |ψI |, UNq(|ψI |)〉q = 〈|ψI |, Nq(|ψI |)〉q = ε[|ψI |].
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